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PREFACE, 


Tur work now before the reader is the most extensive which our lan- 
guage contains on the subject, being (exclusive of the Elementary 
Illustrations, at the end) more than double in matter of the Cam- 
bridge translation of Lacroix, and full half as much as the great work of 
the same author in three volumes quarto. I state this because students 
are sometimes apt to be discouraged by the apparent slowness of their 
progress, which they measure by the pages read, without any other con- 
sideration. This extent of matter is not due to fullness of explanation or 
abundance of examples, but to a variety of subjects exceeding that which 
is usually introduced into elementary writings. There are many works 
which enter more largely into the simpler parts, and elucidate them by 
more copious instances, both of which my specific object has prevented 
me from doing. That object has been to contain, within the , rescribed 
limits, the whole of the student’s course, from the confines of elementary 
algebra and trigonometry, to the entrance of the highest works on mathe- 
matical physics. A learner who has a good knowledge of the subjects just 
named, and who can master the present treatise, taking up elementary 
works on conic sections, application of algebrato geometry, and the theory 
of equations, as he wants them, will, I am perfectly sure, find himself 
able to conquer the difficulties of anything he may meet with; and need 
not close any book of Laplace, Lagrange, Legendre, Poisson, Fourier, 
Cauchy, Gauss, Abel, Hindenburgh and his followers, or of any one 
of our English mathematicians, under the idea that it is too hard for 
him. It may be admitted to be desirable that some one writer should 
endeavour to attain such a result as that of placing before the student all 
that is requisite to put him in communication with the highest investi- 
gators ; and it will readily be seen, that unless a very large work indeed 
were written, no such result could be obtained without condensation, par- 
ticularly in the higher parts. If much difficulty should be experienced 
in the elementary chapters, I know of no work which I can so confi- 
dently recommend to be used with the present one, as that of M. Du- 
‘amel, cited in the note to page 681. 
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The method of publication in numbers has afforded time to consult 
a large amount of writing on the different branches of the subject; the 
issue of the parts* has extended over six years, during two of which cir- 
cumstances with which I had nothing to do stopped all progress. The 
first number was preceded by a short advertisement, which I should 
desire to be retained as part of the work; for I have no opinion there 
expressed to alter or modify, nor have I found occasion to depart from 
the plan then contemplated. 

The principal feature of that plan was the rejection of the whole doc- 
trine of series in the establishment of the fundamental parts both of the 
Differential and Integral Calculus. The method of Lagrange,t founded 
on a very defective demonstration of the possibility of expanding 
pleth) in whole powers of h, had taken dcep root in elementary works ; 
it was the sacrifice of the clear and indubitable principle of limits to a 
phantom, the idea that an algebra without limits was purer than one in 
which that notion was introduced. But, independently of the idea of 


* It may be convenient for reference to state the dates of publication of the 
different Numbers, and also the corresponding Numbers of the Library of Useful 
Knowledge, each Number containing 32 pages :— 


Differential Calculus, No. 1, Lib. Useful Know., No. 219, July 15, 1836. 
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A No. 2, Pe No. 221, Aug. 15, ,, 

v3 No. 3, z5 No. 224, Oct. 15, ,, 

i No. 4, 33 No. 227, Dec. 1, ,, 

on No. 5, bg No. 229, Jan. 2, 1837. 
‘3 No. 6, y No. 236, July i, ,, : 
Y No. 7, +4 No. 253, Jan. 1, 1839 | 
ie No. 8, 7 No. 259, April 1, ,, 
. No. 9, is No. 260, May 1, ,, : 
%3 No. 10, = No. 266, Aug. 1, ,, ( 
3 No. 1l, - s No. 273, Dec. 1, ,, a? 
oa No. 12, Ses No. 276, Feb. 1, 1840. . 

es No. 13, T No. 282, April 1, ,, | 
29 No. 14, 23 No. 284, June 1, ,, 7 
No. 15, 5 No. 287, July 16, ,, i 
os No. 16, E No. 289, Aug. 1, ,, 
5 No. 17, “5 No. 295, Dec. 1, ,, cf 
3 No. 18, 55 No. 296, Jan. 1, 1841. | : 
j No. 19, s No. 300, Mar. l, ,, uo 
ie No. 20, ne No. 304*April 15, ,, | 
$5 No. 21, a No. 309*July 16, ,, | 
a No. 22, ia No. 312*Oct. 15, ,, 
in No. 23, 5 No. 314*Dec. 1, ,, 
ss No. 24, as No. 135, May 16, 1842. 
s> No. 25. $ No. 140, June 1, ,, f 


The Elementary Illustrations were Nos. 135 and 140 of the Library, and were 


severally published on the loth of September, and the 15th of November, 1832, 
forming together 64 pages. 


+ See page 177, note. 
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limits being absolutely necessary even to the proper conception of a con- 
vergent series, it must have been obvious enough to Lagrange himself, that 
all application of the science to concrete magnitude, even in his own system, 
required the theory of limits. Some time after the publication of the first 
numbers of this work, four* different treatises appeared in the French 
language, all of which rejected the doctrine of series, and adopted that 
of limits. I have therefore no occasion to argue further against the former 
method, which has been thus abandoned in the country which saw its 
birth, and will certainly lose ground in England, when it is no longer 
maintained by a supply from abroad of elementary treatises written on 
its principles. 

The first twelve chapters of this work contain the more elementary 
portions of the theory, comprising differentiation, integration, ordinary 
development, differences, trigonometrical analysis, signification and use 
of differentiation and integration, differential equations, and algebraical 
applications. The thirteenth chapter contains a large number of exten- 
sions of the preceding subjects, particularly on development in series 
and integration. The fourteenth and fifteenth chapters are devoted to 
geometrical application, the sixteenth to the calculus of variations, the 
seventeenth.to mechanical application, the eighteenth and nineteenth to 
interpolation, summation, and transformation of series, the twentieth to 
definite integrals, and the twenty-first and last to extensions of the 
subject of differential equations and to equations of differences. In the 
chapters on geometry and mechanics, it should be remembered that I am 
not teaching those subjects for the sake of their results, but only showing 
how the differential calculus is applied to them; neither will therefore 
be found to contain all that some will look for. 

I can hardly expect that a mathematician, to whom this subject is 
familiar, will look through the whole work to pick out here and there a 
theorem, or a mode of proceeding, which has some point of novelty. I 
therefore subjoin references to those parts of the work for which I have 
not been indebted to my knowledge of what has been written before me : 
much of what is cited is probably not new, indeed it is dangerous for 
any one at the present day to claim anything as belonging to himself ; 
several things which I once thought to have entered in this list have 
been since found (either by myself, or by a friend to whom I referred 
it) in preceding writers. Page 56: the differentiation of a” without 
series, Page 179, &c.: the method of treating the cases of excep- 
tion to Taylor’s theorem; not perfect, but better than induction from 
instances; it needs an application of the theory of dimensions pre- 
sently noticed. Page 189, &c.: the proof that only one constant enters 
the solution of a differential equation of the first order. Page 217, &c. : 


* See page 681, note. 
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the proof that fz. = 0 must have a root, finite or infinite, if f'z 
be always finite for finite values of z. Pages 221—237: the treat- 
ment of series and the rule of convergency (presently extended). Page 
293: the elementary mode of finding 1.2.3....a, when x is consider- 
able. Page 318: the method of summing selected* terms of a series. 
Page 321—327: the theory of dimensions and test of convergency (com- 
plete) the first that has been given. Page 329: the mode of treating 
Arbogast’s derivation. Page 341: the extension of the theory of the 
signs of geometrical quantities. Page 367: the extension of the cha- 
racter of a singular solution. Pages 372, 376: the application of the 
theory of dimensions to the singular points of curves. Page 388: the 
notation proposed for differential co-efficients, which I have found of the 
greatest use in complicated operations. Page 392, &c.: the treat- 
ment of Legendre’s method of double integration. Page 445: the 
generalization of the axiom connecting curve lines and surfaces with 
straight lines and planes. Pages 460, 463, 466: the correction of an 
oversight made by writers on the calculus} of variations. Page 489: 
the algebraical demonstration of Euler’s theorem on rotation. Page 
561: the theorem on the transformation of divergent developments. 
Page 569: the application of the test of convergency to definite integrals. 
Page 584: the mode of deducing logř(1+@«). Page 613: the 
extension of Lagrange’s treatment of the series of sines to that of 
cosines. Page 650: the proof (such as it is) of the property of 
alternating series. Page 653, &c.: the mode of treating Mascheroni’s 
and Bidone’s integrals. Page 659: the extensions of Spence’s theorems. 
Page 675: the extension of Abel’s theorems. 

The theorem which I have asserted (page 561) on the transformation 
of divergent developments is one which may be open to animadversion, 
since cases may easily be found in which it is not true. But it is to be 
remembered that it is not asserted with respect to any series of which 
the invelopment shows discontinuity. In many instances of exception 
which I have examined, I have always found that the functiont from 
which the series was produced (usually a definite integral) was not per- 


fectly continuous. Some of these instances I shall probably discuss | 
elsewhere; in the meantime, with regard to this and several other p 


theorems, it may be observed that they are useful, even to the student, 
as showing what sort of knowledge we have, and what sort of difficulties 
appear, when we come near the boundary line of our attainments for the 


* I should be surprised if this method were new ; and yet I can find it nowhere. 


+ The very remarkable property of the catenary in page 474 is not original: 1 
have been informed, since it was printed, that it is to be found in a paper of p 


M. Ampère, but I cannot give the reference. 


+t Y į . a . 
+ Whenever, then, the theorem be found to be true, ıt 1s as good an evidence as we } 


have that there is no discontinuity in that case ; and the contrary, 
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time being. A disposition sometimes appears to reject all that offers 
any difficulty, or does not give all its conclusions without any trouble in 
examination of apparent contradictions. If by this it be meant that nothing 
should be permanently used, and implicitly trusted, which is not true to 
the full extent of the assertion made, I, for one, should offer no opposi- 
tion to so rational a course. But if it be implied that nothing should be 
produced to the student, with or without warning, which cannot be un- 
derstood in all its generality, I should, with deference, protest against 
a restriction which would tend, in my opinion, not only to give false 
views of what is actually known, but to stop the progress of discovery. 
It is not true, out of geometry, that the mathematical sciences are, in all 
their parts, those models of finished accuracy which many suppose. The 
extreme boundaries of analysis have always been as imperfectly under- 
stood as the tract beyond the boundaries was absolutely unknown. But 
the way to enlarge the settled country has not been by keeping within it, 
but by making voyages of discovery, and I am perfectly convinced that 
the student should be exercised in this manner; that is, that he should 
be taught how to examine the boundary, as well as how to cultivate the 
interior. I have therefore never scrupled, in the latter part of the work, 
to use methods which I will not call doubtful, because they are pre- 
sented as unfinished, and because the doubt is that of an expectant 
learner, not of an unsatisfied critic. Experience has often shown that 
the defective conclusion has been rendered intelligible and rigorous by 
persevering thought, but who can give it to conclusions which are never 
allowed to come before him? ‘The effect of exclusive attention to those 
parts of mathematics which offer no scope for the discussion of doubtful 
points is a distaste for modes of proceeding which are absolutely neces- 
sary to the extension of analysis. If the cultivation of the higher 
parts of mathematics were left to persons trained for the purpose, there 
might be some show of reason for keeping out of the ordinary student’s 
reach, not only the unsettled, but even the purely speculative parts of 
the abstract sciences ; reserving them for those persons whose business 
it would then be to render the former clear and the latter applicable. 
As it is, however, the few in this country who pay attention to any diffi- 
culty of mathematics for its own sake come to their pursuit 
through the casualties of taste or circumstances ; and the number of 
such casuaities should be increased by allowing all students whose 
capacity will let them read on the higher branches of applied mathe- 
matics, to have each his chance of being led to the cultivation of those 
parts of analysis on which rather depends its future progress than its 
present use in the sciences of matter. 
There is one subject on which I have not touched, that of elliptic func- 
| tions. To carry these integrals down to the actual computation of re- 
h2 
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sults would require almost a work of itself, and anything short of this 
would be of little use. Writers on applied mathematics will probably, 
for some time to come, feel obliged to assume little or nothing of ellip- 
tic functions, but to incorporate, in their several works, the full consi- 
deration of such properties as they shall have occasion to use. ‘There are 
several other detached branches of the integral calculus which must neces- 
sarily be completely developed in the subjects to which they are applied, 
such as the equations of the planetary theory, Laplace’s functions, as 
they are called, and some others. On these of course I have not touched. 

Since this work commenced, Mr. Gregory’s examples have been pub- 
lished, containing instances of all the latest and best modes of treating 
the details of the differential and integral calculus. I should strongly 
recommend the reader of this work to use these examples, as well as 
those (if he can get them) jointly published by Messrs. Peacock, Her- 
schel, and Babbage. A large quantity of examples is indispensable, 
and the English student is fortunate in the full supply which is contained 
in the works alluded to. 

The largeness of the table of Errata may convey an impression that 
the work is incorrectly printed or revised, which is not the case. If 
every mathematical work, at its completion, had the fruits of some years 
of examination presented to the reader, I know of none which would 
not have lists as large in proportion to their size and the number of 
symbols contained in them, as the present one. I have reason to think 
that every erratum of importance in the more elementary portion of the 
work is in the list: and that those which may yet remain in the later part 
are not of much consequence. But I shall be much obliged by the com- 
munication of those additional ones which may be discovered by any 
reader, as also by a reference to any writer who may have gone before me 
on any of the points to which I have directed attention in the preceding 
part of this preface. 


University College, London, A. De Morgan. 
May 2, 1842, 
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Tue following Treatise will differ from most others, for better or worse, 
in several points. In the first place, it has been endeavoured to make 
the theory of limits, or ultimate ratios, by whichever name it may be 
called, the sole foundation of the science, without any aid whatsoever 
from the theory of series, or algebraical expansions. I am not aware 
that any work exists in which this has been avowedly attempted, and I 
have been the more encouraged to make the trial from observing that 
the objections to the theory of limits have usually been founded either 
upon the difficulty of the notion itself, or its unalgebraical character, 
and seldom or never upon anything not to be defined or not to be received 
in the conception of a limit, or not to be admitted in the usual conse- 
quences, when drawn independently of expansions, that is, of develop- 
ments under assumed forms. The objection to the difficulty I have 
endeavoured to lessen in the introductory chapter ; that to the name by 
which a science founded on limits should be called, I cannot feel the force 
of, or see what is to be answered. I cannot see why it is necessary that 
every deduction from algebra should be bound to certain conventions 
incident to an earlier stage of mathematical learning, even supposing 
them to have been consistently used up to the point in question. I 
should not care if any one thought this treatise wnalgebraical, but 
should only ask whether the premises were admissible and the conclu- 
sions logical. Secondly, I have introduced applications to mechanics 
as well as geometry, in cases where the preliminary notions are not of 
too difficult a character, and I have throughout introduced the Integral 
Calculus in connexion with the Differential Calculus. The parts of the 
former science which can be understood by a learner at any stage of the 
latter, are, I suppose it will be allowed, necessary to a proper view even 
of so much of the latter as precedes the point supposed. Is it always 
proper to learn every branch of a direct subject before anything connected 
with the inverse relation is considered? If so, why are not multiplica- 
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tion and involution in arithmetic made to follow addition and precede 
subtraction? ‘Fhe portion of the Integral Calculus, which properly 
belongs to any given portion of the Differential Calculus increases its 
power a hundred-fold—but I do not feel it necessary further"to defend 
placing the question of finding the area of a parabola at an earlier 
period of the work than that of finding the lines of curvature of a 
surface. Experience has convinced me that the proper way of teaching 
is to bring together that which is simple from all quarters, and, if I 
may use such a phrase, to draw upon the surface of the subject a proper 
mean between the (ene of closest connerton and the dine of easiest 
deduction. This was the method followed by Euclid, who, fortunately 
for us, never dreamed of a geometry of triangles, as distinguished from 
a geometry of circles, or a separate application of the arithmetics of 
addition and subtraction ; but made one help out the other as he best 
could. At the same time I am far from saying that this Treatise will be 
easy ; the subject is a difficult one, as all know who have tried it. 

* The absolute requisites for the study of this work, as of most others 
on the same subject, are a knowledge of algebra to the binomial theorem 
at least (according to the usual arrangement), plane and solid geometry, 
plane trigonometry, and the most simple part of the usual applications 
of algsbra to geometry. The Treatise entitled ‘ Elementary Illustrations 
of the Differential and Integral Calculus,’ will be bound up with this 
Volume, and referred to in the proper places. 


A. De Moraan. 
Lonilon, July 1, 1836. 
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INTRODUCTORY CHAPTER. 


Ir the mathematical sciences were cultivated wholly for their practical 
utility, as it is called, meaning their application to the formation and 
management of all the mechanism by which the arts of life are advanced, 
it would not be necessary to consider any magnitude as having existence 
at all, unless it were sufficiently great to be either useful or noxious to 
some object connected with some given application in question. And 
the human senses would fix what we might in that case call the limits 
of quantity; namely, the greatest of the great and the smallest of the 
small, among those quantities which actually are measured and consi- 
dered in astronomy or navigation or manufactures, &c. The longest 
line would be that drawn from the spectator to the farthest heavenly 
body whose distance he had measured; the shortest would be the 
smallest line his eye could perceive when aided by the microscope, or by 
any machines which multiply small motions. There would consequently 
be as many systems of mathematics, or sciences of calculation, as there 
are practical applications differing materially in the nicety of operations 
Which they require ; from that of the joiner, to whom the length of the 
hundredth of an inch may be considered as non-existing, and who com- 
pares one length with another by means of a rule warped by the sun, 
worn by time, and divided into parts by deep and broad furrows, to that 
of the astronomer, who lays one rod by the side of another by the aid of 
a powerful microscope, having first levelled them by the most accurate 
instruments, and then consults the thermometer to know what length it 
will be proper to consider the rods in question as having to-day, compared 
with what they had yesterday. 

The first considerations connected with number and magnitude always 
enter the mind in connexion with some application to the rough pur- 
poses of life, more or less approaching to exactness* in different circum- 
stances,—and as many different systems of rules are formed as there 
are different modes of dealing with material objects, each by itself 
relatively more perfect than the rest, that is, better adapted to its parti- 
cular end,—the consequence is, that the various terms which imply 
relation, that is, which are used in speaking of one quantity or magni- 
tude as to how it stands with respect to another, are really used in 


* The child of an artisan exercising any of the more ingenious manual arts, or of 
a savage in the state of life in which arts have made the progress which is possible 
without division of labour, might perhaps be considered as being most advanta- 
geously situated in this respect: but we think it beyond question that the children 
of the middle and upper classes in England, it may be throughout Europe, are in as 
unfavourable a position as any of their species, 
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many different senses; or, w hich is much the same thing in the dif- 
culty which it creates, in many different degrees of the same sense. It 
is hardly necessary to insist upon this as to words which imply pure 
relation, such as small or great, when it may be known by those who 
have tried that the same variety of degree enters into the notions which 
have been formed of positive terms. ‘Tf a class of boys beginning geo- 
metry at school (that is of course geometry, not saying Euclid) were 
thus put to the question: “You all know what a straight line is?” 
there would be but one answer, and that in the affirmative: one would 
call to mind a stroke on a slate, another the side of it, a third perhaps 
the length of a street, and so on. To the question, “ Can two straight 
lines enclose a space?” there would be a majority for the negative, con- 
sisting principally of those whose primitive straight line had not been 
part of a bounded figure. But still the proposition is not a “‘ common 
notion,” because its terms have not a common meaning. When the 
question, “ Can two straight lines be made to enclose a space by length- 
ening them ??’ was proposed, all would answer in the negative, not as to 
the notion they had previously had of a straight line, but as to the new 
one they would form out of the terms of the question. And by further 
asking, “Can two straight lines in any direction whatsoever enclose 
a space?” it would in some way or other appear that all the straight 
lines had been horizontal straight limes, and most of them parallel to 
the sides of the ceiling. The student of the Ditterential Calculus may 
by such an illustration be brought to think it possible that the terms and 
ideas which that science requires may exist in his own mind in the 
same rude form as that of a straight line in the conceptions of a beginner 
in geometry. Remembering the-acknowledged difficulty of the subject, 
he must be prepared to stop his course until he can form exact notions, 
acquire precise ideas, both of resemblance between those things which 
have appeared most distinct, and of distinction between those which 
have appeared most alike. To do this suticiently, even for the outset, 
formal definitions would be useless; for he cannot be supposed to have 
one single notion in that precise form which would make it worth while 
to attach it to a word. One reason of the great difficulty which is found 
in treatises on this subject has always appeared to us to be the tacit 
assumption that nothing is necessary previously to actually embodying 
the terms and rules of the science, as if mere statement of definitions 
could give instantaneous power of using terms nightly. We shall here 
attempt at least a wider degree of verbal explanation than is usual, with 
the view of enabling the student to come to the definitions in some state 
of previous preparation. 

Very little progress, even in arithmetic, makes the student aware of 
the existence of problems, which, being absolutely impossible, are vet of 
this character, that numbers or fractions may be given, -which shall, as 
nearly as we please, satisfy the conditions of the problem. For instance, 
we wish to find a fraction which, multiplied by itself, shall give 6, or to 
find the square root of 6. This can be shown to be an impossible 
problem ; for it can be shown that no fraction whatsoever multiplied by 
itself, can give a whole number, unless it be itself a whole number dis- 
guised in a fractional form, such as 4 or 3}. To this problem, then, 
there is but one answer, that it is self-contradictory. But if we propose 
the following problem,—to find a fraction which, multiplied by itself, 
shall give a product lying between 6 and 6+4; we find that this problem 
admits of solution in every case.” It therefore admits of solution how- 
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ever small a may be: for instance, we can find a fraction which, multi- 
plied by itself, lies between 6 and 6°00001, or between 6 and 6000000). 
We have here introduced a word which by E has no meaning, namely, 
“small”? ; but it must be observed that we have not introduced it by 
itself, as if we laid down a distinction between small and great, but in 
connexion with the word ‘ however,” meaning that whatever a may be, 
and whether, being what it is, it may be ealed small or not, we can find 
x so that xx shall lie between 6 and 6-4-a. This use of the word small 
runs so completely through the whole of the science which we propose to 
treat, that it demands the most complete elucidation. We must observe 
that, though in all grammars “ small”? is called positive, and “smaller ”’ 
comparative, yet in fact the latter is the only absolute term of the two, 
while the former is purely relative. Assign two numbers, and the 
smaller of the two can be pointed out; but assign a number or fraction, 
and it cannot be said to be either small or great, because these words 
depend for their meaning upon the circumstances under which they may 
be used. The number fen stands equally for a large family, of children, 
a small school of boys, a very small number of men “to be lost ina battle, 
an enormous number of candidates at an election. But nine is always 
smaller than ten, whatever may be the objects of reckoning in question. 
When we say then, that xv may be so found that xw shall lie between 
6 and 6 +a, however small a may be, we merely imply that if a be 
named at pleasure, any number whatsoever, or any fraction whatsoever, 
then x can be so found that ax should exceed 6 by a smaller quantity 
than a. We can conceive ourselves engaged in two different kinds of 
metaphysical disputes on this subject, as follows: Firstly, A denies 
that the word small ought to be used, on account of its indefinite cha- 
racter. We answer that we can, with more expense of words, dispense 
with it entirely ; and that all we mean is this, that if he will assign the 
value he chooses to give to a, we will take a smaller value (a term about 
which there is no dispute) and find x so that xx shall lie between 6 and 
6+ less thana: and that the use of the word small is merely to 
remind the reader of this, that whatever he may assign to be the value 
of a, it would not fitertere with our power of solving aie problem; he 
might, with equal certainty of receiving an answer, have made a smaller 
than he actually did. But B, on the other hand, thinks he has a notion 
of a fraction which is actually small, but differs from us as to its value. 
We have said it may be, “let a be a small quantity, for instance, 
‘0000001,”’ whereas he is not inclined to call any quantity small, which 
is greater than ‘0000000001. We answer, that the matter is perfectly 
indifferent; it is as easy, in every thing but mere labour of calculation, 
to assign as the unit of smal/ness, any fraction which he may please to 
= name. What we mean to say is this, that we never use the word 
small, unless where it implies, as small as you please. Similarly we 
never use the word near, unless in the sense of as near as you please ; 
or great, unless in that of as great as you please. And the same with 
all other terms which are purely relative. We reject them in their 
relative sense because the relation is indefinite ; we adopt them again as 
a mode of signifying a relation which we may make what we please i in 
the extent to which we carry the idea of the relation in question. 

In the questions which occur in arithmetic and algebra, relating to 
problems the conditions of which can be satistied only: as nearly as we 
please but not exactly, it is usual to create a solution .by hypothesis, 
and to say that we continually approach to that solution, the more 
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nearly we solve the problem. Thus it is never said that there is no 
such thing as x, which makes xx actually equal to 6; but it is said 
that there is such a thing as the square root of 6, and it is denoted by 
J 6. But we do not say we actually find this, but that we approximate 
to it. If we take the following series of numbers or fractions— 


lL 3 7. 2449490 

2, 25 8. 2°4494898 

3. 245 9. 244948975 

4. 2°450 10. 2°449489743 
5. 2°4495 11. 2°4494897428 
6. 2°449-49 12. 2°44948974279 


and multiply each by itself, we shall find the product to approach nearer 
and nearer to 6, and always exceeding it, so that while the first multi- 
plied by itself exceeds six by 3 units, the last multiplied by itself does 
not exceed 6 by so much as the thousand-millionth part of a unit. We 
thence get the idea of a continual approach to the fraction which satisfies 
the problem, though in truth there is no such fraction ; but all that we can 
say is that we have found a fraction which has a square lying between 
6 and 6 + one thousand-millionth part of a unit. And also, which is 
the essential part of the problem, that we might have made the last- 
mentioned fraction still smaller, to any extent, and have found a corre- 
sponding solution. i 

This non-existing limit, if we may so call it, actually has a more defi- 
nite existence in geometry than in arithmetic, but only when we take a 
sort of supposition which is practically as impossible as the extraction of 
the square root of 6 in arithmetic. Let there be such things as geome- 
trical lines, namely, lengths which have no breadths or thickness, and 
let it be competent to us to mark off points which divide one part of a 
line from another, without themselves filling any portion of space; then 
itis shown in Euclid that the side of a square which contains six square 
units is a line, which, when we come to apply arithmetic to geometry, 


‘must be called ,/6 whenever our arbitrary linear unit is called 1. 
And the lines represented by the preceding twelve fractions will, in such 
case, be a set of lines which, being always greater than the line in ques- 
tion, yet are severally nearer and nearer toit. This line can no more 


be expressed by means of an arithmetical fraction than ,/ 6. 

We have then got an idea of a limit towards which we may approach 
as near as we please, but which we can never reach. We shall take 
another instance of a similar kind, in which the limit, though equally 
unattainable under the conditions prescribed, is yet a definite number 
or fraction. Take a unit, halve it, halve the result, and so on conti- 
nually. This gives— 


l L 1 1 1 1 1 7 
l 3 4 5 Tt aT CF Tit, ÈC. 


Add these together, beginning from the first, namely, add the first two, 
the first three, the first four, &c. , 


The first is l or 2 all but 1 33 
The first two give 2 or 2... 
». . . three = % or 2, 4 
. four be 1S or 2 i T 
- +. -five ye fe or 2 1... ae 
a, os 8X Goah se OF 2 wew ayd 
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We see then a continual approach to 2, which is not reached, nor ever 
will be, for the deficit from 2 is always equal to the last term added. 
And the reason is simple. Let AB represent 2 units 


Halve AB by the point C, CB by the point D, DB by the point E, and 
so on. Now, whatever degree of approximation may be made to the 
point B by passing from A to C, from C to D, from D to E, &c., it is 
clear that as much remains to be passed over as was passed over at the 
last step, nor can the length which remains ever be passed over by 
passing over its half. We have then here a case in which there is a 
limit unattainable, by the process described, but capable of being attained 
within any degree of nearness, however great. 

The following phraseology is in continual use. We say that — 

l, 144, 14444, 14441441, &c. &. 

is a series of quantities which continually approximate to the limit 2. Now, 
the truth is, these several quantities are fixed, and do not approximate 
to 2. The first is 1, the second is 3, and so on; it is we ourselves who 
approximate to 2, by passing from one to another. Similarly when we 
say, “let x be a quantity which continually approximates to the limit 2,” 
we mean, let us assign different values to x, each nearer to 2 than the 
preceding, and following such a law that we shall, by continuing our 
steps sufliciently far, actually find a value for x which shall be as near 
to 2 as we please. In the second place, 2 is not the limit of the preced- 
ing sets merely because each is nearer to 2 than the preceding : for by 
the same rule, each is nearer to 1000 than the preceding. But we cannot 
assign one of the set which shall be as near to 1000 as we please ; 
though we can assign one which is as near to 2 as we please. The 
following is exactly what we mean by a LIMIT. 

Let there be a symbol x which has different values depending on 
different successive suppositions of such a kind that any one of the 
suppositions being made, we can thence deduce the corresponding value 
of x: let the several values of x resulting from the different suppositions 
be 
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then if by passing from a, to ap from a, to a, &c., we continually 
approach to a certain quantity /, so that each of the set differs from / by 
less than its predecessors ; and if, in addition to this, the approach to Z 
is of such a kind, that name any quantity we may, however small, 
namely z, we shall at last come to a series beginning, say with a,, and 
continuing ad infinitum, 


An Anpi Anto e e e e &c. 


all the terms of which severally differ from 7 by less than z: then / is 
called the limit of x with respect to the supposition in question. 

When, either in the way of hypothesis or consequence, we have a 
series of values of a quantity which continually diminish, and in such a 
way, that name any quantity we may, however small, all the values, after 
a certain value, are severally less than that quantity, then the symbol 
by which the values are denoted is said to diminish without limit. And 

, if the series of values increase in succession, so that name any quantity 
| We may, however great, all after a certain point will be greater, then the 
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series is said to increase without limit. It is also frequently said, when 
a quantity diminishes without limit, that it has nothing, zero or 0, for its 
limit: and that when it increases without limit, it has infinity or « 


z+ 1l 
when x increases without limit. That is, supposing we give to x a set 
of successive values, increasing in order and without limit, what will the 


or } for its limit. For instance, we may ask what is the limit of 


£ 
set of values of 2 which correspond to the values of x, have for a 


x 
limit, or will they also increase without limit, or diminish without limit. 
Let us choose for the set of values of x in question, 


1, 10, 100, 1000, 10,000, &c. 


x 
When x = 10 = 2, See 
a+ TOL TO 
When x = 100 : a dia a 
xt) 10001 00 


and so on, whence it should seem that the fraction in question diminishes 
without limit, when æ is increased without limit. But to be sure of 
this, we must remember that we have not yet proved diminution without 
limit, but only diminution. But we may easily see that 


x _ l 
X+ 


l 
L 
i x£ 
Yb aA 

x 
but as x increases without limit, — diminishes without limit ; still more 

& 


£ 


then does 7 which is less. 


2 
XL 


t 


Secondly, let us ask for the limit of ToL when x continually dimi- 


nishes towards the limit 1. Let us take a set of fractions which con- 
tinually diminish towards 1 ; for instance— 


144, 144, 144, 145, &e. 


ieceri ae: 
x— l 
Heel = — 4 
l xr—l 
x£ 
lie] I =— 5, &e. 


To show that this increase is without limit, let r=1 +v. Then any 
supposition which gives æ the limit 1, makes v diminish without limit. 
And substitution gives 

Ba Aw 


x—l v 
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which increases without limit when v diminishes without limit, that is, 
when x is made to approach to the limit 1, or to approach without: limit 
(as to the degree of approximation) to 1. . 

Cases of this sort do not offer the complete difficulty of the Differen- 
tial Calculus, and we shall therefore only add a few examples for exer- 
cise. 

We use the following notation : when we wish to say that we suppose 


x to increase without limit, we say “let x be..... œ”; similarly, “ let 
£ be... 0” means let x diminish without limit, and “let x be....a”? 
means let x have the limit a. 
OX ; À 
S wrta 1 De asrus 
2x+1 
x+l . ; 
a3 IS: ~wageel ab æ De suiet 
x— l 
v3 , l 
S wee aa De araea 
x+4 


The use of the introduction of limits is as follows :—The ideas attached 
to the words nothing and infinite do not permit the application of many 
rules in the strict and direct sense in which they are applied to numbers. 
They are necessarily what may be called negative terms, implying either 
the absence of all magnitude, or unbounded magnitude. The first term 
is comparatively easy, but only for this reason, that the mere mention of 
0, or nothing, makes us turn our thoughts to one particular rule of arith- 
metic, with respect to which it is a rational result, that is, does not 
involve the necessity of extending any term beyond its primitive signi- 
fication. If from a we take a there remains 0, and in this sense only 
can nothing be received as an absolute result of calculation. When we 
say that 6 taken from 6 leaves the remainder nothing, we have no occa- 
sion to pause and consider what remains after taking away 5, or 54, or 
: 53, in order to assure our minds that our extreme case is consistent with 
those which precede it. For the connexion of the idea of taking away 
with that of a complete absence of all quantity is more simple than that 
` which exists between any other operation and its result. The easiest of 
all subtractions is a—a, and the taking away all there are to take is more 
simple than the taking away ofa part. Hence 0 comes to be introduced 
in arithmetic as a result of calculation, and takes a place in the series 
0, 1, 2, 3, &c. to which it is entitled whenever we consider the series as 
formed by addition from the beginning to the end, or by subtraction 


ing by smaller.and smaller quantities. What is a multiplied by yyy? 


part of a, and by increasing the denominator of the multiplier, that is 
by diminishing the multiplier, we show that, if v be diminished without 
limit, av is also diminished without limit. Again, what is æ divided by 
Toso, or how many times does a contain the thousandth part of a unit? 
The answer evidently is, a thousand times as often as it contains the | 
unit ; but a itself is meant to express the number of times it contains 
the unit, and therefore 1000 a is the answer. And we see that, by suffi- 
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ciently increasing the denominator of the divisor, that is, by sufficiently 
diminishing the divisor itself, we make the result of division as great as 


a e e ° e e . e e 
we please. Hence -, when 2 diminishes without limit, itself increases 


e 


without limit, which is the only intelligible view we can attach to the 


° a ° e ° . . e a . ° 
cquation 7a Similarly, when x increases without limit, — dimi- 


t 
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nishes without limit, which is the only meaning we can attach to 
o 


Thereis one more case in which we attach something like an absolute 
notion to 0, namely in a’, which signifies unity. But, we must observe, 
that this notion only applies when we come to the 0 in question by 
subtraction. When we consider the series ...3, 2, 1,0, and the cor- 
responding series ---a’, a’, a', a’, we see that each intelligible term is 
formed from its predecessor by dividing by a; thus aaa divided by a is 
aa, Which divided by a is a, which divided by ais 1. But a’, a’, a’, 
require that the next term should be a°, which is therefore, if we would 
preserve uniformity of notation, a representation of 1. But let us now con- 
sider a° as the limit towards which we approach by continuing the series 


1 l 1 

a’, a®, aë, a*, &c. where it is clear that the limit of 1,4, +, 4, &c. is 0. 
Now the extraction of the third, fourth, fifth, &c. roots of any number 
is a series of processes by which a succession of results is produced, 
which continually approximate to unity, and without limit: so that there 
is no fraction so near to unity but some root of any given number is 
nearer. And thus we see that the O which results from division is 
equally proper to be written in the equation a° = 1 as the O which re- 
sults from subtraction. 

The idea of making a difference between the 0 which results from 
one process and from another may be entirely new to the student ; but 
we must endeavour to make him see that the distinction is as necessary 
as the introduction of O itself. Undoubtedly, the better way would be 
to dispense with all ideas, as well as symbols, which give trouble; and, 
unquestionably, books might be written which should dispense alto- 
gether with the symbols as well as ideas of O and «. But two questions 
would arise. 1. Would the extension of mathematical works to four or 
five times their present length be desirable, if it could be avoided by 
devoting some space to the method of abbreviation (for it will be shown 
to be nothing more) by which «= 0 is made the representation of a 
train of suppositions, and the final result arising from them? 2. Would 


: o 
the books so written present results more correctly * deduced from more 


* We should have said /ogical/y, but we are ashamed of the use which has fre- 
quently been made of this word by mathematicians, in England at least. By logical 
we cannot agree to mean anything but an abbreviation of “that which is a correct 
application of the principles of logic ;” and, on looking into writers on that subject, 
we find that logic, from Aristotle downwards, has always meant the art of making 
correct deductions from the principles employed, and accordingly we find that writers 
on logic, with the exception of a few who have imagined that metaphysics and logic 
were the same things, have confined themselves to methods of deducing, not to 
methods of testing the principles from which deductions are to be made. Let us go 
back to the time of Wallis, who was a sufficient specimen both of the logician and 
the mathematician, and take an example out of his book, which is given as correct 
in logie. “ When the sun shines it is day; but the sun always shines, therefore it is 
always day.” Did Wallis really mean that the sun always shines ? Surely not, but 
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intelligible principles? The student must settle this point for himself 
in due time : for the present we shall go on with our attempt to make 
O and œ intelligible. A century ago, Fontenelle remarked that these 
symbols had conquered by numbers, and by their obstinacy in present- 
ing themselves throughout the mathematical sciences. 

We have said that the symbol 0 cannot be absolute, but must be 
considered with reference to the manner in which it was obtained. Con- 
sequently, we cannot reason upon O as such, because it is only a symbol 
of part of a result. It expresses that, in some manner or other, a per- 
fect absence of all magnitude whatever is either arrived at, or is the 
limit of a series of suppositions. But why does not this equally apply to 
l, 2, 3, &c., which may also be the results cf an indefinite number of 
operations ? In the reason for this distinction between O and represen- x 
tatives of magnitude lies one of the most important parts of our subject. 

It would seem at first to be a sufficiently obvious principle, that if a 
certain equation being absolutely true is the test of a certain problem 
being solved, then the same equation being nearly true (whatever ceoree 
of approximation we choose to mean by nearly) will be the proper test 
of the problem being nearly solved (in the same sense). For instance, 
what is that number which is doubled by adding ten to it? Answer, 
whatever number satisfies the equation 2a = x+ 10, namely v=10. If 
we choose to call ‘001 a small traction, then certainly 9°9999 is nearly 
a solution of the preceding; for, by adding 10 we get 19-9999, and by 
doubling we get 199998 differing by only ‘0001, which is a small 
quantity. And it would seem equally obvious that, if two equations be 
absolutely of the same meaning, so that one must be true when the 
other is true, and one can be deduced from the other: it would seem, 
we say, that any number which nearly solves the first nearly solves the 
second, let nearly mean what it may. Let us then ask, what are the 
tests of absolute equality between x and y. The equation z=y may be 


: ; : T at 
converted either into xv — y = 0, or into ~ = 1. Either of these two 
i 1 


equations may be made to follow from the other: if x — y= 0, then 
3 ; Vv 
e=y,or—-=1;if-=1,then z =y, or v—y=0. So that, as 
y y 
tests of absolute equality, they are in fact the same equations. If then 
the first equation be nearly true, so will be the second, we might think. 
What shall we mean by nearly? Let us say that an equation is nearly 
satisfied, when the error made by taking as a solution that which is not 
a solution, does not amount to C00], Let «= ‘0009, y= 0001. 
We have then, 


only this: that the above is good logic, namely that the conclusion is a correct and 
tecessary consequence of the premises, and that logic is simply the art of deducing 
correct and necessary deductions from premises. Now our books of controversial 
mathematics swarm with the use of the words dogicad and iKogical, not as applied to 
methods of deducing, but as to the principles, from which deduction is to be made. One 
assumes infinitely smali quantities, which is very Wugical, says another ; one approves 
of Euclid’s axiom, which another says is against all good dugie. It is clear then, that 
mathematicians must have got the habit, since the time they left off studying logic, 
of making the word logical stand for right, or true, or reasonable, or proper, or correct, 
or some such term. We therefore beg leave to use the term correct instead of legi- 
cal, not that there would be any harm in making the word /ogica? (or chemical) stand 
for correct, but oniy because, where there are two words meaning different things in 
etymology and usage out of mathematics, it is unnecessary to convert one into the 
other in them, 
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,2—y = ‘0008 less than ‘001 or x — y = 0 is nearly true ; 


Z = 2 or 9 and — = 1 is very far from the truth. | 
y 


Y ‘0001 

Consequently, considered as means of estimating approach to equality, 
these equations mean very different things. Andif we look at x—y we 
shall see that there are two ways of making it very small (whatever 
small may mean): either let x and y be not small, but very nearly 
equal, say, for instance, x = 7:000001 y= 7: or let x and y both be 
very small without considering whether they are nearly equal or not, for 
then x — y, being smaller than x,is also small. But, it may be asked, 
are not all small quantities nearly equal? Are not all small quantities 
nearly equal to nothing, and are not quantities, which are nearly equal 
to the same, nearly equal to one another? A student who has been in 
the habit of using O as a quantity, without reference to any explanation, 
will be sure to think so: but that he should not think so, and should 
clearly see the grounds on which he is not to think so, is as necessary 
for the Differential Calculus as the notion of space to geometry or 
number to arithmetic. We must therefore proceed to consider the fun- 
damental axioms of mathematics, in order to see what modifications are 
required when the conditions of an axiom are not absolutely fulfilled, 
but only nearly so, where, by the word nearly, we are at liberty to 
signify any degree of approximation we please. 

Let us first take the absolute condition of equality x — y = 0 coupled 
with the relative notion of nearly equal, simply defined as a phrase to 
signify that 2—yis small. We know then, that the doubles, the 
trebles, the quadruples of equals are themselves equals, and so on for 
ever ; but the same does not follow of the relative notion. For if z — y 
be small, yet 22 — 2y will be twice as great, 3 x — 3 y three times as 
great, and so on: therefore, let small mean what it may, there must 
come a value of ng — ny which is not small, when x—y is small. Let’ 
x exceed y by only ‘0001, which call a small quantity, and let 10,000 
be the first quantity which shall be called great. Then, though x exceed 
y only by ‘0001, yet a hundred million times x exceeds a hundred 
million times y by 100,000,000 x :0001 or by 10,000: that is, 
though x is nearly equal to y, yet 10° is not nearly equal to 10°y. But 


let us now signify absolute equality by sa =1, and let nearly equal, as 
y 


applied to x and y, mean that — differs from 1 by the quantity we call 


small, or by less. Then we have 
x 2x Sx Ax 
—=5- => =, ke. &e. ad inf. 
y 2y 3y 4y 
whence ays always as near to 1 as —, and consequently, under this 


signification of nearly-equal, it follows that any equimultiples of nearly 
equal quantities are nearly equal, which is true of the first notion only 
within certain limits. But it must be observed that this definition of 
nearly-equal agrees with the first when the magnitudes in question are 
not such as are called small, and differs from it when they are very 
small or very great. Thus, ‘001 being called small, 7-001 and 7 are 
nearly equal on both suppositions : for 
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1-001 
=~ = 100014... 7-001 —7 = ‘001 l 


the first near to 1, the second small. But ‘001 and °0001 are only 
nearly equal on the hypothesis that this phrase is to be applied when 
x — y is small, for 


00l 
“0001 
But, on the other hand, if x be 100,000 and y = 99,900, we shall find 


10 ‘001—0001 = ‘0009. 


; a 
that x — y is not small, but — is near to 1. 


Before we proceed to fix on the meaning of the words nearly equal for 
future use, we shall ask which term would be adopted by common usage. 
We know that to a carpenter, the hundredth and the thousandth parts 
of an inch are the same thing, thatis, both such small lengths as to be of 
no consequence whatever. They may therefore be called by him, without 
inconvenience, nearly or even absolutely equal ; but only in this sense, that 
his means of measuring do not serve to distinguish one from the other, 
nor is it necessary that they should. But if ever it became necessary 
to work with exactness to the thousandth part of an inch, such power of 
rejection would no longer exist, and the hundredth part of an inch 
would be called a great error, and by no means nearly the same thing 
as the thousandth part. On the same principle, a sum of money is 
considered as deriving its commercial importance, not from its own mag- 
nitude, but from the proportion which it bears to the whole in question. 
A man who should incur a debt on his own representation that he pos- 
sessed a thousand pounds, would not be held to have committed a fraud 
if it turned out that he had only nine hundred and ninety, or ten pounds 
less. But a man who should do the same on his own assertion that he 
could command twenty pounds, would be suspected if it turned out to 
be only ten. 

The method of using the term nearly equal, which is the most conve- 
nient in common life, also will appear to be the most convenient in 
mathematical reasoning, and we shall therefore adopt it in the following 
definition. Two quantities are said to be more nearly equal than two 
others, when the greater of the first divided by the less is nearer to 
unity than the greater of the second divided by the less. Thus 260 is 


250 - 8. 
nearer to 250 than 8 is to 7, because 550 8 nearer to 1 than 7 is to l. 


ee l „q i e 
Or since, in the preceding definition, o l is less than — — 1 when 


b 
e— l ; : 
than =, that is, not that a — b is less that e — f, but thata— b is a 


is less 


i a 
a and b are more nearly equal than e and f, it follows that 


less part of b than e — fis of f. 
Let us now consider the axiom: if equals be added to or taken from 
equals, the remainders are equal. This may follow according to the 


a 
notion of nearly equal, derived both from a — b = 0 and from > = 1, 


b 


anea 
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but, for reasons given before, it does not follow for any number whatso- 

ever of nearly-equals according to the first definition. But it follows of 

any number whatsoever of nearly equals according to the second: for if 
a ! n 


a a 
— On a | f aot | Fee UE as So tg 
ee i ae eee 


‘twill be shown ofa ta’'+.... andb+0'+.... that 


Abate... tg 

beb Eer 
where /3 must lie between the greatest and least of œ, g.s.. and there- 
fore must be called small, if all the set «, «’.... are severally small. 
But the convenience of this mode of defining nearly equal will suf- 
ciently appear in the rest of this work, and we therefore pass to its 
most important application. It appears that two quantities, however 
small they may be, are not to be considered as approximating on account 
of their smallness ; for, in fact, they may be possibly receding from 
each other, even while they are absolutely diminishing, or approaching 
to 0. The following instances will show this to happen in certain cases. 


et a circle be drawn of which any diameter AB is taken. Let any 
point P be taken, as near to B as may be chosen, and draw P M per- 
pendicular to the diameter A B. From O draw O T perpendicular to the 
same diameter, and produce B P to meet OT in F. We have then a 
rectilinear triangle MBP, the sides of which become smaller and 
smaller as P is placed nearer and nearer to B, in such a manner that, by 
making P sufficiently near to B, we may render either of the sides as 
small as we please. If P absolutely coincide with B there is no such 
triangle at all. The question is, what relations do P M, M B, and BP, 
as they diminish, assume or tend to assume, not with respect to any 
` fixed, or given, or constant magnitude, such as O A, but with respect to 
each other? As P approaches towards B, it is evident that the angle 
OBP increases. For the angle P O B diminishes, and 


Two right angles — Z POB Z POB 
ZOBP= cama ice” Aaa aaa = A right angle— ai 


As P approaches without limit to B, the angle PO B diminishes without 
limit, or the limit of the angle OB Pisa right angle: that is, the 
line B P T continually approaches to a state of parallelism with O T, or 


res 
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the point T recedes from O farther and farther without limit. Place 
the point T ever so far from O, and TB will cut the circle somewhcre. 
If O B were one foot; and if O T were a hundred thousand feet, still P 
would be a distinct point from B. Tt is true that the are PB would 
hardly be the thousandth part of an inch, but that has nothing to do 
with the comparative dimensions of the triangle PMB. It is perfectly 
within the limit of geometrical conception to imagine all the diagrams 
of the six books of Euclid drawn within the compass of a square, 
having for its side the thousandth part of an inch: perhaps many 
of our readers have seen the Lord’s Prayer, the Creed, and the 
Decalogue written within the compass of a sixpenny piece. In the 
first case, every figure would have the same proportions existing 
between its parts as in the largest diagram ever displayed in a 
lecture-room: in the second, the length of two letters would preserve 
the same proportion as in the largest handwriting. Hence all we 
know of the sides PM, M B, and BP, being that they become small 
together, smaller together, and finally, as the phrase is, vanish together, 
we cannot from this alone affirm any thing as to whether or no they 
approach to or recede from equality according to our definition of such 
approach or recession: for this depends, not upon the absolute mag- 
nitudes of the quantities in question, but upon how many times, or parts 
of times, each is contained in the other. Two quantities may both be 
small, but one may be a thousand times the other: two quantities may 
both be great, but one may contain the other only one time and a thou- 
sandth part of a time. Hence we must examine the figure itself, and 
from its particular properties, as distinguished from all others, we must 
ascertain the manner in which the law of relation changes (if it do 
change) while the triangle is diminished. : 

Since the triangle P M B must be similar to the triangle T O B, we 
see that, whatever may be the absolute magnitude of the former, TO 
bears to OB the same proportion as PM to MB. Consequently, as 
often as O B isrepeated in T O so often is M B repeatedin M P. Butas 
P approaches towards B, the point T recedes without limit from O, that 
is, there is no point so distant from O but T must reach it before P 
reaches B. Therefore, there is no number so great, but M P will con- 
tain M B more times than that number before P reaches B. This is the 
most difficult of all the fundamental points of the Differential Calculus: 
two quantities both diminish without limit, yet as they diminish more 

and more, one contains the other more and more times without limit, 
-so that tf we wish to designate any number, however great, we can do 
it by assigning some position of P near to B, and saying it is the num- 
ber of times which PM contains MB; and the greater the number we 
wish to designate, the nearer must P be placed to B. This result as 
announced must appear surprising at first: but it is sufficiently evident 
by considering that, as to proportion of its dimensions, the triangle TO B 
is only a magnified representation of the triangle P M B. . 

The difficulty of the proposition lies, firstly, in our not being used to 
consider that the proportions of figures do not depend upon their size, 
but upon what Euclid terms the ratio €Aoyoc) which he says* is Qf we 


* The translators and commentators of Euclid have first cut this definition to 
pieces that they might quarrel about putting the parts together again. To English 
readers every word of Euclid is curious, and we shall therefore show how they have 
managed. Simson, and all the recognised editions in our language, express them- 
selves to this effect :— Ratio is a mutual relation of two magnitudes with respect to 
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may coin such an English word) the number-of-times-ness, or quantu- 
plicety, of one quantity, considered with respect to another. Because 
sve seldom have to consider small quantities except as parts of larger 
ones’; we carry with us our notion of smaliness to the comparison of two 
small quantities, where, in propriety, the notion of smallness ought not 
to enter. 

The second cause of difficulty lies in our being apt to run to the limit 
at which our suppositions cease to exist, and to say that if PM contain 
M B more and more times without limit before P can reach B, then: 
when P actually reaches B, P M must contain M B an infinite number 
of times, or one nothing contains another nothing an infinite number of 
times. To this we must say, in the first place, that the result is not 
absurd, but only vague and indefinite, for nothing may be supposed, 
without palpable contradiction, to contain nothing Just what number of 
times we like. In the second place, we have seen that O must be con- 
sidered with reference to the way in which it was obtained, before we 
can attempt to say what are its properties. And in the third place, that 
whether the two preceding arguments be good or bad, we have nothing 
to do with them, but content ourselves with asserting what we can prove, 
in circumstances which we can understand, namely, that P may be 
placed so near to B, as that P M shall contain M B any given number 
of times however great. If you* name a million, we can calculate to 
any degree of exactness you please, the angle POB which will give 
PM a million times MB: if you name a higher number, we can do the 
same ; name any number you please, which can be named, and we can 
do the same. What have we here to do with either nothing or infinity ? 
We say, that as P approaches towards B, the ratioof PM to MB 
increases without limit, which is our way of stating the theorem just 
explained more at length. If you say that you cannot conceive P con- 


tinually approaching to B, and its consequences, without forming some ' 


e © . 
notion about what will become of these consequences when P actually 


reaches B, we answer that you are at liberty to form your notion, and 
it may be anything you please, or that you cannot help ; all we say is, 


quantity.” The old Latin versions simply call it a “ certa alterius ad alteram habi- 
tudo” Billingsley, the oldest of the English editors, calls it a ‘‘ habitude of one 
to the other according to quantity.” Williamson, in the last century, who prided 
himself upon his staunch adherence to Euclid, gives it correctly in a note, but not in 
the text; Cotes saw the propriety of an alteration, but did not go back to the Greek 
to make it, but says it is a mutual relation “secundum communem mensuram,’’ 
while much discussion has ensued upon the meaning of the mangled definition. We 
cannot say what they would have done in France, for their editor, Peyrard, has omitted 
the fifth book altogether, but quotes it in the sixth. The words of Euclid are Adyos 
Tig Ovo psysday omoytvay 4 UTO TNAIKOTYTA mpos čana woe oxiois, the seventh and 
eighth words of which were rendered by Wallis and Gregory secundum quantuplici- 
tatem. In fact, magnitude itself (weyedos) is Kuclid’s term for quantity in the usual 
English sense. ‘The definition seems to hint at the very distinction drawn in the 
text. tis, when we talk of ratio, we do not talk of one quantity or magnitude, for 
it is a mutual relation between ¢wo quantities or magnitudes ; nor do we speak of 
their quantity, or of how much they are, but of their mutual quantuplicity, or how 
many times one contains the other: so that two magnitudes, however small, may 
have the same ratio as two others however great. or may give the same answer to 
the question, how many times does the first contain the second? It is true that the 
word used by Euclid does, according to lexicographers, mean quantity as well as quan- 
tuplerty ; but as Euclid had already a word for quantity or magnitude, we think the 
sense in which he employed it is sufficiently clear. i 


* We have taken a locutory style as the most easy to write, and, we believe, the 
most easy to understand. 
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that your case zs not included in our theorem (whether it owght to be or 
not, we neither know nor care) ; all we have said (and it has been proved) 
is, that as P approaches to B, the ratio of PM to MB continually 
increases, and without limit. If a supposition of your own, superadded 
to ours, raises a difficulty, you, who made the supposition, must remove 
it as you may. But we can show that the difficulty comes too late; 
and that, upon your own plan of adding suppositions to the expressed 
statement of theorems, you ought to be in the middle of the first 
book of Euclid, without any hope of reaching the second. For when it 
is shown of all triangles whatsoever, that the sum of two sides is greater 
than the third ; and when it is added that this remains true, however 
small the sides of the triangle may be (which is a necessary conse- 
quence of its being asserted of any triangle whatsoever), there comes the 
difficulty implied in asking what the theorem means when the triangle 
is diminished to a point, and all its sides are severally nothing. Are two 
nothings added together greater than a third nothing ? 

But are we necessarily obliged to suppose, that, because P continually 
and for ever approaches to B, therefore it will at last come to B? 
By no means, as the following reasoning will show. Suppose a circular 


Y V 


Z M B X - 
arc B Y (whose centre is Z) falling perpendicularly upon one of two 
parallels X Z and YW. Along Y a point V travels at the rate, say of 
a mile an hour, and at every point of its course the line Z V_is drawn, 
meeting the circle in P. It is clear first, that as V proceeds from Y 
along Y W, the point P will move towards B, for V cannot progress in 
any degree whatsoever to the right without requiring a line Z V which 
shall place P somewhat (be it ever so little) nearer to B. But P cannot 
reach B, for to suppose that, would be to suppose that Z B produced 
meets Y W, which, by previous supposition, it does not, be it ever so far 
produced. We can then actually suppose P to move for ever without 
reaching B, and as we have shown, during the whole of that motion, 
the ratio of P M to M B increases continually, and without limit. 

The third cause of difficulty lies in unlimited diminution removing 
figures out of the province of our senses, which are a very great assist- 
ance in understanding the elementary propositions of geometry. In 
algebra, the difficulty is not so apparent, because the senses do not give 
the same assistance in any formula which has the least complication. 
Compare for a moment the degree of evidence, independent of reason- 
ing, which attaches to the two following propositions. 


Algebra. « Geometry. 
ae. se 5 Any two sides of a triangle are to- 
pa 7 tasta | gether greater than the third. 


This difficulty arises from tbe student depending Somewhat too much 
on ocular demonstration, and not entirely on reasoning, in his preceding 
course, and can only be overcome by close attention to the reasoning. 
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We have the result of all that precedes in the following proposition. 
If two quantities diminish together without limit, their ratio may either 


increase without limit, or diminish without limit. VB is an instance 


of the first, and sila of the second, For to say that P M may be as 
many times M B as we please, is to say that MB may be as small a 
raction of P M as we please. 

But we also have the following proposition. Jf two quantities dimi- 
nish without limit, their ratio may either increase or decrease, but not 
without limit, that is, may have a finite limi. Let us suppose the suc- 
cession of quantities diminishing without limit, 
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Z FSF 4 5 6) 
the ratio which each bears to its predecessor will be an increasing ratio ; 
for, dividing the second by the first, the third by the second, and so on, 
we have 
4 22 4 6 6 &. 
which is aseries of quantities increasing for ever, that is, it never ends, 
and each term is greater than the preceding. But the increase ts not 
without limit; for since every numerator is less than its denominator, 
every one of the fractions is less than unity. And unity, as the limit for 
the preceding series of fractions, may be thus represented,— 
aca IF, las I— >, -- 79 besar &c. 
which, being generally I— =, may be brought as near to one as we 
Il 


please, by making n sufficiently great. We now return to the figure in 
page 16, and ask, what limit will the ratio of P M to P B assume, as P 
approaches without limit to B. The only thing we know immediately 
from the nature of the figure is that P B, the hypothenuse of a right - 
angled triangle, must always be greater than P M the side. But as P 
approaches to B, does the inequality increase or decrease? Can we, in 
the manner proved of PM and M B, place P so near to B, that PB 
shall be a thousand times PM ? Since P M is contained in P B in the 
same manner as T O in T B, we must examine the change of propor- 
tions of the two latter, while T recedes without limit from O. And 
since the two sides of a triangle differ from each other by less than the 
third side, it follows that T B can never exceed TO by so much as 
OB. And since, by sufficiently removing T, we can make OB less 
than any given fraction (say one millionth) of T O, it follows that (since 
removing T brings P nearer to B) that by sufficiently approaching P to 
B, we can make P M differ from P B by less than its millionth part. 
Consequently, the limit of the ratio of P B to P M is unity; for, as we 
can take P so near to B that the equation 


l PB l 

PB=PM+ a PM or 5531+ 
shall be satisfied where n may be as great as we please, it follows that 
second side of the equation shall be brought as near to unity as we 

please. 

We may make it appear by the following method that it by no means 
follows that the mere diminution of two quantities gives the right to 
infer anything as to the alteration of relative magnitude. A and B 
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diminish together, but it may be that, while A loses one half of its first 
magnitude, B loses three-tenths of itself. This is one method of diminu- 
tion; and if we call a and b the magnitudes of A and B at the first stage, 
then a and 740 are their magnitudes at the second stage alluded 


B 


less than before. But if, while A lost its half, B did the same, the 
ratio would be the same in both cases. And if A lost only one-tenth of 
itself, while B lost nine-tenths of itself, the ratio of the two would be 
increased by their diminution. Consequently, nothing can be inferred 
of a ratio from the diminution of its terms, unless the simultancous pro- 
portions of themselves which the terms lose be given. 

The next difficulty is one which should be of a more serious nature, 
because it does not arise from the preceding views of the student being 
too limited, but from his not having had the necessary considerations 
presented to him in any manner or degree. Let us suppose it made 
perfectly clear that two quantities may have limits, to which they 
approach together under the same circumstances; and, moreover, as in 
preceding instances, that though we may approach the limits as near 
as we please, yet we must not consider the supposition pushed to the 
extent of their being actually reached, either because we have then to 
deal with nothings, or with infinites, as in p. 20, where we cannot, in 
any finite number of terms, reach the limit in question. The difficulty 
is, how are we to reason upon cases which we are not allowed to 
suppose? The actual state of the problem in which a quantity has 
reached its limit is expressly forbidden to be considered. If the limit 
itself be known, this may seem to be immaterial; but it may be that 
the limit itself is to be found, by means of other limits which depend 
upon the same circumstances. In this case, we can only determine the 
unknown limit by means of an equation which combines it with the 
` known limits. But such an equation we are not allowed to form. 
The question is, by what method are we to proceed ? 

There are two general ways of proving any assertion: the first, in 
which it is expressly proved that the assertion is true, in all the cases 
which it includes ; this is called direct reasoning: the second, in which 
it is proved that every proposition which contradicts the assertion is 
false ; this is called indirect reasoning. It seems customary to look 
upon indirect reasoning as being of a less conclusive character than 
direct reasoning, and therefore to be avoided if possible. Perhaps this 
may depend upon the mental constitution of the individual to whom the 
reasoning is supposed to be addressed; to us it seems equally conclu- 
sive whether we prove that every equiangular triangle is equilateral, or 
that he who asserts that any one equiangular triangle is not equilateral, 
asserts at the same time that tlie whole is less than its part. 

Let us suppose that there are two quantities, P and Q, of which it is 
the property that Pis always double of Q; and let any supposition 
whatsoever make P and Q approximate at the same to the limits p and 
q, so that it is allowable to suppose P and Q respectively brought to 
differ from p and q by quantities less than any we may assign, however 
small. Here P and Q are what are called variables, namely, symbols 
which have different values upon different suppositions, but which at the 
game time are always connected by the equation P = 2Q; and p and q 
are fixed limits. What we have to prove is, that p = 2 q : but we are not 


A. a A, a 
to. At first, then, BSS? but — is afterwards 4 a — -5 b or ae 
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at libarty to say that P ever can be actually = p or Q to q, but only that 
P and Q may simultaneously approach within any degree of nearness to 
p and q short of absolute equality. That is, if we say let P= p + a, and 
Q = q + B, were at liberty to suppose « and ( smaller than any quan- 
tity we may name, but not absolutely nothing. We shall not prove this 
proposition p = 2q to be true; but we shall prove everything which 
contradicts it to be false. Now, what are the propositions which con~ 
tradict . 
p is equal to 2q? 
evidently only those contained in the following— 
: p is greater than 2 q, or p is less than 2 q. 
If, then, p be greater than 2 q, let it be 2q + m, therefore we have 
Paptae=2q4+m+e 
Q=q + Aand2Q=2q¢4+2A=P 
or, . 
m+ta=2p ma2B—a; 
now since p and q,are given limits, not changing when P and Q change 
(being in fact the fixed quantities to which P and @ in their changes 
continually approach), it follows that m, the difference between p and 
2 q, must also be a fixed quantity throughout the changes of P and Q. 
Therefore 2 8 — « is always the same: but it is allowable to suppose g 
and £ as small as we please, and therefore x —2 6 may be as small as 
we please. That is, a quantity both has a fixed value, and may be as 
small as we please, which is absurd. Thence p = 2 q + mis false ; 
a similar train of reasoning will show that p = 2 qg — m is false, what- 
ever m may be in either case, provided it actually have some value. 
But either p = 2 q + m or p = 2 q or p = 2q — m; the first and last 
are false, therefore the second must be true. 

“This will give an idea of the method by which it is possible to prove 
propositions with respect to limits, without actually supposing the quan- 
tities in question to have attained their limits. We shall now proceed 
to a rough-and practical kind of Differential and Integral Calculus, 
* preparatory to more exact methods. 

‘Draw a circle with a fine pencil, and nearly cover it with a straight- 
edged piece of paper, and more and more nearly until none of the inte- 
rior 1s visible, but only a small part of the circumference. That this 
can be the case at all arises from the roughness of the edge, and the 
thickness of the circumferent line: for it is impossible that a geome- 
trical line should comeide with the boundary of a circle for any length 
whatsoever. Draw two straight lines meeting each other, and cover 
them in the same way, and a similar effect will not be produced, at least 
not nearly to the same extent. And even if a geometrical circle could 
be drawn, and a geometrical straight line applied to it, provided only 
we could conceive these lines without breadth to reflect light, and be 
visible, the same effect would he produced. Let A B be the imaginary 
edge of the paper (supposed pertectly straight), and A D B a part, either 


D- 


of the circle, or of the intersecting straight linés, according to the figure 
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chosen, while C D is in both cases a perpendicular dropped from the 
highest point upon AB. Let us now conceive the edge of the paper 
moved up parallel to itself very near to D. As our eyes cannot per- 
ceive lengths of more than a certain degree of smallness, let the mini- 
mum visibile (least visible portion) of length be named; it matters 
little what it may be, say it is one millionth of an inch. Then let the 
edge of the paper be moved up until C D is in both cases less than one 
millionth of an inch. The consequences will be very different in the 
two cases. In the straight lines, CD B will always change so as to 
remain similar to its first form, that is, the proportion of CD to D B 
will not alter. If we suppose DB and D A together to be five times 
C D, then so soon as C D is less than the five-millionth part of an inch, 
there will be no visible length in the triangle A DB, and nothing will 
be seen but a point. But in the circle, if we suppose the radius to be 
one foot, it will follow that when C D is the five-millionth part of an 
inch, AB will be more than fourteen-thousand times as great as C D, 
that is, nearly three times the thousandth part of an inch, and will there- 
fore be a visible length. This depends upon what has been already 
proved, that the smaller C D is taken or the nearer B approaches to C, 
the more times will C B contain C D, and this without limit. 

In practice, then, a small arc of a curve may be considered as a 
straight line, the words, in practice, always implying that there are 
lengths so small that they may be absolutely rejected as inconsiderable, 
and without sensible error for the object in view. Suppose now we 
were to divide a circle into a thousand equal arcs : measure each arc very 
accurately as if it were a straight line, that is from end to end along AC B, 
instead of round A D B, and put the whole results together : would the 
total sums of these measurements be a tolerably correct value of ihe 
circumference of the circle? By no means, would be the first answer 
which suggests itself: for, however small the error may be in taking 
each individual arc to be a straight line, there is an accumulation of a 
thousand errors in the summation, and we do not gain anything by 
measuring twelve separate inches, each one-tenth too small, to avoid 
measuring a foot upwards of a whole inch too small. But the preced- 
ing answer is not correct ; for it happens that, by diminishing the arcs, 
we not only diminish the absolute error made by reckoning an arc to be 
a straight line, but we also diminish the proportion which each error is 
of wuts whole arc*. If CD be the five-millionth part of an inch, 
then ACB will not fall short of ADB by its fourteen-thousandth 
part ; but if the are A D B were one-sixth of the whole circle, AC B 
would fall short of AD B by more than its twenty-fifth’ part. If we 
estimate an error, not by its actual magnitude, but by the proportion it 
bears to the thing measured, then the error of the first measurement is - 
less than that of the second in the proportion of 25 to 14,000. To 
illustrate this, try the following experiment: Draw a fine circle of three 
‘Inches in radius, the circumference of which is therefore extremely near 
to 18°85 inches or eighteen inches and seventeen: twentieths of an inch. 
If we take an opening of the compasses of three inches and carry it 
round the circle, we shall find it contained exactly six times: or taking 
chords instead of arcs, we then find eighteen inches as a first approxi- 
mation. Now, take an opening of one inch, which we shall find to go 
round the whole circumference eighteen times, with an arc over, having 


* The student must particularly attend to this. If any one sentence in the whole 
book ought to be called the ‘ Differential Calculus, this is it. 
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a chord of about thirteen-twentieths of an inch. Subject then to 
the errors of taking chords for arcs in this second measurement, we con- 
clude the circle to be 1842 inches, considerably nearer the truth than 
the first. Now, though in the second measurement we have accumulated 
nineteen errors, while in the first there were only six, yet each error of 
the first measurement amounts to this, that the chord falls short of the 
arc by about its twenty-fifth part, while in the second measurement the 
chord falls short of the arc by only about its two-hundredth part. 
Consequently, the total error of the second will be less than that of the 
first in about the proportion of 200 to 25 or 8 to 1, which, in the actual 
rough measurement we have given, is not far from the truth. 

In this way we may see, what will afterwards be more strictly proved, 
that the following assertion, Any arc of a curve is equal to the sum of 
the chords of its parts, is of this kind :— 

l. [tis never true: for every chord is shorter than its arc. 

2. If the whole arc be divided into a moderately great number of 
parts, it 1s sufficiently near the truth for practical purposes. 

3. It can be brought as near to absolute truth as we please (that is, 
the error involved in it can be made as small as we please) if we are at 
liberty to divide the whole arc of the curve into as many parts as we 
please. 

When we speak of one false proposition as being more near the truth 
than another, we mean that the numerical error made by acting upon the 
first is less than that made by acting upon the second. And by saying 
that an assertion can be brought as near the truth as we please, we 
mean that, by some particular disposition of the circumstances which it 
leaves at our disposal, we can make the numerical error which it involves 
as small as we please. For instance, the preceding proposition is an 
assertion about an arc divided into a number of parts which it does not 
fix. It is never true; but the greater the number of parts of which it 
is supposed to speak, the less will be the error it asserts, and that with- 
out limit. The consequence is, that if we imagine the arc first divided 
into ten parts, afterwards into 100 parts, afterwards into a 1000 parts, 
and so on, and if we add together the ten chords in the first, giving A, 
the hundred in the second, giving B, the thousand in the third, giving C, 
aud so on, we shall have a series of terms A, B, C, &c. which approach 
continually towards a certain limit, which, however, they never actually 
reach. With reference to the problem of finding an are of a known 
curve, the Differential Calculus ascertains what is the form and value 
of the parts which are to be added; the J ntegral Calculus adds them 
together and gives the result. At least this is the first rough defini- 
tion of these terms which can be given to a beginner, 

In the following form the preceding assertion is strictly true. The arc of 
a curve is the limit of the sum of the chords of all its parts. No addition 
of chords will be sufficient ; we must observe the sum of the chordsof 10 
parts, of 100 parts, of 1000 parts, and so on, and find from the proper- 
ties of the series of terms so obtained the value of their limit. It might 
be said that the proposition, ‘ The arc of a curve is equal to the sum of 
the chords of all its parts,” is actually true if all the possible parts be 
really taken. But the determination of all the possible parts into 
which a whole can be divided, is the same thing as the determination of 
an infinite number, which is impracticable even in imagination, Every 
part of a magnitude is itself a whole so far as subdivision is concerned : 
that is, it admits of as many subdivisions as the whole from which it 
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was obtained. And it is therefore impossible to subdivide the magni- 
tude until there is no such thing as further subdivision. 

But the theorems which we have been considering, led to the notion 
of infinitely small quantities, the most convenient of all simplifications, 
when proposed in a proper manner. Seeing that every magnitude can 
be subdivided into parts which shall severally be as small as we please, 
it was imagined that all quantities could be said to be made up of an 
infinite number of infinitely small parts, each of those parts being in 
magnitude less than any assigned fraction of the whole, and yet not abso- 
lutely equal to nothing. On the glaring untruth of this conception, 
positively considered, it is unnecessary to say a word; but it is never- 
theless one of those assertions which can be made as near as we please 
to truth. For a quantity can be made up of as many parts as we 
please, each of which shall be as small as we please. And all the con- 
sequences of this assumption, properly deduced, will be true ; so that it 
may be considered as an abbreviated way of representing the necessity 
of dividing quantity into parts, which are to be supposed to be as many 
as we please. The only danger is, that the student should fall into the 
error of treating the assumption itself as an absolute truth ; but from 
this he will perhaps be saved by observing that though the doctrine of 
infinitely small quantities appears simple and natural, owing to the 
mind being always accustomed in practice to reject quantities on 
account of smallness, yet that its immediate consequences present unna- 
tural absurdities. Allow, for a moment, the notion of infinitely small 
quantities, and in the figure of page 16, suppose PB to be infinitely 
small. Then P M and MB willbe infinitely small, but the latter will be 
now an absolutely incomprehensibility. For since it has been shown that 
the smaller P M is, the more times does it contain M B, it follows that 
when P M is infinitely small, it contains M B an infinite number of times : 
so that M B is only an infinitely small part of an infinitely small quan- 
tity. This beats all our power of imagining subdivisions, and therefore 
(which may appear strange) we may be justified in retaining the terms 
of the enfinitesemal Calculus as a method of abbreviating stricter pro- 
positions, when properly understood. For, if the student should ever 
for a moment imagine that he sees reason in the use of infinitely small 
quantities, absolutely considered, he has only to recall to mind the idea 
of an infinitely small part of an infinitely small quantity, and he will 
surely remember that the modes of speech employed are only abbrevi- 
ations of assertions which are to be reasoned on in their strict form, 
though expressed for shortness in one which is not absolutely correct. 

In algebra, the use of the term “ infinitely great ” is universal, though 
the notion attached is not that derived from the etymology of the word. 
To use the words infinitely great in any sense, and to reject the correspond- 
ing method of using the words infinitely small, is to accustom our- 
selves to false distinctions. If it be proper, in any manner whatsoever, 


geek a bá 
to say that x is infinitely great, it is equally proper to say that — is 


t 


infinitely small. It is usual to say that when « is infinite, 7 nothing ; 
and the meaning is simply this, that there is no limit to the smallness 
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of —, if there be no limit to the greatness of x, or that by making x 
v 


t 
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sufficiently great, we may make yas small as we please. When we 
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have to compare - with a fixed quantity, for instance, in the expres- 
x 
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sion a + —, we may indifferently use the phrases nothing or infinitely 


sinall, because, in every sense in which it has ever been proposed to use 
them, they here mean the same thing. The notion of infinitely small 
quantities is in fact that of comparing different nothings springing from 
different suppositions, as if they had relative magnitudes depending 
upon the suppositions which produced them: a method of reasoning 
which never can be admitted in any manner or to any extent whatso- 
ever. What we here mean to illustrate is this; that the forms of speak- 
ing, which such an hypothesis would require, may be made to give use- 
ful abbreviations of propositions deduced from stricter methods. It 
must be remembered that in mathematics, as in everything else, no 
definition of single words is always sufficient to define the meaning of 
words put together in a sentence, and the following explanations are to 
be considered as the meaning which we intend to affix to the sentences 
in italics. 

l. Two infinitely small quantities may have a finite ratio. Two 
quantities may diminish without limit, and may still preserve a finite 
ratio, which is either a given ratio, or which becomes nearer and nearer 
without limit to a given ratio, as the two quantities dimimish. The 
ratio may or may not alter as the quantities diminish. And when 
we say that two infinitely small quantities have an infinitely great ratio, 
we mean that the first divided by the second increases without limit when 
the quantities themselves diminish without limit. 

2. When x is infinitely small, B is equal to C. By this we mean 


that, by making x sufficiently small, we may make rei nearly equal to 


unity as we please. 

3. When x isinfinitely small, B is infinitely near to C. This is the 
last in a different form, and will illustrate what we have said, that the 
theory of infinitely small quantities, in the absolute meaning of the 
terms, is equivalent to giving relative magnitudes to nothings. If 
we have to consider C without reference to the difference between B 
and C, and if the diminution of «x, without limit, give the limit 1 to 


B l se ait l , 
T we simply say that the limit of C is B. But, if we have to con- 


sider the diminishing difference of C and B, and to compare it with 
x or any other simultaneously diminishing magnitude, in order to see 
whether the ratio of the two remain finite or not, we then simply say 
that, instead of considering B and C as equal, they are infinitely near to 
each other, or their difference is mfinitely small. 

4. Of two infinitely small quantities, one may be infinitely greater 
than the other. By this we mean to abbreviate the following :—Two quan- 
tities may diminish without limit, so that the more they are diminished, 
the more times does one of them contain the other; and this without 
any limit to the number of times just mentioned. 

The term infinitely great is used as an abbreviation of corresponding 
propositions relative to magnitudes which increase without limit. Thus, 
when we speak of two infinitely great magnitudes, one of which is infi- 
uitely greater than the other, we speak of two quantities which simul- 
taneously increase without limit, but one of which increases so much 
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faster than the other, that it may be made to contain the other as many 
times as we please, by making both sufficiently great. And here we 
shall observe, once for all, that 

1. When we speak of a magnitude increasing without limit, we do 
not mean that it actually increases so as to be above every limit which 
could be named, for that is impossible; but that we can make it greater 
than any quantity which we actually do name. | 

2. That when we speak of a quantity changing its value, we do not 
mean, or at least we need not be supposed to mean, that the quantity 
itself grows, or flows, in the language of fluxions; but that we have a 
symbol of magnitude to which we attribute different values in succes- 
sion. Bnt whether we take, for example, straight lines of different 
lengths, and compare them together, or whether we take a straight line, 
suppose it to acquire different lengths by the motion of one of its ex- 
treme points, and compare together its length at one time, and its 
length at another time, is perfectly indifferent. 

In future we shall use the theory of limits in all reasonings ; but 
when we abbreviate the results into the language of the infinitesimal 
calculus, we shall inclose the paragraphs so introducedin brackets [ ]. 

We shall now proceed with our rough sketch of the principles on 
which the Differential Calculus is founded. Our object is to show 
that there is no great refinement or abstruseness in the nature of the 
fundamental ideas of the science; but that they do, in fact, suggest 
themselves in various cases which occur in common life, wherever a dis- 
tinct notion is to be formed of the actual state of a variable magnitude 
at any given epoch of its variation, 
= It is observed that when a stone falls to the ground from a height 
(the résistance of the air being first allowed for) its motion is of this 
kind. Let t be the number of seconds or fractious of seconds elapsed 
from the beginning of the motion, then the height fallen through is very 
nearly 16), x tt in feet. We ask, at what rate, or with what velocity, 
will the stone be falling at the end of three seconds, when it will alto- 
gether have fallen through 167, x 9 or 1442 feet. By velocity, we 
mean the space actually described in one second when the body moves 
uniformly ; but here there is no uniform motion, or the lengths described 
in successive equal times continually increase. Still, if we examine 
the lengths described in successive very small times, we shall find them 
nearly equal, and more nearly so, the smaller the intervals of time in 
question, and so on without limit. To show this, let us call 16y feet 
a measure ; then the number of measures fallen through in ¢ seconds is 
tt. Let us now suppose a very small portion of time k, and let the 
position of the stone be A at the end of ¢ seconds, B at the end of 
t+ k seconds, C at the end of t+ 2k seconds. &c. Let Q be the 
point from which the stone fell. Then by hypothesis, the values of the 
lines expressed in measures are as follows :— 


Q 
QA=2 QB=(t+hy® QC = (t+ 2h)’, &c. : 
ener 
AB=QB—QA=2tR+ k=(2t+ AR —B 
BC=QC—QB=2tk 43k = (2t +3k)k ae 
CD=QD—QC=2tkh4+ 5k = (2t+4+ SA), &e. _E 


or the relative proportions of the successive spaces described in equal 
intervals, each being the part k of a second, are those of 


ce 
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Qith, 214+3k, 2¢4+5k, 214+ 7h, &e. 


to each other. Now it is clear, 1. That the spaces described in successive 
equal times are never equal, for no two of the preceding can be equal, 
however small k may be. 2. That if ¢ have any value whatever, that is, 
if we commence the comparison after any given period has elapsed, 
during which the stone has fallen, we can take the interval & so small, 
that the lengths described in successive equal intervals shall be as nearly 
equal as we please. For 


k 


BO _ 2t+3k _, Qh = 


AB 2t+ k AT ees k 


D a 
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which can be brought as near to unity as we please, if k be made a suf- 
ficiently small fraction of £ Therefore the notion of equal lengths in 
equal times, or unzform velocity, is one which approaches without limit 
to the truth. What then is the velocity, or rate per second, to the effects 
of which the preceding motion more and more nearly assimilates? It 
is 2¢ measures per second: not that any thing near this rate is conti- 
nued through a whole second, but that the rate of uniform motion which 
would carry the point through 2¢h +k?” measures in a second, approaches 
without limit to the rate of 2¢ measures per second, as k is diminished 
without limit. For 


length described in a uniform | i the length de- 
) f a: the fraction k : i 
motion during the fraction k> = of scribed in a 
of a second whole second; 
and if we suppose v measures per second to be the necessary rate at 
which 2¢ + k? measures will be described in the fraction k of a second, 
we have E 


2tk+h = kv or 2t+k=v; 


the smalier k is supposed to be, the more nearly will v = 2 £ be true, 
which is the proposition asserted. 

The notion of velocity is one which it is always customary to define 
by means of uniform motion, and, this mode of comparison being taken 
for granted, the preceding is the only way in which a body moving 
through unequal lengths in equal intervals can be said to have a defi- 
nite velocity. At the end, then, of one second, the velocity is 2 mea- 
sures per second, at the end of ten seconds it is 20 measures, the mea- 
sure being merely a term of abbreviation for 16 feet 1 inch. 

There is one remarkable case of exception, which will illustrate the 

anner in which, throughout the Differential Calculus, particular cases 
may require rules of their own. If we count the small intervals k from 
the very beginning of the stone’s motion, that is, if we make ¢ = 0, we 
find the total lengths described in k, 2k, 3k, &c. of time to be h2, 4k? 
9 k*, &c. or the lengths described in the successive intervals to be %2, 3 k? 
5 k?, &c. which cannot be made as nearly equal as we please, for the 
second is three times the first for every value of k, however small. But 
here we find the velocity, as obtained from the preceding process, to be 
O: that is, the rate per second with which k? would be described in the 
fraction k of a second, diminishes without limit at.the same time as k. 
This follows from X = kv orv = k. 
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In the preceding manner, let the student deduce the following propo- 
sition. Ifa point move along a straight line in such a manner, that at 
the end of £ seconds from the beginning of the motion, the length 
described shall always be ¿£? + ¢? + ¢ units of length, then the velocity 
which that point must have at the end of ¢ seconds, is always 32 + 2¢+1 
units of length per second. 

[If a body move as just described, and if to the time ¢ already elapsed, 
an infinitely small time & be added, the infinitely small space described 
in the time k will be uniformly described with a velocity at the rate of 
3t? +2¢+ 1 units of length per second.] 

ProsLtemM.—The curve OPM is of this wW G 
nature, that the area included between any j 
abscissa O M, the corresponding ordinate P M, 
and the curve, is the third part of the square 
described on OM. Required the algebraical = a 
expression for the ordinate P M in terms of the col | 
abscissa O M? e “= =. 

Let OM contain w units of length, and PM y units: take MN A 
units, and let N Q, the ordinate to ON, exceed P M by ZQ containing 
k units. Then, by the law of the curve, the area OQN is one-third of 
the square on ON, and contains + (x + 4)? square units, while the area 
OPM is one-third of the square on OM, and contains 1a? square 
units. Hence the area M PQN contains 


V(e +h)? —} x? or 2'r h +12? square units. 


But this area is less than the rectangle M W Q N, containing h (y+h) 
square units, and greater than M P Z N, containing hy square units. 
Therefore, whatever may be the values of A and k, 


2¢h+ th? must lie between A (y + k) and hy 
or, 


rA a a e i a i y + k and y. 


Now A and k are so related, that by diminishing the first without limit, 
we diminish the second also without limit, and 2 and y are, with respect 
to h and k, fixed quantities. Consequently, y must be 22; for, if not, 
let 2OM exceed PM by any quantity, however small. This excess of 22 
above y doesnot change when / and k are diminished. Butas the pre- 
ceding relation must be true for all values of h and k, take k less than 
the excess of 2x above y. Then y + k must be less than 32 and there- 
fore less than 22 + 4h, or 227+ h cannot he between y + k and y, 
which it has been proved to do. ‘Therefore, 22 cannot exceed y: 
neither can it be less than y, for m that case take 4 so small that 
2x+4h shall not be so great as y, in which case it cannot he between 
y and y + k,as required. Therefore, y = $ x, or the curve (as we sup- 
posed it) must be a straight line passing through O, and inclined to O M 
at an angle whose tangent is $. In this case, since the relation so obtained 
holds for all points of the curve, we have y + k =$ (1 +h) or k= $h, 
and we see that 27 + 1h lies between y + k or 3x4 + $A andy or 3a, 

[If MN be infinitely small, QPZ is an infinitely small part of 
QPMN, and QPMN of the whole QON.] 

The preceding is a problem of the Differential Calculus; we shall 
now take a corresponding problem of the Integral Calculus, the 
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algebraical difficulty of which lies entirely in a proposition which we 
shall here take for granted, namely, that the sum of all whole square 
numbers, 1, 4, 9, 16, &c. up to n” is 


o _n(n+1) (Qn4+1) 


14+44+9+16+4.....+(m—I1)’?+n 6 


this may be easily verified in individual cases; thus, 


| 2.3 Por 3.4.7 
ka a, 1+4 =e", 1+44-9 =—_., &e. 

Prosiem.—In the curve OM P, the ordi- p 
nate M P (y)is always a times the number Ra 
of square units contained in the square of the Aa | 
abscissa O M(x); or y= axe: required the cA 
number of square units in the area O MP ? =A | 
Divide O M into n equal parts, n being any ee | 
whole number: that is, we mean to trace the 6 O= M 


consequences of dividing O M into a number of equal parts as great as 
we may find necessary to choose. We represent this in the figure by 
dividing O M into such a number of equal parts as the dimensions of 
the figure makes convenient. By drawing the ordinates at every point 
of section, and completing such a construction as is seen in, the figure, 
we have to notice 

l. A curvilinear triangle, together with n — 1 rectangles, all falling 
inside the curve, and making up an area less than that of the curve 
required. E 

2. A number 2 of other rectangles having severally the same bases 
as the preceding, but each exceeding its portion of the curvilinear area 
by a small curvilinear triangle, and altogether, therefore, making up an 
area greater than that of the curve. 

3. A series of small rectangles diagonally cut by the curve, the first 
of which is a rectangle mentioned in (2.), but all the rest of which are 
the differences between the rectangles in (1.) and (2.) The sum of all 
these smaller rectangles is equal to the last rectangle in (2.), or that 
which has the side P M, for all the bases are the same, and the sum of 
the altitudes of the rectangles which are diagonally cut by the curve is 
equal to the altitude of the rectangle on PM just mentioned. 

Hence it follows that, by making the number 2 of subdivisions greater 
and greater, we continually make the sum of the rectangles in either (1.) 
or (2.) approach to the area of the curve required; for the area of the 
curve must lie, as to magnitude, between the sum of the curvilinear 
triangle and the rectangles in (1.) and the sum of the rectangles in (2.) 
But these only differ from each other by the difference between the 
rectangle adjacent to P M and the curvilinear triangle at the commence- 
ment, which may both be made as small as we please by increasing the 
number of subdivisions. Therefore, by increasing the number of sub- 
divisions without limit, we shall find the required area of the curve in 
the limit towards which the sum of the rectangles in (2.) continually 
approaches. Let OM be a, then the several intervals between the 


points of section are equal to 7 and the distances of the points of section 


from O are severally, . 
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v 2x 32 x 
>) Op tte ees pto OM =n— ore 
n n n n 


amavan 


the corresponding ordinates to which are 


x 4 x’? 9 x? a ; 
i i Gases eee UP to an —~ or ax’, 
2 n N n 


and the areas (in square units) of the several rectangles are 


T y? v 4 x? v r? 


— Xa, mee ttt eee Up to — xX aw 
n n n n n n 
the sum of which is, ; 


OIF 44 9b E ny 


Č n(n+1) (Qn +4 1) or L n. (n+ 1)(2n +1) | 


ora— ———— 


n? 6 6 NNN 


(42) (42) 
n 7L 


this expresses, for every value of n, the sum of the rectangles in (2.), 


a n+l 2n+1 ar 
or 
6 n n 6 
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and as z increases without limit, the term — diminishes without limit, 
n 


so that the limit of the preceding summation is, 


a x3 ar 
ARK EX D Oa 
6 3 


But that same limit is the area of the curve in question, whence we have 


3 2 
. T XaLr _ vy 
Area OM peie a 3 arr 


namely, the third of the rectangle described on OM and M P. Itis 
obvious that the success of this method depends on our being able to sub- 
stitute the definite formula g 2 (+1) (2n + 1) instead of the indefinite 
formula 


l+44 94 esce + (m— 1)? 4+ 2? 


and that a similar substitution, if we are able to make it, will enable 
us to find the area of any other curve. 

We have examined cases in which the limit of a ratio has difficulties 
arising from the unlimited diminution of the terms; we shall now show 
a case in which the limit is to be singled out from an infinite number of 
results, all of which appear at first sight equally possessed of that cha- 
racter : for instance, when two straight lines intersect each other In a 
point, and then continually approach to coincidence, shifting their point 
of intersection with their Changes of position. When they are actually 
brought to coincide, they have all their points in common, or every point 
Is a point of coincidence. The question is, which among all these 
points of coincidence is the point towards which the point of intersec- 
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tion always tended while there was intersection. Let QR be a straight 


line which always moves perpendicular to K 
the tangent of the curve PQ, while Q moves == 
towards P: and let PR be perpendicular to Pe 
the tangent at P. As the point Q approaches F go 


to P, will the point R recede from P? If so, ae 
will it recede without limit, that 1s, may any va 
point in PR, however distant, become the 
intersection, by bringing Q sufficiently near to 

P? Or will it recede with a limit, that is, 


though always receding while Q approaches 
P, will there be any point in PR beyond 
which it never can be found? Or will it ap- R 


proach to P, and if so, will the approach be without limit as to near- 
ness; or can a point be assigned in P R, within which and P, the inter- 
section will never be found? ‘The answer to these questions depends 
upon the nature of the curve PQ; we ask them here that the student 
may be able to see whether he still retains notions of limits derived from 
anything but demonstration. In the ‘ Elementary Illustrations, &c.’ *, 
page 22, a case will be found, in which the limit of an intersection is 
deduced. 

All works which treat of the Differential Calculus, for the most part 
make more or less reference to the discovery of the method, and the 
celebrated dispute upon the right to the honour of it. We shall here 
state in few words as much as we think necessary upon that subject. 
Unquestionably, the first whom we know to have solved any problem 
of the Differential Calculus was Archimedes, in whose treatises on spirals, 
on the quadrature of the parabola, and on the cone and sphere, are to 
be found processes which depend upon the comparison of curvilinear 
figures or curved surfaces, with the inscribed rectilinear figures or plane 
solids. A method of limits is really introduced, the basis of which is 
the proposition, that by successively taking away more than half from 
any quantity and the remainders obtained, the last remainder may be 
made less than a given quantity, and a process somewhat like that in 
page 22, is made to furnish rigid demonstration of the results. Taking 
all the curves and surfaces which were considered in his time, Archi- 
medes has produced most of the results which even the modern Differen- 
tial Calculus can express în finite terms; and he was stopped, not by 
the inadequacy of his method considered with reference to the distinction 
between the Differential Calculus and other branches of mathematics, 
but simply by the want of a more powerful instrument of expression, 
such as is algebra when compared with geometry. He could overcome 
the difficulty which answers to writing 


n(n +1) Qn4+1) forl+44+9+4+.....4 (n — 1)? + w 
‘but he could not obtain the approximate expression 
(3°14159....)° 


for br ag wea sO tif 


the language and ideas of his time hardly admitted an adequate concep- 
tion of the preceding, or of anything equivalent to it, and the methods 
of operation would have been utterly unable to discover it. 


* Nos, 135 and 140 of the ‘ Library of Useful Knowledge’ 


l 


] 


pe 
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Between the time of Archimedes and the end of the sixteenth cen- 
tury, there is nothing to arrest our attention. The discovery of a ver 
few new propositions having just this affinity with the Differential Cal- 
culus that they are easy cases of it, is all that can be adverted to. Vieta, 
the first user of general symbols in algebra, that is, of letters designat- 
ing any quantity whatsoever, aud Ves Cartes in applying the algebra so 
obtained to geometry, by what is now called the method of co-ordinates, 
were the original creators of the power of algebra, and they were fol- 
lowed by a multitude of partial discoverers, who added isolated theorems 
on series and developements to the general stock. At the same time 
the general theory of curve lines was receiving similar accessions, and 
the multitude of analogies suggested to several the idea of combining 
them under one general form. In the first half of the seventeenth cen- 
tury, Cavalieri proposed his notion of indivisibles*, and Roberval his 
nolion of fluxions. We say notions instead of methods, because, in fact, 
no methods could spring out of them, unless by the application of a more 
powerful algebra than was then possessed. It is difficult to imagine that 
either idea had not occurred to Archimedes, and been used by him 
as a method of discovery, though rejected as one of demonstration, 
Roberval considers curves as formed by the motion of a point; and by 
assigning the law of description of the curve, and the consequent velocities 
of the point in any convenient direction, he obtains the direction of the 
tangent of the curve by the composition of these velocities. He also lays 
down the connexion between the method of indivisibles and of infinitely 
small quantities in the manner cited in the note t. But every point in 
which either Roberval, Cavalerius, or any other of their time, could go 
beyond Archimedes, was owing, not to any notion that could be formed 
of the method of generating quantity, but to the increased power of alge- 
bra. This becomes still more apparent in the Arithmetic of Infinites of 
Wallis, in which a large number of problems of the Integral Calculus is 
solved, and which contained more hints for future discovery than any 
other work of its day. 

Newton and Leibnitz had independently come to the consideration of 
quantity, and each made the new step of connecting his ideas with a 
specific notation. If one line depend upon another, and both increase, 
Newton supposed the first line x to increase or flow with a velocity 2, 


in consequence of which the second increases with a velocity y. Leib- 
nitz supposed an infinitely small increase dz to be given to x, in conse- 


quence of. which y receives the infinitely small increase dy. These 
almost amount to the same thing: if we suppose an infinitely small 
time d ¢ to elapse, during which the motion supposed by Newton causes 
the increase supposed by Leibnitz, we have 


* See ‘Elementary Illustrations,’ &e., p. 61. 

t “Pour tirer des conclusions par le moyen des indivisibles, il faut supposer que 
toute ligne, soit droite ou courbe, se peut diviser en une infinité de parties ou petites 
lignes toutes égales entr’elles, ou qui suivent entrelles telle progression que l'on 
voudra, comme de quarré à quarré, de cube à cube, de quarré-quarré à quarré- 
quarré, ou selon quelgu’ autre puissance. 

“Or d'autant que toute ligne se termine par de points, au leu de lignes on se 
servira de points; et puis au lieu de dire qne toutes les petites lignes sont à telle 
chose en certaine raison, on dira que tous ces points sont à telle chose en ladite 
raison.”—Roberval, Traité des Indivisibles. Roberval’s Fluxicns are to be found in 
his ¢ Observations sur la Composition des Mouvemens,’ the work of a pupil from 
his instructions, with his remarks. Both treatises are in ‘ Divers Ouvrages de Mathé- 
matique, &c. Paris, 1493, folio. 

n 
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i e dy J 
dzr=aidt dy=ydt L 


The merit of this step being granted to belong equally to both, it only 


remains to ask which did most towards assigning the value of yor its 


equal E in every possible case. And here there can be no question 
x 


that the binomial theorem of Newton is a much larger constituent of the 
difference of power between Archimedes and the immediate SUCCESSOTS 
of the former, than anything else whatsoever, unless it be the step made 
by Vieta, already mentioned*. It is perfectly true that Leibnitz advanced 
the Differential Calculus, in conjunction with the Bernoullis, to a much 
greater pitch of perfection than Newton or his English contemporaries. 
Our preceding remarks are only intended to draw the attention of the 
student to the distinction between the metaphysics and notation of the 
subject, and the algebra which makes them serviceable. 

The notation of Newton, which prevailed in England till after the 
commencement of the present century, has been discarded by all writers 
in the universities, and by most out of them. There are those who 
object to the change, and who consider the fluxional notation as at least 
equal, if not superior, to that of Leibnitz. Without discussing this 
point, we are inclined to consider the universality of the notation of 
Leibnitz throughout the whole of the civilized world, and the fact of © 
most of the discoveries made since the time of Newton, both in pure 
mathematics and physics, being expressed by means of it, as itself a 
sufficient reason for adopting it. But we shall in the proper place give 
both notations, and explain the method of converting one into the other. 

We shall also endeavour to teach the Integral Calculus at the same 
time as the Differential. The separation of the two which takes place in 
most works, though convenient in some respects, and those not unim- 
portant, yet deprives the student of the means of learning, at the same 
time, subjects between which the analogy is as strong as between 
addition and subtraction. 


* Leibnitz complained that when he spoke of the Differential Calculus, his oppo- 
nents answered him by reference to the method of series. M. Montucla remarks on 
this, that “a geometer might have been in possession of the method of series, and 
hace been able to square a multitude of curves, and yet not have been in possession 
of the calcu? des fluxtons et fluentes? But what those words mean when abstracted 
from the method of series he does not state; but goes on to add, “ the. expression 
for the ordinate of a curve being reduced into a series, if the, case required, the 
methods of Wallis, Mercator, Cavalerius, or Fermat, would have sufficed to find the 
area.” Considering that Leibnitz himself admitted the priority of Newton in the 
method of series, and that there is no question at all of the labours cf Leibnitz in 
this vespect being in no degree to be compared with those of Newton, this is some- 
thing like conceding the point in question. It is difficult to see what Montucla means 
we should infer in favour of Leibnitz, from his admission that, with Newion’s method 
of serves, there were four integral calculi in existence before Leibnitz. 
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CHAPTER I. 
ON THE PROCESSES OF DIRECT DIFFERENTIATION. 


Tur rules by which quantities are differentiated must be studied until 
they are perfectly known, and easy to practise. Without demonstrating 
them, therefore, or even defining them, we prefer to place them by 
themselves, and to recommend the student to practise them while read- 
ing the following chapters, considering them simply as methods which 
must be frequently employed in the sequel. 

The process here employed is called differentiation, every algebraical 
expression having what is called a differential coefficient with respect 
to any letter which may be named. If the expression do not contain 
that letter, the differential coefficient is 0; but if the expression contain 
the letter in question, the proper rule, from among those which follow, 
must be employed. Thus the differential coefficient of a + b with 
respect to x is 0. This particular case needs no further examples. 

The letter with respect to which differentiation takes place is called 
the independent variable. The expression differentiated should be 
called the dependent vériable, but the phrase is not found necessary. 
Every expression which in any way contains a, or depends for its value 
upon the value of z, is called a function of a. 

In what follows, the independent variable will always be z. 

1. The differential coefficient of mzis m. Thus z gives 1, 2 x gives 
2, yx gives 4, — wx gives — l, — 2x gives — 2. 

2. The differential coefficient of a" is ma”"—. Thus x gives 1 2! or 
a’ or l, as before; a? gives 2g; q? gives 3a’; ær™ gives (p + q) 
qrt ; 3 


x? gives $x? ; r? gives —3a7* or —3a-4, The following 
are instances; over the columns of functions in question is written fz, 
meaning the function of x; over the column of differential coefficients is 
written f’2, which stands for the differential coefficient of fa. 


f x f'x fx fla 


-me nee 
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3, If log a to the base abe the function, the differential coefficient 1s 
= where M is the modulus of the system of logarithms having the base 


x 
a, or the logarithm of e (= 24182818) in that system, which, when @ 
is 10, is °4342945. But in this subject, and, indeed, in all branches of 
pure analysis, the only system of logarithms employed is the one which 
has £ or 211828... for its base, the modulus of which is unity.: 


i eet > 1l 
Consequently, in this case, the differential coefficient of log £ 18 a 


4. The differential coefficient of a” is a” loga (here logarithm of a 
+s taken to the base £, which is always meant when no other base is 
cified). The differential coefficient of £ is e” itself. The differential 


_ spe 
coefacient of (a + bY 1s (a + b) log (a + b), &c. 
5. The diff. co. of sin 2 is cos & 
EE ee se.. COSL. — sin V 
| l 
EEA o. .tangz .. l + tan*z or 
cos êg 


6. By sin“ x, we mean the angle which has the sine x; by cos™ s, 
the angle which has 2 for its cosine, &c. Thus, if a= sin b b == sina, 
&c. 


i i 1l 
The diff. co. of sin ~'s is = 


J 1— 2 


: 1 
. . . of cos7't 18 — — 
J 1— a? 
i eae l 
. . . of tan 718 —_—_—-, 
1+ 2 


All angles are measured in the manner described in the ‘ Study of Ma- 
thematics*,’ namely, by the number of times which any arc subtend- 
ing the angle contains its radius, aud an angle so expressed may be 
turned into seconds at the rate of 206264'8 seconds to a unit, and thence 
into degrees, minutes, and seconds. 

4. To differentiate the sum or difference of any number of functions, 
differentiate each separately, and put the same signs between these diff, 


co, as are between the functions they spring from. ‘Thus, 


The diff. co. of a + a + log x — sin x — cosg + es 
x% 


l l H 
18 nx"! + a? log a + — — Cos r — (— sin v) +| — =) = 
x o £ 


l f l ` 
or na”! + a’ log a + — — cose + sing — viy E 
x T 


(S 


Diff. co. of 2” + c is nat + Oorna™! 


Stos Tis: = ee : 
coe z To l 
ww ee Loe 1s 0—1 or —l. 


* Library of Useful Knowledge, No. 90, pp. 84, 92, 116. 
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8. The diff. co. of a function of z multiplied by a constant * 
differentiating the function, and then multiplying 


37 
is formed b 


by the constant. Thuy 


l c 
the diff. co. of c logxis c x — or L, 


£ az 
Dif. co. of c — eat ac logx — (a + c) tan` z 


is nea" — ea loga + -< — E. 
Diff. co. of p sin“ g — q sin æ — 5 - 
3c 12 
is T — qeosr + 32 4 120 
Vil = z“ i 
Diff. co. of l+2r+ 32+ 4234 Sa -+ 62 
is 2 +62 + 122° + 2023 + 390 24 


9. To differentiate the product of two fun 
the diff. co. of the Other, a 
thus, 


ctions, multiply each by 
nd add the results (with their proper signs): 


; l 
the diff. co. of 2” log xis na" logs pa" x or 2a" log x + a, 
g 


eeseeseere Z SNTIiISl X sine + & X cose or sinz + £ cos r, 


] l l l 
EEE EES a oe, 
g L L COS “g 


tees eceeeee (1—2) (x + q?) is 
(0 — 2x) (r+ 1) + (1 — a!) (1 + 32°) or 1—5 x4 
10. To differentiate a fraction, form the following fraction— 
Den’ x (dif, co, num") — num" x (diff. co. den’) 
_ (Denominator) ~~ 


] 
TX — — logt Xx 2x 
x 


Diff. co. of ae. is — or = 
x x x 
se sing , COS X X cost — sine (—sin x) a l 
cosa Cus 2 Cus 2 
tt OSD OF) Gas) Cn E 
(E r r S Eer a e (l— x)? 

l 72x O~1 x (log r+ — ) oe 
esses ee vlog a 1S æ (log r) O O oga 
ad R (1 + sin z) (— cos x) —(1 — sin x) (cos z) 

l+sing (1 + sin z)? ə 


2 cosx 
(1+sin x)? . 
11. To differentiate the product of any number of functions, multiply 


_ ™ A constant, with respect to v, is a function which does not depend on x: thus, 
'n a? , a is a constant, if change in x produce no change in a, 


LLL 
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the diff. co. of each function by the product of all the other functions, 

and add the results. Thus, the diff. co. of x sing X cosg X s” is (re- 

member that e” does not change by differentiation) z 
vsin x ceosg £ + acos*x e* —axsin*re* + sing cosg. 

Some examples of these processes will be given at the end of this 
chapter ; but the best examples are those which the student forms for 
himself in the following manner. Take any function which can be 
differentiated by one rule, and throw it into another form, in which it 
requires another rule. Differentiate each form by its own rule, and 
see whether the results can be made to agree. For instance, all the 
following forms are the same function, 2°. 


x “a z7 xl + x) — 2’, 
and their diff. co. are, 
er a. 62° — 2°. 30° a7(—4 27°) —x-*(—T2°) l 
g? gon 


Q@r(lt+a4+7(04+1)—22 
show that the latter three of these forms are severally equal to the first, 


3 x? 
We have now differentiated —1. the fundamental forms 
a”, a”, logg, sina, cosg, tang, sin~'a, Cos ~x, tana. 


9. All functions of them made by the fundamental rules of addition, 
subtraction, multiplication, and division. It remains to point out how 
to differentiate more complicated functions of functions. 

Rule.—To differentiate with respect lox a function of v, where v 1s 
a function of x, differentiate with respect to v, then differentiate v with 
respect to x, then multiply the two results together. 

‘This rule needs some elucidation, but, when understood, will be found 
the best help to the memory. If we have, for instance, the double 
function log sin v, the logarithm (not of v, but) of sin z. We see that 
——? 
sin g% 
Yes; when differentiated with respect to (not x, but) sin v. We have 
here made sin æ stand in the place of 2. To differentiate with respect 
to x, differentiate sin æ with respect to a, giving cos v, and multiply the 


a , ae. 
in the preceding rules logs gives oe Does log sinz give 


_ cos x, or cot x, the result re- 


preceding result by cos a, giving 


l sin 7 
quired. 
/ 
fe | fra fe | y's 
AET ] : l taen 
og sin 4 : . COS 4 log a —- X noor” — 
sin x" ecm acd 
] ; x l x 
Og COS & x —sin ez . loga — a log a or* loga 
COS & a” 
l : an? i 
og tan £ a (1 + tan’z) sin g? | cos 42? X 2g 


* Account for the simplicity of these results. 
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fr f'x fx f'x 
2 ane 2 , ] 
COS qt sin 7 X 2r sin7! e vape 
P E 
sin. log x cos. log x x = vle 
. moi : l x ] 
A z z = € gel £ S 
sin e COS £ 
| a Jae 
€ E X COS & (1 + x’) 6 (l + x2) (0 Be 2x) 
a eo” x nat? (1 — x)" n (1— xy)" (0— 1) 


(2)? |12 (2? 4-27)" (204-32) 
n (sin æ + cosr)"7} 
x (cos r—sin x) 


e ttbs goths x (0 + b) 
E`? € xX (— 1) 
Diff. co. of (a + be+ex) is n(atbat c) (6 + 2c) 


(sin x + cos v)” 


2J/1— x ] — 2’ 


cos (cos x + sin 7) is — sin (cos x + sin <) X (—sinw-+cos v). 


l 
Vl—# gp ——— x (0— 2.2) or — 


We can now differentiate functions of functions of functions of £, &C. 
Suppose we have log sin a‘, By the last rule we have, 
l 


-— g X Diff. co. of (sin a*"*) 
sna’ 


Diff. co. of (log sin a*™*) is 


- + (sma@*""*) is cosa™* x Diff. co. of (a*"*) 


(ar) is a°"* , log a'X Diff. co. of (sin z) 
(sin x) is COS & 
: si : l sing sin x 
- + . (log sina") is jag X cosa*™? x a""* loga x cosx 


sin aÃ"? 
Diff. co. of (x + J 2? —1)° is 2 (x44 1°—1) x Diff.co.of (£ +41] ) 
s. e. (@ +a —1) = Diff. co. of e + Diff. co. of Ve —1 


l 
—- X Diff. co. of (2 —1) 


= 1 + 
2 V2—1 
; 2x— 0 o æ z +sat—l 
= ] + — =] = ee 
24 7] V a —] V x2 — 1 
| _ #1)" 
*. Dif. co. of (x 4- V2—1)'= a vata 1) 


x — |l 


In the following symbolical recapitulation, every case of which the 
student must refer to its rule preceding, Px, Y x, y v, mean different 
functions of x, and ¢’z, Y'a, xv, their differential coetiicients with 
respect tov; also (px ye) means the differential coefficient of the 
product of @x and wx; and so on. 


(t+ Yr-— yar! = Pat We-— y'r 
(cor ++ epyr— hyay = co'e + ep'er —h y'a 


_ 
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(pr yry =px1 pr +4 Prp (= =) = A E yr 
(Pp x)’ 
(be weyxr)=Prpaey'cet+hewleyr+Pryryer 
sprt yry = mpr t ya Pax + wie) 
TOLJ v — m (b L)” Me fe ad — c0" , bar 


{log Ga}! = {singdal =cosox. p's {cosha\’=—sings.¢'r 
o'x eas p'a 
tan Q cy = —_— ory = ——— 
{tan dc} ee {sin r} ao 
~l CI a pv —1 pe 
loses — Ga MOMS Te a 


By ọ Yr we mean the same function of Y v, which ¢@ is of v: thus, - 
if px be log 7, P y x means log wx. By% we always mean that func- 
tion of x whieh arises simply ae differentiating px; thus.in dw a, we 
mean that after px has been differentiated, we substitute W x instead of 
x. We have then, 


foya =pyr. ye {opyxrl=olvxe. yya. xe 

The differential coefficient of the differential coefficient is called the 
second differential coefficient; the differential coefficient of the second 
differential coefficient is called the third differential coefficient, and so 
on. The several differential coefficients of ¢x are denoted by ¢’z, p'r, 
p'r, ox, &c.; and it is ee to use Roman numerals to 
express a number of accents, when they are too many to be conveniently 
written. Thus, the tenth differential coefficient is written @*z. But 
when a letter represents a number of accents, it is customary to place 
it in brackets: thus, the nth differential coefficient of @z is written: 
Px, 

This process is called successive differentiation, and its easiest cases 
are as follows :— 

1. Let Ga be x”; then p'a is n £", "x is n (n— 1) a’, Ox is 
n (n— 1) (n — 2)", Gx is n nal (n — 2) (n — 3) x"*~*, and so 
on. In the following, the function differentiated is the first of the line, 
and it is followed by its successive differential coefficients. 


ew, 42°, 4.37, 4.3.2.7, 4.3.2.1, 0,0,0, &c. 
P, bas D4, 5.4.3 2, 5.4.3.27, 5.4.3.2.1,0,0, &c. 
l l 2 Dul 2a woe 2.3.4. x 


~-4,5,- 5 = St! , &e. 
Cae gee a Pa 3 ae 

l n n(n+ 1) E E A TG ESS) 
q” 2 gt! ? pte a gets a" +i 3 

l —.l S 5 7 

EJ 2 1 1 3 1 = = 

eB, pa, mope h, pepe pr’, -g.5 ggn”, &e 
3 a? we 12 17 

5 5 _3 @ 5 2 T TE 
re, 32%, s. $T, $.R.5r 2? ~8 2.5. 4a ,&c 
m m-n m—-2n n. — 3n 

~o mT mmen ss m m—n m—-2n T 
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2. a, aloga, a (log a), a (loga), a? (log a)*, &e. 


3. &, E*, E, E7, E7, &c. 
l ] 
4. log x eo Sa (for the rest see last page.) 
3. SIN T, Cos, —sinz, —cosr, sin T, Cos T, &c. 
6. cosz, —sin V, — cos 7, Sinz, cosr, —sin T, &C. 


Memorandum.—Observe that in every case a function of x + c does 
not require any second process in differentiation, for instance, 


Diff. co. of sin (t+ c) = cos (r +c) x Diff co. of (x + cœ). 


But the differential coefficient of x + ¢ js ] +0 or 1. 
We shall now give some examples * for practice. 


Let 
l = 4 
r= J= or (l1— x?) 3 gp! z r 
E (1 ~a*y# 
ae = y V7 — Tt” — x diff. co. of V] — r? l 
n = Pr A E . 
—rT aa! 
Qr= vl—a gle—v} + æ diff. co. of 4/1 —@—,/1 — x diff. co. of Jl+z 
V14 4 eros 
l 
VIr == X (0—1) =W] z = 
_ Ni Pe Wits 
7 Le 
l G+2)+d—2) 1 


— ë me e 


Ata) Jie Nir Ota) Jp 
Reductions, such as are here to be made, and success in which depends 


on the expertness of the student in common algebra, form the greater 
part of the difficulty of the succeeding examples, 


2 2 
A gies None OWE ee ois 
z4 aN 
TOE b+2cer 
z=4aF brot Pr= btr 
9 Poupe 2a} bri or 
a+be a'b — b'a 
p r= ea ae p'r = lal fie 
a+ be (a + o'x) 
r= r= gy a= td pe, 
l—wv (1— zx) l -x (1 + r)? 


* There are two works in English, which are express collections of examples for the 
learner, 1. < Collection of Examples of the Differential and Integral Calculus. By 
George Peacock, A.M., &c., Cambridge, 1820. This work is now out of print and 
Scarce, and we have been frequently indebted to it. 2. ‘A Digested Series of 
Examples, &¢, By John Hind, M.A., &c. Deighton, Cambridge, and Fellowes, 
London, 1832, This work would be very useful to the student who wishes for more 
examples than one work can give, 
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Rue. When two functions differ only in the sign of 2, the diff. co. 
of one may be found from that of the other by changing the sign of 2, 
and then changing the sign of the whole. The last 1s an example. 


T ; Leng Ss peas l 
—" i paean P v = C— 
pez ee ie grey OPT THR UE 

x—rt+l a1) | 
potail pep 

parece (a? -+a + i) 

b PEE. eee 

— — ea E 

oe Nee ý a y e—@ 


The process may sometimes be rendered less embarrassing by the use 
of logarithms, as follows. Suppose we wish to differentiate 


wN 
pr= RE A ae (1), 


where all the capital letters are functions of x, and P’ Q’, &c. are their 
differential coefficients. T ake the logarithms of both sides (and let » 
stand for log) 
1 
KGa hwP+XQ—AR—AS ee +r%W —AZ); 
differentiate both sides (tt being true, as hereafter noticed, that the 
_ differential coefficients of equal functions are equal), and we have 


o'r p’ QQ’ R/ S/ 1 ( Vy! Ww! Z! 

— => — — t a m > ).---@) 
Fe PQ R Ss ngka Z) 
whence we get pa by multiplying together (1) and (2.) The student 
should first try the following example by himself, and when he has 
completed his result, may consult the following process. 


Process. NỌ 2 = Ala Ha) — AL +H 2) +A ++ 2°) -L (a+ 2") 


ge il 1 1 22 1 22 
oanate bee DRT Bate 
By aa t ê — (bat v) 
= Ta + x) b ++ a) t e)a p) 
b—a (aœ — b) < 


= oyy bth Ge) Ft?) 
— (b— a) [tO T 
(ata) Ota) t) T) 
(a® + 2) (b? + aè) — a b p (4 bD H 
(a +b) (a+ 2) (b+ as = (a+ byabat+ (a +b) E +a tb). 


When the numerator of the preceding fraction is 
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a'b? + (a? + b — a + b) a 4 at (at b) (aba + 2) or ` 
ab —2abr 4 r — (a + b) (abx + 2°), or 
(ab — 1°) — (a + b) (abx +a). 
b +e Jepe atr (b + 2) (a + 2) (CF 1) 
— y2 e 3 
= (b — a) 2È x°) i el E 
7 E (5+ tF (a? + x’)? (bÈ ~H 2)? 


Jn the following list, each function is followed by its differential coef- 
"ficient. 


dln = (bg) ttt MEFS bv (at b) Cabot v) 


r—] l — v l —3* 
, at ] —1 2 l 
A r h a l d 
o = 5 Dy 
NV l+] N4] zlog x 
l — cosx l x 9 9 9 t -2 
|: log — —, — (tv? —2xr4+2), sex 
i l + cose sing 
e i x” (log x)”, 
w Nn yr n— z ; ‘ i: = 
. Ta, 2 a (sloga +n) a" (log æ)" (m log x + n) 
im 
r 3 ET EFL 
f j EE” ; eE” : g? ER l — 
a le (l4+2) 
S ; i SIn 2 x sin (n—1)x 
i &—sine cosa, 2sin?g i » —n——_ ~~ 
| sin” x sin”t! p 
Pin 
| e ° e 
i oa log ~~» — sin log Pa sın (sin £), cos sing. cosg 
ih. 
| or 9 
oor ae l—~gez 2 3 
ji Asin™ Sy z cos™ (42°— 32), — ——>— 
l+ l+ vj aye: 
ae 2x 2 ,o+ acosz Va? — b? 
an™ ——, — cos Vae a ek ee 
l=’? 14 2? 


a+ bcos? a+tbecosxr 


Having thus laid down the mere rules of differentiation, 
to investigate and apply these rules. 


we proceed 
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CHAPTER Íl. 


ON THE GENERAL THEORY OF FUNCTIONAL INCREMENTS AND 
DIFFERENTIATION. 


Wuen any function of v is given, we can determine by common algebra 
the value which the function receives when «v receives any given value, 
say a, and also the change of value which takes place when æ becomes 
a + h, by which we merely mean, when we pass from the consideration 
of the function of a to that of the function of a + h. Thus, “let x = a,” 
followed in the same problem by “let v = a + A,” does not mean that 
we make these suppositions both at once, but that we consider v as 
changing its value, or ourselves as changing the value we attribute to x. 
Of course, the consequences of the two suppositions may exhibit any 
sort of difference. | 

When we consider v as having some assigned and specific value a, 
the function ‘ x may exhibit two distinct species of phenomena. 

l. It may have a finite and calculable value, positive or negative. 
Thus, 2 + a? is beyond all question 6 when the value of x is 2; and 
— } when v is— 4. 

2. lt may exhibit one of the varieties of form which arises out of our 
supposition being followed by an absence of all magnitude, or 0, in a 
place where the general form of the function would lead us to suppose 
there is some number or fraction to be operated on or with. Such, 
forms are, 

1 1 
p r a’, Q, G), x)"; &c. 

For instance, in the function (1 — x) “~”, we see that the supposition 
of x = 2 offers no difficulty, for the function then becomes ( —1)~ or 
— l; but when z = 1 we have no means of operation left, except such 
as are implied in the symbol 0°, which offers no ideas of numerical value. 

With regard to such cases, it may or may not be proper to say the 
function has existence and value: but we do not enter into that ques- 
tion. We examine, in such a case, not what (1 — x)'-* becomes when 
a= l, but we ask to what does it approach without limit when a 
approaches without limit to 1. If we can prove, as we may hercafter 
do, that the preceding function also approaches without limit to 1 wher, 
x approaches without limit to 1, we may then abbreviate the preceding 
proposition into these words “ when z is 1, (1—.)'-* is also 1 :”? but we 
use the preceding sentence in no other signification. Therefore we havi 
the following definition. 

DerFinition.—The function is said to have the value A when a ha 
the value a, either when the common arithmetical sense of these phrase 
applies, or when by making zx sufficiently near to a, we can make th 
function as near as we please to A. In the first case A is simply calle 
a value, or an ordinary value, of the function: in the second case A i 
called a singu/ar value. 

Postulate 1—If ġa be an ordinary value of da, then A can alway 
be taken so small that no singular value shall lie between pa an 
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@ (a+ h), that is, no singular value shall correspond to any value of z 
between v= aandr=ach. l 

The truth of this postulate is matter of observation. We always find 
singular values separated by an infinite number of ordinary values. If 
we lay down all the possible values of x on a straight line, measuring 
them when positive to the right, and when negative to the left, upon the 
supposition that some certain given straight line represents l: and if we 
then lay down the values of the function upon lines perpendicular to the 
values of v, placing each value of the function on the fine drawn through 
the variable extremity of the linear value of 2, and measuring it above 
or below the axis of x, according as it is positive or negative, we have 
the well-known method of representing a function by means of a curve, 
which is the foundation of the application of algebra to geometry, as 
given by Des Cartes. We have drawn the representation of a function 
below, so as to exhibit every variety of singular value, and more than the 
skill of the most practised algebraist would at present be able to find a 
function for. The stars mark the singular values, or rather the places 
at which-there may possibly be a singular value; all other values are 
ordinary, however near the singular values they may approach in posi- 
‘tion. And we see that, however nearly a, the value of a, may approach to 
b the value of x at one of the singular points, it must be possible to take 
a + h lying between a and b. 


* % 


Postulate 2.—If pa be any finite value of @ 2, it is always possible 
‘0 take A so small, that Ø (a + A) shall. be as near to pa as we please, 
ind that @ x shall remain finite from z = a to z = a + h, and always 
ie between @ a and Ø (a + h) in magnitude. | 

This again is a part of our experience of algebraical functions. It is . 
renerally assumed under the name of the law of continuity. The latter 
art of the postulate may be true of the whole extent of some functions: 
hus, however great 4 may be, æ? perpetually increases between a? and 
a + hP. , 

"It is possible to imagine a function which does not observe this law, 
ut we cannot, without further consideration of singular values, find the 
leans of expressing it algebraically. For instance, in the following 
gure, the function represented by ABC D EF is discontinuous at B 


Q /R 
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and D. But we have no means of expressing such a function in common 
algebra. We may call the law expressed in this postulate the law of 
continuity of value, to distinguish it from that of the next postulate ; 
and we may say that functions, which do not obey this law, if any, are 
discontinuous in value. 

Postulate 3.—If any function follow one law for every value of æ 
between x=a and x= a + h, however small A may be, it follows the 
same law throughout: that is, the curves of no two algebraical func- 
tions can entirely coincide with each other, for any arc, however small. 
If p x be q? for every value of x between a and a + h, however small h 
may be, it is 4? for every other value of æ. This we may call the law 
of continuity of form, or permanence of form. 

Exceptions to this law may be represented, but cannot yet be alge- 
braically formed. As in MN P QR, we may conceive a function which 
is represented by an arc of a circle joined to one of a parabola, which 
is itself joined to a part of a straight line, and so on. Such a function 
would be called discontinuous in form, and though not now exhibited 
algebraically, may actually occur in practice. Suppose, fur instance, a 
spring of the form M N PQR fixed at the end M, and disturbed at the 
other end. The number of its vibrations per second might become a 
subject of inquiry. : 

Let px be a function, continuous in form and value, which we 
always mean unless when the contrary is expressed. Let us take two 
consecutive values of x, namely aand a + A; but instead of supposing æ 
to be a, and then to become u + A at once, let it pass through z steps 
altogether, becoming successively, 


a, a+0,a+26,....at(m—1]9a+ne: 


that is, let 26 be h, so that by increasing the number of subaltern incre- 
ments by which a becomes a + h, we may diminish each increment 6 
without limit. The corresponding values of the function are da, 


p (a+ 6), P(a+26),.... up to d (a4+n8) or d(at+h). 
The several increments * of the values of the function are then— 
¢(a+0)-—GO, ¢(a+20)—¢ (a4 6). .o (a+n0)—ọo (a pn- 16), 
Let ġa be called Py, let ġọ (a + 0) be called P,, &c. up to ọ (a+ ne 
which is called P,. Consequently the increments of the function ar 
P, — Po, Poa—P,, P —Pa . ©.. Pa — Pu-i (n in number) the sun 
of which is P, — P, or ọ (a + h) — pa. We have then, 
(P, — Po) + (Pe—P,) + S oeo . + (Pa— Pr) =¢(a+h)-¢a 
0 + 0 "n 0 = no ee) 
- (Œi ~ Po + (P-P) + -e e + Paa) _ PG +h)—Ga 
0 + 0 +... + 0 = h i 
so that (A and a being given) the fraction made by summing the nume 
rators of 
P—P PP o Po-Pa 
0 git : f 


for the numerator, and the denominators for a denominator, is equal 
the same quantity whatever may be the value of n. 


* If the function decrease instead of increasing, we must either use the wo 
decrement, or apply the term increment to both positive and negative quantities, 
negative increment being a decrement. We take the latter alternative. 


= et ham - 
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If n increase without limit, 0 diminishes without limit, and sodo all the 
numerators of the fractions in question, which last therefore all approach 
the singular form $, and we have now to ascertain whether the limits of al] 
or any must be finite, or whether they may severally increase without limit 
or diminish without limit. Now (we refer the student to the lemma fol- 
lowing this) they cannot all increase without limit or all diminish 


no TE . a, a, a" 
without limit: for it is shown that among the fractions T 5 p? &c., 
there must always be some which are algebraically greater, and some which 
atav’+.... 
| b+b+.... 
the only possible case then, unless there be finite limits among them, 


is that some increase without limit, and all the rest either diminish without 
limit, or increase negatively without limit. 


are algebraically less (some means one at least) than 


P, —P P, — P P, — P 
Let PEE 2 = ael 2s ° ° ° e aah RE se, Z= ° 
O 1l O Q: g Qn 
Now, whatever these quantities Q,, Q,.... may be, a law of con- 


tinuity must exist among them, for they may all be made from the first, 
by changing a into a + @ time after time. Thus, 
20) — | = 
Q, or Ste ht Na A To is made from Q, or e ta 

by changing a into a +0. And we have reduced the question to this 
alternative : either there are finite limits, or some increase without limit 
and the rest diminish without limit: if the latter, we shall have two 
contiguous fractions, one of which is as small as we please, and the 
other as great as we please: or we shall find, for a sufficiently great value 
of n, somewhere or other in the series Q, Q,.... a phenomenon of this 
sort, Q, smaller, say than ‘00001 or anything else we may name, and 
Q.4: greater than a million, or any other number we may name. Or 
Q, will be positive, and Q,4, negative, both numerically as great as we 
please. This cannot be true of ordinary and calculable values of the 
function, and can only be true when Q, is the fraction which is near to 
some singular value of the function, or when a+ kO is near toa + / 
corresponding to a singular value @(a +/), a+ l lying between a and 
a+h. Butas h may beat the outset as small as we please, let us 
avoid this by taking a new value of A, namely h’, so that a + h’ is less 
thana +l. Repeat the whole process and argument with a and a + +’, 
by the same reasoning if will appear that if we refuse to admit finite 
limits to some of the set Q, Q,.... where n9 is now k’, we are driven 
to suppose another singular value of the function corresponding to a+k’, 
lying between a and a + W. Avoid this again by reasoning in the 
same way on a and a+ A” where h” is less than k”; we shall be obliged 
to admit another singular value, and so on. Either, then, there are 
finite limits to some of the set contained in the general expression 


la+ ko) — o(a t k—18) 


0 9 


or the function admits of an.infinite number of singular points between 


t=aandr—a-+h: that is, is not according to the postulate. There- 
fore, we have the following theorem. | | 


| 


% x being any function of v, and a and a +h any consecutive values 


———————————— TTT 
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of r, where h may be given as small as we please, there must be finite 
r+6)—or . ee 
calla oe a ae p ,in which 0 diminishes without 
limit, for some values of xz between x = a and x =a + h. 
— (r+ 0)— oe, 

The limit of i e is called the differential coefficient of 
Ø x with respect to x, and the theorem just proved is as follows :—Every 
function either has a finite differential coefficient when x has the specific 
value a, or when it has a value a + k where k may be as small as we 
please. 

‘here are points in the preceding demonstration which he open to 
_ certain objections, depending upon the way in which the terms of the 
postulates are understood. ‘The student may, if he pleases, consider 1t 
ouly as giving a very high degree of probability to the fact stated, since 
we shall presently demonstrate of all classes of functions separately, 
that the preceding fraction has a finite limit for all values of x, with the 
exception of a limited and assignable number of values for each func- 
tion. 


limits to the fraction 


: l aa a" 
Lemma referred to in the preceding demonstration. If PR pret: 


be a series of fractions the numerators of which are of either sign, and the 


! 
‘ z a a +. «eee A 
denominators‘all of the same sign, then sai Ia ce must lie alge- 


B+ bt... 
braically between the greatest positive, and the numerically greatest 
negative, of the preceding fractions. 
To take a case, suppose the fractions to be 

3 1 —2 —5 

2 4 3 g 
which are arranged in algebraical order, the algebraical greatest being 
first, and the least * of the same kind last. Then we have 


Smor B= —.2 TP = TS or 5 = 2 
a<50 1<+.4 He} or -2> 5.3 
ZE < o —2< 5.3 aas; or L>=Z.4 
= <f or 5 <5? > 01 3> Z 2 


Hence, by addition 
3 —5 
(3+1 —2—5)< z2 t4+3+2), | (3+1-2-5)> —(2 +4+3+2), 


or 
3+1—2—5 _3 Sais ee 
24+44312 ~2 2+44342 2° 


* See ‘Study of Mathematics, p. 49. To avoid confusion, it would be desirable 
to talk of the smallest of quantities, when we speak of arithmetical magnitude, an 
of the /east when we speak of algebraical order; but the necessity for the distinc- 
tion seldom occurs, 
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and any other case may be treated in the same way. We have adopted 
an instance, to keep the ideas of the student fixed upon the algebraical 
relation of greater and less, which is necessary to the proposition. If 
the denominators were all negative, the same thing might be deduced : 
thus, if the set were 
3 l = 2 —5 
—2 —4 —3 —=2’ 

since if p lies between q and r, it follows that — p lies between — q 
and — r, then, since 

3+1—2—5 

2+4+342 


3$+1—2—5 3 —5 
, 94-39 EE AE Za the less and 5 the greater. 


À 3 = 
lies between = the greater and = the less 


a“ 


The object then of our first investigations must be to determine the 


e a when @ diminishes without limit, in every 
possible case; which we shall see amounts to substantiating the rules 
given in Chapter I. But first we must acquire some more precise idea 
of the meaning of the preceding. We see that x is first supposed to 
have some specific value a, which is changed intoa + 0. It is usual to 
write x itself for its first value, and to call 0 the increment of x. Let 
A x be the abbreviation of the words difference of x, or increment of 
x, we see then that 6 is an arbitrarily assigned value of Aw. And 
o(a + 6) — dais the increment or difference of $ x, for it represents 
the alteration of Ø x made by changing x from a into a + 0. But it is 
not arbitrarily assigned ; for Ø x being a given function, and a and a + 0 
given values to be used, % (a + 6) — dais given with a and 6. Hence 
Agx represents O(a + 0)—@a, or if u=Gua, we have Au = 
p (a + 6) — ¢a, or the differential coefficient is the limit of the fraction 


Au . i 
Ay which we cannot ascertain from this form, because when Az = 0 
x 


limit of 


that is, when the value of the independent variable is not altered, 
Au = 0, or the value of the function is not altered. For instance, let 


ec ] 
the function in question be oe We have then 


l l OE 6 


rg me ge aa 
Au l 
ATS 9 Ba TGF f 


we use Az on one side, and 0 on the other, which must appear a super- 
fluity of notation, because we thereby, on the left, preserve a better repre- 
sentation to the eye of the process which is going forward, while we 
have a more convenient working symbol on the other side. ` 

The limit of the preceding fraction is easily ascertained from the 


; . l I 
second side of the equation to be — — or — a For when no sin- 
2.2 


gular form is produced by making 0 = 0, the latter gives the way to 
ascertain the limit towards which we approach by diminishing @ with- 
E 


eee 
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out limit. But this supposition, namely 0 = 0, is merely a step of the 
work, and not a necessary part of the reasoning. 

TuroreM.—lIf p, q, &c. be the limits of P, Q, &c. to which they 
approach when 0 diminishes without limit, and if none of the set PQ, 
&c. exhibit singular forms when 6 = 0, then the limit of any function 
is found by substituting instead of P, Q, &c. their limits p, q, &c. pro- 
vided no singular form be thereby obtained. Let us take as an instance 


x the limit of which we assert to be L> To prove this, observe that 
q 


P p Pq—Qp me 
ef Lt and let P= pt+0,Q= qt, 
Q q Qq 


whence it follows that @ and « diminish without limit at the same time 
as 0. This gives 


P Ba OEP = GEO EA T a 
Q 4 (qt+*)4q g +qKe 
the last fraction has a numerator which diminishes without limit with 
6, and a denominator which continually approaches to the finite quan- 


— ee 


tity q?. This fraction, therefore, diminishes without limit, that is, T 
approaches without limit to £, or the latter is the limit of the former. 


PN Au, du ; 
It is usual to represent the limit of — by ——, on which the student 
bok AL Ut 


should now read the remarks in pp. 13—15, of the ‘ Elementary Illustra- 
tions.’ This latter fraction does not mean a quantity du divided by a 
quantity dx, nor are its parts to be separately considered in the theory 
of limits. [But in that of Leibnitz, pp. 21, 29, it is said that if dx be 
an infinitely small increment given to z, du is the corresponding infi- 
nitely small increment thereby given to the value of v, and the diffe- 
rential coefficient is the ratio of these infinitely small increments. Thus 
it would be allowable to say, that if 
1 - du 1 l 
u=- a 7a OF du = 72 dx. | 

When z becomes x + Ax, we suppose that u becomes u + Au, P be- 
comes P + AP, &c. Let us now suppose that 


u=P+Q—-—R-+0C, 


P, Q, and R being functions of v, and Ca constant. Let P, Q, and R 
have finite and determinable differential coefficients. This relation, being 
required to remain true for all values of z, exists when z is changed into 
x -+ A x, and gives 
w+ Au=(P+4P)4+(Q+4Q)—(R+ AR) +C, 
the constant not being affected by a change in the value of x. Subtract 
the preceding, which gives 
Au AP AQ.AR 


AuzAP+AQ—AR — = — + — —-— 
FAQ > Ag Tur Ax 


the A z diminish without limit, in which case the fractions in the last 
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ee du 
equation severally approach without limit to what we represent by Ty 
x 


el es and ee which gives 

dx’ d: dx’ 
du dP dQ dR : 
da © de T dr ~ ur @- 36, Rule 7.) 


We see that the constant C does not appear in the result. Ifit had 
been a function of x, we should have found a added to the preceding. 


But at present, if we Suppose any other term in the last equation, it 
can only be +0. It may be said then, that when Cis a constant, 


Ta is 0. The proposition to which this may be considered as a sort of 
2 


limiting theorem is the following. If a function increase slowly, its 
differential coefficient is small: the less it increases, for a given increase 
of æ, the smaller is the differential coefficient. F inally, if it do not 
increase at all when æ increases, the differential coefficient is nothing. 


Letu= PQ . 
u+Au=(P+ AP) (Q+AQ)=PQ+ PAQ+QAP+AP. AQ 
or as before, Au = PAQ + QAP +APAQ 
; Au AQ AP AP 
he ag ae Gee: 


the last term of the preceding consists of one factor which approaches a 
finite limit, and another, A Q, which diminishes without limit. All the 
increments Au, A P, &c. diminish without limit with Ax, though their 


AP ; P ; 
ratios do not, Consequently, the term ae A Q itself diminishes with- 
out limit with Az, and we have 

du dQ 
po 
dx dx 


Let u = PQR = (P Q) R. . 


d P 
+ Q dr (p. 37, Rule 9.) 


: du _ iR d (PQ) 
Then, as just found, T ~” PQ or hes R T 


dR :; dQ ,dP\ _ dR dQ d P 
PQS +R( PIS +g PA es eae 
And by carrying on this process, we may obtain the following general 
rule : to differentiate the product of n quantities, differentiate each and 
multiply by all the rest. If « be the product of n functions PQR... 


then the product of all but P is 7 , and so on; whence we have’ 


oy ee ers: u dQ, udR 
dx P dr Q dx R dz 


l du _ 1.dP 1dQ 1ldR 


u dx P.dx Q dx R dx 
| U. OF ILL. LIB. 
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This remarkable relation is intimately connected with the theory of 
logarithms. If A P mean the logarithm of P, &c., and if u = PQR... 
it follows that 

d (au) d(AP) dAQ) 


Au =APH+AQTAR+T. 2. eT ee “To re ee 
and it will afterwards be shown that 
dQ) ldu AQP) LdP y, 
de u dt dx Pdr’? ` 
P P+tAP P 
Let ue 6 aoa AO Q 
AP _ pA® 
_ QAP—PAQ Au Ax A x 
nee a Gad Ar ~ @+QAQ 


taking the limit, and remembering that Q A Q diminishes without limit, 
we have : 


IP _ pdQ 


d. dx 
MA OE O, 


dx Q? 
We shall now proceed to find the differential coefficients of the fun- 
damental forms. But first we must premise the following consideration. 
If u be a given function of x, then x is also a given function of u, though 


not always an assignable function. 
i 


For instance, if u = 2°, then ¢ = vu; ifu = a" then z = u”. 


= 2 ' 
esasi gan ea 
2a 

we see then that a function may have more values than one for the same 
value of the variable, and we know from algebra that such functions 
will arise from the inversion of any direct operation, except only 
addition. Thus, if we consider the equation u = q? + 2, and if the 
question be, given z to find u, we have but one value of u to every value 
of x: but if it be, given u to find v, we have to solve an equation of the 
second degree, with two values. In the differential calculus we must 
always distinguish these two values as if they arose from different func- 
tions ; thus, there are two differential coefficients, one to each value. 
With this restriction we apply the rules separately to every different 
value of an inverse function. Thus, when we say if u==@a, then 
let c= Wu, we mean, let Yu be one or other of the values of z 
obtained from the first equation; but whichever it may be, do not use 
one in one part of the question, and another in another. It is usual (or 
rather it is becoming usual) to let ¢™*u stand for the value of x obtained 
from u = Gz; or to say that, in such a case, 7 = Du. 

If, when v = a, u =b, we are at liberty to say that when u = b, 
x == a is one of the values of 2 corresponding to that value of u. If 
therefore, u = gx makes r= yu a necessary consequence, and if 
b = Ge be true, then a = bb must be true, not must be the only true 
consequence. If then the value of u corresponding to a+ Aa be 
i + AD, orifb + Ab=o (a+ Aa), andifu= dx makes t = Vv 
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a necessary consequence, it then follows that a+ Aa = Ww (6 + Ab) is 
a truth. ‘That is, we may consider Aa and Ab as simultaneous incre- 
ments of u and x, without asking by which of the two equations either 
is derived from the other. And the same of A u and Ax, when we drop 
the reference to specific values of u and x, which we have used for dis- 
tinctness. If we use the first equation u = œ x, we obtain 

Au = Pran or and the limit is a function of z. 

At Ax 


If we use the second equation æ = yu, we obtain 
Au) —- E ; 
an = rU TANN and the limit is a function of u. 
Au Au 
Calling these limits ¢’r and wW’u, as in the first chapter, and remember- 
ing, that for all values of A u and Ax we have 
Au Az , Au Aw 
a — =], e that limit of — limit of — = 
eae a we see that limit o es imit 6 = l, 


as in p. 22. That is, dx x y'u = 1, which will be reduced to an 
identical equation 1 = | by the substitution of Ø æ instead of u, as in 
the following example. 


a a 
Let u or px = -~ + b, enai yune 


u 

Au 1 | a (a l=- a 

Az Ax Fare an (Z+) ~ ala pAr 
a 


ns a a 
the limit of which is — el t= = — 


a 
Ac 1 i a a l= a 
Au AulutAu—bd u — b 7 (u—b) (u + Au = bY 
the limit of which is —e T or y'u = — caw 


š a a 
then will — ms x ay 


not universally, but only when the (throughout this process) permanent 


== 


, a ; , 
relation u = FN + b is also satisfied. And we see that the latter rela- 


ba, oe a 
tion gives u— b = — and therefore 
x 


a ? a E a z a _ a z ' i 
x? (u— b} — x? (a =} æ a 
>. d 
px obtained from u = p x has been signified by r 
e? dx 
Wu obtained from x= yu will be signified by da ; 
du dz dx 1l 
therefore — x — — ee 
erefore Ta T; l or a 
dx 


We have illustrated this at length in order that the student may not 


EAE a ee E 
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think he sees it too soon, which he will always do, because there is 
dx a 
between a and a resemblance to 7 and z of common algebra, 
u 


which leads him to think that the preceding equation must be as true as 


g x ee 1, and for the same reason. This is the disadvantage of the 
a 


b 


l Ai aea aa AU 
notation, but it ceases to be such when it is understood that Jy 3 not 


a symbol in which we can separately speak of du and d 2, but an inde- 
composible symbol, the parts of which, though they serve to remind us 
of the manner in which its value is obtained, have no separate meaning 
in connexion with that value. 


du derived from u=¢2, arbitrarily stands} 


per ATO 


I for jimit of N 
dæ implies a consequence of the preceding, by. «4 of ¥(utAu)— vu 
du namely x = Yu, and stands for Žž J Au 


Cover the left side of the preceding with the hand, and see in what 
degree it is evident from algebra that the product of the two limits spe- 
cified at length is 1; for that degree of evidence, and no more, should 


. f , f du ax 
attach itself in the mind of the learner to the equation Ip x oe == ly 
£ du 


dr 
independently of the demonstration. In the same manner P which 
x 


seems most evidently = 1, must not be received as such without the 
following. If u = a for all values of x, and if increasing x by Ax makes 
u increase by Au, we have u + Au=a-+ Aa, and, subtracting the 


, Au ; ; 
former eqi ation, Au = Axor E 1, which being true, however small 
x 


as : du S 
Azis taken, has the limit 1, and now * we may say that To’ (which is 
x 


de \ _ 
Pi 


Let us now suppose that u is a function of y (Py) where y is a func- 
tion of æ (Ya). We have then 
du 


dy’ 


u = py from which we can find limit of = or 
y 


y = Y x from which we can find limit of Ay or a 
£ X 


; m ee 
but we have no equation from whence to find To though we can make 
x 


* In the beginning of every science comes the difficulty of understanding why 
some apparently self-evident things are proved, and others not. We cannot here 
enter ito this question, but we recommend the student to inquire, if he has never 
thought of it, why Euclid shows how to cut off a part equal to the less from the 


greater of two straight lines, when he does not prove that a straight line can be 


drawn, We have hardly thought it necessary to prove that if two functions be 


always equal, their differential coefficients are equal. It is evident their increments - 


must be the same, the ratio of these increments to that of the independent variable 
the same; and variable ratios which are always equal must have the same limit. 
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one by substituting the value of y in u, giving u = ġ (y x). Yet, if x 
become v + Aa, y will receive a certain increment A Y, in consequence 
of which u will receive an increment Au. And, from common algebra, 


sel 50 

Sa AG Ay Whence, p. 50, 
. Au, Aw. Ay du du dy 
limit — = lim. — x lim. — or — = — x —2 
sa es an Ay Re da dy "s dx’ 


which also seems evident from algebra, and the preceding remarks 
apply. In fact, retaining the notation of Chapter I., and supposing 
that (Yr x) is x #, this equation might have been deduced in this form 
Xxx = p'y X w’x, which does not appear self-evident, 

and is only true under two implied equations, namely, y 2 = p(w r) 
and y = Wa. 

Thus, if u = 4° y = 2° giving u = 4f, it will be proved that 
= = oy Ki = 22, and also that = 627, 
each equation in the lower line following from one in the upper, in- 
dependently of the others. But from the connexion of those in the first 
line follows this connexion between those in the second, namely, 
6 4° = 34? X 2a, which is evidently true if y = 2°. 

In the same way we might prove, if of the variables u, v, w, y, x, each 
is a function of the following, that 


du du dv du B du dv dw du _ du dv dw dy 


mn 
eee eee eee 
ae 


dw” dvdw dy dv dw dy dr dv dw dy dex 


d dw d , "e 
where — ay a ad , are directly obtained from the supposition: 


dv’ dw’ dy’ dx 
du e * e od 
but Gp és 1s that u has been made a function of w, which can only 
w 


be by substituting in u = ġv, the value of v from v = W w, and so on. 

Let us suppose u = 2" (n being a whole number ; observe that by n 
and m we always mean whole numbers, unless otherwise specified) that 
is, let w be the product of z functions z, €, £, ...... (n). Then by the 
formula in page 51, we have 


du u dr u dr 


=n- — =n— xlzn —= nat, (p. 35, part of Rule 2.) 
L 


Now, let u = z” or u” = a". Let p = u", where u is a function of x. 
dp dp du du ; 
Therefore — = — — = nu"! — by the last, but is also 2”, 
dx du dx dx i P 
d 
whence — =< mz”, Therefore 
L 


nay dU „nı du ma&' m =, /p. 35, Rule 
nu ~ —— = mı Se oe = — r” 
dx N 


ur" n” » \ 2» In part. 


a -l 
= eee m g” m—l-m-} "m 
n n m= va ea Xx a ° 
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Now let u = x7’, where p is positive, whole or fractional 
d\ dx? 

l du a i dz 
vee (p.52.) do ae =o 


p p 
= = 0, = = px? (by the two last cases) 
x m4 ; 


du vPro ss e 35, Rule 2» 
an (pana (mp) r, 4 in part. ) 


dx xP 
Let u = a’, which gives 
Au qzr4* — q? qa” —l 


ees, a = qQ" 
Ax Az eee 


fe a a’ — l 
and the question is now reduced to finding what limit has r when 
ss eoi : n i ; a — l 
6 diminishes without limit, the singular form being (9 = 0) B cr 
1-1 


0 
6 cannot appear in a function which (when a proper form is given to it) 


0 ae . 
or —, as in other cases. This limit must be some function of a, for 


: oe ae 
is found by making 0 = 0. For the same reason, the limit of ——— is 
K 


the same function of a, if « diminish without limit. We obtain, there- 
fore, the same limit if x be a function of 8, provided both diminish with- 
out limit together. Let « = b0, b being a constant. Then we have 


bsa] aé—] 


limit reels limit age (1.) 
be DN l i 
But — = = ; pCa) , which second factor only differs from 
ag— 


in having a substituted for a, and therefore its limit is the same 


l : ag—1., a , 
function of a’, which that of is of a. Let the limit of this latter 


be fa, then we have 


1 (a) =] ~@¥-1 ile 
jane eel = = lim it 5 — = zf 0, 


consequently (1) the function fa is such that 


zf) = f (a) or f (œ) = bfa, 


and a and b are independent of each other. If a’ be q, we have 
log q = b loga, whatever base of the logarithms may be. This gives 


„J a fe 
I@M= a fa o " Jog q g = jog ¢ a 
and q and a may have any different values we please, for though q =a, 
yet since b may be what we please, it may be so taken (exactly or with 
any degree of approximation we please) as to give q any other value. 


limit 


oe a 


ES 
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' : l a. 
Therefore fa is such a function as to give 2 this property, that it 
og a 


remains the same if any other quantity q be substituted for a. That is, 


a ° e e 
ra 1s a constant independent of a, which call C. 
og a 
“. fa =Cloga; but the equation 
Au aô? — l | du cimi I a=] 
— = qf VES —— = QR” ımı 
Ax Ax 8 dx Ar 
du 


or y = C loga x a”, where all that is known of C is, that it is inde- 
r; 


pendent of a. It must clearly depend on the base of the logarithms 
chosen, and it will afterwards be shown that when the logarithms are 
Naperian, then C = 1. But this point must be reserved till the next 
chapter. Remember, that for the present, all differentiations which 
contain a” are not finally demonstrated until it shall have been shown 


, u ; : 
that if u= a7”, i= Nap. loga x a”; all we know is that, taking these 


logarithms, it must be of the form C Nap. loga x a? where C is not 
determined, but assumed, for the present, to be =1. 
From this it will follow that if & = e= 2°7182818....the base of 


) ; ; , du 
Napier’s logarithms, or if log e = 1, and if u = e, ——=1x f= 2, 
dx 


(p. 36, Rule 4.) 


Let u = log x to the basea or x — a" 


h dx : 
t en yy = a" X loga = z log a 


du J l M 
dx dr “x loga x’ 
Lu 


where M is the modulus * of the system of logarithms having a for its 


base. Hence, since loge =], 


(P. 36, Rule 3.) 


ul l 
if u = 1 — ae L 
itu = log x 7 a 


(Read here the proof that the limit of the ratio of — is 1 when @ di- 


minishes without limit, given in the ‘Elementary Illustrations,’ &c. p. 
4.) 


D ; ; 0 0 
Let u = sinz pa NETO sing _ 2e08(r-+5) sms 


Ar=0 ° Apr 0 


0 


. 0 
sin J 
=cos (x + 5) x ~g > Whose limit is cos x x 1. 
2 


* By a well-known relation, loge (to base y) X logy (to baser) = 1, 


] 
=] re ee : ‘A 
ence eaa Gann = og : (basea) = Modulus of system whose base is a. 


a ee ee ee ee eS 
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du 
Hence u = sine gives = = COS 7; (p. 36, Rule 5, in part.) 

0N. 8 
— 2 sin (2+5) sin = 


Au _ cos (r+9)— cost __ 2 


Let u = cost 


As 0 0 
. 9 
n BBS 
= —sin (x + 5) D whose limit is — sing X 1. 
2 
_ du : : 
Hence u= cosg gives yy = 5m7, (p. 36, Rule 5, in part.) 
Let i Au tan (r4+6)—tane@ _ sin 6 
Ert di Ag 0 0 cos (x + 9) cosa. 


sing sinb sin (a—b) 
(Remember tan a—tan pe ee SS A 
cosa cosb cosa cos b 


l sin 0 i as ] 
= —__—__~ -—— whose limit 1s ae 
cos (r+9) cos 2 0 3 cos ©.COS X 
du l : 
or u = tang gives — = — 1 + tan ?x. (p. 36 Rule 5, in part. 
S dy cos? Dee?) » in part.) 


Let u = sin's or t= sinu 


| l l 1 l ; 

= Re om _-_ = —— =, (p. 36, Rule 6, 0 part.) 

dx 27 cosu 1 — sin 2r NI —2? l 
du 


Let u = cos™* x or & = cosu 


du 1l l l : 

ETE psa ee š — aaa Rea RIC — $ e 36 R | 6, t. 

dx dx —sinwu 1-2 (p Da Hk se ) 
du 


Let u = tan™'x or x = tanu 
du 1 l l 
dx dx l+ tannu l+ 
du 


, (p. 36, Rule 6, in part.) 


_ We have now differentiated the component parts of the common func- 
tions of algebra, including trigonometry. It only remains to show how — 
to differentiate the compounds of these elements. 


Let u = (p x)”: if then we denote Oz by y, we have u = y”, y=O?; 


du dy 
= m=- 4 = œ! 
dy oe dx Ri l 
du dudy dy 
#5 L tae e m-l 4 — m~l Al 
© 5) 77 dijas S ae m (a)! Px. 
d 
Let u = (cos r— x)” =m (cos r— x)” (—sina—1), 


du dy 
u= a y=Pu oa log a ate loga oa, 
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du 1 dy ¢'x 
=] = ea e ea 
“=y a det y dx gz 


; d 
u=sny y=de —= cosy SH cospu. o'x, &c. 


u=sin y y=px Ta : ey ee. &c. 


de SI- y dx VI—(or)? 
The following cases deserve special attention :- 


du di 
E Za a aen ee 
u=y y=der T 2y Tz 2px. p'r 
— du l dy øx 
ur=Vvy y=ġx -= = ee 
dx 2y bx 20 ox 
_ = du l dy _ ox 
du ] x 
us= Ja x, ae ia 22 ae 
du Y dy 
2 mmm 23 == —— — o> 
u=va y> y=r, d Va —y? dx 
du ] A—xX 
u=Qaz 15 — = (2a—22) = — 
T 20 2ar- r 2a0— x? 


Phe following equations are the fundamental relations of trigonome- 
try in another form :-— 


sin™? v, or the angle which has x for its sine, is 


“JISR, tnt oa YEE o a 
cos'V71—2z2, tan ——, cot » sec! 7 2» Cosec™t —; 
mepe x l—wv & 


cos™'! r, or the angle which has x for its cosine, is 


Vi—=z 


©.) E e. = 
sin yV] — 7 , tan 


p X St as l 
9 cot at, sec Ta COSEC A Ee 


Y V1 — g? T v1 ~ x 
tan™ x, or the angle which has x for its tangent, is 
. T 1 l Se, 2 
sin™ =, cos! ——, cot =, sec 7 +a, cosec— Vite. 
V1 + 2° NiF y x 
cot™ r, or the angle which has < for its cotangent, is 
: l x ] 2 Pe 
sin”? = cos™! ~———, tan7!—, sec-! Vita , cosec™! 7] + 2°: 
1+2 VIF 2 z 


sec™! x, or the angle which has x for its secant, is 
2 
ve —] 1 Tz l E & 
sin7! =e, COS * = tan! y 2? — l, cot~! ————, cosec i Teo : 
g v4 oe | NEE —] 


cosec”* r, or the angle which has 2 for its cosecant, is 


V3] 


e ] Va ee — 
an! —, cos”! ——, tan`? cot™! yr? — I, sec 
L L 


l 
Na =] 


EESE E AA EE A E E E 
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Beginners usually find some difficulty in comprehending these rela- 
tions, owing to there not being distinct names for sin7' a, &c. We 
shall call sin™ æ the inverse sine of x, meaning, not that x is an angle 
and we are speaking of its sine, but that x is a sine, and we speak of 
its angle: an inverse sine is the angle which belongs to a sine. 

The following are the most common formule of trigonometry trans- 
lated into this language. 

sin" a i cos"! = = tan l1 = > 


2 6 2 3 
sin (sinta) =æ cos (cos™'x) =æ tan (tan x) = 2, &e. 


7 T T £ 
cos™ x + sin™ v = io cot ta + tan a4 5 sec’ 'a+cosec"' az = 


» 
» 


NI 


sin™’g + sin” y = sin” (z VI— y? + ys l-2) 
cos"! g + cos™t y = cos (xy F VI— e Ri l — y?) 
æ + 
tan7'a + tan™y = tan™' (L) , 
l F ay 


s 7 . mT \ 2 
In sin (sin™ x) we see something analogous to (Vx) , t+a—a, and 
other cases, in which two operations are successively performed on æ, one 


of which by definition destroys the other. ‘The question, “ What is the | 


sine of the angle whose sine is x ?” is not readily answered at first ; but 
the difficulty vanishes when we use more familiar objects—‘‘ What is the 


form of the letter whose form is A ???—‘* What is the name of the man _ 


whose name is B ?” 

An angle has but one sine, one cosine, &c. Therefore, sinp, 
sin (sin™> q), &c. have but one value. But a given sine has an infinite 
number of angles, as is shown in trigonometry. Thus, _ ` 

0 04+2r, 0+4r, &. m—90, 3r—0, 5r—90, &c. 
all have the same sine. If, then, sin@ = v, 0 is only one of the values 
of sina, the others consisting in the several terms of the series just: 
written ; and the same for the cosine, tangent, &c. We shall return to. 


ya, 


Jhi 


this subject. t- 


Since the expressions in the six lines above cited are equivalents, 
their differential coefficients are also equivalents. By equivalents we 
mean formule which express the same value in different forms. The 
verification of this assertion will furnish thirty useful instances of diffe- 
rentiation. We shall take one of the most complicated at full length. _ 


x : 
Let u = sec? 


= sec™'y where y = 
az? — 1 y — 1l 


eee 


du dud 
T = T ; =, which two are to be separately found. 
ee l dy 1 d.cosu sinu 
= S — yp ee SS T 
J cosu’ du cou du cos? u 
V1 cos? l 
== a r im . sec ’'u = TE = 
cos? u SEC 72 y? 
T EE MEE = V-D A 


EAST CECE 
MAT A, aa ater a E 
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(Observe that when P is a complicated expression, it is typographi- 


cally more convenient to write — P than — 
dx dx 


— d d — —— i 
V] A ey eee V2? —1 — 2 — 
£ 


m faas Re PER eee ene 
dx gal 1 —] 
g —l— r ] 
vaesa : — — ae 
(2?— 1)? (2? — 1)? 
du dud aE | l ] 
Therefore — or 2% 9Y = x _ nee te 
£1 dy dz v (2®—1)® v fg] 
e ` —] l 
Again, let u = cosec T Or X = cosec w= —_ 
sinu 
dx ] d.siny COS u l 3 
Ao SS ae te ee ee [Ss -z cosec’ u 
du sIn? u du SIn’ cusec*u 
du , dx ] ] 
E rn ar re E ea =; 
dx du x 1 ove] 
a 


that is, cosec™! y and sec™! = have the same differential coemMcients, 
g?’ — 
as they should have, being equivalents. 

e have hitherto considered only the first dif coeff. and a function 
of only one variable. ut successive differentiation is only a repetition 
of the same sort of operation, and it merely remains to find a proper 
notation to express the diff. coeff. of the diff. coeff. or the 2nd diff. coeff., 
&c. 


du 
‘dx d du i lg of du 
— — dff. co. — 
a dz dy °° express CO in 
du 
ry nes 
‘dx 
` dx d d du , d du 
S ede to express diff. co. os qe? 


and soon. But we shall afterwards point out a method of arriving at a 
Systematic and short notation, and not till then can the student see the 


present as under the condition that none of the possible variables do 
actually change except one, with respect to which differentiation takes 
Place. Thus, in a function of x and y, the latter is a constant in dif- 
ferentiating with respect to v, the former in differentiating with respect 


du N m Sa NORS 
to y. Thus, if u = cy + 4?, we have T, = Just as in differentiating 
£ 


du du i ; 
“S cx + c*, we have qo ~ C: we also have n, © + 2y, Just as in 
T ay 


i . 
S 
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u = cy +4? we have = —c+2y. If u bea function of x and y, de- 


noted by f (x, y), we have two increments. for u, according as we sup- 
pose y or x to receive an increment: that is, 


s 


Ay = f (ethan y) — S (OY when <x becomes < + Ar, 


Ax AT 
Au ed. (2, Y + Ay) ~ IY) when y becomes y + Ay; 
Ay Ay 


but Aw does not mean the same thing in both, which, however, makes 
a du du 
no objection to our calling the limit of the first Ta and of the second Ta 


For, as these fractions are only symbols when considered as wholes, 
without reference to the meaning of their parts, there is no more 
separate consideration due to the du of one, as distinguished from the du 
of the other, than to the loop of a 6 as distinguished from that of a 9. 
The denominator (or what we should call such in an algebraic fraction) 
points out what variable has been used, the numerator what function 


has been differentiated. 


ED du PE d x ] ; 

u = COS p i — — — = — — sIn — 

y| de y dry y 
di & af ee z x 
—=—sn- — -= — — X — — z= — 5sm — 
dy y dy y y” 

+. du du, 

USL +y T ao 

u = $ (x +- y) = ọ œ) where v =æ + y 

du du dv i du du dv i 

— z= —.— = l -i r i l, 

dx dv dx UK dy dv dy neo 


Therefore u = p (a + y) gives = = ue an important result, 
xr dy 

The student may think, and perhaps ought to think, that, in applying 
the reasonings hitherto given to functions of more than one variable, we 
are extending our conclusions, without further proof, to cases which the 
preceding proofs did not embrace. If so, now is the time to make him 
reflect, that from the beginning we have meant by a function of a, a 
function of x, and a constant. These constants, upon, other suppost- 
tions, might change their value, that is, they are constants only with 
respect to x; a change m g does not change them. We are therefore 
justified in applying our conclusions to the variation of any single varia- 
able, with attention to the proper rules: we must only take care in 
practice not to apply to consequences of the variation of one variable, 
the supposition that they were produced by that of another, except’ 
where we can prove the variation of both to give the same result, as ` 
in the case of @ (x + Y). 

To familiarise the student with these considerations, we shall take 
this opportunity of pointing out that relations may exist among differen- 
tial coefficients which are not derivable from one or two particular func- 
_ tions, but from an infinite number, that is, are equally characteristic of 

all. And, firstly, as to one variable only Let u = x + c, where c is 
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du | 
any constant. Then dz — l whatever c might have been : thus, 


. d 
w=r+a, U = x +b, &. all give =l 


— 


L 
du di 
Let u = cr + z? Jp CF 2 c= — — 2r. ' 


l d 
or u = (T —22) x + r, 
dx 


a relation which exists whatever c may be, provided only it is constant. 
This is the distinction between an arbitrary constant and a variable : 
the former may be what we please, but must keep one value throughout 
the process : the latter may be differentiated, which infers variation of 
value, as one of the steps of the process. Thus, the answer to the 


À : i du 
question—“ What function of x must v be, in order that ee E 


is unanswerable in definite terms. It is u = y 

case; we are not to infer now that because 

that itis the only answer) where ¢ is 
Prove the following ; 


du du N’ 
if u= etp e, SS ae — 
£ 


x 
+ ¢, (at least this is one. 


u= & +cis an answer 
any constant whatever, 


l du c du u 
if u = — + w=0: fuss = or = = 0: 
may r+e ape í A x Fea x 


du du 

f = — jog — = — — : 
t u = cy — logg a lra d log x 
Whence we have the follow 


ing theorem :—if v, a function of x, also 
contain a constant, that consta 


nt can be eliminated between the values 


of u and Jz and an equation produced which does not contain the con- 
v 


stant, and is true for every value of it. 

In considering a function of r and y, such as f ( 
to observe that there are two sorts of indetermin 
Under this general symbol are contained 

1. All the functions of x +y, (£ y) log (£ + y), &e. 

2. All the functions of £Y, (zy)” log (ry), &e, 

3. All the functions of Hy, (+y) log (2 + y), &e. 

&e. &c. &c. ad infinitum. 
in the first, let x and y be said to enter through z + y, in the second 
through ry, in the third through 2? + y, &. And we shall now con- 
sider, not the general form f (2,y); but some restricted forms in which 
rand y enter through given functions of wand y. We have alread 
Aad one result in the case of p (x +y), where x and y enter through 
C+ y. 


Let u = ¢ (a? +y?) æ +y =v u = dv 


T, y) it is important 
ateness in its form. 


du du dv du du dv i 
a Se : — SS — — z x 2y. 
dx dv dr Wo ee dy dv dy po 4 
du du 
e ° ! ENES co = 0. 
Eliminate @’v, and Y got z 


C. 
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. 


Here is a relation which must exist for all functions whatsoever of 
x2 + y? : thus 


i n U 2x du __ 2y du a du o 
u = log (@? +y’), de at +y? dy ty I Jx dy 
ee du g 9 du 2 9 . 
uz(et+y), z7 =? (+Y) 2r, = —?2(æ?°+y*)2y | in both cases. 
dv dy 
du du du du 
Let u = $ (x-y), T u = P (1y), van dy 
du du l [2 du du 
l a : j — — seie | B iem — |, — — z 0 
u=ġ nrin) ng Gy > © e(z) T Idy 
= y” y — KA — r" ov 
Let u = x (2). v= u = x" Ov, 
| | d 
— nx phu + a” n = nz’ ov+2” pw. = 
du a IPP _. an bly Z; Ww. U 
dy dy dy dx a dy o& 


d 
from all these deduce that x = +y T= nu: what particular case has 


been already faund ? 
We have chosen such instances as we knew to give simple results : 
let us now take 
u = x o (x —y loge), 


du 
S p (a —y loga) +29’ (@— y log x) a-4) 
x x 
d 
U ay (e —y loga) x (oga) 
jay eee E z) ot pp a a 
. dy x dx x 


We thus see that, however æ and y may enter through a function of 
x and y, we can by means of the two diff. coeff. of u and the given 
equation, eliminate the arbitrary function altogether, and produce an 
equation which is true for any form that may be assigned to it. 

When any specific value is to be given to an arbitrary constant, which 
remains such throughout the process, it is immaterial whether the 
specific value be assigned at the beginning or the end of the process. 
For the rules of differentiation are the same whatever the specific value 
of the constant may be. The simplest case of this is as follows :—If 


du sf 
u = cx, — =e. Now, if all this time c be = 5, we may either diffe- 


dx 
| J. du .. du . l 
rentiate w = 5a, giving 7 = 5, or u = cx giving y, = ®© in which we 
x 


then make z = 5. This remark, however slight it may appear, is of 
great importance. 

With regard to the results of differentiation, observe 1. that all rational 
and integral functions (ax? + bæ +c for example) are lowered one 
degree by it. 2. That when ® is a factor of u, it is also a factor of the 
diff. coeff. Thus, if u = 7 X Wa, 
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/ 
du 
a= ee? X y'r t Et, dlr, Wwame* {yeto wet}, 


of which £*” is also a factor. 3. That no factor is ever made to disappear 


from a denominator; but on the contrary, is introduced with a higher 
exponent, 


; haao F / 
Thus u = me gives gle = E S ee _ A v 2 mee 
yr ` da (Y r)? Yr (Y x)? 

We are now to proceed to the application of this calculus to algebra. 
We must call the attention of the student to the fact that we have not 
assumed any algebraical development into an infinite series, directly or 
indirectly. He may therefore dismiss from his mind entirely (until 
further proof shall be offered) all such developments and their conse- 
quences. The assumption which is usually made in algebraical works 
for the establishment of such developments, is that certain functions of Ly 


m 


(a-g)" for example, can be expanded in a series of whole powers 
of x of the form 


A+BetC22 +E 2° + ee 


where A, B, C, &c. are not functions of x. Of this no legitimate proof 

Was ever given depending entirely on algebra. Nor is the assumption 
universally true. That we may make use of infinite series, we shall š 
find ; but it should be matter of proof, not of assumption. By rejecting 
infinite series we are unable as yet to complete the differentiation of a”. 

We have only found it to be cařloga, and have assumed that c is 1 
when loga is the Naperian logarithm. his assumption, which is 
excusable while we are only inquiring into what will be its consequences 

if it be true, must be abandoned in all applications until we can pro- 

duce a proof of it. 


CHarteEr III, 


ON ALGEBRAICAL DEVELOPMENT, 


AssuMING u = xr, we have shown how to find another function Hr, 


(1+4) — pr 
Ag 


which has this property, that —=————— may be made as near 


| as we please to ¢’x, by taking Ax sufficiently small. Let the first of 
_ these differ from the second by P, which is therefore a function of x and 
' Ax, having this property, that whatever x may be, it diminishes with- 
out limit with A v. 
There may be special exceptions in each particular function. For 


; ; , du l peas 
' mstance, if u=log (a—a), 7 e which is finite for every value of 
rt xz—a 


except only z =a, These cases, observe, we except for the present ; 
| that they must be finite in number, or, if infinite in number, belonging 
only to a particular class of values, separated by intervals in which no 
- such thing takes place, appears as follows. The only cases in which 
į We can conceive them to happen, are those in which such a value is 
first assigned to v as makes a numerator or a denominator, or an expo- 
| P 
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nent, one or any of them, nothing or infinite. Now, in all known func- 
tions, the values of x which satisfy such a condition are separated by in- 
tervals of finitude, and there is no function which is nothing or infinite 
for every value of x between @ and a + b (for any value-of b however 
small) in all the functions of algebra. If there be such, we have notified 
in the postulates at the head of Chapter II. that they do not form a 
part of what we have called the Differential and Integral Calculus, but 
their consideration forms a science by itself. This condition is ex- 
pressed or implied in every treatise on the subject. 

Let there be two limits a and a + A, such that neither for them nor, 
between them, are there any singular values of pe. Thus, for loge 
from x = 2 to æ = 3, there is no singular value, nor is log 2 or log3 
either of them singular. We have now P, a comminuent* with Aa, 
whatever the value of x may be, between a anda +h. Consequently, 
P and Av will still remain comminuent, even though, while A x dimi- 
nishes, x should vary in any manner between @ anda +h. Thus, for 
instance, Aw and «Ae are comminuents, even though, while A v dimi- 
-nishes without limit, x increase from a to a+ h. Let us suppose 42 

to be the nth part of A, so that Aw diminishes without limit as n 
increases without limit. © Let P, which is a function of æ and Aa, be 
denoted by f (#, A x), and we then have a 


POTADA? = gie + fla Aa); 


now substitute successively «+ Sa for x until we come to have 

p(x + nL x) or o(@ +h) in the numerator, which will give the fol- 

lowing set of equations (n in number) :— 

ġo (r+ Axr) : 

B «eae o'x + f (x, Az) 

p(x +2Ax)—o(x + Az) 
AT 


w+3Axr)— 22 
id Ae a CAL ge OY ee a OTe 


=¢! (e+ Aa) +f (a+ Aa, 42) 


@(x+n—142)— g(e+n—2Ax) _ 


—_— — =g (x+n —2 Ar) +f (e+n-2 Az; Ar) — l 


Ax 


g+ nAg) — n—1 hi (ee P a 
ee agi a ae 


Form the fraction which has the sum of the numerators of the pre- - 


ceding for its numerator, and the sum of the denominators for its deno- 


minator, it being clear that all the denominators have the same sign. 


This gives 


* To avoid the tedious repetition of “a quantity which diminishes without limit E 


when Av diminishes without limit,” I have coinéd this word. If ever the éonstant re- 


currence of along phrase justified a new word, here is acase, There are sufficient ana- 


logies for the derivation, or at any rate we must not want words becausé Cicero did ` 


not know the Differential Calculus. Hence we add to our dictionary as follows:—To 
conmunute two quantities, is to suppose them to diminish without limit together : com- 


*. 


mention, the corresponding substantive ; comminuents, quantities which diminish with-. 


out limit together. > To comminute has been used in the sense of to pulverize, and is -| 


therefore recognised English. 
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o(t+Ar)-gr+9(e+2Ar)-¢(e4Ar)+..+6(e+nAz)-¢(2+n- 142) 


NAL 
m @ (£x + nAt)—G2 i o (x +h) A 
når h 


which must therefore lie between the greatest and least of the preceding 
fractions, or of their equivalents, all contained under the formula 


p (a +kAa) +f kA, Ac). 


Now let the first value of w be a, and let C and c be the values of x 
which give ġ'x the greatest and least possible values it can have between 
v=q&a and g= a+ h. (We have supposed that 'x does not become 
infinite between these limits.) And let C’ and K’ be the values of x and 
k which give f (x + k Ax, Ax) the greatest value it can have between. 
the limits, and c’ and k’ those which give it the least. Then still more 

do we know that 


o(@+h)—ga 
h 


lies between oC + f(C’+K’ Aa, Ax) 
and gc + f(d +k Az, Ax), 


in which the two functions marked f are, as we have shown, comminu- 
ents with Ar. Now, if a quantity always lie between two others, it 
must lie between their limits: for if not, let it be ever so little greater 
than the greater limit, then we can bring the greater quantity nearer to 
that limit than the one we have supposed to be always intermediate, Or, 
in illustration, suppose P and Q to be 


moving points which perpetually approach the limits A andB: if X 
(a fixed point) must always lie between the two, P and Q, it must lie 
between A and B; for if not, let it be at X, then by the notion of a limit, 
Q may be brought nearer to B than X, or X does not always lie between 
' A and B; which is a contradiction. The limits of the preceding, when 2 
increases or Aw diminishes, are.¢C and pc: whence we have the 
following THEOREM :— z 
If ġx be a function which is finite and without singular values from 
z= a to x= a + h inclusive, and if the differential coefficient be the 
| same, and if C and c be the values of which make o'x greatest and 
| least between these limits, then it follows that 
| 


p(ath)—ga 


lies between $C and ¢e. 


does not pass from its greatest to its least without passing through every. 


p (la+) pa 


; h : 
CoroLLARY.—Since, by the law of continuity of value, a function 
(a value, and since ---—— 


— 1s an intermediate value of 


h 
¢ x hetween Ø C and ¢c, and sincea + Oh where 0 lies between Oand I, 
Is, by properly assuming 9, a representative of any value which falls 
hetween a and a -+ h, and consequently between C and c, it follows that 


Plath)—pa = 4! utes 


7i A 


S true for some positive value of 9 less than unity >” 
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As an instance, it must be true that 


(a+ hy — a’ 
h 
To verify this, expand both sides, which gives ° 


3@+3ah+h a Va + ah +ih?—a 
a&+-9h = End - iene é= 


= 3 (a+0h)’ gives 0< 1 for one value. 


ER A ES cS 
-i 


which, taking the positive sign, gives 0< 1; for a’ + ah + 4h is not 
so great as a? + 2ah + h®, whence the square root in question is less 
than a+h, the numerator less than A4 the denominator, and the fraction 
less than 1. 

Let there now be two functions ¢z and ẹ xv, the second of which has 
the property of always increasing or always decreasing, from «= a to 
x= a -+ h, in other respects fulfilling the conditions of continuity 1m 
the same manner as ¢ x. 


vat Aaye 
Ax 


whence fi (x, Az) is comminuent with Az. We have then, as before, a 
series of equations of the form 


p (t+k år)—o (x+-k—1 Ar) 


Let p'e + fi (a, A+), 


ETE e 


At _P(æ+k—=1 Ar) +f (e +hk—-1 Ax, Ax) 
W(rthAv)—Y(ethk—ldr) Y(æ+k-1Ar)+file+k—1 Ar, Az) 
Ax a 


or 
P (2+kk Ar)— p (vn th—1 Ar) O(ath—1 Ax) +f (w@+hk-1 As, Az) 
Ww (atk Ar)— Y (vt+k—1 Ar) Watk-1 Ar) tfh(@tk—1 Ar, Ar) 


from which, by summing the numerators and denominators of the first 
pS if the first value of x be a, and if 
w(a+th)—wa 
n&x=h; by observing that the denominators are all of one sign by the 
supposition either of continual increase or decrease in war from «=a to 
x=a+h; we find the preceding fraction to lie between the greatest and 
least values of the fractions on the second side of the set, and therefore 
(using the preceding reasoning) between 

dh! / five 

ee and a the greatest and least values of 2. 

y'C w'e Ua 


from r=ator=a+h. And this must as before correspond to some 


sides, which gives 


/ 
Q'x 
value of —— for a value of x lying between ra anda=ath. Let it 
a NA ' 


be x = a + Oh as before, and we have the following THEOREM :— 

If px and Ya be continuous in value from t=a to r=a+ h, and 
if in addition @/x and y’x be the same, and if also Y x always increases 
or always decreases from xa to x=a+h, then 


p (a+h) — pa _9'(atoh) 
Y (ah) -Ya ~ wl (a+6h) 


0<1." 
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Coro.Ltary.—If the two functions be such that pa=0 and wa =O 
without any discontinuity or singularity of value, we then have 


o (ath) P'(a + 6h) 
Wath) w'(a+t 0h) ES e 


Let us now consider ’x and y’x as new functions of x having for 
diff. co. o”x and y”x, and take the limits r—=a and t=a+Oh (0 being 
determined by the last equation) and suppose that in addition’ to the 
preceding conditions wr continually increases or decreases between 
v=aand x= a + Oh, and also that d'a—=0 W'a = 0 without discon- 
tinuity or singularity, and that Ax and wx have no singular values 
from v=atoxr=a+oOh. The same theorem then gives 

p (atoh) p” (a+ 09, 6h) 
—— ee À š 
Y'(a-- Oh) wW'(a+e, Oh) 

Now consider ox and wx as new functions of x having diff co. 
px and yx, which give Aa = 0 y'a = 0, without discontinuity or 
singularity from x=a to t=a--6,6h, &c. from which the same 
theorem gives 


P"(A+6,0h)_— b'"(a-+, 6, Oh) 
Y"(a+0,0h) yla 6,6, Oh) 


and soon. Now remembering that we know nothing of 0, 0,, &c. except 
that they are severally less than 1, in which case all their products are 
severally less than 1, we may include all the terms a + Oh, a+ 6, OA, 
&c., under the general symbol a+06h (9 < 1), and if we collect the 
several sets of conditions under which this theorem will apply to all 
functions up to the mth diff. co. inclusive, and observe that the first side 
of (1) has a succession of values found for it in the second sides of (1), 
(2), (3), . . . we have the following THOEREM * :—- 
If there be two functions Ø x and Ww x, having the series of diff. co, 


© G2) 


O ila ¥. oa); 


Sch. pie | i | all continuous and without 
Px, Pe, Px, e . . PP TL ae O N 
Wa, Wier, Yg y'a Yoy yet, Sngu arity irom v=«a@ to 
and if as a second set of conditions, 
p a=0, pa=0, P"a=0... up to 6Ma=0 
> d n 
Wa=0, Ya=0, w"a=0. . . up to ya=0 
and if, as a third set of conditions, 
Ye Ly Yoru, YE, a a . up to wx 


be functions which either continually increase, or continually decrease 
from z = a to x= a + h: then there is a value of 0 less than unity, 
which will satisfy the equation 


Plath) _ PCHD (a+ Oh) 
wath) YOED (a + ony’ 
If we were at once to proceed with the consequences of this theorem, 


the student would not be well able to see why so apparently cumbrous an 
apparatus of proof is necessary to obtain what is called Taylor’s 


* Remember that whatever is assumed to be true from r = a to rath, is 
true from «=ato r—a + Qh, from r=ator—a + 01 0h, &c., if 0, 0i Ke. be 
severally less than 1. 


ee eS e EN E 
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Theorem: we shall therefore make what is often given as a proof pre- 


cede what we consider as really a proof. 
Turorem. If it be allowable to suppose that @(w + h) can be ex- 
panded in a series of whole powers of h, of the form 


ners are è m N 
prota + (mnt) XA t (oofa xe + (“on of g XKE Be. 


then that series must be the following, and no other : 


+ &c. 


/, } + o"z h? + hl! x hë -+ px- h‘ 
ee a ae 2.3 2.3.4 


du, 


S if pos- 


du 
We have shown that u=4¢ (x + h) has the property FP 


sible, let 
p (a+) = u= A + Bh + Ch + ER + Fh + &c. ad infin. 


and let us assume (which we consider as rather a questionable assump- 

tion) that the property which is true of ọ (v + h) is also true of its ex- 

pansion. Then we have (A, B, C.... being functions of a, which 4 

isnot, and A, B,C... being not functions of A: all this is in the 

original supposition, ) | 
du dA | dB dC d E dF 


— z= wires —_ fit. ——fPF + —fAt+...... 
dx dz + dx ery dx ie dx eo dx oe 


which we will write as follows :— 
w= A Bat Ch 4+ Weep FR + &e. 


d 
But <= B+2Ch+ 3ER + 4ER + 50h + &c. 


d lu 
and — — wu’ or = for all values of x and h, whence by the common 
? £ ; . 
theory of algebra, called by the name of that of indeterminate coeffici- 
ents, we have 
d A’ tf 
BaA 2C= B= — which cal A” 3. C= SN 
dx ; 2 
dC ldA” _ 1 


1 
ed Fess — ecto pene A ga samanan, IlI 
3E= CSE 3 Je = 5A oY E = 73A 


dB 1 dA” 1 


1 : 
4P=f= ne a a, orp RR 
and so on ; whence substitution gives 
u = p(x +h) =A+4+ Ah + va A 2 -} jw + &c. 
2 eo 2.3.4 


It only remains to determine A, to do which another doubtful 
assumption* is usually made, namely, that when Æ% = 0, the series just 


* Observe that we do not say these assumptions are vntrue, but not self-evident, 
and therefore not to be assumed without proof. We may readily see that the sup- 
position P=Q when h=0 is very suspicious, unless we can show that, by making 4 
as small (near to nothing) as we. please, we can make P as near to Q as we please. 
Now, in the series in question, though by making A as small as we please, we cat 
render all terms after the first individually as small as we please, yet it is to be 
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found is reduced to its first term. If so, then by making h = 0 
P (x + h) becomes $x, and the equivalent series becomes A : therefore 
px= A, and A’ A,” &c., are the successive diff. co. of A with respect 
to x, whence the theorem wil] follow. 

We shall treat the preceding process as nothing more than rendering 


2 
it highly probable that d (a + h) and pa + Qa. h+ "a = + &c. 


have relations which are worth inquiring into. But as we are deter- 
mined to know nothing of infinite series without proof, we shall take a 
finite number of terms, 


h2 l n 
pa+ pa. h+ p'a + serce ea Up to + oa —— 


2 een 
which we proceed to compare with Ø (a+ h), as to its excess or defect. 
Or rather, as we have used Px in a particular theorem, we shall use fu 
here, and proceed to consider 
he h” 
fla+hy)—{fa+ f'a. h+f"a g Poe tha s ; a , 
l D.. oe? 


Let a be a fixed quantity, but let a+% be variable, and let it be called 
x. Then substituting æ — a for h, we have the following function of g :— 


(2—4)? (£ — a)" 
= — / Y ~ PESA nI eee —..., = (n) c, 
fe- fa- f'a (x—a«)—f"a F f ie ae 


Let us suppose 1. that fr is continuous and ordinary from x = a to 
e=a+h. 2. That the values of its diff. co. when «=a, namely, 
fra....f'a@ are none of them infinite. Let this function be called dv 
and let it be differentiated n times in succession with respect to a. 

v — a)” 


px = fe-fa—f'la (x—a)—fl'a Scoala -. ~f™ 3 


2 2.3. Nn 
(t—a)? (t—-«a)""! 
t= fla-fla-fla(a-a)— fla A |. pg EO" 
PERTE T E -N i 2.3. (2—1) 
(x—a)"~? 
“a= fle—fla—fl'a(w@—-a—. ... . foy LTD 
P'a = f'a—f"a— fa (x—a) J 2.3..(n—2) 
podr = -f a-Da —f™a (£z— a) 
OP x = (Mr — (| 
PCD x Sf rp, 
The student must ascertain that in the series . 
x—a)? (x-a)? (x—a)* 
I, (r—a), (C3 ) (£: MKC. 3 


2 23 7 2.3.4" 
each one is the diff. co. of its successor, or to differentiate any one, that 
he must pass to its predecessor. The general process is, 


remembered that the number of them is infinite, and we have no evidence whatever 
that here will be an unlimited number of small quantities, whose sum must be small 
too. For a sufficient number of parts as small as we please will compose any quan- 
tity, great or small. It is true that we shall hereatter prove certain cases in which we 
are justified in the assumption to which this note is written, but we never saw a proof 
which embraced every case, l 


j 
ee aa a ee ae 
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d (x—-a)" l d (x—a 
E ) = ———— Xn(r-a) Tx a 
dr 2.3 n 2.3..." dx 


n (x— a)! 
a ee x C— A vo xX l= ae a See eee eg 
( ) 2.3...(m—1) 


2.3...N—Lin 


He must also observe that a constant fa in the first, f'a in the second, 
&c., vanishes at each step, and a new constant appears, resulting from 
the differentiation of the current term of the form p (x — a) which gives 


p. But the best way will be to try several particular cases, such as the 
following (n=4) :— 


Bin (x—a)? (x-a)? _ (x-a) 
p x=fx —fa—f'a (x= a)— f" a H- m fy fig E 
P aia A E er a cake 


a (er-ay — (=a | 
pamfe-f'a-f'a (en 0) pa EZ pr a E= 


2.3 


` 2 
p'a=f"x—f"a —f"a (x =a) —f”a (2- a) 


2 
p" e=f" x—f"a—f"u (x-a) 
p'e=fYa— iv q 
prefa: 


On looking either at the general or specific case, we see that fa, f'a, 
f'a......up to fa being all finite or zero, this function can present 
no singular values for any finite value of æ. And moreover, when s =a 


each expression presents a finite number of evanescent terms, and we 
therefore have 


pa =0 pa=0 glaxz0.....d™Ma=0: 
consequently this function completely satisfies the conditions of the 
theorem in p. 69. We have now to look for a form of W xewith which 
to compare it, this function being determined by the conditions to be 
such that Ya, Wa. . .uptoy™®a are severally =0, that pes 
does not give singular values, and that wa, Wa.... are all severally 
increasing or décreasing throughout the extent of the function from 
e=atox=a-+h, It will be found that (r—a)*t complies with all 
these conditions, and the general and specific cases will be as follows:— 


General. Specific (7 = 4.) 
yr=(s— ayt we = («—a) 
Us'a=(n+1) (x-a) | W/x=5 (e—a) 
we (n+1) n (e—a) "E=5.4,(r—ay 
y a=(n41)n(n—=1) (e«—a)"-? Wt 5.4.3.(@—a)? 

: f pr =5,4.3.2 (x-a) 


e ° e ° e Wx = 5.40.2, 
UMr=(n+1)n....3.2 (v—a) 
w"Me=(m+tljyn....3.2 s 


, In which it is clear that all the diff. co. up to the nth inclusive, are in- 
creasing from v=a or r—a=0 to r=a+h or re—a=h, and also that 
they all vanish when 2=a. It is moreover evident that the (n+1)th 


diff. co., being a constant, presents no singularity of form. We have 
then, writng @+h for x (p. 69.) :— 
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p (ath) — Pe (a+6h) 


Y (ath) yor (a+6h) ene 


or 
h” 
> fan f! = ea ia 
f (a+ h) fa T Ah e e o o f a 2,3 an _ f (-[-1) (a -0h ) 
fg eer ea 28 ....n+1 


A e e 


where 0 is less than 1; or we have 


flath) = fa + flaht fla >t. as E 


ce ree) 
(m1) ] en 
oe aos a+ Oh as 
oe EAN) L T te 


subject only to the condition that no one of the set fa, f'@....up to 
fa is infinite. We may carry this series (if no diff. co. become infi- 
nite) as far as we please: it will afterwards remain to be pointed out 
what are the cases in which we may legitimately suppose it carried ad 
infinitum. Whatever these cases may be, in them we have 


h? h? 
f(ath)=fa + fla h+f'a atin l 


which is Taytor’s THEoREM*; and we see that we may stop at any 
term, and give an expression for the value of the rest, beginning at that 
term, by writing æ+ 0h instead of a in the term we stop at, and 
expunging all that come after, the value of this accession lying in its 
having been proved that 6 is less than 1. This is LAGRANGE’s THEOREM 
ON THE LIMITS OF Taytor’s series t+. IPfwe call C and c the greatest 
and least values of pO? (a+6h) from 0=0 to 0==1, we know that by 
stopping at 


+ &c. ad infin. 


f q h? we commit an error Cr an ee. 
2.3..2 which hes between 2.3...7 i eee) 
We can now demonstrate the binomial theorem : for if P x = a” we 
have p'r = na", "e =n (n—1) and therefore pa = a", p'a = na, 
&c. This gives 


3 


h? h 
(a-h) =a tne hyn (nl) ga +n (n—1) (n= 2) a — 4 


253 
her 
Peres hme MAD aee MSPA mame 
F rn. (2-1) ae ee oe 
hT? 
+nin— Deess (n == 1) (a+ 0h)” — 


2 E pO: 
or (a +A =a +n (a+ Oh)’ ih 
n— 


5 (a + Oh)? he 


t 


=a" +na h+n 


n— 1 n-ln— 
n—2 ? n 
a A 
* Dr. Brook Taylor (born 1685 at Edmonton, died 1731) first gave this theorem 
in his‘ Methodus Incrementorum,’ published in 1715, in the same year with his ex- 
cellent treatise on Perspective ; the latter being as much the foundation of most of 
what has been done since in perspective, as the former of the Differential Calculus, 
t D'Alembert first gave a proof of Taylor's Theorem which involved a method 
of determining the limits, but this was only incidental, Lagrange first formally 
tvok up the subject in his‘ Leçons surle Calcul des Fonctions, first published in 1801. 


A 
=a" 4na hn (a+9h)"* h’, &e., 


r 


be 
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where, however, it must be observed, that though 9 is less than unity in 
every one of these cases, it is not the same in all. 


sin (a+h)=sin a+ cos (4+ 6h) oh 
2 


h 
= sina+cosa.h—sin (44+ 6h) 2 
h2 D3. 
= sin 4+ cos 4.h— sma oe (a+ 6h) 3 &c. 

We shall ascertain the truth of the first line by an instance, which 
will also serve to illustrate the way in which angles are measured in 
analysis (a point on which the notions of most students are remarkably 
confused : see Penny CYCLOPÆDIA, article ANGLE, ‘ Study of Mathema- 
tics,’ p. 89.) Let æ be (in common degrees and minutes) 35°, and let 
h be 10°. When these enter under a sine or cosme, ıt 1s most conve- 
nient to express them in degrees, minutes, &c., because the sines, &c. are 
given to those denominations in the tables, and are the same for the same 
angles in whatever way we may measure the angles. But when an angle 
enters as an angle, the truth of all theorems yet obtained depends upon 
measuring that angle by the fraction which its arc is of the radius*. | 

The angle of 10° must be expressed by ‘1745329. The assertion 
then which we wish to verify amounis to this: that if we find 6 from 
the equation 

sin (35° + 10°) = sin 35° + cos (35° + 0 x 10°) x °1745329 
we shall find it less than unity. 7 
sin 45° ="7071068 log *1335304 1°1255801 
sin 35°='5735764 log 1745329 1:2418773 
"1335304 log cos. 40° 5’ ~—- 18837028 


| 5s 
35° + 0 X 10°= 40; @= o = 501 = + nearly. 


We ngw come to a modification of the preceding, which is usually 
called Maclaurin’s Theorem, but which should be called Stirling’s Theo- 
remt. If we suppose æ = O to satisfy the conditions under which 
Taylor’s Theorem exists, that is, if we suppose f0, f'0, f”O.... tobe 
all finite up tò f”0 we have, by Taylor’s Theorem, | 


2 3 
POF =f0+4f0.h4f"0 E + f!"0 at. o. +f70 
| a 
Decal) 


and remembering that A bemg anything whatever, we may write æ for 
h, we have 


h” 
PAS PEE, 


+ fO (0 + Oh) 


=- * It may be worth while to revert to the fundamental step on which this rests. It 

is a theorem derivable from ‘Elementary Illustrations, p. 5., that the limiting ratio 
of a comminuent sine and angle is 1. Now this theorem is not true of the number 
of ee in an angle: but only of the fraction which the arc of the angle is of its 
radius. 

t Maclaurin, in our view of the subject, was the first who wrote a logical treatise 
on Fluxions. The reader who would verify the assertion implied in the text for him- 
` self must compare Stirling’s ‘ Methodus Differentialis,? London, 1730, p.102, “ Hine 
si ordinata Curve, &c.” with Maclaurin’s Fluxious, Edinburgh, 1742, p. 610, “ The 
following theorem, &c.’’ The fact, we doubt not, would be, that both Maclaurin and 
Stirling would have been astonished to know that a particular case of Taylor’s 
theorem would be called by either of their names, . 


DW nana ae ee 


ON ALGEBRAICAL DEVELOPMENT, 75 


2 n 
j L © 
Je= fot fo.c+ flO Z... OO — —— 
-. 2 2, 3 >. @ è oè 2 
gen 
+ C+D Op — 
f 23n 
of which the following is an instance :— 
Je = sina, f'v=cosa, f'e = —siu a, f” x= — cose, f*r=sin v, &e, 
Jo=0 f=] f"0=0 i f"0 = 0, &c. 
f i x 
sm v= 0 + cosOx.7=O0+1 x &— sin Or a 


. g? q1? 
= 0 l x æ — 0x —~ cosér — 
+ 2 2.3 
v? z? , g 
= Lr eUa —— sin Ox 
t 2 3,3 T 2,34 
' 0 x2 a? 
or SIn V = cos Or . v = t —sin Or — = v — cos 0r -—— 
i 2 2.3 


sendi 


x xt x oy 


= 7 -= sin Ox =e ee cos Ox 
9.37 ee es | 2.37 20.4.5 


e w | a 
=t- —— + ——— ~sin Or ——., &e.; 
2.3 2.3.4.5 2.3.4.5.6.7 7"? 
where @ is not (as far as we know) the same fraction in any two, but in 
all is less than unity. The first one is a remarkable relation, and may 
be expressed thus: a sine divided by its angle is the cosine of a smaller 
angle. 
We now proceed to the completion of the process of differentia- 


; Sits du 
tion, by determining the value of the constant which enters 7 where 
| | r 


u = a*, having found that if dr=a? d/r—C loga a’, bx (C log a)? a’, 
&c. : 
This gives, by Taylor’s theorem, 


h2 % 
a= a? +C loga.a*.h-+(C log @)? a? D Te.. +(Cloga) at 5 2 — 
C] H pet oh he 0 
HAS EANTA a a OSN 


Now the value of C depends upon the base of the logarithms chosen ; 
which base being generally derived from an infinite series, we shall not 


| take it for granted, but reverse the question : that is, instead of asking 


what must C be when the base chosen js 2°71828 .... usually called e; 
we shall ask, what must that base be for which Cisl. Orgiven C=] 
to determine æ. Taking the value of a for the base, we have loga= 1; 
and taking C=1, we have to determine a from this equation (derived 
from the preceding by dividing by the common factor a”, and substitut- 
ing 1 for loga and for C) 


h? h? h” het! 
rre] — + — E se n ne eee 
‘ PER 2 33t Haag a 2s E E | 


This will be true, for the proper value of a, whatever h may be: let us 


therefore make h=1, which gives 
l ] l a . 
= l l ae Spear: e.e. @ oe aay ee 0 l > 
- + Te togt i ee as 2.3,.nm+1 < i 


a a E S S eae Se 


$ 
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and taking the extreme values which a° can have, namely a’ and a! or 
] and a, we find that a must he between 
l 


l 
T S a 


i l a 
l e e 0o è ee ee E NT E E E me ; 
ane er my $ a a E3. na) 
the two last terms of which may be made as smail as we please by taking 
n sufficiently great, at least unless a itself be mfinite. But if a be less 
than p+ qa where q is < 1 (which is the present case), it is impossible 
that a can be infinite: for by that rule a (1 — q) is less than p or ais 


For instance, the preceding shows that a is less than 


less than i P 


fee: i 
1+1+ : org less than 2, or æ less than 4. Hence, since æ lies be- 


tween the preceding finite series, it cannot differ from either by so 
much as they differ from each other, that is, by so much as 


a— l (less than 3). 
2.3.4....(m+]1)’ 
but this may be made as small as we please, by taking n sufficiently 


, ; l ; 
great, whence it follows that the series 1+ 1+- Sor ee summed conti- 


nually approaches without limit to a. This sum is found to be 
2°717281828 ... which is the usual approximate value of e, and this is 
therefore the base of the logarithms for which C = 1, 

We shall now defer this subject uhtil we have further considered the 
connexion of. the successive differential coefficients. As yet, we only 
know of the nth diff. co., that it is the result of n successive operations, 
each performed upon the result of all which precede, and that each 
operation involves |. increasing the value of a variable; 2. taking the 
increment of a function so obtained ; 3. dividing by the increment of 
the variable; 4. taking the limit of the ratio so obtained, upon the 
supposition that the increment of the variable diminishes without limit. 
Consequently, the fifth diff. co., were it not for our rules of abbreviation, 
would require twenty operations, every fourth one of which is the taking 
of a limit. Now it would be desirable to reduce the formation of the 
nth diff. co. to the performance of a certain number of definite opera- 
tions, followed by the taking of a limit only once. To put what we 
mean more before the eye, let us signify the first of the preceding ope- 
rations by I, the second by S, the third by Q, and the fourth by L. 
Then we cannot represent the 4th diff. co. of dv in any more simple way 
(as yet) than the following 


o'r = LQSI{LQSI[LQSI (LQSI¢z)]}. 


Now suppose we change the order in which these operations are made 


to the following 
LLL QQQQSI SI SISI gr: 


the question is, can we get a clear idea of what we are doing, and can 
we advantageously make that idea serve for the further elucidation of 
higher differential coefficients than the first. This we proceed to discuss 


in the next chapter. 


CHAPTER IV. 


ON THE CALCULUS OF FINITE DIFFERENCES. 


By the word finite we here mean that the theorems of this subject sup- 
pose quantities to have given augmentations or increments which do not 
decrease without limit. Not that we debar ourselves from using all 
legitimate ‘consequences of any theorems which may arise from supposed 
diminution without limit, but that we thereby change the name under 
which we view the subject, and pass from the Calculus of Finite Differ- 
ences to the Calculus of Differences diminishing without limit, or to the 
Differential Calculus. 

Observe first the consequence of forming a set of series, each of which 


is made by subtracting every term of the preceding series from its suc- 
cessor ; 


h—a c—2b+a e—3ce+3b—a f—4e+6c—4hb+a, &e. 
c—b e —2c +0 f—set3ce—b - q—4f4+6e—4ce+b 
e—c f—2e +c g—3f+3e—c¢ &e, 

f-e g-2f+e Wc. 

&e. 


C 


i en a E a wna 
I 
sy 


Observe, secondly, that when an operation is performed two or more 
times in succession upon a function, it will be convenient to make a 
symbol for the result by writing the symbol of the single operation, 
with the number of times it is repeated in the manner of an exponent. 
Thus, if Ay denote an operation performed upon y, and if the operation 
be repeated upon the result, it will be convenient to denote A (Ay) by 
A’y, and A (A’y) by Ay. Here A is not a symbol of ‘quantity, but of 
operation ; A" is not a symbol of n quantities multiplied together, but of n 

' Operations successively performed. 

Let u be a function of x, and let Aw be the increment received by u 
when Ar is added to z. This gives 


Au = (w+ Ar)— or ; 
without proceeding further in the Diferential Calculus, repeat this 


operation again. Let æ become v+ å vzv, and find the increment of A u. 
This gives 


A (Au) = (ġ (1+2år)—¢ (x4 Ar) — {d (x + Ar) — or 
tee is What Aw Psa k is Au Tae) 
when x becomes r+ Ax. 
or Au = ġ (x+ 2 Ar) —2 h (e+ Artea. 
Repeat the operation again: when x becomes x + Aa, 
Au becomes © (1+3 Ar) -2¢ (x + 2 Ar) +¢ (x+ Ar) 
Au is @(a42Ar)—-2¢(a@+ Arv)+¢z; 
and (Au as changed) — (A®u as it was) or 
Au = 6 (1+3 Ar) —3 h (1+2Ar)+3 d (r+âr)-pa 
Proceeding in this way, and supposing 


U=Pux u, =P (x+ âx) u= (w+ 242)... =p (x+n Ar), 


det d ee e a O a a L OOO KÉ jaaa 
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and writing u, u &c. instead of a, b, &c. in the preceding page, and 
also putting for each subtraction the symbol by which we have agreed 
to represent its result, we have the following table (only altered by 
writing each quantity between those of which it is the difference made 
by subtracting the higher from the lower) :— 


Values of First Second Third Fourth &e 
the F° Diff. Diff. Diff. Diff. ' 
U 
Au 
Uy Du 
AU, APU, 
Us Au, , Atu, 
Aus Leu, &C. 
Us Aus Atuo : 
Alls Au; : 
Uy Aus : 
Au, a : 
Us : x : s 


e e e 


and the actual performance of the operations indicated gives 


Au =u — u Au EUa — 2u,+u A uU =U; — IUa + IU — u 

AUE U — Uy AU, = Ug — 2Uet Uy ASU =E U, — 3IUz F JUZ — U 

AU, = Us — Us APUSE U, — Ug t Ue LPug= Us — 3U H SUs — Ue 
&e, &e. &c. &c. &e. &c. 


The general law is evidently that of the coefficients of ‘the binomial 
theorem combined with the successive values of the function in the fol- 
lowing formula (n a whole number) :— 

A n— 1 n—l 


o Yn- ° e e e T n 


al 


Us F NUEU 


AUZE Un — NUn +N 


n—l ` n—l 
Uz + NUg + Uy 


APU, = Ung — N Unt n- Un» a © a $2 


and so on; the upper sign being true when 2 is even; the lower when % 
is odd. This may readily be proved; for if we assume the preceding 
to be true for the present value of n, we then have for Au, —A"u, which 
is the same as A’T u k 


bel , 
5 +72 |U- — &C. 


AOU Ung (n+ 1) Ut (n ' : 


` — n 
SUnp— M+ 1) + NEL 5 ta &c. 


which follows the same law. But this law, being proved by inspection 
as to the second: difference, is therefore true of the third, and therefore 
of the fourth, and so on. 
Now let us suppose u and all its differences to be given, from which 

we are to recover the original succession of values 2, Uz Uz, &C. 

UU + Au Au, = Au +A2u Au z= Au HAU Ace. 

Eu tAn — Au,=Au,+hA2u, A= Au Au &e. 

Us =U t AU Au, AU + AU Au = AW + AU &c. 

&e, &c. _ &e. KC. &e. &e. 
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as is evident from the table preceding, the method of its formation 
being recollected. We have then 


m—mu +Au 
Mo= 1, +AW=u +Au +Au + Au =x +2 Au + Ay 
Ug =E Uy + AU =u, + Au, + Au, + A’u,=u, +2 Au, + A, 
=u + Au +2 (Au + A?u) + A?ut+ Au=ut3 Au-+3 Aw + Aix, 
Similarly Au; = Au +3 Au +3 Au + Atu 
Uy OY Ua +H AU = u +4 Aut6 Au --4 Au + At 


and the coefficients of the binomial theorem (when n is a whole number) 
agai appear as follows :— 


n—]l l n—] 
U, =u nAn +n E Am -H HHn ~z A" un Att Au 
hod 


n— il 


l 
Au F.. ben 5 ATu + nd u + Ay, 


it~ 


2 
from which as before it follows that u, + Av, or 


Au,=Au +n Au +n 


Uny = u ++ 1) Au +(n+ 1) z Au + e H (n+l) A'u + Atu, 


or the truth of this theorem for any one value of n enables us to infer 
its truth for the next higher. 

We know that Aù, Au &c., are comminuent with Az, as also are 
Au, Au, Av, &e. In the same manner Ad (e+) is comminuent 
with Az, and the same remains true if p itself be comminuent with 
Av. And the following equations are easily proved. If w =u +v 
Aw = Au + Av, ifu=cv Au = cAv. And Az, remaining the same 
in all the processes, is a constant, as are all its powers. If, then, 
w—=v xX (Ar)", Au = Av x (Ar). And we have proved that 


; 7 2 
P(tt+tAxnv=PrtqPe. Aa + p" (« + OAr) Sa 


if then we write w (for convenience) on the second side instead of Ax, 
we have for œ (v-+Ar)—¢x, or for U, —u, or for Au 


, 2 
Auzu r wp (£+0w) = 0 < l. 


By the same rule we have (making w’ or @’x itself the original func- 
, ton, and therefore "x and pz its first two diff. co.) 


oe w? 
pP (+A =p epeo". whl” (x+0w) E OR 
‘ wW? 
or Aw =u, 04d!" (o0) È 
vs w? 
Similarly Au” =u w + div (£ + 0w) F Y< 
i ~~ We ; 
Au™ =Ul Mey 4 heH (1+ 6,w) p E 


where by w w”... .u® we mean the functions obtained by successive 
differentiation of u, in the manner already described, and which it is 
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our object to compare with the results of finite differences. From the 
first of these equations find A’u, by equating the differences of the two 
equivalent forms (remembering, what we need not express, that in 
p” (x+0w), O itselfis a function of xz and w, but always less than unity 
in value) and using these equations ; 


If w = u +v AwaAu+v: If vce Av==chz 
If w = u+ ez Aw=Au+ câz. 


We have then 


Au = w Au! -+ L Ad” (x40 w) 


2 2 
= w (wot — p"! (4-0) ; + Ad! (+ 0w) 


AQ" (x+0w)\ w? 
w rAg 2A 


= ww? + (w (c+0,0) + 


z ; : 
: zd w ; 
On the form of the complicated coefficient of > we need know nothing 


except this, that it remains finite when w diminishes without limit, the 
first term having the limit "æ, and the second term having for its 
limit a differential coefficient, as is evident from the form of the frac- 
tion, Let us call A, the term in question: we have then 


3 
w 

2. mma ; I] 2 > 
Au ul w + k, 3° 


Repeat the process, which gives 
w 
Au = w? Au" -+ a Ak, 
POR w? w? 
= w? (wro 1-H” (x + Qw) =) + a Ak. 


an ay!!! Ww? + Gi (r+ 0, w) 4 


= ul w + k ot, 


A 2) w 


Aze) 2 


where X, remains finite when w diminishes without limit, as before. 

Proceeding in this way we come to a general equation of this form 
between A"u the nth difference of u, w or Ax the difference of v, and u 
the nth diff. co. of u: k, being a function of x and w, of which all we 
know, or need to know, is that it is finite. 


A'u = u® w" + k, ot 
If we divide both sides of this by w” or (Ax)", we have 
Aru 
(Ax)" 


the second term of which is comminuent with w, and by diminishing w 
without limit, we have 


=u? + hw s 


Ara t n l 
„= ut” the ath diff. co. of u.’ 


Limi 
imit of (Be) 
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As an instance, we shall find the second diff. co. of 2°, without find- 
ing the first. 


u = r? u, = (x + v)? Uy = (x + 2w) 
Au =u, — 2u, H u = (x +4 2w)? — 2 (x + oY -+ 2° 
= Â tw? +- 6 w? 
AU 
Ax? 


Now, if pr = 2° Op 32° OEE nod oy ee 


= 6x + 6w, the limit of which is 6 <. 


From this, a notation may be obtained for the successive diff. co. of u 
du 


E Au 
with respect to x. For since the limit of AG has been denoted by I7 
t 


; ; d du, l SER 
and since we have now found To Tp 8 the same thing as the limit of 
v 


dx 
A? 


G aa ; bs, 3 d'u ' 
——; lt will be consistent to signify the latter by ——, to which as 
(Az)? ee Y (dep 


a total symbol, the remarks in pp. 50 and 54 apply. The diff. co. of the 


2 


i du Avy 
diff. co, of — being found to be the limit of —, we may denote it b 
P dx = (Ar) y y 
A 
5è ; and so on. Hence, to connect the notations we have used, we 


have the following equations (it is usual to leave out the brackets in 
S , 
what would be denominators, if the preceding were algebraical fractions) 
du du du 
t=Or =g. -—— = pa — =ke 
dz dx? dz” i 
The usual way of reading these is “d u by da,” “d twouby da 
square,” “d three u by d x cube,” and so on. Thus Taylor’s theorem 
becomes the following : 


when x becomes 2 + R 


du duh du P 
u becomes u + I h F 
Lv x22 v2. 


When we wish to express a diff. co. as it becomes when the variable 
: oo du 
receives a specific value æ, we shall sometimes write it thus (F > but 
rT a 


in this case it is more convenient to write dx for v, since Ø'x then ex- 
presses the general diff. co., and o'a the particular value. 
Thus we have 


when w changes from a to a + R 


due du ht 
u changes from (u)a to (u)a HT „h+ (E) 2° 
We shall now proceed with such results of the Calculus of finite 
differences as will be useful in future parts of this work. Let us sup- 
pose a series of terms connected according to such a law that a certain 
difference (say the fourth) is always = 0. Then we have, u being any 
term whatsoever, v, the next, wv, the next, and so on, 


eet 
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Atu = u, — 403 + ôt — 4u t u = 0; 


hence we can express any term by means of the four nearest to it, 
cither on one side or the other, or both. For instance, 


82 


w e e he U, = 4 ug — Ô Ue + 4u, — U, &C. 

If the fourth difference, instead of being absolutely zero, should 
bea smaller quantity than is requisite to be taken into account, these 
theorems will be sufficiently near the truth for the purpose. 

It is plain, by the method of constructing differences, that the 
(m + n)th difference of u 1s the same as the mth difference of the ath 


difference of v, or that 
A” Hy — A” (A”u) ; 


and if we attempt to give meaning to such symbols as Au, Amu, A~*u, Ke. 
it will be convenient to assign such meanings as will satisfy the preced- 
Accordingly, A'u must be the same as u, in order that 
A” A°n or A”u = A” Au. We now ask what 1s 
Since we are to have A ATu or A A™ wu 
the same as Alu or A'u or u; that is since A Am’ 2s to bež u, then A'u 
is the quantity whose difference is u. If, then, we take the series of 
terms u U, Ua e... and ask, not what are their differences, but what 
are they the differences of, we find that, taking any quantity we please, 
C, to begin with, the following first column has the second column for 
its differences, the third column for its second differences, and so on. 


ing equation. 
we may have A” T°u = 
the proper meaning of A'u. 


Values of the function. Ist Difi. 2d Diff. 3rd Diff. KC 
C 
u 
C+u Au 
UW Lag 
Ctutu, Aly, &e. 
Us A 
CHrutujtus AU 
u 


Cut uy Hults Í 
&C. &e. &c. &C. 


Hence Aw is an arbitrary constant C ; ATu 1s C + u 
ATu is C + u+ w,, and generally 
ATu, is Ct Uy + le FH ee H Uno F Uar 
From this being a summation it is customary to signify Au, by Èun : 
thus, 
C+1l4+24+3+4... . +(a—1) is denoted by 22x 
Co OD See a & 1 Ot 2 ee 2x (r+ 1) 


meaning by 2 x the sum of all the values of Øz, for every whole value 
of x from any given number up to z — 1, increased by an arbitrary con- 


* Some students may, from their previous reading, have an idea of this sort of 


. process, but most will not. Observe that what we are here doing is not tracing the 


properties of defined symbols, but finding out how to define a symbol, so that it may 
have a certain property, i 
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stant. But unless the contrary be mentioned, let it be presumed that 
the arbitrary constant is 0, and that the series begins from the first term 
of which there is question in the problem. Thus, in treating of the suc- 
cession of terms U Uy Ua... , by Zu, we mean the sum beginning with 
u, and ending with w,_,. 

It may be that we have a number of terms given, but not their gene- 
ral law, and we wish to ascertain what law they do follow. This is 
always to be found from the equation 


n—l 
2 


for we thus have a function of n which expresses the n + 1th term. 
Suppose, for instance, we ask, what is the general law of 1, 4, 9, 16, 25, 
&c., shutting our eyes for a moment to the evidence of the terms them- 
selves, in order that we may deduce the law by a method which is not 
simple observation. Taking the differences of this set of terms 


U, =zutnAutn. Au +... 


l 
3 u=l Au=3 Aw=2 Au=0 Atu=0,&e. 
4 2 
5 0 n— | 
9 2 O tm=lt+ux3+n 2+0+0-4... 
2 
7 0 
16 2 0 , 
9 0 =] + 3n + n? —n =: in +1) 
25 2 
1] 
36 


the (x+1)th term is (n+1) and the nth term is 72. 
Let the student take some simple formula, such as æ (x+1), give 2 
a number of whole values beginning from 1, and then reconstruct the 


formula by the preceding method. Thus x («+1) gives 2, 6, 12, 20, 
30, 42, &e. 


12 Aw 4 DUS? Aw == 0, oc. 


sj 
ty = 2X4 +m. K2= 24 3nt w= (n $1) (n $2) 


this is the (n + 1)th; to find the nth term write n for n+ 1 orn—1 
for n, which gives n (n + 1). 

The utility of the preceding method is most obvious in a case in 
which all orders of differences vanish after a certain number. And we 
shall prove that this is always the case in a rational algebraical expres- 
sion. Take for instance, 


u = ax” + ba” + ca? +... + pr tg; 


and let r become x + w, giving u,. Expansion will immediately make 
it obvious that the highest term of each disappears when w is taken from 
u, and that we have a result of the form 


Au=ama"" + Ac”? + ....+ Pr+Q 


A, &e. being functions of w. The same reasoning applied to this pro- 
sess gives a result of the form 
G 2 


l A 
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Atu = am (m—1) a"? + Ala™? 4 es 


and continuing in this manner, we come to 
Amy = am (m—1)....3.22+5 
A” u= am(m—1)....3.2.1 a constant 
Athy =O Amu = 0, &c. &e. 


In this manner we can always arrive at a finite algebraical expression 
for the sum of n values of a function, provided that function bea rational 
and integral function of the variable. For let 


Ue-¢ U,-Ct+u U =0+utu U, =C 4 utu +u 
U, = C +4 u4 u + ugt eeo T Ua 


By the general truth already proved, we know that 
== | 
- U, = U +tnAU + n = Au + aana en ATU AU; 


but U is C, AU is u, A'U is Au, and generally A”U is Any : while 
U is C Hut e.e F Uni. Substituting, and taking the common 
term C from both sides, we find that 


n—1 
UU eee bt Up Se NU 2 > Aut .soe tn Arman 4 Ae 


a°very convenient formula, if all the differences vanish after a certain 
number. Let us apply it to the finding of 1 + 4+ 9+... +t n?, which 
we may denote by 2 (n + 1)%. It appears that u = 1 U= A.. Ug en’ 
Au=3, Au=2, Au=0, &c., whence 
—l —ln-l 
1+4+... amerin Sir a 
| 2 2 3 °° 
s On 4 9n?—In p Int—6n?+4n  n(n+l) (2n+1) 
6 6 6 7 6 
which is the formula assumed in p. 30. 

If we now consider 1? 4+- 2? +. 3° + .... +7", we have proved that 
the differences of n? vanish from and after the (p + 1)th and that the 
(p)th difference is p(p—l)... 3.2.1. We have then (calling c 
Co vee Cp the first p differences of 1.) 

n— l, Va 1) 
hence n(n—1)...(n—p) pi 
2 2,3... (p+1) 


but =p. p— 1...1, whence the preceding sum is (we shall soon see 
why the last term is particularly attended fo) 
Py 


rH tH. o A Sneen 


p 
es s — 9 E 
a e e UDUD, 
2 2 3 es 


This, itis evident, might be expanded term by term, and afterwards 
arranged in powers of n. And since in each factor there is only the 
first power of n, it is obvious that the highest power of n comes out of 
that term in which there are most factors, namely out of the last. In 
this last term, there are p -+ 1 factors, n the first, n— 1 the second, 
n— two the third, &c. up to n—pthe (p+ 1)th. Its highest term 18“ 


ON IMPLICIT DIFFERENTIATION, 85 


9 


therefore n”+' : and no power so high can otherwise appear in this factor, 
because no other term is compounded of all the n’s ; nor in any other 
part of the expression, because in no other term whatsoever are (p+ 1) 


ns multiplied together. And from this, remembering that the last term 
has the divisor (y+1), we find 


: gett 
PPHP,’ Oe la ++ An? + Bnet + eee PANAO 
p+l 
where A, B, &c. are functions of P, not of n, which might be ‘found hy 


expansion, but with which our present object gives us nothing to do, 
except to remark that, being functions of p only, they are not changed by 
supposing n to change. This gives 


Es Lee Sa 1 A B P Q 
M a a 


e 
and now we sce that the greater n is supposed, the smaller will all the 
terms of the second side be, except the first which does not depend on 2. 
This first term is the limit when n is increased without limit, and we 
thus have the following theorem. If the sum of the pth powers of all the 
natural numbers, up to n inclusive, be divided by the (p+1l)th power 
of the last, the greater n is supposed to be, the nearer is the result to 


l a 
z y É and this without limit. (Elementary Illustrations, p. 33.) 


We shall now leave the Calculus of Differences for the present, and 
proceed with the methods of differentiation, 


CHAPTER V. 


ON IMPLICIT DIFFERENTIATION. 


In all that precedes, v was given, as it is called, explicitly as a function 
of a, that is, the function which u is of x was expressly stated, and in 
no degree left to be deduced or inferred. Such a case we see in u — Cx, 
But we may imagine u to be given, for example, as in the equation 
u = cx-+eu, in which v is a function of x and u; and though it be true 
that u must be a function of a, yet it must be found from the equation 
what function it is. And though in this case it is easily found that 
Let 

—e 
lutely necessary before differentiation can be performed, may not be 
possible with existing algebraical forms and methods. Such, for instance, 
aS u = v — asmau, in which u can only be expressed in terms of z by 
an infinite series. But still 2 is a function of T, that is, a given value 
of x will allow only a certain number of values of u, an increase of æ 
gives an increase or decrease to u, those increments have a ratio, are 
comminuent, and their ratio has a limit. Tke question is, how are we 
to extend our power of differentiation to such cases. 


, yet there may be cases in which this step, at present abso- 
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We must first consider functions of several independent variables, in 
which all the variables increase together independently of each other. 
If u be a function of & and y, it is indifferent as to the result, whether 
we first change x into s +A, and afterwards y into y + k, or whether 
we allow these changes to be simultaneous. If the changes be made 
successively, zy becomes successively (x + h)*y and (x + h)? (y +k), 
the same as if both had been made at once. Here h and k are supposed 
to be independent of each other. 

When w is differentiated time ‘after time with respect to a, the 
results are 

du du du du du du 


7 di? da” &C. : and u dy dy? dy’ 


u 


when u is successively differentiated with respect to y. But we 
may differentiate n times in succession, sometimes with respect to 


' i du 
one, sometimes to another. For instance, we may have uS 
TEY 


d, du i l , ; : 
1 — the first of which directs to differentiate u with respect to y, 


dy dx 
and the result with respect to 2. The method of notation is thus ex- 
tended (a reason for which will be afterwards given) : 


oat is written ee. oe is writt me 
dx dy dx dy dy dx ee dy dx 
d d du Ëu d d du du 


is written is written 


da dx dy dx? dy dy dy dx dy? dx 
d d du a du d d du . e du 
dy dx dy dy dx dy dx dy dx fe nee dx dy dx 


where the apparent numerator (p. 54) shows how many differentiations 
have taken place, and the apparent denominator, looking from right to 
left, shows the variables employed and the order of the operations. We 
now proceed. 

When z is changed into æ + h, wis changed into 


u + n , h + Vh? by Taylor’s theorem, 


d 

da 
where all that we need remember of V is that it must be a function of 
x and y and A, and does not increase without limit when / is diminished 


without limit. If in this we substitute y+% instead of y, a similar 
process shows 


that u becomes u + A kt WR 
dy 


—— 


du h ( du d du. r Th) A 
dæ’ > l \ dx e ‘ 


N 


dV 
NIC 4 ae 4 (y + — .k + Lit ie 
dy 
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du l lu 
u + a l + V R? becomes y -+ = h- — k 
dx dx: dy 


ae Via? eb ee hk+-Wh? 
dx dy 


dV 
+ o lk + Th + LPR, 
dy 


where W, T, L, are certain functions of x and y, &e., which might, were 
it necessary, be expressed. When we have a set of terms of which it is 
only necessary to remember that they do exist with finite coefficients, 
we may merely put the parts of which we desire to be reminded, by them- 
selves in brackets; thus we write the preceding result 


l d 
u + = h + aoe k + {h, hk, k, hèk, k?h, hhk? | 
dx dy 


which is to be considered as equivalent to stating that there are certain 
additional terms of the form Ph?, Qhk, &. The preceding is what the 
function becomes when z +handy+k are simultaneously substituted 
for x and y; and the increment of u is therefore 


du du 
5h +—k 4- {h hk, &. 
T ota e {h*, hk, &e.} 
Observe that if x only had varied, the increment would have been 
du 


du 
a le ie} sand pai 
dx ee) dx a 
if y only had varied. When x and y vary together, the increment, as 
far as the first powers of h and k are concerned, is made by an addi- 
tion of the terms just written, but there is an intermixture of results 
In the remaining parts. Thus, 


A variation of gives to u the increment 


du 

æ only ae h+ {he} 
du 

ly — ý a2 

y only a E+ fF 


du 
dy 
If we now suppose a quantity z, which has hitherto lain constant in w, 


to become z + /, we find by a repetition of the process that the total 
Increment of w is now 

du du du T 

a e ih’, hk’, P, hk, &e, &e. } 

da dy dz 


both x and y = hat k + {IP, hk, K, hk, Kh, I), 
-A 


and so on: whence if we denote by A.u (as distinguished from Au) 
the increment which y receives from several] variables x, x, x, &C., we 
have this result. 


du du du 
dx, dx dx. , 


+ {(Az)*, (Az, Ara), &. &e. } 


ee a a ae ee a a O O O O O 
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Now this being true for any values of Ar,, &c. remains true even if 
those-values should be so taken as to satisfy given conditions, and even 
though 2, Tə, &c. themselves enter into those conditions. But as this 
is a difficult point, we prefer to take a more simple case in illustration. ° 

Return to the equation 

2 


p (at hy = ort da. hto” (w+) a 


all that is requisite being that neither Oz, p's nor "x should be infi- 
nite. This being true for all values of h, remains true, even if for A we 
substitute a function of 7; Dut it would not be convenient to deduce it 
on this supposition, because we should need to remember that x becomes 
x + We, and contains an T which varied, and an 2 which entered with 
the variation. But having proved this equation for all values of h, we 
have proved it among the rest for all values of h, which are also values 
of any given function of x; that is, we may substitute wx, or Y (s, y) 
or anything else, for A. Indeed, we ought rather to say, that having 
proved the equation for all values of h, à fortiori we have proved it for 
those of any given function of x. Let us then take the following case: 
a js a function of a, y, and z, of which z is a function of a, y, and t, 
and y of a and ê, and « itself of ¢, or 


veo (nye) Sy QHD) FEXG) a 


h, V, x, and w being functional symbols. We might evidently make 
u a function of ¢ only by substitution, for we have 


y =x (we, t) zo Us (at, x (at, t), t) 

u = jot, x Œt, ARV (at, x (at, t), t) | 
where ¢ only enters. For instance, let 

u=zryz, z=ryt, y= EE vmene 

yo=t+snt, as sin ¿ (t -+ smt) ć 

u = sint (t + sin ?f)’.é 


. du DE” 
from which last formula we might find et But the question is, how 
(i 3 5 


| dat j n g ' PAET 
shall we find Tr without this intermediate process of substitution ? 


First, let us consider u as a function of a, y and z only, and take the 
universal equation 


du du du 
= ee —_——— _ Ph A >)? ; ° «eee ° 
AUE T AU ay Ay +- =, 4 H (Ar), (Ar Ay), &e. j (1.) 


E l du du du 
This is true for all the values of Ax, &c.; but the diff. co. —, So Fp 
dx dy’ dz 


are partial, cach supposcs ‘ts variable to be the only variable, our theo- 
rem showing how to form the total increment out of the partial mere- 
ments, This theorem’ being always true, is true when Az has sucha 


value as would be given to it by assuming the second equation 
z = w (a, y, t) which gives 


CF aya At + {(An)’, &.} «0 GQ) 
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These two equations are true together for all values of Ax, Ay and Aż, but 
not of Az, for that must have the value just assigned. Suppose, then, 
that we assume the third equation y = y (a, t) which gives 


dy d 
Ay= 7- Ar + -s At + { (Az)%, &)....(3.) 


The three are true for all values of Ax and At, but if we assume the 
fourth equation z= at, we have 

dx 

— Al -+ { (Ad*}....(4,) 

dt 

and the four together are true for all values of Al, but Ad being given, 
they determine Ar, Ay, Az, and Au. Before preceeding further, we 


shall observe by the following table in how many different ways £ enters 
into 2. 


At= 


A a ae / 
TEOR Vg 
i Taes t 
a L.e’ t 
Y ae t 
t 


Hence it appears that u contains t, after all substitutions are made, in 
seven different ways, as follows :— 

l. u contains 2, which contains ż. 

2. u contains y, which contains 2, which contains £. 

3. u contains y, which contains ¢ 

4. u contains z, which contains x, which contains £. 

5. u contains x, which contains y, which contains z, which contains. 

6. w contains z, which contains y, which contains £. 

7. u contains z, which contains £. 
du 
dt 
have in our result the effects of every one of the methods in which ¢ 
enters. With what we know of the rules of differentiation, it is incredible 
that two functions should contain ¢ in different numbers of ways, and 
not exhibit some sort of difference in their diff. co. We proceed to find 


du 
the actual value of —. 
dt 


Now, before proceeding to find —, we may presume that we must 


In the third equation above deduced, substitute the value of Ar from 
the fourth, in the term which has the first power only. This gives 

ly (dx ] f 

y= P(T bt {at} ) 4 At (ba), &e.} 

dydx | dy 

de di dt 


In the value of Az, substitute the values of Ar and Ay. 


or Ay ja + {(Ar)%, &e., (Ad)"} 


dz da dz (dy dx dy 2 


: d Meo ~it? 
rar ere a ae a SERA Ad BER At j Aw. eee AP 
= de dl dy \dz dt a i dt + g i 


c a a a a e a O O 


90 DIFFERENTIAL AND INTEGRAL CALCULUS. 


Then substitute in Au the values of Ar, Ay, and Az. 
d: du / dy d d du dz d 
BENE E ALET RANN, 


BARE ae dy \dx dt ' dt dz dx dt 
du dz (dydx , dy . du dz 
——{ = —+— jAt+— — At 
dz dy \.dx dt 5 z) : dz dt 


-+ (terms containing powers or products of Av, Ay, Az, At.) 


We now come to the reason why the specification of the higher terms 
would be useless. When we take such a term as PAvAy, and divide it 


A — ; 
by St, we have PAr z, which, since y has a finite diff. co. with respect 
Ay 


to ¢, is itself comminuent with Av, that is, with A¢: for P and rE 


remain finite, while Ar diminishes without limit. If, then, we divide 


; ; ae A.u 
the preceding equation by Ad, and take the limit of ay all the terms 


included in the brackets disappear, and we have 


d.u w dra» dw dy dra “du dy | du dz dx 


oat 


dt ~ dx dt ~ dy dx dt ` dy dt dz dxdt 
du dz dy dr du dz dy , du dz 


ea e de d Te ae 


| du. du , ; 
We write ae instead of T to remind us that we have a differential 


coefficient which implies several different entrances of the variable: 
this is called a total differential coefficient, when it is necessary to dis- 
tinguish it from the separate terms belonging to the several ways in 
which ¢ enters, which are partial diff. co. Looking at the result 
which we have obtained, we see seven terms, very closely connected with 
the seven ways in which ¢ has been shown to enter u. For instance, 


ju contains 2, which con-| baene eih du dx \ 
| tains @. ‘ee | dxdt | 
o fu contains y, which con-|  ftTence the term du dy dr) 
| tains æ, which contains ¢t.f — | dy dx dt) 
fu contains y, which con-| fy dudy | 
‘Hence the tern) ==, > 

| tains @. | | dy dt 


and soon. Hence we see the following general theorem. 
If u be a function of ¢ in different ways, find out each way in which 
¢ enters, and if one of those ways be thus ascertained, «v contains A, 


l ik u Gs d 
which contains B, which contains ¢, take the term poke i aie up 
dA dB dt 


having found all these terms, add them together, and the result will be 
the total diff. co. of u with respect to £. 

We see also that, in taking the increments, we may express all except 
the terms containing the first powers of the variables by a simple &c., 
since they disappear when the final limits are taken. If we forgot them 
altogether, the error would not affect the result; we could not be said 
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to have reasoned correctly, but such an error of reasoning has been 
shown to produce no erroneous result. 

To make the principle of the preceding more clear, we shall now 
take a more simple instance. 

Let u = p (x, y), where y = Wr: that is, let u contain æ in a two- 
fold manner—1. because it actually and explicitly contains xz—2. þe- 
ause it coutains y, which is a function of 2. Give x and y any icre- 
ments Av and Ay; whatever they may be, the following equation (when 
the meaning of &c. is properly remembered) follows from Laylor’s 
theorem. . 


but if we require that the second equation shall exist, it gives 


dy 
Ay = — Ax + &c. 
J dx : 


du du dy 


or a | mee Ax + &c., 


a T ———ae 
da dy dx 
divide both sides by Ax, take the limit, and we have 
d.u du du dy 


de ~ de © dy da’ 
which, by the preceding rule, would follow from 


u contains w directly, and 
u contains y, which contains 2. 
d.u du 


l Zas ; 
It appears that E and 7, are totally distinct, as might be expected. 
x 


£ € 
The second merely supposes that in the equation u = ¢ (q, Vy 


. d.u. 
receives an increment, and y remains constant; but Pr. this case 
CA 


implies that another equation exists which makes y a function of x, so 
that x cannot be changed without y changing also. If we suppose 
u = ry’, y = x’, we have 

du du dy dew 


g7” — = 2 gy m y TY HA ty x 5r 


= g 4 2a. x 5at= 112", 


which is what we should get by first substituting in u the value of y, 


i l du 
which would give u = æ x g! = a", at Lae 
x 


; OTAN d.u „du . 
The following distinction between P and a will now be apparent. 
dx 


b 


The second is derived from a single equation, and is a consequence of 
that equation only, without reference to any other. But the first sup- 
poses the simultaneous existence of more equations than one, and is the 
limiting ratio, not of such increments of u and x as co-exist in one or 
two of the equations, but in all. Hence the first may be called the 
diff. co. of a system of equations, the second of one equation only. It 
may happen that two or more of the equations may have diff. co. for 
which there is, as yet, no distinct notation. For instance, we may have 


ce ee 
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i= @ (8y) u= y (x,y). 
To ascertain whether these equations have diff. co. we must find out 
whether, consistently with their co-existence, x, y, and u may be made 
to vary. There are here three quantities u, x, y, between which there 
are two equations. Hence, tf one of these be taken at pleasure, there 
are no more equations than are necessary, by common algebra, to deter- 
mine the remaining two. Consequently, though each equation by 
itself has two independent variables, from which to determine the third, 
yet when both exist together, only one can be taken at pleasure, there 
is only one independent variable, and the other two are functions of 1t, 
Suppose, for instance, that we have 
Se hy WES tie by. 
1. If wbe the independent variable, what are the diff. co. of the system ? 
From these two equations, determine v and y in terms of u, which 
will give 
(a—1) 2 (1—b) u 
Y c am T Ee a 
J a—b a — b 
from which we can now determine directly the diff. co. of the system. 
For the latter equations assume the co-existence of the former, and also 
make « and y functions of u only. They give 


usa t+Hy | der lb d.y _a—l 
umar+by$ “du ~ a—b du a—b 
2. Let x be the independent variable. We have then 
Sa, al du @-6 diy _a-1 
= ha | OR de hob de 
3. Let y be the independent variable. We have then 
a —b 1—b d.u a—b d.x _l—b 
a o a G1 ‘dy a—l dy ob 


But this previous reduction may be inconvenient or impossible. If 
we now take the general case u = (a, y) u = Wẹ (a, y), we see that 


a du , 
we shall have two diff. co. to signify by 7p One from the first equation, 
x 


one from the second. To distinguish between these (which are not the 
samc) write tke functional symbol of the equation which is used, instcad 


ap hs Pee 
of u; call the first Ty and the second ei Both are diff. co. of u, but 
dx : 


v 


under dificrent circumstances; the first a consequence of u = p (x,y), 
the second of u = ¥% (x, y). The co-existence of these equations may 
lead to relations between the two, but is no reason for confounding 
them. This co-existence requires the co-existence of | 


lq i 
Au = -— Br + ap Ay + &c 
dy 
_ dys due 
Au Tt Ag + g OY + &c. 


in which Au, &c. are to mean the same in both; for though each equa- 
tion 1s satisfied by values of Av, &c. which do not satisfy the other, it is 
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not of those values that we enquire, but of values u, v, and y, which 
satisfy both, of the changes of value under which they continue to 
satisfy both, and consequently of the increments which satisfy bath the 


e e e ° e Au 
equations of increments. Now, to find the limit of the ratio Ap? We 
H 


must express Av in terms of Ar, or eliminate Ay from the preceding, 
which will give 


(2-5 Au (EE-E Ar- &e. 
dy dy dx dy de dy z 
dp dy dy dp dy dpb ` 
iee o a d.o_ dy ay 
dr dy dọ du dp dy dy dọ’ 
dy dy de dy ~ de dy 


i d.u d.x l ; , l 
we might write these T and T and this notation might be conve- 
a U 


nient in some cases, but where one dot is sufficient, the other may be dis- 
pensed with : it being always remembered that the diff. co., with the point, 
distinguishes a diff. co. derived from more than one consideration, whether 
the additional considerations be expressed in equations, or implied in 
suppositions. The preceding method is one by which these questions 
may always be reduced to first principles, but the rule already laid down 
(p. 90) will be sufficient, when understood. To repeat the case just 
solved, let us suppose 


| u = (a, y) u = (2, y), 

from which it follows that v and y may be considered as functions of u. 
Taking this additional supposition, differentiate both sides of these 
equations with respect to u, observing to write the dotted diff. co. 
wherever the supposition is used ; and, also, remember that æ is sup- 
posed * a function of u, and y a function of u. We have then 


22 d.x dọ d.y 
~ dx du dy du 
dyd.  dbd.y 
l = — — + — —, 
dx du dy du 
d.a 


; oa et 
from which two equations —— and 


du 


7 can be found by common alge- 
l 


bra. These, as found, may be made to coincide with the result of the 
particular case in the last page, namely, 
pa y=aty P(r, y) =ax + by 
For we see that 
d d à 
p =l a? =) 
dx dy 
Let us now suppose that u is a function of 2, y, and u, or w= oC, Y, u), 


from which it follows that there are two independent variables : for x 
and y being taken at pleasure, the equation may be satisfied by finding 


yo Moy 
dx dy ! 


- ve 


* Observe that these suppositions are always implied in, and may be deduced 
from, the equations. 


n 


94 DIFFERENTIAL AND INTEGRAL CALCULUS. 


the proper value of u. This equation implies that u is a function of 2 
and y only: thus from 
v +y 
u=g&+4+y—u can be obtained u = —— ; 


; Ae d.u d.u ; al 
using this supposition, we want to find —— and —— , which are partia 


dx dy 
dp 


diff. co., but not the same as - and P The dot denotes the intro- 
duction of a supposition more than is directly shown in the equation, 
namely, that u is to be considered as the function of x and y, to which 
it might be brought by solving the equation. ‘Taking «x as constant, 
and considering Ø (2, y, u) as containing y two ways 1. directly ; 2. as 
containing u, which is a function of y; and differentiating the equation 


u= (a, Y, U) on this supposition, we have 


dp 
d.u dp dọ d.u d.u = dy 
dy dy du dy. dy 4% 
du 
Again, if we regard y as a constant, 
dp 
d.u dọ dọ d.u du dx 
dx du du dx dx do’ 
Tk oes 
du 
heel , do dy do 
: a = V — Yu he = l], == — u — = — J, 
For instance, if u = x — yu, we have T, Ty t y 


erefore — = ———— — = —, 
= de tty dy 1+y 


the supposition which gave these, in an explicit form, we have 


Now, if we actually produce 


x deu — 1 dau x —U 


l+y de l+y dy (Qty 14y 
which agrees with the preceding. 

In most treatises on the Differential Calculus, there are but two terms 
of distinction between diff. co., total and partial. The reason is, that 
the additional distinction we have made is left till particular cases re- 
quire it, and is not usually formally proposed. We now introduce the 
following additional distinction of explicit and implicit diff. co. and the 
following definitions (the two first of which agree sufficiently well with 
the senses * in which they are commonly used) will enable the student 
to apply to each of the processes in this chapter its proper name. 

Partial.—The function differentiated may be considered as of more 
variables than one, nothing expressed or implied in the equations 
given being to the contrary, and one only is supposed to vary. 

lotal.—The independent variable enters in different ways expressed 
or imphed, or both: and is considered as varying in all. | 


u = 


* They cannot altogether agree ; for the distinction of partial and total diff, co. is 
frequently used in more senses than one. If, therefore, the student, at any future’ 
time, find himself puzzled by the use of these words in any treatise on the applica- 
ticn of this Calculus, let him ask himself whether the distinction of explicit and 
ımplicit be not intended, 
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Ə 


Explicit.—No variation considered except as it affects one given 
equation. All common differentiations, as in Chapter II., are explicit: 
no supposition (except assigning a given quantity as variable) drawn 
from other source than the equation itself, affects the result. 

Implicit.—Any other than explicit; affected by the co-existence of 
any other equation or supposition. Total diff. co. are implicit, but distin- 
guished on account of their frequent occurrence. 

The terms partial and total are not contradictory, as might be sup- 
posed from their etymology (consistently with common usage, We can- 
not avoid this inconvenience). A diff. co. may be partial, inasmuch as 
it supposes only 2 to vary, and not y or z; but total with respect to a, 
inasmuch as the function differentiated may contain v directly, as well 
as through p,q, &c. For instance, let u = P(x, Y, z, P, q, 7) where 
P, q, and r, are themselves each a function of v, Y, and z. The explicit 


partial diff. co. of u with respect to v, is simply a? but the partial 
2% 


diff. co. considered with reference to every way in which < can enter 
(which we should think might be called the complete partial diff. co. to 
avoid the objectional phrase total partial) is 


d.u dp _ dp dp , dọ dq sey dr 
dr dx 


It would be impossible to specify all the various methods and combi- 
nations of equations which present results of differentiation worthy of a 
distinct name. We shall proceed to take some of the most important 
cases. 


Ce amena 


dx — dx dp dx dq dx i 


‘ 


F POR TS? d 
Let w= $ (a, y) = 0, required the implicit diff. co. a . The sup- 


position is, that, by solving this equation, we may make y a function of 
L. 

If u = 0, that is, if the values of x and y are always to be so taken 
simultaneously that w= 0, we have A.u = 0 for all changes of value 


, w i Ast 
of x and y which the supposition will allow. Consequently, i ÍS 
í E 


keat l. 
iulways O, and its limit is 0, or ae 0. 
dx 

dp 

d.u dp dọ d.y d.y de 

Ta e a ihe = () ZE a 

en dx dx dy dx de de` 

iy 

For instance, let x — (logy)? = 0 = ọ (2, y), 

dp Ap oa ] 
= = 1 — (logy) . log log y 7 = — g (logy) k 


d.y _ y—y (logy)? log log y 
dx x (log y) 


To verify this, observe that æ = (log y)? gives log x = «x log. log y, or 


log v log x log x 
e7? d.y e? x l— logt - 
Y= E Er Z= Ee XE x = ogee? 3 


ee 
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let the student try to make these results agree, remembering that by 
definition £8? = <. 

Let ¢ (2, y, 2) = 0, whence it follows that z must be a function of x 

d the implicitly partial diff. co. <“* and = 
| . co. —— an ‘ 

and y. To determine the implicitly partial ditt. co. -77 re l 
, ai oe d.u d.u, 

As before, u= 0O gives the complete partial diff. co. Er and A 
severally = 0. This gives 


dp dp d.z ae dp dp d.z 


dv | dz dx dy | dz dy 
ap dp 
d.z_ dv dez (dy 
de dọ dy a 
dz dz 
: X92 
at )=¥ Ge) +g) + @)= 
dy lz | 
S] ak. 1 dp te i dz _ 1 dọ | 
row hab T= "pd L dy P dy L de” P de’ 
Let u= > (y+ syu), from which it may be inferred that u is a 
d. 
function of x and y. Required, on this supposition, -e and T Let 
l 
y + syu = V, which gives u = PV. 
d. V dyu d.u potu 
Bont a 
d.V _ dyu duu , du 
aoo oe du dy . PaE 


du _ AV dN L yy 
a ae ae Cae 


d.u dpV d. V , 
dy av dy =pv( 1 + apu S) 
du PV yu de pV 


de l—apVwe dy ~ T—ad'V whe’ 
vo . du l. 
which gives this simple relation — = Wu hei 
dr dy 


For instance, let u == g” t718" (show that this amounts to supposing 


ri du uy d.u u 
xr (#-1)2 dy =) 


; l 
pV ms o'V = Ju = log u Wu = = 
tl 


d.u ulogu d.u us 


dx u-—aeY dy u—axe¥’ 
show that these agree with the preceding. 


MEANING OF AND PROCESSES IN INTEGRATION, 97 


It must be observed that if u be a function of x and y, and if 
du du 


-m 
a 


TA P ay where P is a function of x and y, this same relation js 
true for any function of u. For, let fu be any function of u, and mul- 
tiply both sides of the preceding by J'u, which gives 
dfu du =. dfu du dfu dfu 
mnh aa a ae 
Show that if u be a function of z, which is itself a function of æ and y, 
d.u dz daudz 


"eene ë eee es 


where the dot reminds us of the implicit supposition. 


Cuapter VI. 


MEANING OF AND PROCESSES IN INTEGRATION. 


Tue Integral Calculus is the inverse of the Differential Calculus. Thus 
one question of the latter being “given a function to find its diff. co.” 
the corresponding question of the former is “ given a diff. co. to find the 
function from which it came.” The original function is called, with re- 
spect to its diff. co., the primilive function : thus, 2x being the diff. co. 


of 2°, a? is the primitive function of 22. Thus we may easily sec, that 
2 


. ry . o ° v e v . 
with respect to x, the primitive function of = is ay: but with respect 
y y 


to y, the primitive function of ~ is æ log y. 


But a primitive function, merely considered as the inverse of a diff, 
co., would not be of much use. The following theorem will show the 
point of view in which the necessity of finding primitive functions 
actually presents itself in practice. 

Let px be a function of x, and let @ and a + h be two limiting values 
of. Let h, as before, be divided into n equal parts, each of which is 
wor Ar, and let @ pass from a to a + k through the steps a, a+ w, 
a + 2w,. ..a+(n—1l)o,a@+nw or a+h. Let every one of 
these values be substituted in the function, and let all be added to- 
gether, giving 


pat+h(atw)+o(atQwv)+... +6 (at+n—lw) +¢(atne) ; 


each of these lying between given limits, the sum of them all may he 
made as great as we please, by taking a sufficient number, that is, by 
taking n sufficiently great. Multiply this sum by w, giving 


{pa + (at w) +ọlat+-2w)+. .. . ola ++ na) ba, 
which we do not now affirm can be made as great as we please, for the 
greater the number of terms in the first factor, the greater is 7, or (since 
nw = h) the less is w. And we can even conceive it to happen that the 
taking a greater value of n should diminish the preceding product, or 

H 


ee | a 


‘without limit) by means of a relation which is always to exist between 
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that the increase of the first factor should be more than counterbalanced 
by the corresponding decrease of the second. We can immediately 
show, however, that the preceding product can neither increase nor 
decrease without limit, provided 2 be always finite between 2 = @ 
andzmath. Let Cande be the greatest values it can have between 
these limits: then the preceding product must always lie between 


(C Ot Os = ey) ond (ese p .. +w 


m +1 terms n + 1 terms, 


or must lie between (n + 1) Cw and (n+ 1) cw, or between C (nw + w) 
and c (nw +w), or between C (h-+w) and c (h+w). That is, there must 
be a finite limit, lying between the limits of the preceding, which 
(when n increases OY w diminishes without limit) are Ch and ch. This 
summation, of which we wish to find the limit, we shall proceed to 
illustrate by a few cases, as follows :— 

Let px = x, then the summation required 1s 


Sat (atw)t (a+ 2w) + oe batnolo 
1 
or (n+1)aw+oe (1 +2434... +n) or (n+1)aw + o'r ne 


new? + nw? = he + how 


or (nw +w)a-- -+ 5 Ori + oO) ae =e 


putting h for nw. We have, thus eliminated n (which is to increase 


n and w (which diminishes without limit), and in the form to which we _, 
have now reduced the product, its limit is evident, when diminishes i 


without limit: that limit is ka + a and we may observe that as w 


diminishes the preceding diminishes towards its limit, thus verifying # 


the surmise above thrown out, that the increase of the first factor might 1 


in certain cases be more than compensated by the diminution of the yj 


second. j 
Next, suppose pe = a”, We want then to find the limit of 


f+ (ato) + (a+ 2u t. . o latwo 
which may be easily reduced to 


(n+1)@o +A14+2+3+.-.- - +n) 2a tH (PHPH. +n?) ow, | 


[3 
i 


i h , 
for w write its value —, and the preceding becomes 
n 


IY 12+.. +n 224-2 +....+ 2° 

(1 § Naat ete ae + Vea ap 
ny n? n 

in which if we suppose 7 to increase without limit, and write for the two 

latter fractions their limits obtained in p. 85, we have for the limit of 


the preceding summation 
3 


h 
he? 4 a+ =. 
| a + wa + 3 
Let u loge: we wish then to find 
floga + log (a + w) +.+.+ log (a + nw) tw, 


and here we are stopped, for there 1s no process of common algebra for 
representing in a finite form the sum of n+ 1 terms of a series of 
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logarithms, such as here appears. We must therefore.look for other 
methods ; but first we shall lay down names and symbols for summations 
of the preceding kind. The limit of the sum of a series of terms, such as 


(a+ P(@to)+ . .4+G(a+ mw) bo 

or —  g¢aXwo+¢(atw)Xot. . -+O(a+ nw) Xo, 

is called a definite integral: an integral, because it arises from putting 
together the parts of which a whole is composed (or rather from the 
limit of such a process): a definite integral, because the first and last 
values of the variable, a and a + nw, or a and a + h, are definite, de- 
fined or given. And since each term is a value of the function inter- 
mediate between ġa and ¢(a + h), multiplied by the interval between 
the values of æ corresponding, we may make dx x Az the representa- 
tive of any one term, and 2(¢xr.Az) the representative of the sum. 


And, agreeably to the analogy by which we made = (a total symbol, 


l rai A , ? 
see p. 50) represent the limit of x an algebraical fraction, we shall 


cause S px de to stand for the limit of the summation È x Ax, when 
Av diminishes without limit. The symbol f’ is, or was, an italic fe 
We must have some symbols to denote the limits of the integral which 
were used, and the method of doing this has not been well settled. by 
custom. Some would express the result by fat'dada, others by 
/oxdx, fromz=atov=ath. For ourselves, we prefer the first 
of these two; but should incline to write the limits above and below 
the last x, thus S px dr€. All, however, have their inconveniences, 
and we shall adopt the first, simply because it is used in many works 
of high reputation, particularly on the continent. 


When we say.that 
a-+-h hè 
e/ a 2 


we mean that the definite integral of xdr (why we use this instead of ‘x 
will be afterwards explained) or the limit of the summation, the extreme 


N ; h? 
values being the lower limit, and a+% the higher, is ha + > Now the 


value of [2+*prdx, when deduced, may be applied to any value of ` 
a-+h, or of h, provided no infinite value of px occur between ġa and 
P (ath). And since a+h is a value of a, let x itself (the general 
symbol) stand for its superior limit in J a*pxdx, which gives in the 
particular instance first cited, : 


x 2 2 2 

f px.dr = (1—a) at CO ao, 

a 2 2 : 

This is generally denoted by / rdr, meaning the limit of the summa- 
tion in question, from a to æ, or the indefinite integral beginning at 
t=a (sometimes it is said ending at r=, which is an awkward way 
of saying that the last value of æ is indefinite). And in this expression, 


when x only varies, its initial value a may be what we please, or an 
i 2 


. a See 
arbitrary constant. Whence — z isan arbitrary constant (only in this 


, l i. a? ; 
particular case, it must be negative).* Let = be called C, whence 


u 2 


a 
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2 
4q » s e 
we find > + C for the above indefinite integral, where 2 may be what 


dd 


we please, and C depends upon the arbitrary value of x, at which we 
choose the summation to begin. 

We have thus two new expressions connected with oz, namely, 1. Its 
primitive function, or the function which must be differentiated to give 
it, 2. The indefinite integral of pzdr, meaning the limit of the sum- 
mation above described, beginning at any given value of w. Now we 
observe that the primitive function of @x must contain an arbitrary 
constant: for by the rules, if yx differentiated yield pr, Px + C does 
the same, and is therefore a primitive function. And we also see that 
the integral of @xdx contains an arbitrary constant depending on the 
initial value of a. We have given these two new things different names, 
because they are derived in different ways: but we now proceed to show 
that they are the same: or that the primitive function is no other than’ 


the indefinite integral. This will easily be seen in the instance of x, 
2 


whose primitive function is an +. C, and its indefinite integral the same. 


Let us now return to the equation 
2 


$ (a+w)— pa = Pla. w + p" (a + Ow) =, 


and supposing nw= h, substitute successively a +w, a+ 2v, GC... 
a+nw or a+h, adding together the results, the first side of which, as 
before, gives ġ (4-+h) — da, and we have 


— b (ath)—ba = {pa+p (ato)+.. -+p (a@tn=1o)}-0 


; 9 
\\ W7 


+ (g'arov) +0" (at TF0) + -= T 


in which we know that 9, 0, &c. are severally less than unity, and in 
the highest of which we see a + (n—1 + n1) ©, which is less than 
atnw orath. Let C be the greatest value of px between v = a and 


9 


< 


i : W W 
x=a+h, then the second series must be less than nC go Cnw 5, or 


od 


WwW 
Ch 3 One term added to, and afterwards subtracted from, the first 


J 


series, with the preceding consideration, gives ? 
b(at+h)—da=j\¢'a+¢'(a+o)+... +¢(a+n— lw) +¢'(a+nw)} wW 
—' (a+nw).w + less than Ch 5i 


the last two terms of which are comminuent with w. Now the primitive 
function of p'x is pr4+C, C being any constant: while the term con- 
taining the series has for its limit the definite integral of ¢'z.dx from 
e=atow=zath, Let,s =r +C, the primitive function; we 
have then 
d, (a+ h)-pia =% (a +h) — ha, 

and finally diminishing w or increasing n without limit, we have 

p (a +h) -pa = f prde, 
or making @ + h = vas before, that is, letting x represent its superior 
limit, we have f 
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Px gg Pia = gpa ° dr, 


and a being an arbitrary constant, so is — ġa, giving at last 


fo'e.dz —O 740, =r +C +C; 
so that the two apparent arbitrary constants are only cquivalent to one. 
For the condition that C and C, may both be what we please, merely 
tells us that C + C, may be what we please. 
The indefinite integral and the primitive function being the same, we 
shall use the former term, where distinction is not necessary, to denote 
both. The following will now be easily intelligible. 


dit 
If — = utC= fadz 
da 
?» x èb 
dv dx dr 
— = lgx + C [Fs t05.2—105 f = log b — log « 
e wv a T i cv a & 
"dx “dx 2dr 
— = loge —=logr— 1l — = log2. 
l T £ L ; g L 


We thus see ourselves in possession of a method for finding the 
limits of the sums of series, in cases where the sums themselves can- 
not be reduced to any more simple expression. Thus, in the last 
example, we have found the limit of 
f l l > 1) Z 

E€ E+w Bape eee Ln alan 
when w diminishes without limit. 

[The language of the infinitesimal calculus is very well adapted to 
illustrate the relation between a diff. co. and an integral. If x increase 
by an infinitely small quantity, a? is increased by the infinitely small 
quantity 2rdx: so that the transition from a to (a + h)? is conceived to 
be made by the successive addition of an infinite number of infinitely 
small quantities, namely, 2adr, 2 (a + dr) dx, 2 (a + 2dr) dr, and so 
on. But the total of these being that by which a is increased so as 
to become (a+ A)’, is (a + h)?—h2. The whole difference of two 
values of a function is conceived to be made of an infinite number of 
infinitely small parts (as in p. 26); but for each of these infinitely 
small parts is substituted another, infinitely near to it, so that the 
sum of all the errors committed is itself infinitely small. Com- 
pare this with the reasoning by which the second series in (A) is 
shown to diminish without limit. The real differential of 2? is 
(x + dx) — x° or 2rdr + (dr)?; but if dr be infinitely small, (dr)? 
is an infinitely small part of dx, so that 2 (dx)? when n is infinite, being 
ndre x dx or hdx is infinitely small. For it is the condition of this 
process that n and dx shall be connected by the equation ndr=h. 
We have here (as we shall always do in the remarksin [ J) used 
the language of Leibnitz in its broadest form: the student can omit it 
entirely without breaking the chain of investigation ; but we should 
recommend him always to consider the language here used, in reference 
to every problem he meets, for when the method of rationalizing the 
single false assumption in whith the whole error of the system of 
Leibnitz consists, is once understood, he may depend on it that there 
is no other like it for giving power of application.] . 

It is not necessary that in the transition from 4 to a + h, the incre- 


——————— eee 
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ments of the value of x should all be equal, They may follow any law 


which makes them all comminuent, 
In the process of page 100, let us suppose this alteration, that a first 


becomes a + w, next a + wi F a; and so on up toe + w tot s+. 
. +w, orat h. Then we have, as before, i 


P(Aatwjt. - to, — o (atow + e e F Ona) 
ola tot. e œ +o) — blato t e 8 8 + wno) 


`` @ e 


Be p ay poa p Ge A a ee O 
+o (a + o +w) — $ a +o) 
+9 (a + w) — pa = Ọọ (a + h): — pa: 


ind also g(a +o) — oa = Pan + H+ Om) > 


p (a+ wit w) —P (ato) =p (a + w) We + op" (a+ w +6, we) 5 fe, 


or, 
p (a +h) — pa = paw + P (A+ oO) O24 - ic ath : 
ED (a + oye Oni) On 


1? w nr T 
+9 (a + 9, œ) aie (a + wi + Os o) + e 4 


2 


‘i +h" (a+ wy + wa tee H On On) -i 


Now, since w, + w t.e.. F Or = h, and 0, 0,..... are severally 
less than J, there is no value of x here employed, but what lies between 
aand a +h, both inclusive: let C, as before, be the greatest value of 
hx, and let & be a quantity greater than any one of w, Wg s.. but 
ecomminuent with them, so that 7 is a finite quantity, and * we have 


(a + h)— da = the first series above written, 
l Q2 Y 
+ less than nC 3? or Ch; : 


so that taking the limits of both sides, it appears that o(a + h) 
— da is the definite integral with unequal but commenuent increments. 
But it is also the definite integral with equal (and therefore of course 
comminuent) increments: these two methods of integration therefore 
give the same result. 


A very common case of this process is where it is required to integrate 


dx ; , 
fe X FTE where z is a function of ¢, and the integration is to be with 
respect to f, from t = btot=b+ k. 


If we suppose 2 = Yt, T uw't, this is the same as requiring to find 


* 


* T'he completion of the first series, as in page 100, is not absolutely necessary, for 
the additional term is comminuent with w, 
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fe. Jyt. wt. dé. Let fix be the primitive function of fx; we have 
then* - 


dig uw Afra. de p? da E E> dfx 
oh Be SS fl | fe — dt = [one dt. 
dt — dr’ dt dt a J dt 


s . dox ; 
Now since, @x + C =f ple . dx, and Øx is 7? We see that 
dx 


PUPE sw, vig - 5 - 1 4] 
A dx is @x + C, and therefore 
a aX 


` Ab+k >na btk py 
J fe — dt or oh dt = fie (b + k) — fiwd 
b dt b dt ` 


= file + h) — fia, 


supposing a = wh, a + h=% (b +k), aand ath being the 
values of x or wt, corresponding to band b + k for values of t. But 
this last result (Az + C being the same as f7 fx dv) is the same as 
S a+” fxdæe; whence we have 

b +k dx “ath 

z — dt =- x da 

; fi dt n f 3 
provided only that b and b + are those values of ¢ which give æ and 
a + h for x. If ¢ and x themselves stand for their superior limits, we 


have 
l E: j 
; lt = tdg. 
{Veal as dt [ite v 


We shall now proceed to some methods of integration; but first we 
shall remark, that though we can differentiate every function, we cannot 
integrate every function. Integration is an znverse operation to dif- 
ferentiation, and though we found many functions appear as diff. co. 
yet it would be easy to name functions which neither appear, nor, 1n our 
present state of knowledge, could have appeared. Imagine, for ex- 
ample, a given ellipse, and let a starting point be taken on its circum- 
ference, from which measure the variable arc s on one given side of 
the starting point, and let A be the variable area included between .the 
arc and its chord. Then A is evidently a function of s, at our present 
point wholly undetermined. We do not know whether our means of 
expression are sufficient to express it or not. We can take powers, 
logarithms, sines,. logarithms of sines, sines of logarithms, &c. of s or 
functions of s, and combine them by addition, subtraction, &c., but we 
cannot say whether any finite number of such processes can compuse a 
formula which shall represent the value of the area required. Suppose, 
which may happen, that it is inexpressible, it does not therefore follow 
that its diff. coeff. is inexpressible ; consequently, we may have an ex- 
pressible diff. coeff. with an inexpressible integral. To illustrate this, 
let us suppose we had commenced this: subject with common algebra 
only, and without geometry. By common algebra, we mean to include 
the operations of addition, subtraction, multiplication, division, the 


* We shall not stop to prove that functions which are always equal have the same 
primitive functions or integrals. We take as an axiom, that the same operations 
' performed on equal quantities give the same results. TE oe 


~~ 


104 DIFFERENTIAL AND INTEGRAL CALCULUS. 


raising of powers, and the extraction of roots, together with all com- 
binations of them in finite numbers, that is, entirely excluding all 
infinite serics. We should immediately observe that our differential 


l , ; ; 
calculus never caused — to appear as a differential coefficient. We 
x 


should find ourselves able to give the integral of x” generally in the form 


w+ . . 
ieee + C, butif we attempted to apply this to the case of x~', or 


n+ | 
~ +1 1 l oa 
; + C, or + C, an unintelligible form. If 


l t 
—, we should find ee 
v 4 


+ 


we took the following expression, 


b prti qrt} br +} — grt! 
Pianta, 
P n+l n+l n+l 
we should see that the supposition n = —1 gives =a eG or 5 "for 


the preceding expression, and should conclude that the integral required 
is the limit of the preceding expression, on the supposition that 2 ap- 
proaches without limit to — 1. It would not be very difficult to find 
this limit in any particular case. Say that a=2 b= 3, and, to get 
an approximation to the limit, make n very nearly equal to — 1; 
say n = —1]°‘0001 orn + l= ‘0001. We should find the limit 
in question near enough for most practical purposes by calculating 


3'0001 PEVNA y 000l 
"0001 
of arithmetic, since a tedious process would enable us to extract the 


ten-thousandth roots of 2 and 3 to any degree of exactness. And by 
calculating for a number of values of a and 6, we might thus get a table 


of values of /¢a7'dx sufficiently numerous in instances, and exact in 


, Which is (with difficulty) within the compass of the rules 


each instance, for practical purposes. But these tabulated values would: 


give no information on the properties of the function of @ and b in 
question. 

Now it so happens, that this process has been already forestalled in 
algebra in another shape. In looking at the equation y = a’, it appeared 
that to find y when « is given, is an operation of common algebra; thus, 

l 


-= 3 
it is not difficult to assign 2° (12)° &c., with any degree of nearness. 
But to find x when y is given is a perfectly new question ; for instance, 
to find what value of æ satisfies 3 = 2%. It is true that certain pro- 
cesses may be found by which the value of x may be approximated to, 
and that these processcs contain nothing but common algebra; yet 
whether we consider the question as one of common algebra or not, it 1s 
obvious that we have a new process, not contemplated when we laid 
down the most simple relations of magnitude. By giving za name to 
designate its relation to y, by calling it the logarithm of y to the base a, 
and by investigating the nature of logarithms, we come to simple rules 
of computing them, and to methods of making tables of them. Hence, 
when we begin the Differential Calculus, we naturally ask for the diff. 
co. of a logarithm among the rest, and having found that (to the base e, 


! 
| 
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. e e (J > e e l 
which is ascertained to be the most convenient base) it is—, we are 
T 


' ; dx : | 
prepared to assign the integral of —. But let it be remarked, that 
x 


this is entirely owing to our having been led to pick out from an in- 
finite number of equally possible suppositions, the relation y = a’, and 
to investigate the nature of the connexion of x and y. And this trans- 
scendental (as it is called) log z, has an algebratcal diff. co. But it 

may happen that there is an infinite number of other relations which 
require new names to express them, and yet undiscovered properties of 
expressions to compute them, having all the while either algebraical or 
known transcendental diff. coeff. If this case ever arise, We are iD 


l i . ; dxe 
precisely the same situation as we should have been with f — if we 
x 


had not previously considered the theory of logarithms. 
Our first methods of integration must be the observation of differen- 
tial coefficients, and the reconversion of each into an indefinite integral. 


Understanding always by /@zx dv the integral with an arbitrary, but 
given, lower limit, and «æ itself for the higher limit, we see that if d,x 
differentiated gives pr, then JS. dade is øx +C. It is usual to omit 


the constant, as an attendant of the integral sign so well known that it 
is unnecessary except where we are actually applying the integral cal- 
culus, and may be dispensed with when we are merely ascertaining 
integral forms. We can thus find the following theorems : 


l. f (u + v — w) dr = J udex + fvdx — fwde. 


To prove that these are the same, observe that differentiated they give 


d 
the same result. For T udr = u, consequently, 
Te 


d j 
S- f ut vw) do = (u +v—w) 


d C l 
T (Suh + fvde—f vdr) = = fuda +4- Tf ee 7 wax 


=utv-w. 


But this is not true for all values of the constants appended to each 
integral, but only for such as make the total constant on the second side 
equal to the constant on the first side. 

2. fbudx = b fudx, b being independent of x. For differen- 


tiation gives bu for both. 


d l r l i 
3. Since we (uv) = uT- + v ae the integration of both sides 
_ gives 
fo as = fu det fv Fae: 
n dx ; 
or (page 103.) uv = fudv + fvdu Judy = w — ferdu. 


i 
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We have thus the following theorem fudv can be found whenever 
fodu can be found. ‘The process is called integrating by parts, and 


‘s of fundamental importance, as we shall find. 
The following are evident from differentiation : 


J dx = = J ode = =a J tde = 2w? 
t is > i F A 2 l 
faPdx =< Ja’ d= -37 "ar Jire æ; 


; dx 
the single exception being JS a~*dx or J: = log a 


ax? 


far + b) dx = faxdz + fodx = afxde + bfde = — + be 


art bx? cx? 


[Cae + ba? + ca + e) dev = — + —+ —+ er 


a b c a b 
[Sr et ites - gar gt else + e 


pa 


a 


fa loga dr = a* = log a farde s fads = 


log a 
sdx = €” cos x dx = sin & sin z dæ = — cosx 
9 


f. dx i J dx — — dx ae 
= tan @& Se ee Sn a m  — COB 
? ? ? a eee 
COS “T Nal — g V1 sears 


Ax = 
— = tan d. 
l + g 


It must always be observed, that the arbitrary constant must never 
be neglected, except in finding forms, and must be applied whenever 
we wish to compare forms; otherwise, an integral obtained by two dif- 
ferent methods may give two different results, apparently, but which, in 
reality, differ only by a constant. For instance, we have found by ob- 
serving differentiation, 


ax = ax 
eS ee Ld L — — - = cos *‘@ 
J NI- r NI — x2 
But 
j dx dx dx 
J = =) (1) —— = — sn g; 
V1 — x? V1 — 2x2 ee 
apparently then cos~ ‘ew = —-sin7 ‘x, which is not true. But for the 


first take cos~'x + C, and for the second — sin7'*z -+ C’, and equate 
these, which gives cos “w -+ sin7'w = C—C. But cos7'y + sin™'a 


T , , 
aoe 5 a constant (p. 60); hence this comparison produces nothing ex- | 


cept the condition that the two constunts of integration here introduced 


must differ by 5 
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z i dx l 
We now propose to find : se 2, 
ad {% ot f dr 


1 


a! 
Let 1 + «= v, whence dz ~ hand we may write the pre- 


; ld 
ceding J: = dz; but by p. 103, we have 


a 
pk 
f pros 


Lae Lado l ” 1l 
- ata foe = lgv + c= log (1 +a) +C; 
the difference of the inferior limits may make a difference in the con- 


‘> stants of the two, but at present we are only inquiring about the form 
' of the result. Letv = 1 — x, then 


d. l 1 ld 
i -E ee ea dr = ~ nec E = P 
l— x v dx | J Vv dr v 


1 
l =v 


emra 


p = — log v = log 


; -f r dv 
Required J Va — a rdx. Let@—at?my, Z= 2x, 


dx 
' o i. -/ 1 dv), ] - dv 
JVF n fN (h Wace 2 yatta, 
] 3 


Aud l 2 y (a? ara x?) È 
z — — vav SSS Se OSS ee = 
2, 23 3 
The preceding example belongs to a large class of integrable cases, 
contained under the general form Jpax.a'x.de, where o'x is the diff. 


co. of ar, and pr dx is easily integrable. Let y= er, and the pre- 
ceding becomes 


ty ; 
fs Py == dr, which, p. 103, can be found from S by dy, by using, 
| & 


as the limits of y, the values corresponding to the limits of T. 

It is not our present intention to enter largely into the mass of 
methods by which detached integrals are found 3 We shall only give 
Some examples-of the method of integrating by parts, and shall then 
i proceed to some simple cases for which no rule can be given. The 
student may, without absolutely breaking the chain of demonstration, 
omit the rest of this chapter. 

"da 

e/ Vaz? — a 

The theorem to be applied is fudv = w — fvdu, and the object 
is, «v and v being so taken that udv is the function to be integrated 
above, vdu shall be more easy of integration than udv. For in the 
equation last written, /wdv is made to depend upon jf vdu. Now the diff. 
co. of a? — q? being — 2r dx, if ‘we resolve the numerator of the pre 


It is required to find 


(n a whole number.) 


lL 
ceding, namely æ” dz, into the two factors, — 5 -t and — 2rdx, we 
nave 


108 DIFFERENTIAL AND INTEGRAL CALCULUS. 
aay K 1 \ — 2e dr -= [(-3 A d. (a= 2) 
= oe — a eeu 
Vw ar? 2 Jat — N u — g 
l dV 
= f- zam) 5 —— where V = œ — a3’, 
2 VV | 


. dV : 
where, perhaps, for dV we should write Tr dx, seeing that we have 
2 


not yet used dV alone, where V is not the independent variable, but a 
function of it. But here we must recal the theorem in p. 103, in w hich 


WV 
it is proved that fi u dx and S UdV are the same, provided we 


take such limits for V in ak second as are values of V corresponding 
to the limiting values of 2. By J UaV we mean the limit of 2(UAV), 
obtained in the same manner as in p. 102, where the values of AV 
in the several terms are different, but commuinuent. Again, since 


diff. co. V + VV is the diff. co. of 2 VV , or 2 diff. co. VV , the 
last form of the integral 1s reduced to 


{(<527) 2a or Se e) dN or 
—VV ar — [VVd(— ve 
which is 
— VV a" — J —NV n — 1 a"? de), 
or = VV ar Epel INV ar? dx 
because fcydr = cfydæ p.105. 
Therefore, 
x” dx 


Na — a 


We have therefore found that the given integral depends upon that 


|l 


po Ja a x? + M — SEG T Yia x” *da. 


of Va — a2 xde. But whenever a square root occurs in the nume- 
rator of an integral, such as VV, it will generally be found convenient 


to remove it into the denominator by substituting V -= ~VV. In the 
present instance, ) 


2 — 72 zr 
pe. — re: pdi = ARE ie 2dr = m _ Tua 
J Næ- ar Aao NVa -a 


a? de x dx : xr dr vd 

i T ai = RR A i iia — OF oe ee 
2 

J Næ- x Na- a 3 Va- x Na- 22 


Substitute this value in the preceding, which gives 


dr n—? 


[l 


Va- at Toe 
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Let us now signify the integral to be found by U,, and any other 
similar integral into which a" enters, Instead of a”, by Un. We have 
then from the preceding, 


U, = = p ied +(m-1)¢ U,.— (n= 1) U,, 


l —— n—l 
Whenee: Ua . TW a? — x? 4 =e U,_0; 


and we have thus made the integral U, depend upon an integral of the 


same form, but with a lower power of v. Apply precisely the s same pro- 
cess to U, o, which gives 


Ua = — DE F" eae AT y 


m — 99` a Uras 


which, substituted in the preceding, gives (V = @ — z) 
] — n — 1 en —l)(n ) 
Ue A ac a? 2-8 y V + u 2 SIAT D y TEO. 


apply the process to U,_, and substitute ; continuing thus it is evident 


that the serics U,, Un- Un, &e., ends with U, when n is even, 
and with U, when 2 is odd. But 


Uo = 


we dx dx ner 
— = = sinv!— 


oo 9 


Na Ja — e a i 


which is thus deduced, We have, from what is known of differentia- 
tion, and from p. 106, 


dv 
= = sinr, in which let x = 2, 
vI —- x 
dx 
ee = .— dy, 
Vlz JE i a a 
l d ; i 2 di 
0l SIn v = Y 1G. sin! Y = oa ee ly 
Va a NVa ~ y? 


xdr _ dV 
Vaa JT 


Hence, by carrying on the preceding series, in the case where z is 
even, which we indicate by writing 2m for n, we find 


=-J/Vy = — Ja pe 


U,, = =— ee gy Pcl are an a2 gin SV 
m 2m 2m (2m — 2) 


_Qm — 1) ) Qn — n— 3) 


= 2m( (2m - - 2) 4 (2m — — 4) 
2m — - a = 
~—~—~....= (2m - 1) (2m - 3)... .3 ae 2a V 


2m (2m = 2).......4.2 


2m — - rae 
(2m — 1) (2m ~ 3). .3.1 oy i- 
2m ( (2m — PY see 0s 4e2 


REEE O S N S E EE 


afat —5 VV 


110 DIFFERENTIAL AND INTEGRAL CALCULUS, 
Of which the following are instances : 


l 


U T +a sinn T 
— -g ~a? sın = 
: 2 v 2 a 


il 


l V 3 ANT 3 ye nana T 
U= TODA -z oNN Paar sin 7 


1 5 3s, ae ime Deo: ear 
v, =(- — x ESF aè - esate) WV + a’ sin i= 


and so on. . When n is odd, write 2m + 1 for n, and 


we 


l Son fe 2m ~ 
eee m/v ged ana ee yy apes NAY 
2m + 1 (2m+ 1QQm-1) l 


Om Qm — 2 — 
ae am Qm—2) _ asa" —4 JV | 


Vom = 


Im (2m—2) e. 4.2 


REESS a as a ee oam Nr. 
ou T Om+1) m=)... p gEV 3 


of which the following are instances : 


U, = — „V (which is also in the process) 


| Ne nme 2 = 
Uyt — VV -ey ’ 


ie 4 — 4.2 es 
fis. e N e a NN S anv , 
U; ~ aR a 


= a 4 a ee 
U,. = = =a NV — a at AV — Di aa Y -2i any, 


and so on. In this way we may see that it will sometimes be prac- 
ticable to make an integral which contains an operation repeated 7 
times depend upon another which contains the same n—l or n—2 
times, in which case, by continued reduction, the whole difficulty is at 
last contained in finding what we may call the ultimate form, which 
cither does not contain the operation in question at all, or else only 
once. The general principle of this reduction is as follows: let A, and 
B,, be given functions of n, and U, a function, whether involving inte- 
eration or not, of which we know only this, that for all values of n, 


U, = A, + B, Un- Then it is evident that 
U, = A,+ B Ua = A, + B, Gia + Ber Un») 

= A, +B, Avi + Ba Bua (Ave + Be Un-s), 

= A, +B, Ani + Bn Bye: Ano + Ba Bar Bae (An-s + Bas Un-a)s 
and proceeding in this way, we get 
U, = A, +B, Ani +B, Bi Ans + &e. +B,...B,A, + B,...B Uo 
whence, U, being found, U, is found. 


ve 6 
t 
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But if we have U, = A, + B, U,—», this gives 
U, = A, + B, Ans + B, Buy Ung | 
= Ae B, Àn + B, Bes Ån- + B, Bre Bis Uesi 


and so on, which gives, according as 7 is even or odd, 


Uam = Asn af Bom a oa KC, T Bem Bjs KENIS B, As+ Bon: e . By Up, 
U smpi — Aga + Bont Dies + &c.-+- Basi eo oe B,A,+ Bara oe iD; U.. 


As an example of the first, take fe xv" dx, which is also fax” de”. In- 
tegrate by parts, which gives 


: fi Er de — gre” — nf Ex dr. 


i ; Let feudx = U. then U; = fdr — g7 
l : A,= err", Anı = Eta", &c. B, =n Daz aee (n— 1), &c. 


O R 


* and the negative sien of B, gives the signs in the series alternately 


F 
etai 


+ positive and negative, so that we have 


J E Ldr = Er" — nelge! +n (n— 1) e — &e. 
= Tia 2.4 Zen En(m—-1l). . . 2.18 


4 As an instance of the secohd case, we take /fsin"@ do 
7 gi 3 


og 


ma Oe Jin? d(—cos9) = — cos@ sin" 9 — f (— cos 0) d.sin”™?!9 


© (write C and S for cos and sin 9, when not under the integral sign) 


A p S 


= CS + (n—1) J cos% sin”-*9 
= CS + (n— 1) J (sin”-20 — sin"@) dé; 
or U, = — CS 4 (n— 1) U„-2— (n — 1) U, 


] n—l ] 
U, = — — CS: + —U,-_:, A, =- CS”), 
2 n N 


l n—]l n — 3 
= — —- CS, &c. B, = ; AE em , &C. 
An maY i n Ba- n—2 a 
U, = f sin% do = de 0, U, = fsino d0 = — cos@, 
-l ee (2m—1) 
a = — — Mel S 2-3 ; 
Uan T 3m (2m—2) | me 
(2m—1)...8 (Q2m—1)...3.1 
— = CS — @ 
2M... 4.2 a 2. 4.2 
2m 


CS*"-? — &¢, 


2m4) — 


2m-+ 1 (2m+1) Qm—1) 
_ 2m (2m— 2) ...4.2 
(2m+1) (2m—1)...5.3 
We have already had this integral in another form, as follows. Let 


z= a sinO, then /a?— v= a cos, and* dxr=acosé. d9, which 
gives 


C. 


, di 
* Itis much more convenient in many instances to write such equations as x =p 
in the form dy = pdx, The justification of this process is contained in the theorems 
1n p. 54, in which it appears that diff, co. have the same properties as if they had 


ordinary numerators and denominators, 


+t 


e l f 
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de de a” sin"@.acos 0 dé 
S56 a ei 2d. 
Vana _ 72 a cos 8 


X 


Verify from p. 109, and the last process, the equation 
x dx 

Va 

The method of integration by parts is almost the only systematic rule 


‘n the direct Integral Calculus. In most questions unconnected arti- 
fices must be used, of which we proceed to give some examples. 


e e L 
= a" f sin” 0 dð when 0 = sin! —. 
: a 


d e ° 
{ x . The denominator is the product of a+2 and a— x; and 


a@ — x 


2 l 
it is obvious that; —— = 
*“@—-x a+r 


dx > dx | de (dvr _ (dalata); | 
2 fas — Japa = “l/s = f apa eee 
dx z me Coon ete 


a— T 


de la —— — 1, fatz 
Therefore, [= Ja (loga+ s — log a—x) = alee( =), 


a—x 
de | dr 1 7 a— x 
a w—xr 2a °5 atx 
cos 6.d0 _ d.sin9 1l 1, 1+sin 6 
ae ~ cos’0 ae 2 9S 1—sin 0 
dæ 
x pa? 
ji dx 1l dx = l log (eet) 
a— bx" i fa_, = on ab Va-—Nbe 


la 1 dr i anj 

are a] = —— tau —. l. 

a+ bs i fa, Fi a’ 
Bt 


The following reductions should be practised till they are easy. 


, whence 
— 7 


i x : ae 
= — tan“! — (from differentiation) 
a 


9) 


b? 
a + bt + e nza I a +per 
C 


ieee A ee} 
c 


4e 


lx 
od, Taes ne = 
o finc fa TESS Assume 5 mA +e Lea, ve dx = dr’, | 


ee pee 
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dx 1 ( dr" 2 T We a! 
ES Se ee = ———— tan goe 
a+ VET Oe C 4 ac—b? V 4ac— l? 


RN 
a — — +r” 
dc 


tan”! eee eae 


4dac — b’ Vac — b? 


If 4ac—b be impossible, that is, if 4ac be less than 6%, this in- 
tegral appears to be impossible. But, p. 97, if all the elements ofthe 
form yAv be finite and possible, the limit of 2(yAr) must be the 
same. ‘There can be no real impossibility therefore in this integration, 
and we must look to some anomaly in the method for the reason of 
this peculiarity of form. In algebra we find that the alteration of a 
constant from positive to negative sometimes does, sometimes does not, 
produce results possible in appearance, and impossible in reality, or vice 
versi: but frequently, owing to the comparatively simple character of 
‘the results, and the closeness of their connexion with the fundamental 
definitions, we are able to tell at once what effect a change of sign will 
have. In our present subject we are dealing with more remote con- 
siderations: and whether we consider fydx as the primitive function 
of y, p. 100, or as the limit of the summation expressed by 2yAz, we 
cannot in either case pretend to carry with us from y to fyda any such 
perception of connexion as will guide us either to the form or magnitude 
of the latter. We have already found the two following results, 


f: dx l lo po = Í dx l tan- 2 
ae e e Oe | 7 Ses CTT — 
poe Ne Weta ata ale Vo 


which are only general forms, p. 106, and must, before we begin to 
compare them, be taken between the same limits. But both forms 
vanish when x = 0, and are both therefore taken to the higher limit v, 
from the lower limit x = 0. The first form becomes impossible when «z is 


greater than A/c, for in that case the integral becomes the logarithm of 
a negative quantity; but at the same time we see that in this case a 
value of v (namely, a/c) which makes the function to be integrated be- 
come infinite, lies between the limiting values of the integration. This 
case is expressly excluded, p. 98, from the theorem by which the primi- 
tive function and the integral are connected ; and we can therefore only 
consider our theorem as applying so long as the superior limit is less 
than ve, reserving all other cases for future discussion. We now pro- 
ceed to another point; the first of the preceding integrals is changed 
into the second, if we change the sign of c, or change —c into + c. 
But the second sides of both become impossible under such a change ; 
and give 


dx ] eemi dx NE. a 
——— == —— log | ——— Poe = Wil" === 
ete Wice V—-c+ x B V—c 


and we thus obtain 


{ x l ee l lo ==) 
‘ SS tA ae ee? NOG Nee e 
Pac ae Vo arae Nyeta 


I 


— ——_ 
‘Beem 


——————————— lll 
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P dr l log ( Nem l An 
— — 1085| —— Olea aN 


J Meng 94c K Neta/ if —c N—C 


giving a possible and an impossible form for each : the latter sub- 
ject of course to all difficulties of the passage from possible to impossible 
expressions. The only question for us now is this: are the preceding 
possible and impossible forms the same in algebra, such as it is to the 
student who commences the Differential Calculus, or shall we be obliged 
to make any extensions in the meaning of algebraical terms, before we 
can consider them as the same? Let us equate the two expressions for 
the first integral, and consider them as identical, that we may see whether 
the consequences of such a supposition will or will not be consistent 
with those already known. 


Assume : tai =F as l ] aero Olona =) 
gyr 07t ĀĂ— XS oe 02 
Vo te 2 4 —c TN cag Sad ’ 


EA 
Woo 1 vc 


Pee eee 


C 


Assume t = V e tan 0, and substitute, which gives 
ja l (Y=) =) 
R e log | reo 
Sa = WYF tano 


———— 


WNIT a — | mt — ] — del tan 0 . 


or we IOI memas 


eal + ae? —] -- ,/—1 tan @ 


whence tand. A —1= (eii) er +1) 


a result well known to those who have studied the higher part of trigo- 
nometrical analysis, and on the method of finding and interpreting 
which we shall enter in the next chapter. We shall now return to the 
subject, with this result, that so far as we have yet seen, the possible 
and impossible forms of integrals are identical, and lead to the well- 
known relations in which trigonometrical functions are expressed by 


algebraical functions involving the symbol a — 1. The student will 
observe, that we do not in this place profess to remove a difficulty, but 
only to show that, whatever it may be, it is only such as is found in 
algebra. In the integral last found, p. 113, we have the form 

1 (° dr i c D? l 

— | ——- where C = a — — = — (4ac—b’): 

T) C +a” 4e 4c ( | ) 
if c be negative, we have already impossibility of form in the con- 
stant factor, a casc we shall presently mention. Let ¢ be positive, then 
C is positive or negative according as 4ac is greater than or less than b’. 
The first of these two cases has been integrated in a possible form ; 1n 
the second case, where 6? is greater that 4ac, let C be — C’, and the 


aes ra l X 
integral then bec C= — (b — 
g omes ( P (b ; 400) 9): 
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l f dy! l 1 Cl =) 
7> Che gap oe ee 10S Sa 
Ved @—C'~ oya > VC + a! 


] OA 


r 


eed 
t = 


Of 


Age | V4cC'+ 2 Sea! 


9 


but b+ 2cr—=2 Sex! » Which substituted, gives 


Í dx feast ea ae Cp daea S 
a + br + cr? b°—4ac A arya 


which is the possible form when 4ac—2? is negative. And in this, it 
must be observed that the case where c is negative is Included; for in 
that case b2? — 4ac must be positive, unless @ be also negative, and 


b< 4ac. But the case Where both a and c are negative is treated by 
the following reduction 


f dx dx i dx 
—a + bt — cx? —(a—bx-+ ex?) a — btp er? 


It makes no difference as to form, whether b he positive or negative. 
The most important integrals in practice are those which involve 
square roots, and which we now proceed to consider, using various 
methods of reduction, We shall frequently, without formal notice, 
substitute throughout for one variable, such a function of another as is 
convenient. Thus, in the first example which follows, we do in effect 


say let v = ay, and we thereby find the integral in terms of y, and 
thence by restitution in terms of g. 


dr | day dy asi ni 
ee ts Se = SIN yS a <a 

J Va — ve a/ a — ary? a/ ka y? a 
| dx 5 
Ga Let @ + = y’, whence edz = ydy, and ydx + adx 
l a” -+ 


L 


= ydr + ydy, whence 


, dx = dr Ale ate dy ra d (x + DY ie (wt Jata) l 
Veta JY ay ety j 


' This is a specimen of an artifice of integration for which no rule can be 


: given, We might have used the preceding integral as a method of dis- 
covery, thus: 


1 d(x Z1) o _, tN —] 7 dx re EN =l 
— = sin ™ ———. or SS S52 sin) 


a— (a JT} ad —] 


Va x ae ] @ 
But, as will be scen in the next chapter, 


cos6 — sind f—] = eY or 9 J—-1l= log (cos 9 — sin 64/1). 


bets = J) V 5 JI =-= 
Let sin 0 = — —l, as AT S TESE i, 


i I 2 
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n l 3 _av—1 
, or sm 


—_—— 


Jal a 
2 > re Sees 

= log 7 A ) = log ( NV+ x? +2) — log a, 
@ a 


a result which differs from the last by a constant quantity. It must be 
remembered that since Px and px + const. have the same diff. co., we 
are Hable, in using artifices of integration, to produce results which 
appear different, but which in fact only differ by a constant. This dis- 
crepancy does not appear when the integrals are taken between definite 


limits, since pa — pb and pa + C —(¢b + C) are the same. 
dx 
Tama 


give as the result log (a + a raè). 
> de ] d (Vb x) E a( T 
ee, e T — eS a Nn v 
Va— bx" vb Na— (Nbr vb a 


| ba l - ae 
i = A o g (Vie + Va + ba’) 
Jat bx vb Va (Jor) vb 


@= sin | -—-—— 
(l 


Assume z? — a? = y®, and proceed as before, which will 


dx _ 2 Ve dt at d (b+2cxr 
V4ac— b? + (b+ 2cxr)* vo V4ac—b?-+ (b +2er) 
lx ] ee ee eee nro 
[= —= log (2cx+b+ V4e (a+ bx +c) 
J atbet cx Ve 


Vatbotcor 


| dx 1 | d (2cx—b) Eo a Qcr—-b 5 
ee Se sin ay TE 
Va+bx—cv Ve J W4ac+b? —(2ex—b)* vc V4ac TE) 


dx ———— ' 
[= = log (v+a+ \2ur+a?) + log 2. (Omit the constant.) 
Ni axr + ax? 
dx . _ [æa i , ) 
—— m = sin? which may be written vers” -. 
V2ar—2 a a 


We do not say the two last are equal, for they differ by a constant, as 


follows :— . 
` T soa E v v 
—-+sin™ E — 1 ) = cos™ | 1 — + | = vers” —, 
a ct a a 
a dx gda 
Syer de = €e | —— + | — ; 
Ju? +22 Veep a 


avd: Se es ee ees et ee 
( = = | WEF) =e vaye | Vere ie) 
V+ 2? 


= la’ log (a+ e+ x?) +12 Na+ t 
è 
fv a—xdx = f4 a? — a? sin’@ d (a sin 0) = e | cos 0 d (sin 9) 
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J cos 0 d (sin 6) or f cos?0 d0 = cos 0 sin — fsin 0 d (cos 0) 

= cos 0 sin 9 + [sin d9 = cos O sin 8 + fdo — fcos?o do 
fvez de = 4 eve —r Fpa sin7! a 


We shall close this chapter with some examples of the preceding 
integrals taken between limits. We state again the theorem proved 
in p. 100, which establishes the connexion between a primitive func- 
(ton and the limit of a summation, Tf we be the diff. co. of Gr, and 
if and b be two limits of which b is the greater, and if we pass from 
@to b by n steps, a +9, a+ 20,. . upto æ+ nO =b: then the 


limit of (Ya + Yla +0)... 4 wb) 0, on the supposition that n 
increases without limit, is pb — da. 


b htt n+l a a 
— 4 dx 
a" dx = —— — = log a, edi = ena] , 
4 n+l 1 & 0 


2a"? 
n+l 


7 : +3 z 
f cos v dr = 1, f cos x dx = 0, f cos 2 d2 = 2, { sine dr=1 
0 0 - 0 


= 
2 


1 dx T tE dp 1 dx T £ dr T 
pees. ees a 7 T—= = T, Tae ET 7) 22 57; 
0 V1 —2 2 -l | — z? 0 + 2 ch 0 lta 2 


(n an integer) J22 de = 0 whenn is odd, = when zis even. 


l 
4 A dre — (n— 1) (n—3)...3.1 7a” Gea: 
Ne nm (n—2)...4.2 2 


_ (a—1) (n—3)...4.2 ioe, 
ol n  (n—=1)...3.3 © (n odd.) 


Je eu" de = Ẹ n (n—1)..,3.2.1 according as 7 is odd or even. ` 
l 


tm dx ] atm ™ dx l | a+m ° dx 
` 3-3 = - log ——, =5- log-———-, | — a, 
mU—v a S a—m o @— 2a 5 a—m 9 U — a’? 


When a definite integral is infinite, the product in the theorem in- 
creases without limit. 


a dé ] /3 ? do E dx T 
=lor 4 — z= Q ——— == — 
o cosd = i cos 0 j ot +e 4a 


¢ dx dx 


r 2a ( /3) 
ea yo = log (OS y3) 
ovas P J. J j 


g’— a? 
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CnarPTER VII. 


TRIGONCMETRICAL ANALYSIS*. 


Ir we apply Maclaurin’s Theorem, as in p. 75, to the determination 
of sin a and cos x, we find that they may be expressed by any number 
of terms of the following series, the error never being greater than the 
next succeeding term, (being in fact that term multiplied by the sine or 
cosine of 0x, 8 < 1,) 


x" x a? 
in g = e- — ——— — c t eC.. 
eRe a aA adao UD 
x2 g” x e n 
cost = l — -7 T5374 ~~ 9 34.5.6 + WC... ©. + (2). 


If these series be sufficiently continued they can be made as nearly 
equal as we please to the sine and cosine. For the following relations 
will easily be seen : 

wè 


In the first m + 1)th term = (nth term) PEIEE AIET 
>» d ) ( Dit In (2n + 17? 


O 


a ° 
(2n —1)2n ’ 


in which, whatever v may be, n can be taken so great that the 
(n + 1)th term shall be as small a fraction as we please of the ath, 
and still more the (n + 2)nd of the (n+ l)st; and soon. The terms, 
consequently, must at some point begin to diminish, and from thence 
must diminish without limit. But the error caused by stopping at any 
term is less than the first term rejected: that is, diminishes without 
limit. These series therefore, carried on ad infinitum, have sm æ and 
cos x for their limits, and are said to be convergentt. The same may 
be shown, as is done in p. 75, of the equation 


In the second, (n + 1)th term = (nth term) x 


3 4 
Po ooa (3) 

2.3 2.3.4 E 

The development of € consists then of the terms which appear in the 
developments of sin æ and cos a, and of no others. If all the terms in 
(1) and (2) were positive, we should have sin æ + cose = s”; but as 
it is, no simple algebraical relation appears to exist among the three. 
But compare cos æ + k sin x with £, writing (a”) for æ — 1.2.3...%, 
and we have 


cos t+ ksin æ = 1 + kx — (2°) — k (2°) + (4) + k (2°) — &c. 
E = 1 the + k? (2) + Rë + ht a + OR? (2°) + &e. 
Now these series can be made identical, if we can make 
k=l, #=—k, R= 1, Pk, E= — l, &c. 


v? 
E nm Lae 


* This chapter may be considered as a continuation of the Treatise on Trigo- 
nometry. It may be omitted by the student who does not wish to go into the more 
difficult parts of the subject. 

. + See the “ Elementary Illustrations, &c.,” p.9, for the usual definition and cri- 
teria of convergency. | 


ofS ena Ne ea a Pt ee ma 
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of which we may easily see that the first is impossible; but that if the 
first were possible, all the rest would follow from it. For if k? = — l; 
then k? = — k, kt = — k? = 1, &c. If then we assume the identity of 
these two series, whatever may be said of the fundamental assumption 
k? = — 1, it involves the whole of the question, the identity of the re- 
maining parts following from it by the common rules of algebra. Let 
us first investigate the algebraical consequences of this assumption, con- 


sidered without reference to the truth or falsehood of the assumption 
itself. l 


If we take k = — 1 or k = J/—1, the preceding series become 
identical, that is 


. NII eo A -SaN E 
cos x -+ V¥ —] sing = e-l! and cos g = V —=1 sing =g- 


e 


The second of which may either be deduced in the same manner as the 
first, or may be obtained from the first by observing, that the series from 
which it is obtained being true for all values of x, we may write — g 
instead of z, observing that cos (— x) = cos a, and sin (— x) = —sin t. 
By the addition and subtraction of these equations we obtain 


l NII =ò : l == REST r 
cos x% = — geym -+ e-#Vn1 Si ee ae ee zy- ; 
2 IETA 


These expressions will be found to have all the properties of the sine 
and cosine, but it must not be forgotten that they involve the expression 


W — 1, which has no algebraical existence, either as a positive or nega- 
tive quantity. They must be considered as abbreviations for the series, 
which expressions treated algebraically may be made to give the series, 
but which cannot be considered * as algebraical quantities. It must be 
remembered, however, that all algebraical expressions are combined 
and reduced by rules, which, though derived from notions of quantity, 
will produce the same results, if we alter the form of the primitive ex- 
pressions in any manner, consistently with the rules, even though the 
new forms should no longer admit of being considered as quantities. 
Suppose that we have a set of symbols, a, b, c, &c., representing 
quantities, and that we are going to perform an algebraical process. 
Let us, instead of a, b, c, &c., perform the process on 


iii iy bilge. dda dorks 


, As long as m, n, &c. are positive, the process and result will both be 
| intelligible ; and if, after the process is finished, we suppose m = n, 
m = n', m" = n", &c., the result will reduce itself to that which it 
would have been if we had commenced with a, b, c, &c., in the manner 
first contemplated. Now so far as results are concerned, the applica- 


tion of rules will have the same effect whether 4/ n, Nn , &c., repre- 
sent quantities or not, provided only that they be used as if they were 


* Of late years these expressions have been considered in a manner which places 
them on the same footing as negative quantities with regard to their definition and 
use. For an explanation of this method, which is not yet made a part of elementary 
reading, the student may consult Mr. Peacock’s “ Algebra,” Mr. Warren’s Treatise 
‘On the Square Roots of Negative Quantities,’ Mr. Peacock’s “ Report on the 
State of Analysis” (British Association, Third Report, 1834), a review of the algebra 
of the last mentioned author in the ninth volume of the “ Journal of Education,” or 
a “ Treatise on Trigonometry” now in the press, by the author of this Treatise. 


a 
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quantities. If, then, instead of m, n, &c., we write —1 at the end of 
the process, we shall produce the same results as if we had commenced 


with a + ee Nl &ce., that is, with a, &c. (because since »/—1 


is to be used as a quantity, yJ ZI — aay 0). The preceding 
is exactly a case of this sort: cos x, which has no real algebraical equi- 


valent, is connected with the expression 4 ( ee) by a re- 


lation of this kind, that if in the expression, y — 1 be treated by 
rules of quantity, the series for the cosine is the result of developing the 


exponentials EYTT, and eY, and of taking half their sum. 


The student who has duly considered the theory of negative quan- 
tities knows that every problem, the result of which is negative, is 
connected with another which has a positive result. To complete the 
analogy, we shall show that the sine and cosine, as deduced from the 
circle, and which have no possible algebraical equivalents, are connected 
with a sine and cosine which may be deduced from the hyperbola, in 
such manner that the properties of the two kinds are very analogous, 
with this exception, that all the relations which involve impossible quan- 
tities in the former, have no impossible quantities in the latter. 


B 


OA=a 
OM=ez 


O'A' =a’! : a 
OM = a 
B'M'= y’ 


We have here a circle and an equilateral hyperbola, the equations of 
which are as written under them. The sector AOB is } a20 in the 
circle, where 0 is the angle AOB, (arc BA ~ rad OA,) and if A be this 
sector, we have, according to definition, for the circle, 


QA £ QA y ., (2A 
0 = — — = cos | — or 0 “ = ‘sin | — or @ }- 
a? a a? (t a? 


Now let us, by definition, create an hyperbolic sine and cosine in 
this manner: let the sector O’A’B’ be called A’, and let 2A’ — a” 
have its sine and cosine, namely, let us lay down, for the hyperbola, 
(remember, however, that 6’ is not the angle B’OA’ as in the circle,) | ; 
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=- ee 


4 


f J 7 
0 = 2A T: aag 2 A’ 7 y' ; 2 A’ , 
E Fee COs T2 or 0 sa = sin = or 0 A 
as a 4 


ye ay Lae en e E er ne 
oe =- oa .- 


It will hereafter be shown that the value of the sector O’A’B’ is as 


follows - 

$ nal / ` 

a? x Y a! a! 
E Ie as A 8 y $ 

2 4 a a a 

val t A f / 
& Y L y ; Vv q / 
But a a ees Fo a } = 1, whence s= — Lf ; 

CARR, a a a a! 


whence, by addition and subtraction, 

i i / l o r ` / l o' f 

' cos O = =| +e sn 0 = | e a ge : 
l 2 2 

> corresponding to the equations obtained for the circle, namely, 


ae pes a e 
cos 0 = 5 i ah sin@ = VT goy }, 


l 
2V1 
We shall now proceed to show that these latter expressions have the 


- properties of the sine and cosine, on the supposition that we use 7 — ] 
; asa quantity the powers of which are 


Ny si eA ee Ly Ve) eed ee ee 
Let us first construct sin @ cos ¢, 


l = a. ERN oe 
' sn 0 coso = — Ga — ead (” vI te rv | 
> i 4/—1 \. f 


= A (« 0+ VT — eT OF OVAL GL 0-9) VAT g-0-p VTi 
m“ 4—1 l 

— l l pe ae ° et ee 

— WZI ES sin (6 +8) +2 VTT sin (9—0) ) 
E i 
E a (sin (+ 6) + sin (¢ — D) } 


“a well known theorem. Let the student take various relations which 
exist In trigonometry, and make them identical by substituting on both 
sides the exponential values (as they are termed) of the sine and cosine, 
We shall now take a couple of instances in which results of more com. 
plexity are obtained. 

ProsLem. To expand cos "@ in terms of cos or sin 0, cos or sin 20, 
&c., n being a whole number : 


; — -— l l 1\' 
Let* ¢ =x then eva = + ; Cos. 6 = — (« T =) 
l x j 2 x 
I 
. ™ Observe that we do not escape tbe impossibility by substituting x for e®)7', 


i l l l 
The equation cos 4 = 5 ( x z. is impossible, fur x + - can never be less 
x 


than 2, (which prove,) and 2 cos 4 can never be greater than 2. 


a a a EE S E E EES 
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E E E E EN, 
eno I — q”, then £7” ===. COs nO = a xt — 
X & 


fod 


l po l iol n- l E. 
es | ee) See a a ee ce" — Fe. 
cos "0 > (© T E) TAN F > =f 2 ` Te + 


Collect together the first and last, the second and last but one, X&C., 
which: gives 


r l ( l alari 1 F a ay! i 
"9 = — " — ae n —— | x" E 
cos T 4 -+ E + + ae 5 m 


REN | ` 
5 cos (n—4) 8+ | 


= a (co nO + n cos (n -- 2)O0+ 2 


If nbe an even number = 2m, there will be 2m + 1 terms in 
the development, which will give m cosines, namely, those of 2m, 
2(m-1)0.... down to 29, and an additional term corresponding to 
the middle term of the development, which is 


Im(Q2m—1)...(m+1) , 1 2m (Qm—1). . . (r+ 1) 
S ee a ec oes g” — O_o 
l P 2 ° e e m ale ] é 2 Ps e e . m 


This term, which has no corresponding term, does not follow the law of 
; l : 
the series, for though we write 2 cos 29 for 2° + —, we cannot write 
L~ 


2cos 00 or 2 for 2°, which is 1. But if n be odd, and = 2m + 1, 
there are 2m + 2 terms giving m + l cosines, namely, those of 
(2m =+ 1)9, (2m — 1)0.... down to 0, and there is no middle term.’ 
Consequently, we have the following theorems : 


gm- cos?” 0 = cos 2m9 + 2m cos (2m—2)0 +. 
2m (2m— 1) 2 2 . (m+2) os 204 2m (2m-1). .. (m+ 1) L 
l 2. . a . (m—l) Cs we amú m 2 
2m cos™tt o = cos (2m +1)9 + (2m+ 1) cos (2m—1)8 +.... 


(Qm +1)2m.. . (m+ 2) 
D — co 
E3 2 w ew y mM 


e.. +} s 0. 


An instance of an odd and even power is as follows : 


N, 


` Efo l l l l l l 
cos f0 = J (atat +1524 a + 202° + 150° — + 6x at z 


q? 


— 95 2 y T 9 


1 / 4a" v+a-* etx 
oa +6 at -+ 10 ) 


2°. cos°@ = cos 60 + 6 cos 49 + 15 cos 20 + 10. 
By proceeding in the same way, 
2* cosř0 = cos 59 + 5 cos 30 + 10 cos 0. 
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These results may be verified by the common method: that is, by 
means of 


2 cos 0 cos ġ = cos (0 -+ $) + cos (0 — o) 
2cos®0 = cos 20 + 1, 40s *8 = 2 cos 9 cos 20 -+ 2 cos 0 
= cos 30 + cos O + 2 cos 0 = cos 36 +- 3 cos 0. 
S cos*0 = 2cos 6 cos 30 + 6 cos 20 = cos 49 + 4 cos 20 + 3, &e. 


Prostem. To expand sin"@ in terms of cos or sin 0, cos or sin 20, 
&c. We have, 


ey l p~ ( =) 
sin "9 = — Tag amen Oe eas s 
gn N= 1) Lr ) 
which gives four different cases, corresponding to the four forms of 
(v — 1)”, namely, 
~ 7 \ 4m TTT \ 4m —————— 4m+2 
CONST) ely, es ea, wy 
C 2 ae E 
When 7 is even, the first and last terms, the second and last but one, 
&c. are of the same signs, consequently the expansion presents cosines 
only; but when 2 is evenly even, (of the form 4m,) the sign of the 
whole is contrary to that which exists when z is oddly even (of the form 
4m + 2). Proceeding as in the last problem, we have, making P, Sig- 
nify the coefficient of q” in the development of (1 + 2)": 
ae" sin*"8 = cos 4m6—P, cos (4m —2)0 
+ P, cos (4m—4)9—.. . — Pin; Cos 26 +- $ Pm, 
2” sin ™Hg— sin (4m -+ 1)0 — P, sin (tm — 1)0 
-+ P sin(4m—3)0— 2... + Pon sin 6, 


gine" sin®"*°6 = — cos (4m + 2)0 + P, cos (4m)0 

— P cos (4m—2)9 4+... - Pom COS 29 -+ Dl Gains 
2+? gjy +30 — _ sin (4m -+ 3)9 + P, sin (4m -+ 0 
— Psin (4m — 1)8 +... + Pong, Sin O; 


a complete set, for the student to consider first, is as follows: 
8 sin“) = cos 40 — 4 cos 26 -+ 3, 
16 sin°@= sin 50 — 5 sin 30 -- 10 sin@, 
32 sin*o = — cos 69 + 6 cos 40 — 15 cos 29 + 10, 
Ôt sin’6 = — sin 70 + 7 sin 50 — 21 sin 39 -- 35 sin 0. 
These may be obtained from the following theorenis : 
2 sin 0 coso = sin (0 + p) + sin (0 — 4) = sin ($ + 0) —sin (p-0), 
2 cos cos? = cos (0 + p) + cos (0— ¢) , 


2sind sind = — cos (p +6) + cos (p — 0). 
Thus, 2 sin?9 = — cos 26 + I, 4sm’0 = — 2sin@ cos 20 + 2 sing 
= — (sin 36 — sind) + 2sind = — sin 30 + 3sind, 


Ssin ‘6 = — 2sin@ sin 36 + 6sin?@ = cos 40 — 4cos 20 + 3, &c. | 
These results are frequently convenient in integration ; for by them, 
Jsin"¢ d0, and S cos ”0 dð may be reduced to the addition or subtrac- 


tion of integrals of the form S & cos m0 dé, or S a sin mo dO; but we 
ave 
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fe cos m9 d0 = 2 | cosmo d(m0) = Z sin m0, 
m M 


e 


: a a 
| a sin mô d0 = -— [in mi d (m0) = — — cos mô. 
m m 
e 


Prosrem. The equation tan Ø = k tan0 existing between p and 0, 
required a series for @ in terms of 0. We have 


sin D 1 aa eo y5 l eeV=1 yy | 


cosp Vy Yipee MIT evar = 
the last result being obtained by multiplying the numerator and deno- 
minator of the preceding by eV Let Y7 = F, and Y= T. 


Then, using a similar formula for tan 0, and recurring to the equation 
of condition, we have 


tan d= 


A 
: pl 
Pel E nl on. e E TT 
Ee a eee en ea 


Q == Tr) whence log F = log T+log (1 + 7) - log (1 +AT). 


Now from the theory of logarithms (or from Maclaurin’s Theorem, 
which the student may here apply, if he be not acquainted with this 
series) 

x a ot 
log (] = g = — cet ea 
OO a ty Ode ae +. 


4 
log F =log T-A (1 -+ (T r) -5l en 5 + &c. 
But log F=log 2V 2p — 1; log T = log 2y 29 —T, l 
T” — = x gel ue gTV- a WZI sin 220; whence 
29N 1 = 20V I1 — 2W7T sin 20 
Ov ANLI 


age sin 49 — a sin 60 + &c. 


ne AS z 
ọ = 0 — A sin 20 + y 540 — zy sin 60 -+ &c., 


a series of considerable use in astronomy. When & is near to unity, À 
is small, and the series is very convergent. In order, as much as pos- 
sible, to verify results obtained by the use of impossible quantities, we " 
shall proceed to show the truth of this series without them. Differen- 


À l 
tiate both sides with respect to 0, and we have = sin m0 = m cos m8 ) | 
€ 
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“ = 1 — 2 cos 20 + 222 cos 40 — 2) cos GO + . 


But, 
do dọ k(1-+tan’0) 

ay ] OA an 2 ee ——, 
tan Ve aan p) d0 ARO ai d0 14% tan? 


1—cos 20 1—k 1—xr 
tan’0 = — andA= gives k =—— 
an itcosag 2 Ta 4 SCS Eee 
. . l l te l zaa A2 
which gives ee 


l +k? tan ~ 142d cos26 +02 
We should have then, if the preceding be correct, 
l — »? 

Ta ON onc sann; = 1—21 cos 26 — X? cos 40 + A? cos 60 — &e. 
l + 2\ cos20 42 - 

Our object is then, to ascertain, without the use of impossible 
quantities, the value of the series A cos 20 — X? cos 40 + &e. This we 
may do, in this particular case, as follows : take the general equation 
2 cos 20 cos 220 = cos (2n + 2) 0 + cos (2a — 2)0, multiply by X’, 
and write the series of equations for all values of n from n=] upwards, 
giving a negative sign to the alternate equations. This gives 


2\ cos 20.cos20 = 2X cos 44 + A, 

— 2A" cos 20 cos 40 = — X cos60 — X? cos 28, 
2d cos 20 cos 68 = X? cos80 + X° cos 40, 
—2h* cos 28 cos 89 = —d4 cos 106 — \t cos 68. 

&C. &c. &C. 


Let the expression for the series required be called S; if then we sum 
these equations ad infinitum, the sum of the first column is 28 cos 20; 
that of the second is — S + A cos 26 divided by A; that of the third 
A— AS: so that 


—S+Acos20 - A? + À cos 20 
28:09 26 aS. E See 


À 1 + 2A cos 20 + A2? 
1 — 2S oe which verifies the precedin i 
-m TO e——— o n Ý 1C o, 
LF 2A cos 20-A? l j 


Now, as an exercise, let the student substitute z +o’), 
z (v+), &e., for cos 20, cos 40, &c., v meaning Y-T: the series 
will then be reduced to two geometrical series of the form 

aP? 
1+ AP?’ 
by adding the two fractions thus obtained, the same result will be 
found for the series as is given above, p 

The fundamental expressions et9V-1 — cos 0 + V — I sin 0, lead to 
the following relations: 


enter = (evr) or cos nO +V¥—1 sin 2O0=(cos 0 +7—1 sin 0)”, 


3 


AP? — XP + XP: — &c., the value of which is 


eae! = (ei) or cos n0 —W = 1 sin n0=(cos 0O—V—1 sin 0)"; 


ee ee eee ee ee pe 
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and also to the following: if 2 cos 0 = «x += —,then 2 cos nO=2"-+- a : 


and it also follows that 


n l — , l 
2/— 1 sin 0 = g — =- and W — 1 sin nO = a — —. 
£ x” 
These, which are the same in different forms, are called * De AZowvre’s 
Theorem. 


The preceding considerations have led to an extension of the theory 
of logarithms. By definition, the logarithm of x (the only one used in 
analysis) is the value of y, which satishes «= v, where ¢=1+1 


] ] kuat ; 
ao oa + .. . =2°7182818. . . and gis given. There is 


uit one da value of y, which is nocoren ety ta the only real 


logarithm. But one of the consequences of admitting g] among the 
objects of algebra is this, that every quantity has an “infinite number of 
logarithms, one of which is the arithmetical logarithm, and the re- 


mainder of which are of the form a+bV/—1. If in the equation 
eY- — cos 8 PAAT sin 8, we .suppose 0 = 2mm, m being a whole 
number, positive or negative, and ~ (here, as in every other place) 
the ratio of the circumference of a circle to its diameter, or 3°14159..., 

. = t 
we have then cos 2mr = 1 smn 2mr =0, or e™`-!— ]. This 
result, which, considered by itself, is one of the most singular in ana- 
lysis, draws upon no other principle except the one on which impossible 
quantities are used throughout this chapter, namely, that V—1 is to 
be used as if it were a quantity, so far as rules are concerned. Let this 
be done, and we have 


ve n Am? r? 8m? r 
g? Tyi = ji -{- N pa] == 9 s= N = i + &C. 
Am? x* 160+ rtt 8m? x3 
oe fe Bee &e. -+ y — (ame — 5 ae tan) 


If the student, taking any value for m, say m = 1, and making 
7 = 3°14159... were to calculate the value of each of the series, he 
would find the result to be 1 -ha =I x 0, true to as many places of 
decimals as he took into account. If then y be the arithmetical loga- 
rithm of x, or if 


=a, we have alsoe xe" =a x l, or etm = g; 


that is, y + Imr — 1 is also a logarithm, where m is any whole num- 
ber, positive or negative. If then we take log v, as usual, to represent 
the arithmetical logarithm of x, and Log x (with the capital letter) for 
the more general logarithm, we have 


Log « = log x +- Oma —1 Log z = log z -+ 2n —] ] XC. 
— x x — 
Log az=log rz +2 (m+n)r/-1, Log - = log—-++-2(m—2) m4- 1, &C. 


* Having been first given by De Moivre. They are in his “ Miscellanea Ana- 
lytica,”’ 1730, but not in their present form, ` 
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Whence we sce that if we add one of the Logarithms of æ to one of the 
~“ Logarithms of z, we have one of the Logarithms of rz, &c. 


A negative number has no arithmetical logarithm: but it has a 


| Logarithm of the kind just found. If for 0 we take (2m + 1) r, we 
| find 


y 
ba 


gOmtI)rVAT aois (2m + l)r + J=l sin (2m + l)r 


= —1l1 + 0 xx —1 = —1. 


Hence Log (—1) = (2m + 1) + y —], where m isa positive or nega- 
tive whole number. We have then í 


i- or Log (—xr) = log x + (2m + l)rV¥—] : 


for 2n + 2m + ] may be written 2m + l, since m and m +72 are 
equally indefinite, meaning merely any whole number, 
The value of Log ( —1) gives 
| Log (—1) 
a eo eee (A). 


This result is usually deduced on the supposition that m= 0; and 
it is said that Log (—1)— NZI = 314159. . . a result which 


must appear surprising, if it be not remembered that in using vy 
by the rules of quantity, the sign = also undergoes an extension of 
meaning. We must remember that the result (A) can only be thus 
interpreted in the algebra here used : if ever, by the use of a negative 
quantity, intentionally or unintentionally treated as a positive quantity, 
we obtain Log (—1) + —1, then the real process, if the funda- 


mental correction had been made, would have given some odd number 
Of times 7. 


| 
| a es 
| Log (—2) = Log æ + log(-1) = log~+2nrV7—] +(2m-+1)rV/—1 


(2m + l)r = 


Ta E a ee eT a a OA NAE of tet ten Ss aAa 


l 
Taking the general equation Log x* =- 


Log v, we find 
n 


9): ———m 
Mrl 


2 l 
Log 1” = 7 (2mr y —1) or l =g” 
2 


Imr — _ ,. 2mr 
= cos-—— +v — 1 sin —. 
n n 


9] —_—_ 
1 1 Qm-+1 mY Ge i 


l n 1 ` TE n n 
a Log (—1) "=> (2m-+1) x f—1 or (—l)"=¢ 


2 l)? 
s A 


+ 4—l1 sn ——-——— ; 
n n 
and thus we have expressions for all the roots of the equations v= 1, 
T = — l, or a” — 1 =0, #41 =0. It might appear at first as if an 
Infinite number of roots were thus obtained, smce any value may be 
taken for m. But if we begin, say with the first, and make m = 0, 


m=l, &c. in succession, we have the following :— 


| 

i 

} 

4 , 


128 DIFFERENTIAL AND INTEGRAL CALCULUS. 


l 
lst m=0 | Ist value of (1)» = 1 
2r 


Or — , 
2nd mæli | 2nd p s4 Ja = cos — +4 —1 sin 7 
n 


4r = . ar 
3rd m=2 | 3rd iu dae, aks — cos-——+V —1 sin — 
n n 


i 2n- 2 — , (2n-2 
ath |momn—]| nth.. .. Eo ~ ) T art gat ( = JR 


2nm — . An 
(n+1)th mEn (n+1)th . e: e. Z> cos— +v = Isin — 


Qn+2)1 —— 2 
N = +7—1 sin cides — 


&c. A&C. &. &C. &C. 


(n-+2)th jm=n+1)} (n+2)th...=cos 


. 218 : 
But since —— = 27, and cos 27 = cos 0, sin 2r = sin 0,the (n+1)th 
n 


; ; 2n +2 
value is the same as the first; and since CUE: ad A 
n 


2; 
= 20 +. 2T and 
n 


2r\ Or 
COs (27 + =) = COS 5 &c., the (n+2)th value is the same as the 


second; and so on. The first n values therefore recur in periods, n in 
each; and the n roots in each period are all that can be obtained. 
The same may be proved for the roots of —1. Suppose, for instance, 
that we would have the four fourth roots of — 1. The first four values 
of 2m + 1 are 1, 3, 5, and 7, and the corresponding angles are 11, Îr, 
Sa, and Zr, which, expressed in degrees, are 45°, 125°, 225°, 315°: 
and we have 


cos 45° = 12 cos135° = — 302 cos 225°= - 1N2 cos 315° = 1 V2, 
sin 45° = 1/2 sin 135° = 14/2 sin 225°= -14/2 sin 315°= -3V2, 
whence the four roots are, firstly, 1a 2 (1 + J —1); secondly, 
1 V2 (artal thirdly, 4 72 (—1—Ẹs—1); fourthly, 


} /2 a w—1). Either of these raised to the fourth power will 
give —1, 


Square of Ist root is 4. 2 /—1, the square of which is —1, 
Square of 2nd root is $x -2V—1, the square of which is —1: 
The roots of +1 are of great use in analysis, and possess many 


remarkable properties. The method by which they are obtained rests 
entirely on this: that a” undergoes the extraction of the nth root by 
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substitution of Pi instead of x; that every whole value of m gives 


cos 2mr + V¥—1 sin 2m7 equal to 1; that this latter expression is of 
the form a’, being £?" Y-1. and consequently that one of the nth roots 


i 3 2mMr l ; 
of 1 is made by writing — for 2mr in that expression. 
n 


Every whole power of an nth root of unity is also an nth root. For, 


if « be an nth root of unity, that is, if @"==1, then (a) = (a")” 
=(1)"=1 or a” is an nth root of 1. This is also evident from De 
Moivre’s Theorem (p. 125); for if @ be 2r—+-n, one nth root of 1 is 


cos mé -- 4 — lsin m8, the pth power of which is cos mpo -- dl 
sin mp9, another root. Consequently, œ being one root, a? af, at,..., 
(a" or 1) are all roots, but it does not follow that all the roots are among 
them, for the same root may be repeated twice or more. To explain 
this, observe that if n be a composite number, say 12, which is 6 x2 and 
4X3, among the 12th roots of 1 will be found all the 6th, 4th and 
square roots. Let ò be a sixth root of unity; then ò= 1 and (6°)? 
= (1)*=1, or $¥=1, therefore 8 is also a 12th root; and so of the 
rest, If, then, we take a 12th root of unity from among those which 
are also 6th roots, the series of powers of such a root will never give the 
complete series of 12th roots; but only a continual recurrence of the 
roots which are both 6th and 12th roots. For in such a case the series 
of powers will be 3, 32, 3%, 3t, 35, ò= 1, X = X, 38 = 8, &e. &c. But 
there are 12th roots among the powers of which are found al the 12th 
roots : to prove which we premise the following 

TuEoREM.—It is impossible that sin z = sin Y, and also cos t=cos y, 
unless x and y differ by a whole multiple of 27, or a whole number of 
revolutions. For the solutions of the first are all contained in 

=g t2mmr and y= (2n + l)r — q, and those of the second in 
y = x Qm's, and y = 2n'r — x; m, M, n, n', being whole numbers, 
positive or negative. But no whole values of n and n’ will make 
(2n + l)r — x = 2n'r—2, or 2n+1 = 2n', consequently, the solu- 
tions common to the two equations are all contained in y =x £ 2mr ; 
which was to be proved. 

Now, to apply this theorem, suppose 0 = 2r — n, and let æ = cos@ 


+ /—1sin6, the powers of which are œ = cos 20 + “—] sin 20 
? l 


IMr 
. e. K” =cos MO + »/—1 sin md, and m9 or —— cannot exceed 0 or 
n 


2m 
7 by a whole circumference, till m = n + 1, that is, the first n roots 
1 


must be different, and therefore give all the nth roots (which are but 2 


in number). Consequently, cos + V —1 sin 8 is what is sometimes 
called a primitive nth root. Again, let s be a whole number which is 
prime to n (or let n and s have no common measure greater than 


unity) : I say that o or cos sð + /—1 sin s8 is another primitive nth 
root. For let its pth power be taken (all its powers are also nth roots) : 
then ps@ can never differ from sð by a whole number of revolutions 
until p = (n+ 1). Forif ps9 — s0 = + 2vr (v being a whole num- 
ber) and if for 2r we write its value nð, and then divide by 0, we have 
Ps — s = tvn, all being whole numbers; which gives 

K 


ho se: C—O 
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S. . 
S am 4 or — is reduced to lower terms if p — 1 be less than n, 


n p—l n eU 
or p less than n+ 1. Hence s and n have a common measure, which 
is against the supposition. Consequently, by the same reasoning as 
before, æ is a primitive nth root. If « be a primitive 12th root of 
unity, then 2’, af, «f, 2, a, and a” or 1, are sixth roots; g‘, e and a” 
are cube roots; @, aê, œ and «” are fourth roots; «° and a? 
(—l and +1) are square roots ; and æ, a, a’, and a'', are primitive 
12th roots. 

If we take p+q=n, or po + q0 = n0 = 2r, we have pô = 2r — q0, 


cos p9 = cos q9, sin po = — sin q0, that is, if cos pO + fal sin pO, be 


A+Bv—1, cos go+v—1 sin gi is A—B a —1, or the first and last, 
the second and last but one, &c. of the roots derived from the lowest 


primitive root cos 0 + /—1 sin 8 are pairs of the form A+B V—1. 


A—BV—1. If n be even = 2n', there is a root which is not in 
such a couple, namely, when p = n’, gq =n, which case does not give 
two different roots. But this single root is always = — 1, for 
n'6 =ind = 7, and cos r =— 1, sinr =0. A similar theorem may be 
proved for the roots of —1. One great use of this theory is the 
resolution of the expression a” t a” into factors, for the purposes 
of integration. It is known from the theory of equations that if an 
expression beginning with a have @, ge.. +n for its 7 roots, that ex- 
pression must be identical with the product (t—a) (w—a).... 
(x—a,). First take 2"—1 from whence (æ o2..++ a, being the n nth 
roots of 1) 

a — l] = (4—a) (@—a2) (1—8). « . (4 —@,). Cl.) 
Now assume E Ar + As p... ++ A . . (2.) 

xt“—] xr—& Lay LÁ A, 

Differentiate both sides of the first, which gives 


a TEE Tae of all) , f Prod. of all} „ fProd. of all) 
on — |but a—a@, (' |butr—a | °t" [but r-e, f 


ret 


in which when z = g, all the terms vanish except only that which is 
free of r—a,, and so on, whence 


No (a, - dy) Coy ats) oe (a,- On) Nog” = (o> 0) (og — a3) e (Cs Gn) &C. 


n 
But o,"= 1, &c., whence nat = —, &e. 
ay 
Multiply together (1) and (2), which give 1 as the first side, and as 
the second the sum of A,, A,, &c. severally multiplied by the products 
in (3) ; make æ successively = a, a, &c. and we have, 


1t on CP 
l = A,X (a, — a). (4, —o,) =A, — or A, = —, Ap —, &e. 
a, IL n 
n ay Oe an 
oe +... + — 
e—L @&—a @&-a, C— An 
If we proceed exactly in the same way with a*+1, the only differ- 
ence is that g” = —1 (a,—oe). . (4 —@) = — Nh, and we have 
Nl Eal Oy Xa An “Oy oeo» being — 
Se ee eee ee Se oe aS = t 
x’+ l T= AX L— Az C= Hy xX of (—1)" 
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A real form may be given ‘as follows: Let A+B a —1 be a couple 
of corresponding roots, as proved to exist in p. 130; then in the first case, 


A+BV—1 ` A—BYV=1 _ 2A(a—A) —2B? 
e—-A-BV—-1 w-A+BV—] (a—-A)*+B ` 


So that each couple gives a real fraction. We shall resume this sub- 
ject in the sequel. Previously to closing this chapter, we must observe 
that, when we take the logarithms of both sides of an expression, we 
must, if impossible quantities be in question, take the general loga- 


rithms as in p. 126; so that in p. 124, 2mr J —1, 2m’ wf — 1, &e. 
should have been annexed, the effect of which upon the result would 
have been to make | 


b+ (wh. no)7 =O—Asin2g0+ .... 


but this agrees with the original equation tang = k tan @; for ¢ and 
$ E (wh . no) m, have the same tangent. If the nearest values of $ 
and @ be sought, then nothing must be annexed to ¢. 


CHAPTER VIII. 


ON THE MEANING OF DIFFERENTIAL COEFFICIENTS, AND ON 
THE FIRST PRINCIPLES OF THE APPLICATION OF THE SCIENCE 
TO GEOMETRY AND MECHANICS. 


On a perfect understanding of the reasoning contained in this Chapter, 
it must depend whether the student will hereafter apply the Differential 
Calculus to geometry, mechanics, &c., or only its symbols and mechanism. 

The derivation of differential coefficients has been sufficiently ex- 
plained ; we understand what they are in relation to their primitive 
functions, which are algebraical expressions. But when we come to 
apply the primitives, and make them representatives of concrete magni- 
tudes, such as spaces, times, forces, &c. &c., we do not carry with us 
any relations between the diff. co. and the magnitudes in question. 

Our first question is this : @x being a given function of v, and ¢’a its 


- diff. co., we know that for any value of 2, G’x if a possible quantity, is 


either positive or negative ; it may for particular values of x, be 0 or x. 
What do these several states denote ? 

If we suppose the variable x to pass through all stages of magnitude 
from — c& to + «, that is, through all values, positive. and negative, 
the function $x will pass through all its stages of magnitude; and we 
shall now prove the following 

TuEoremM.—So long as ¢’z is positive, x and $x increase together; or 
decrease together ; or, let us say, take similar changes: but so long as 
¢’x is negative, if æ increase, dx diminishes, and if x diminish, px 
increases; or x and oz take dissimilar changes. 

We shall first give an example; let pr = a°, p's = 2x, which is 
positive or negative with æ. That is, when æ is positive, z and `g? 


increase together or diminish’ together, as is evident. But when «æ is 
- K 2 . 


eet 
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negative, an increase of wv diminishes 2°; for instance, let x increase 


from —7 to —6, and a? diminishes from 49 to 36. Increase and dimi- — 


nution are to be taken in their algebraical sense. 


Let x increase to x+Az (that is, let Ar be positive); then, if the- 


diff. co. be positive {@ (x+ Ar) — hr} Arz is either positive, or becomes 
so when Az is diminished. For it approaches without limit to Ø'r, a 
positive quantity, and therefore must become positive before it attains 
that limit. But Az being positive, Ø (x+ Ar)—ġzx also is or becomes 
positive, that is, @(v+Az) is greater than $x for finite values of Ar. 
So that x and x increase together. But, if Ar be negative, or 7+ Ax 
less than x, then @’x being positive, and {¢ (r+ Ax) — ¢x}—Az becom- 
ing so before Ar = 0, it follows that # (x + Ar)— px must become 
negative, or Ø (x -+ Ar) becomes less than @z, or v and $æ diminish 
together. 7 

Considerations. precisely similar show that when ¢'r is negative 
p (vx+-Ar)—x must become negative before Av =0, when Az is posi- 
tive, or positive when Ax is negative. 

If px = tan x, d'x = 1 + tan °x, which is always positive : the angle 
and its tangent are always increasing together. Let the student verify 
this theorem round the four right angles. In the first right angle the 
theorem is obvious: but when z = 47, tan x = œ , and here, we might 
at first suppose, increase must stop; but the following extension is a 
necessary consequence of the algebraical definition -of increase and 
decrease. When a quantity becomes 0 or œ , it may change its sign, 
but it may not. The only restriction is, that it cannot change its sign 
for any other values. Now, 0 and æ are themselves of dubious sign ; 
where they are accompanied by a change of sign, they themselves 
belong to neither sign more than to the other. In the case of ¢r=tan a, 


; T 
è ee 7 —_ 1 (d è 
we have a change of sign when x = $r ; consequently, tan 5 8 +o, 


considered as the final state of tan x in the first right angle, and 
— æ considered as the initial state of tan æ in the second. At this 
point then, there is discontinuity in the function tana. ` 

In the rest of this chapter, understand that the change of state of the 
variable is always increase, unless the contrary be specified. 


log x 1—log x 


p'r = ——-. 


x av 


, Let dc= 


As long as æ is less than £, or log x less than 1, the ratio of a loga- 
rithm to its number is increasing; but from the time when e = g, the 
same ratio decreases. Therefore, the number whose logarithm has 
the greatest ratio to it is ¢ and that of 1; £ the greatest ratio. Or, the 
number is never less than 2°7182S8.... times its logarithm. 

DeEriniTtiIon.—When a function ceases to increase and begins to 
decrease, it is said to be a maximum; when it ceases to decrease and 
begins to increase, it is said to be a minimum. ` These terms must not 


be interpreted by their literal translationin to English; a maximum is | 
= not necessarily the greatest possible value of a function, nor a minimum { 
the least. The greatest value of the function is the greatest of all | 


“its maxima, and the least value is the least of all the minima. A 
maximum may even be less than a minimum ; or the value of a function 
where its increase stops in one state may be less than that where its 
decrease stops in another state. 
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THEeorEM.— When the diff. co. changes from positive to negative, 
there is a maximum: when the diff. co. changes from negative to 
positive, there is a minimum (the variable increasing in both cases). 
This needs no demonstration after the last. 

Let pr = #—3r4+2, g'r = 2x—3; there is a change of sign in 
gx from — to + when x = 3, or the function is then a minimum, its 
valne being }— 3.3 +2 or —4. That is, the negative values of this 
function never numerically exceed 1. 


9 
eae 


9 Š : : 
Let pr = te™™, o'x = 77" (1—2). There is a change of sign 
when z passes through -- 4. /2 and H 2; but in the first case from 
—to +, m the second from + to —. Consequently, there is a mini- 


mum when «= — 4/2, and the minimum value of the function is 
2 I . ° E ° 
—id 2 €77 ;. there is a maximum when z = 3/2, and the maximum, 
. . ~ 1 
value of the function is 44/2 e-¥. 


Shew that £7 is a maximum, and =1, when x = 0. 

Let pr = sina, g’z= cosx. The’sine is a maximum (=1) when 
z = şr, and a minimum (= — 1) when r= 27; a maximum again 
(=1) when x = £7, &. &c. 

Let x = &.sin x, p'x = & (sing + cos x). There is a maximum 


(= ei” y 4 /2) when <x = 3 r, a minimum (= — gT" x4 12) when 


oS os, 

What is that number whose excess above its square root is the least 
possible ?— Ans. 1. 

We have taken this method because it depends more upon perception, 
and less upon mechanical expertness, than the one commonly given, 
which is besides defective. We now proceed to the common method. 
It is obvious that the second diff. co., being the first of the first, is the same 
index to the changes of the first diff. co. which the latter is to those of 
the primitive function. Now, since a function, which changes its sign, 
must either be O or œ , let us first consider the cases where ¢’x becomes 
=0, and in which also 9” is finite, positive or negative. Then, if "x 
be positive, ¢’x must be increasing ; but an increase through O involves 
change of sign from — to + : consequently, when ¢'x = 0 and ¢"z is 
positive, px is a minimum. But when ¢”z is negative, ¢/z is diminishing ; 
diminution through O involves a change of sign from -+ to — ; conse- 
quently, when ¢’v = 0 and @"x is negative, øx is a maximum. But it 
may happen, that when ¢’r= 0, we have also "x= 0. If, in this 
case, x, the third diff. co., be positive or negative, then px itself has 

„a maximum or minimum *¥ value = 0, and does not therefore change 
sign 3 consequently, there is no maximum or minimum when ¢/z = 0, 
ox =0 and "zr is finite. Suppose.¢!r=0 and "x to be finite ; 
then ġ”x is a maximum or minimum. Thus, let it be 


piz= 0, "x= 0, "x = 0, xis +. 


Then $"z, is a minimum (= 0); it is therefore positive immediately 
before and after the value of x for which all this takes place, or ¢'z is 
increasing ; that is, f/x passes from — to + through 0, or $x is a mini- 
mum also, And by similar reasoning, if a certain value of v give , 


* The value 0 is the maximum of a function when it is negative on one side and 


the other of 0; and the minimum when it is positive on both sides. 
i 


} 


a 
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o'x — 0, o'x — 0, px s= 0, ivy is — 


then ¢’c is a maximum (==0), is negative immediately before and 
after, @’x is decreasing through 0, and changes from + to — ; that is, 
gx is a maximum. — But if dr = 0, similar considerations may be 
applied to ¢’z and gx; and the total result of all is the following: that 
when a value of v makes a succession of diff. co. beginning with x 
severally equal to 0, ¢x is a maximum when the first finite diff. co. is 
of an even order and negative; and is a minimum when the first 
finite diff. co. is of an even order and positive. ‘Take, for instance, 


px = (r1—a)*e* 

p'r={(x—a) +4 — a) } E, Pa={ (a-a)*+8(a-a)? +12 (e—a)’ fe" 
Px = { (x — a) +12 (x — a)? +36 (x—a) + 24 (r—a) j e 

pn = { (x —a) + 16 (wx—a)? +72 (x—a)” + 96 (x — a) + 24 pe. 


Here, when x= a, the first finite diff. co, is the fourth, which is 
24 e" and positive, or 0 is a minimum value of dx. But this is made 
much more evident by writing ¢’w in the form (w—a)* (@ — a + 4) ®, 
in which case it is plain that @’x changes from — to + through 0 when 
x=a. And generally it will be found much more easy to ascertain 
whether ġ'x changes its sign, than to determine "zx for the completion 
of the common rule. The necessary process consists, 1. in ascertaining 
all the values of æ which make-¢‘z nothing or infinite (for at these only 
can the sign change); 2. in finding out at which of the preceding 
values the sign changes, and how. In the preceding function we see 
that @’x also = 0 when «= a — 4, at which (x increasing) (x—a)’ is 
—,x—a-+4 changes from — to +, € remaining positive. Conse- 
quently, ¢@’x changes from + to —, or there is a maximum when 
a= (a—4), namely, 256 <7. 

We now know what we can tell of a function from the sign and 
change of sign of the diff. co.; the question follows as to what we 
are to infer from its magnitude. In rough language, it 1s the measure 
of the rate at which the function is increasing, or of the quantity of 
effect which a change in the variable produces on the function. If v be 


d . 
changed into vw + Ax, then = Av is (if Av be small) very nearly the 


change made in the value of the function y. This is $’x Aa, if y = ġrz, 
so that for given increments of v, the changes in the function when 
x =a and when x = b, are in the proportion of ¢’a to ~’b ; and this as 
nearly as we please, by making the changes of x sufficiently small. But 
this notion, though perceptible, is not definite; for we may see that 
there is no value of Ax to which it has any particular reference. And 


dy. . l ' 
a is itself a variable; while æ increases to x + Av, it assumes differ- 
x 


ent values. We shall presently see that geometry and mechanics 
afford instances of the same character, but we now endeavour to give 
a more precise notion independently of them. When a diff. co. is 
the index of an effect which is being produced, we are easily led to 
this method of estimating the relative proportions in whigh the effect is 
produced for different values of the variable; namely, imagine that 
the; diff. co. is made to stop at the value which it has for any given 
value of x, and to continue the same while 2 increases from æ to r+Aw. 
Then the effect produced is that of a diff. co. which remains the 
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same, and we are not embarrassed by any consideration arising from 

its variation. Now the only function which has a constant diff. co. k, 

is kv + l, where / is also a constant. Let @x be a function which we 

are considering at the value z = a, for which ġa is the function, and 

p'a the diff. co. At and after x = a, let the diff. co. cease to vary and 

remain =@’a, which requires that pæ should cease to be the function in 

question, and ¢’a.x + / should begin to be so. And Zis an indetermi- 

nate constant; let it therefore be such that when a = a, the value of the 
new function shall be the same as that of the old, namely, pa. That 

is, let d'a.a + L= da, or l = da — ġ'a.a, so that the new function is 

pa + p'a (x— a). Here is, then, a function which, when z= a, 

agrees with x both in value and diff. co.; but in which the latter 
retains one value, while ¢’z, the diff. co. of $2, changes value with z. 

Now, while x changes from a toa + h, a + 2h, a + 3h, &c., pa + p'a. 
(x—u) changes from Qa to pa+p'a.h, pa+-p'a.2h, pa+p'a.3h, &., 
that is, it receives a uniform increment Ø'a xh for every accession of 
value, 2, to the variable. Hence 1. The value ọ'a, which ¢’r has when 
r=a, is thus connected with the increase of the function ; if the diff. co. 
retained this value while x increased to x + h, the increase of the func- 
tion would be $'a.h, for all values of h. 2. That in the function dx 
as it is, and with a variable diff. co., the actual increment made by 
changing @ into a+/ may be made as nearly equal to ¢’a.h as we 
please, if A be sufficiently small, as is evident from ¢ (a+h)—¢a and 
p'a.h having a ratio whose limit is 1. ; 


__ 7\2 
If we take the function ġa + ¢/a (w—a) + ọ”a e 7 a we have a 


function which agrees with øx when « = a, not only in value and in 
first diff. co., but also in second diff. co. Similarly pa + Q'a (a — a) 
„n (@—a)} ,, (@— a} 
TENE AE 
so on. Butin the first that second diff. co. remains constant; in the 
second, the third diff. co. remains constant, and so on. We can 
therefore take a function, which, for a particular value of 2, has its 
value and that of all the diff. co. up to the nth, the same as those of 
gx; but in which the nth diff. co. remains constant, instead of varying 
with that of oz. 
Among the words with which we are familiar in philosophical sub- 
jects, are direction, velocity, force, density, curvature, area, length, 
| sohdity or volume, &c. None of these terms can be fully defined; each 
is the mere expression of one of our most simple notions. Nor is it our 
object here to define them, but to show how to measure them, particu- 
larly in the cases in which they are varying from point to point, or from 
moment to moment, &c. Though they are the fundamental terms of 
very different sciences, yet the methods of measurement of several of 
them have great analogy to each other, and to the process last consi- 
dered in illustration of the connexion between a function and its diff. co. 
We have therefore brought them together from all quarters ; and, accord- 
ing to the previous habits and reading of the student, ideas drawn from 
the explanation of one will throw.light upon those of the rest. 

l. Direction. A notion drawn from different straight lines being the 
most direct paths to different points. The line of uniform direction, or 
the line which has the same direction throughout, is a straight line. 
This notion is not one which immediately strikes us in regard to a curve, 


agrees also in the third diff. co., and 


E 
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2. Curvature. A curve appears to be more curved or bent in some 
parts than in others. The only precise notions we have to start with are 
these, that the curvature of a circle is the same in all its parts, and that 
a straight line has no curvature. 

3. Length. 4, Area. 5. Solidity, or Volume. These terms are 
sufficiently well known. 

6. Density. This term has reference to the quantity of matter in a 
body, our only measure of which is its weight. A body is uniformly 
dense when a given bulk, say a cubic inch, from what part soever it may 
be taken, has the same weight. 

7. Velocity. Quickness of motion : of points, that which moves over 
the greater length in the same time, has, on the whole, the greater velo- 
city. Uniform velocity exists where any equal lengths whatsoever are 
described in the same times. 

8. Force; by which we mean what is called in mechanics, accelerat- 
ing or retarding force, namely, whatever increases or diminishes velo- 
city. Thus, a cannon ball and a pea moving together, always with the 
same velocity one as the other, and therefore with the same changes of 
velocity, are acted on by the same accelerating or retarding forces. 

We shall take these several terms in order : 

1, Direction. A point moving-on a straight line retains one direc- 
tion; but a point moving on a curve does not continue for any portion 
of time, however small, in the same direction. If it can be said at any 
specified time to have a direction at all, it is only in this sense: that let 
it move through a very small arc, and it will nearly move as if it 
moved over the chord of that arc. All the preceding sentence becomes 
more near to the truth the smaller the arc moved over is supposed to 
be: if then we can find a straight line to which the chord drawn from a 
given point approximates without limit as to direction, while it is dimi- 
nished without limit as to length, let the curve be said at that point to 
have the same direction as that straight line. 


Let PQ be a portion of a curve referred to rectangular co-ordinates ; 
and let its equation be y == Øx. Take an abscissa’ OM, (a particular 
value of z) =a, and let MP, the corresponding value of y, be = b, 
whence b = ¢ (a). From P drawa chord PQ, and let a + Az, 6+Ay, 
be the co-ordinates of Q; that is, let Av = MN, Ay = ZQ in the first 
curve, Ac = MN Ay = — ZQ in the second curve. Then will the 
chord PQ make with PZ (or with its parallel the axis of x) the angle 
QPZ, which, the sign not being considered, has QZ — PZ or Ay 4% 
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for its tangent in both. Drawa fixed line PT, making with PZ and 

; . a 
with the axis of r, an angle whose tangent is = or Øx, that is, for this 
particular point, Ø'a; and let this line fall on the same side of PZ as the 
chord PQ. Then as Q is made to move towards P, or as the chord 
drawn from P is lessened, the tangents of QPZ and TPZ being Sy 

z 
dy 
dx 
limit, approaches it without limit. Consequently, the angle QPZ has 
the limit TPZ; or the angle QPT diminishes without limit. Hence, 
the chord PQ approaches nearer without limit to the direction PT, when 
Q approaches without limit to PZ. Consequently, by the definition 
laid down, PT is to be called the direction of the curve at P. The line 
PT is called the tangent of the curve at P. 

In the first curve Q'a is positive, in the second negative (page 132). 
But the angles TPZ drawn in both have positive tangents ; and it would 
create confusion to be obliged to divest an expression of its sign. To 
remedy this, always measure the angle made by a line with the axis of 
x in one direction of revolution, namely, in that indicated by the arrow. 
That is, in the second curve let QP and TP be produced beyond P, and 
let Q'PZ (an angle with a negative tangent) and not QPZ, be the angle 
considered ; also let T’PZ be considered instead of TPZ. A negative 
diff. co. will then accompany an angle greater than a right angle, or one 
with a negative tangent. Hence, x being the abscissa of a curve, and 


and —, (here = Ø'a,) and the former varying, with the latter as its 


d . 
y or Px its ordinate, < or Øx is the tangent of the angle which the 


tangent line, or line of direction of the curve, makes with the axis of 2, 
at the point whose abscissa is a. 

ExampLe. In the curve in which the ordinate is the Naperian loga- 
rithm of the abscissa, what is the angle made by the tangent line, or line 
of direction of the curve, with the axis of x, at the point whose abscissa 
is x= 10, and whose ordinate is therefore 2°30258..... Here 


y = log x, td == L == +1 at the particular point in question. But +1 
is the tangent of 5° 43’, the angle required. 

Since the tangent line passes through the point * (a, b) or (a, da), 
and makes with the axis of x an angle whose tangent is d’a, the equa- 
tion of the line, x and y now meaning the co-ordinates of any point in it, 
is (Algebraic Geometry, p. 23) y — pa = p'a (x — a), or y= ha 
+ p'a (x— a); see page 135. 

2. Curvaturet. We shall consider the curvature of a curve as a 
quantity to be estimated as follows: take three points on the curve, the 
first being the fixed point in question, the second and third being points 
near to it, which we shall afterwards suppose to approach without limit 
to the first. ‘Three points determine a circle; and the nearer the two 
latter points Q and R approach to the fixed point P, the more nearly 
may the arc of the curve PQR be considered as identica] with the arc 
of the circle which passes through those three points. Let (x, y) be 


* This always means the point whose co-ordinates are a and à, 
+ The beginner may omit this article. 


a 


138 DIFFERENTIAL AND INTEGRAL CALCULUS. 


the fixed point in question (2’,y’) and (”,y’) the contiguous points. 
If there be a circle having its centre at the point (m,n), and its radius p, 
and if X and Y be co-ordinates of any point in that circle, then (Alge- 
braic Geometry, p. 36) the equation of that circle is (X — m)? + 
(Y — n) = p®. But (x,y), (%',y'), (2, y") are to be points in the 
circle; whence the equations in the first column below: those in the 
second are obtained by subtraction of the first from the second, and of 
the second from the third— 


` ees 2 ae Q , 
a nye (x’—x)(a' + x—2m)-+ (y'—y) (y'+y-2n)=0 


oil Ml dono E yy a et ee eee 
(a! -m) +4" -n =p (x" -x)(x Har. 2m)-+ (y -y')(y" +y -2n)=0 

Subtract the firstin the second column from the second, which gives 
e—a 4 e—a — 2a" +x) 2m + y/P—Qy? + y®— (y"—2y' +y)2n=0. 


But if P be any function, which on two successive suppositions be- 
comes P’ and P”, then (Chapter IV.) AP=P'— P, AP’= P" — P’, 
A?P = AP’ — AP=P"—2P'+P. Apply this to the functions 2’, x, 42, 
y, and the preceding becomes A’(2*)—A?’x 2m +A? (4Y) — Ay. 2m=0. 
Now, if we consider y as a function of v, and suppose œ to be- 
come successively 4# = x + Az, x” = x+ 2Azx, which is the suppo- 
sition of ordinary differentiation, we have then A’v=0. But let us take 
a wider supposition. Let y not be given in terms of v, but let x and y 
both be given in terms of another variable ¢, namely, by the equations 
æ =xyt y = wt, from which, by elimination of t, y = px may be found. 
For instance, in the curve called the cycloid, instead of giving an equa- 
tion between x and y, it is found more convenient to express both x and 
y in this way, y=a (t— sin £), w=a (l—cos t). Suppose that x be- 
comes g’ and x”, and y becomes y’ and y”, when ¢ becomes ¢+At, 
and ¢+2At. Divide both sides of the preceding equation by (Ad), 
and then, to find the relation between m and n, which is perpetually 
approximated to by supposing Q and R to approach P, let At diminish 
without limit. Then, (page 81) we have 

Ca?) dex 9 ay’) dy 


es Ee 


de de” Toge ae’ -™ 


2 y i U =2( a es (E ay 4 


— at , Ey ) 
dt dt’ dé dt: “ae? db di 


d’x dy (dx? dy \? 


Another relation is obtained from the first 
second column above, by writing Az for x —ax, 
by At, and taking the limit, remembering th 
limits vaud y. This gives 


Ay for y'—y, dividing 
at wz’ and y’ have the 


: (x m) dt + (y ara n.) dt ey 0. 


From which last two equations we easily obtain 


of the equations in the hg 
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Pe = dx\? /dy | {dy dx dx A 
fe H (A T (ae de T ae del 


j 


[i 


€ — M 


3 
RAOLA E a Bb 
P= = a) db E Vade de ael’ 
the third equation being formed by, adding together the squares of the 
first two, and extracting the square root. It might at first appear as if 
we might obtain as many different circles as we can make different 
suppositions with respect to ¢: but it will be shown hereafter that 
there is. only one such circle; and this circle (by an extension of 
the same kind as that under which the curve is said to have a definite 
direction determined by the tangent) is said to have the same curvature 
as the curve has at the point (a, y), and its radius is called the radius 
of curvature of the curve at that point. 
Let us make the supposition that t= x, in which case we have 
y=xX2, r= Yr, the second of which must be made identical, that is, 


the function yx mast be a itself, and yx is the same as oz. We have 
also, 


de ah dy _ dy dy dy 


dt dT? d de dÈ ~ da?’ 
3 3 
dy\?\? dy l ‘x)? }2 
p= t{i+ uk = oe «eS 
dx > dg Dax 
neglecting the sign, which we shall consider elsewhere. Let us suppose 


it required to find the radius of curvature at any point of a parabola 
whose equation is y2 = 4cr, We have then 


TERVEI TENA 1+ O = ES, 


ete: . = a r+c)? 
EH) = (wea ati 


C? 


Wwe 


yw 


p'e = -Wes 


| neglecting the sign. Hence, since the curvature of a circle is evidently 

the less, the greater the radius, it follows that the curvature of a para- 
bola diminishes as we go from the vertex, where it is greatest, the radius 
of curvature being there least, and equal to 2c. 

We may easily give a sufficient proof that the circle thus obtained is 
closer to the curve at the point P, than any other which can be drawn. 
For if possible, let a circle (A) fall between the circle of curvature (K) 
and the curve (C), immediately after leaving P. Then the circle drawn 

through P, Q,R, which approaches without limit 

p> to coincide with (K), cannot approach it nearer 

PRO x than (A), which is absurd. Give a similar proof 

: that no straight line can he between the tan- 

i X gent and the curve. More formal proofs: of 
both propositions wil] be hereafter given. 
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3. Length. (Read again the remarks in page 23, and also the pro- 
cess in page 30.) We now proceed to find the length of any portion 
of a curve whose ordinate is px. Let it be the arc contained between 
the points which havea and a for abscissee. Divide the portion of the 
axis of x which lies under the given arc, a’—a in length, into n equal 
parts, each of which is Av. Let MN (figure, page 136,) be one of 
these portions; and let OM = x, MP=y. We assume as an axiom, 
that the arc PQ is greater than the chord PQ, but less than PT + TQ. 
And we have 


ee eT ae Nae 
PQ = (A1) + (Ay) PT =¥V (Axy + (Ar? ta’ TPZ = s/l +(S) 


dy “Ay dy \ 
a —-—aAr =A. Se 4) Aw, 
TQ = Ay a Ax T E- is) a Ac 


where* « and Av are comminuent. Hence we find that 

The arc PQ v Ay? af ( dy ~ 
lies insta Ax l+ (2) and Ar bap dr + 

e. o o% ọọ s NNA + (5 + «| e è Ar ( l + (2) 4- a ) 


Writing $’x for Zs, and making V1+('r a)? z V1+('zr)* +R, 


we see that 6 and «& are comminuent, as are therefore $ and Ar. Re- 
peating this process for every one of the parts into which the whole arc 
is divided, we see that the whole arc in question must lie between 


2 i As (VIP) +8) f and Ej Ar (VIFT + a) h, 
or = ( Ay 14+ (@'x)*) + 2fAx and È (Ax VIDT) + SaAc. 


Now, when 7 is increased without limit, or Ax diminished without 
limit, (2 Aa = a’ — a) œ and £ are in every portion of the’ arc dimi- 
nished without limit. Consequently, A and B may be always greater 
than the greatest of the values of œ and £, and yet be comminuent with 
Ar. In that case nA and nB must be greater than Ze and 2A, and 
nAAx and nB Ax greater than 2(«¢Azr) and >(BAr). Remember that 
Av is the same in all. But mA Aw = A(a'—a) and nBAr=B(a'-a), 
which last are comminuent with A and B, and therefore with Az. 
Consequently the limits of the two preceding functions, when Az is 


diminished without limit, are both the same as that of X (Aa 1+(¢'r)?), 
which (page 100) is J SN] +('x)? dx. Hence the arc of the curve, 
which always lies between these sums, is itself the limit just found; 
that is, the arc of the curve whose ordinate is x, contained between the 
points whose abscisse are a and a’, (aud called s) is 


_ * æ may be reckoned positive, though the expression it represents may be nega- 
tive. We have nothing to do but with the fact that its numerical value (indepen- 
dent of sign) is comminuent with Az, 
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‘= [VIFO a= [iit (&) & 


ExampLe 1, Required the length of the arc of a parabola whose 
equation 1s y? = 4er, which begins when x = 0, and ends when v=a. 


gre Vice pes VFS = EE, 


[VE u ate pal (ete te, 
| Vitor 2) Vibe 


d(a*+er) c dx Jo ae c — 
ices: == +5 Ss N tor + = log (e+ = 4 ep 
2/14 cr 2 Veter EER is ( + 2 )» 


the last being obtained as in page 116.. Hence we have, 


af ee ORN a ee ae oY, :/ oo a 
ar pa dx = Va? + ca + 5 log (a+ sta +a) — 5 log 5 


ere eee 9 Car aes 
=V af ca + 5 log (HE = 1e 


ExamPLe 2.—What is that curve the arc of which, beginning from 
v= 0, is always = /2ar? The diff. co. of INI 4+ (o'x)? dv is 
J l- (¢’x)?; and therefore since 


— 


E tN rar o e 
| f V1 + (9'x)? dx = N 2ax we have 1 + (gry = a 


x 
: = dy\* a dy a a 
| ‘v)? -=> |= — — = = — —1. Let— = 2k 
$ Se (2) 2x so dx 2x : “3 
ce fe Te 
y y= |V Side [JE ae = de | 
F x T V 2 kr—a 
a Oh = 
i = L fol ea aA de = AC +- 2k B 
5 2 Nkr — x 21 Whe — a? N Qhr— x 


eV Oke — a + 2k vers™ z+ constant, (page 116). 


| Any value of this constant may be used. In fact, if the constant be 
made =p, then the curve which has the two first terms for its ordinate is 
raised or lowered from or to the axis of x by increasing or decreasing p : 
but the arc intercepted between any two ordinate lines is not changed. 
4. Avea.—The number of square units in a rectangle is the product of 
the numbers of linear units in its sides. Let it now be required to find 
in square units, the value of the portion of space contained between the 
points of the curve y = @r which have a and a’ for abscissa, bounded 
by the arc of the curve, the ordinates of its extreme points, and the 


a ee a E E 
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axis of v. Let the portion a’— a of the axis of x be divided into n equal 
parts, each = Ax, as before. Then (figure, p. 136) let MN be one of 
these parts, and draw ordinates (as in figure, p. 30). Hence the por- 
tion of the curvilinear area MPQN is composed of the rectangle PMNZ 
having the area yAv, and the curvilinear triangle PQZ, which is less 
than the rectangle contained by PZ and ZQ, or less than Ax Ay square 
units (neglecting the sign of Ay, if it be negative). Hence the area 
MPQN lies between yAa and yAr + Ay Az, and the whole area of the 
curve lies between LyAz and Èy Ar + 2Ay Ar. But, Ay being com- 
minuent with Av, it follows by the same reasoning as in p. 140, that 
LAy Ax is comminuent with Av ; and thence, that the two preceding 
sums have the same limit J < ydx, which is therefore the area in ques- 
tion. That is,the area bounded by the ordinates whose abscissæ are 
a and a', and the arc and axis of v contained between them, is f< yda 


or JS a Ox da. 
Examp.e 1.—The area of a parabola, whose equation is 4° = 4cz, 
contained between the vertex, the axis of x, and the ordinate whose 


toe em 1 -3 e e ° 
abscissa is «4, is fe OV cz dz = 4c? a? = 4 abscissa a X its ordinate. 
In this is condensed the whole of the process in pages 30, 31. 

EXAMPLE 2.—What is the curve, whose area contained between the 


ordinates to the abscissæ a and x, is always (in square units) clog—? 
a 


7 x ie , c 
We have here ydx = c log 7 and differentiating both sides y = A 


or ry = c, the equation of an hyperbola. Observe, that this area being 
an integral between certain limits a and z, must be of the form Yr — wa, 
and we have accordingly assumed it so, in clogr—cloga. The arc is 
also an integral, and a similar assumption is required. It was made in 
the second example of the last article, for the limits are there, O and 2, 
and a Vex is ava — av 0. 

5. Solidity or Volume.—The method of finding the solidity under a 
given surface must be deferred until we have more developments of the 
Integral Calculus. 

6. Density.—When any solid (or fluid) contains equal quantities of 
matter in equal bulks, from what part soever they may be drawn, the 
uniform density which is then said to prevail, may be measured, for the 
purposes of comparing one density with another, by the different quanti- 
ties of matter (or weights) contained in any one given bulk. If the 
same vessel filled with fluid B, weigh twice as much (independent of 
the weight of the vessel) as when it is filled with fluid A, then without 
knowing the content of the vessel, we pronounce fluid B twice as dense 
as fluid A. But as it is generally more convenient to employ absolute 
than relative terms, we obtain the necessary language in the sane 
manner as in the case of length, by choosing an arbitrary magnitude, 
and calling it unity or 1. Let pure water be said to have the density 
1; then any substance twice as heavy as water, bulk for bulk, has the 
density 2, and so on. An accidental relation in our metrical system 
makes the descent from the mathematical notion of density to the terms 
of common life immediate and easy. A cubic foot of water weighs (very 
nearly) 1000 ounces avoirdupois ; so that if we say the density of gold 
is 19:362, we infer that a cubic foot of gold weighs 19362 ounces avoir- 
dupois nearly, Let us now suppose a thin rod of matter whose uni- 
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form density is 1, or a cubic foot of which weighs as much as the same 
of water. And let there be another such rod, not of uniform density, 
evidenced:by our finding that any two equal lengths of it have different 
weights. Let the law of the weights of different portions be this, that 
xv inches taken from one of the two ends, which is specified, always 
weighs 2” ounces; that is, the first } inch weighs 4 oz., the first inch 
l oz., the first’ two inches 4 ounces. In the case of a uniform rod 
we might always find & by dividing the weight of any portion by that of 
an equal bulk of water: but in the second case we have no definite 
measure of density, though it is clear that the weight of equal portions 
goes on increasing. 


| TT CT ee eS Tt 


D B C 


Let AB be a part of the rod in question = a, and let BO=BD=Az. 
Then the weight of DB is 2*—(«—Az)’, and that of BC is 
(x + Ar)?— 2. These are 27vAxv — (Ax)? and 2x Ax + (Ax) ounces. 
Let the weight of a bulk of water, such as that of DB or BC (which 
must, ceteris paribus, be proportional to Ax) be eAz, then the density 


. Baii : Sst , 20 — AX 
of BD, if the matter in it be uniformly distributed, is ————— and that 
e 


2x + Ax 


of BC, on the same supposition, is These two suppositions 


e 

are not correct ; nor according to the definition of density, can we say 
what the density of the rod should be at B. But we may see that the 
weights of the successive‘ equal portions DB, BC, approach without 
limit to equality when Aw is diminished without limit, and that 


ss , er 20 
the presumed densities approach without limit to ae Let us say 


me ; i ; 
that the density at B is —; we have here an assertion which will be 
e 


nearly verified by a small portion of the rod taken on either side B ; 
more nearly on a smaller portion, &c., and in this sense we may admit 
the assertion. Similarly, if the weight of the length x inches be ¢x oz., 
it will follow in the same manner that the density at the point whose 
distance is 2 will be @’a divided by e, the weight in ounces of one inch 
of water. And hence it follows that the density being given at the 
distance x and called y, the weight in ounces of a’ — @ inches taken 
| between the points which are a and a’ inches distant from the end is 
ef yda. | 
1. Velocity.—When a point moves uniformly, that is to say, describes 
equal portions of length in any equal portions of time during the motion, 
it is said to move with a velocity which is measured by the number of 
units of length described in a unit of time. Thus taking feet and 
seconds, with reference to these units the velocity 10 is that of a point 
moving over 10 feet in one second of time, 20 feet in two seconds, 
5 feet in half a second, and in the same proportion for every other time. 
Hence it is evident that v being the velocity (length in one second) and 
L the number of seconds (called the time) vt must be the length de- 
scribed, which call s; hence s= vt. Hence, knowing the length 
described in any time, or knowing s for any value of t, we find v the 
velocity by dividing s by ¢. It may help the student to make him 
remember that as £ seconds is to one second, so is s the length described 
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i S 
in ¢ seconds to 


: or the length described in one second (the velo- 


city). When speaking of length moved over by a point, it is usual 
(but incorrectly) to call the length space. Thus it is said that one point 
moves over more space than another. 

Let there now be a point which does not move over equal lengths 
in eqyal times; but suppose it to move in such a way that at the 
end of ¢ seconds, it has ‘always moved over 2° feet. Suppose, that in 
the last figure, D, B, and C are its positions at the end of ¢— At, and 
t + At seconds. Then the lengths described in the At seconds* (or of 
a second) immediately preceding and succeeding t seconds elapsed are 
£ — (t — At)? and (t + At)’ — e, or 2t At — (AH? and 2¢ At + (At)’. 
For by hypothesis AD = (t — At}, AB=?, AC = (t + At). If, 
then, DB and BC were uniformly described, the velocities (length per 
second answering to those lengths per At) would be the preceding 
lengths divided by A¢; or 26 — At and 2t + At. But this supposition 
is incorrect. Nevertheless, if we speak at all of the point having a 
velocity at B, we must assert that velocity to be 2¢; and this assertion 
becomes more and more nearly true on one side and the other of B, as 
we take At less and less. Let us then say that the velocity at the end 
of t seconds, of a point which has then moved through ¿° seconds, is 2¢: 
not that the point will continue to move uniformly at the rate of 2¢ feet 
per second for any portion of time however small; but that the length 
moved through in the ensuing At, is nearly as it would be at that rate 
if At be small, more nearly if At be smaller, and so on without limit. 
In the same way it may be shown that, ọ¢ being the feet moved over in 
t seconds, the velocity at the end of ¢ seconds is ọ't; and if v (a given 
function of t) be the velocity, the length described between the end of 


a seconds and a’ seconds is J: «< vdt. Moreover, the time of describing 


a’ 


. o ° S e 
from a feet to a’ feet from the origin of the measurement is | -if v 
v 


a 


be a given function of s: or, 


a s= Judi iS i, 
dt Vv 


` a 
EixamMPLe 1.—The velocity at the end of ¢ seconds being ia? what 
function is this same velocity of the length described, the length being 
measured from the beginning of the motion, so that when? = 0 s =0. 
Here we have : 


E eee EY 

a e og (142) + const. 

But when t= 0, s=0, or O=alog(1) + const. or const. = 0: 
whence s = alog (1+). Hence we have, 


zan a I 4 ds S 


t = Ca manem SS 
= 2 : 


ds a ? dt 
Here is an instance of a continually retarded velocity. 
* Let the student always remember that under the phraseology of units we 


include parts of a unit ;—a feet means also aof a foot if a be less than unity, Let 
him also remember the analogy of multiplication of fractions, 
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EXAMPLE 2.—Supposing the point to move with a velocity which is 
always connected with the space described by the equation v? = as ; 
what is the length described between the end of 10 and 20 seconds, and 
what function is the velocity of the time? 


l d a 20 '9 — a 
= (2 = (Æ 24/2 cont. : f one 2- (Jæ - vio). 
(2) a Ja * 


as e/ 10 UV 


Supposing the length and time to begin together, we have const. = 0, as 
before. Or, ' 


8. Force, or accelerating force, is that which changes velocity, includ- 
ing the change from motion to rest, or from rest to motion; or which 
} would make such change, if there were not to our knowledge a coun- 
teracting force. When motion is not produced, the presence of force 
is made evident by pressure. We have nothing to do here except 
with force, as evidenced by change of motion ; and, therefore, we shall 
only state that the connexion between pressure and acceleration is 
found by experiment to be contained in the two following principles :— 
1. All other things being the same, the velocities communicated by 
| different pressures in the same time are proportional to the pressures. 
| _ 2. The velocities produced by the same pressures upon different quan- 
tities of matter, are inversely as those quantities of matter. Thus, the 
same pressures acting upon two masses, one of which is double of 
the other, for the same time, will communicate to the smaller mass twice 
_ the velocity which is communicated to the larger. 
There is in the minds of all who begin to consider forces, a notion of 
a something called an impulse, meaning a force which communicates 
a finite velocity instantaneously, such as is imagined, for example, - 
ou be the case where a bat strikes a ball. But this notion must be 
| entirely got rid of in the consideration of forces: and it must be remem- 
, bered that any pressure however great, requires time (smaller as the 
pressure is larger) to produce any velocity whatever. 
Force being merely (for our present purpose) that which changes 
velocity in course of time, we can only call that a uniform force which 
| produces equal accelerations of velocity, or equal retardations of velocity, 
in any equal times. And such forces may be measured for the pur- 
poses of comparison, by the effect produced upon the velocity in one 
| second. For instance, with reference to feet and seconds, the accelerat- 
| ing force 10 means that which adds ten feet to the velocity in one second, 
‘Not instantaneously, but in such matter that it adds a fraction of ten feet 
to the velocity in any the same fraction of a second. And similarly for 
a retarding force. If, therefore, at the beginning of the motion in ques- 
‘tion, a body have the velocity a feet per second, which is uniformly 


accelerated by the force b, its velocity at the end of ¢ seconds is a+ bt. 
That is, 


| OS aybi $= at + be; 

t dt 

l Q e e 

here being no constant required if the length be measured from the 


| i 


E e—a 
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point at which the body is at the beginning of the time. If the initial 
velocity a be = 0, the length described in ¢ seconds is simply 1 bt’. 

Supposing the velocity at the end of ¢ seconds to be t feet per second, 
it is plain that the velocities at D, B, C (fig., page 143), are severally 
(t— At)’, È, and (¢ + At)’. Consequently, in the interval from ¢ — At 
to ¢ seconds, there is an accession of velocity amounting to 


 — (t-A or 3f At—3t (At)? + (Al)® feet per second : 
and in the interval from ¢ to ++ At seconds, an accession amounting to 


(t+ AN —E or 3 At+ 34 (At)? + (Ad) feet per second. 


- 


Now, if an accession of Av be made to velocity uniformly throughout the 
time At, then the force (corresponding accession in one second) is found 
thus. As At is to one second, so is the acceleration made in the time Af 


Avxl Av eer , 
(namely Av) to “sag Ol a: the acceleration in one second. If, then, 
the preceding accelerations had been uniformly made throughout their 
several times, it is obvious that the forces producing them would be 


8E — 3t At + (At)? and 3P + 3¢ At + (At)®. 


But this supposition is incorrect; nevertheless, in saying that the 
force at the end of the time ¢ is 3/2, we make an assertion which is the 
more nearly true the smaller Af is supposed to be. And ina similar 
way, if dt be the velocity at the end of the time ¢, o't is the accelerating 
force at the end of that time. Similarly, if f be the force at the end of 
the time ¢, the velocity at the end of a’ seconds, communicated in the in- 
terval from that of a seconds, is f7 fdt: so that 


Vel. at end of a’ sec. = Vel. at end of a sec. + SE fat 


The following are then the equations connected with the motion of a 
point which has described the length s (or s feet from the origin of 


measurement) and has a velocity v, and is acted on by an accelerating 
force f. 


be NS dt de Ee 
gee = 2 or e =. 
dt dt ds 
The last equation finds the velocity directly when f is expressed as a 
function of s: for by it we find v? = 2/ fds + C; and if we know the 


oe of the velocity when s is a, and want to find that when s is a’, we 
ave : 


(vel.)* at distance a’ = (vel.)? at dist. @ +2." fds. 


_ Let the known velocity at the distance a be A; and let the superior 
limit a’ be indeterminate. We have then, i 


ds N? 5 ds l 
ET ERA +2 fé fds t Sfi — + const. 
i VA 2f; fds 
where the constant must be determined by the circumstances of each 
particular case. 7s 4 : 
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| We shall end the chapter with some examples of this method: but 
' we have occasion first to consider the preceding cases in their connexion 
|. with each other, as well as in reference to the distinction between posi- 
_ tive and negative. 
| 1. It has doubtless appeared that terms which seem as independent of 
the conventions of our science as direction, density, velocity and force, 
i have been treated rather as if they were mere definitions springing out of 
a process of differentiation, than words which convey common notions, 
and were well known to the student, as he may think, before beginning 
|- this Calculus. We have proceeded with common ideas, and common 
| phraseology, so long as uniform density, uniform direction, &c., were in 
;. question; but when we come to consider a point which has a varying 
| motion, &c., we no longer deduce a function, and say, this ts the velo- 
| city, &c.; but we say, let the term velocity, &c. be applied to such and 
' such results of the Differential Calculus. Has, then, a point in vary“ 
| ing motion no title to be considered as having a velocity, &c.? Such 
, will be the difficulty that must at first occur. But it may easily be 
| shown that the preceding process is only such a refinement of the rough 
| Differential Calculus which all people who deal with material objects 
` are obliged to use, as is rendered necessary by its inexactness. If we 
assign a definite direction to the motion of a point over a curve at every 
, Instant, it is because our senses presume that a curve and a straight line 
: may coincide for some small space: which is not geometrically true. If 
we assert a stone falling freely to have a definite velocity at every point, 
_ but one which continually increases, it is because when motion changes 
gradually, we think we may take a time so small, that the motion ma 
be actually uniform during that time; which is not correct. All these 
suppositions spring from one common falsehood (in mathematics) or 
truth sufficiently near for practical purposes (in common life) : namely, 
that every whole has parts which are such small fractions of it that they 
may be rejected without causing any error. To this, the answer is that 
there is no such part of a whole; but that since for the last four words 
may be substituted “ without causing any error greater than one which is 
named, which may be as small as we please,”’ the limits arising from 
taking the parts in question smaller and smaller must be considered as 
‘the functions to which the terms in common use would be applied, if 
those who used them were cognizant of the exact considerations which 
form the ground-work of this science. And it is an evident corollary, 
that since the common notion is an approach to the more exact one, 
the results of the former will always nearly coincide with those of the 
latter. 

The student must avoid the notion that he is dealing with densities, 
velocities, forces, &c. as real things, and must remember that his 
symbols stand for nothing but numbers or fractions which are the mea- 
sures of the sensible phenomena in question, upon purely arbitrary sup- 
dositions. For just as owing to the resemblance of certain algebraical 
ind geometrical terms, nine students out of ten have a mysterious 
lotion that a straight line multiplied by a straight line is a rectangle *, 
vhich is nothing less than supposing that the addition of numbers 
ogether places two straight lines at right angles to each other, and 


* Which ought to mean that if the xwmber of times which one of the sides con- 
ains a foot (au arbitrary length) be taken as many times as the other side contains 
foot, the resulting number will be the number of times which the rectangle con- 
uins the square whose side is a foot. 
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draws parallels through their extremities ; just in this manner, we say, — 


many students are perplexed for a long time with such notions as that 
the force multiplied by the téme gives the velocity, using the words in a 


sense as concrete as occurs when we say that force, ifallowed to act, will 


in time produce velocity. To avoid this, we recommend our reader perpe- 
tually to recur to the definitions of all numerical measures ; for instance, 
frequently in using the preceding proportion, force X time = velocity, 
to remove the mystery by remembering that it means nothing more than 
this; if that which gives æ feet of velocity in every second he allowed 
to act for b seconds, then ab feet of velocity must result. Finally, he 
should recur to the notion of matter having velocity as implying merely 
the being in such a state of motion as would, if continued unaltered, 
cause it to describe a certain number of feet per second. 

2. Several of the preceding cases may be considered as belonging 
to one general proposition. In the last, treating of force, we have 
directly the notion of cause and effect; and in treating of the diff. co. 
abstractedly (page 135) we are easily led to a mode of speaking which 
looks somewhat like the supposition that the diff. co. is the cause of the 
increase of the function. To avoid the possible misconception of the 
words cause and effect, let us speak simply of a precedent and a conse- 
quent, the former of which has a numerical value æ, which, allowed to 
remain the same, makes the consequent =az, or gives @ for every unit in z. 
If, then, the consequent, instead of ax, were ox, the precedent, if consi- 
dered as existing at all, could not be Øx, unless @ (x + Av) — gr were 


equal to a Ax for all values of x, which is not true except for dGv=aa. 


But 
plat Ar) — brad's. Ar + po" (w+ 0x). (Ax)? 0<1; 
and the first term on the second side is to the second as ọ'x to 


3 ọ”(x + 04x) . Ar, that is, can be made as nearly the whole as we 
please. Hence the supposition 


(x + Axv)—ox = o'x . Ag, 
(which would result if the precedent were ¢’r,) may be made as neat 
the truth as we please; and if we should say there is a ‘precedent, no 


longer uniform, but variable, that precedent cannot be considered as 
having any other value than ¢’z. 


3. We have to consider what are the negative suppositions which 


correspond to the positive ones we have made. In the case of direction 
we need say nothing more; in that of curvature, a purely arbitrary 
distinction, if any, must be made; but to this we shall return. The 
occurrence of a square root in the consequences more than was in the 
premises, is generally the index of a power of selection as to sign. This 
applies to the question of finding the arc of a curve; though here wt 
lay it down as convenient that the arc should be measured positively ir 
the same direction as the abscissa. i 


i 
But with regard to area, we must take care to distinguish the alge: 


braical amount of all the rectangles from the arithmetical one, in al 
cases where the ordinates are negative. It is evident that (a’> a) if 4 
be negative from x = a to x = a', fydx between the same limits i 
negative also: both from the summation of which this is the limit (p 
100), and from this also; that if J ydx generally be @x + const, Wi 


have : 
fiyd = oa -— Qa; 
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and ¢/x or y is negative from x = a the less to v =a’ the greater, 
whence (p. 131) ga’ is less than da. If, then, y be negative for any 
interval between the limits of integration, all the area obtained from 
that interval will be negative, and will be subtracted in the result. For 
instance, let the ordinate in fect be the sine of the angle made at the 
centre by forming the abscissa into a circle (repeating the folds if 
necessary) whose radius is one foot; or let y = sin æ. Then the arca 
from the origin till the whole circle is completcd on the abscissa, is 


a smg dr: but 
f sin adx = — cos x fë singdr=(—1)-(-1)=0. 
or the whole area OMANB = 0, 


which is not true unless we consi- 
der ANB is negative, which it is 
in the integration. To find the 
arithmetical amount of OMANB, 
we first integrate from s =0 to 
t= rt giving OMA=1—(—1) 
or 2 (square feet) : then integrat- 
ing from x = r to x = 2r we find (—1) — (1) or —2, which, arith- 
metically considered, is 2. Therefore the whole area, in the arithmetical 
sense, is 4 square feet. But if we remove the axis of x to O'B/ 
(OO'= a) giving for the equation y = a + sing. we find 2ra for the 
area, namely, that O'OMANBB’ = rectangle OO’BB’, as is sufficiently 
evident. In this case the arithmetical consideration of ANB would 
lead us wrong. 

With regard to density, we have no idea corresponding to that of 
negative density, except when we consider it as immediately connected 
with weight. If the weight considered be in air, and if part of: the rod 
were lighter than air, then the tendency of that part would be to rise, 
and the density of the corresponding part must be considered as negative. 


Velocity is negative when a 8 negative, that is, (p. 131) when in- 


crease of time decreases s, or (s being positive) when the point is moving 
towards the origin of measurement. Hence, if we would solve the 
question of the motion of a point which moves towards the origin with 
a velocity, which, absolutely considered, is @/, we must form the equa- 


wy as aig 
tion 7 a pt, and integrate. 


dv, . , wi! aa TBs 
Force is negative when 7S negative, or when the velocity diminishes 


as the time increases; that is, when the force lessens (algebraically 
speaking) the velocity. This amounts to saying that the force must be 
directed towards the origin of measurement, which lessens both kinds of 
velocity, for the negative velocity is thus made arithmetically more and 
negative, the positive velocity arithmetically less and positive. 


ExAMPLE.—A body at rest at B (AB = a feet) begins to be driven 
or attracted (according as the cause of motion comes from behind or 
before) towards the point A, with a force depending upon its distance, 


TT 
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so that, when at.P (AP =s) the force is ms ; that is, if, being such asit 
is at P, it were allowed to act uniformly for one second, it would add 
ms to the velocity in the direction PA. In how many seconds will the 


body move from B to A? 

dv ds dv 
The equations of motion are — = — ms, Sv Y7 = = MS. 
1 a4 di di ds 


Integrate the latter, which gives v* = const. — ms". 


But v = 0, when s = @ 0 = const. — ma’. 


3 
vm (@— s) [= | T= |= ; 
V — m (a—s* 


(We use the negative sign because the velocity is towards A.) 


l ds l S 
— — | ——— —=—— cos "| — }-++ const. = t. 
im A a 


“es m a 


l 
But ¿= 0 when s= 4 FA cos"! (1) + const. = 0 const.=( 
Nm 


l ] S 
Time from B to P = —— cos E). 
Nm a 
T 


: l 
Place P at A, or make s = 0 and whole time = ~= z 
Nm 2 


This result is independent of a, that is, wherever the point wi 
placed at first, it will fall to æ in the same time. This result will ni 
appear strange when itis considered that the farther the body is place 
from A, the greater the force which begins to act on it. If, therefore, 
number of points were placed at different distances, the farthest wou: 
immediately begin to gain on the nearer ones, and all might con 
together (as has been shown they would) at the point A. The who, 


velocity acquired is im a. 
> eae n 
ExaĮmere 2.—Other things remanmg the same, let the force be a 


dv m Im om 
y-——- =, «6 FT Const, 0 = — + const. 
ds g. S a 
1 1 a $ 
pe Dis t= -A D — ds 
S a / 2m a—s 


| / s 7 { sds l — 2sds 
Beer $s zZ r ID 1 — —_——_ 
N a—s i Nas—s 2 Vas —- §? 


L C(a—2s)ds a P ds 
) + 


— 2 Jas — 8° 2, Jas — s 


a 2s 
— const. * — Vas — sè + g vers aoe 
(t 


ee eJ ana i a 


Oo . 
* Observe that though this term is immediately multiplied, we simply write cor! 
as before, because it is as before nothing but an undetermined constant. 
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— 3 
= a j-—— a? 2s 
t = const. + iv; Joes s — vers™! — 
am 2/2m 4 
3 
| | a? zi 
But t = 0 when s = a, or 0 = const. + 0 — 5 == Vers 25 
22m 
2 
= ve . D Ta 
and r = vers™! 2, whence const. = : 
29m 


3 = 
Ta” a 

Time (from B to P) = —— — V£ Vas—s+ 
ov 2m 2m 


s| 


ON 2m ci 


ta? 
92m 


The velocity increases without limit (numerically) as P approaches a; 
the reason is that the accelerating force increases without limit. 

We now pass on to some extensions, which are necessary in the 
further application of the methods contained in this chapter. 


(s=0). Time from B to A = 


CHAPTER IX. 


ON THE CONNEXION OF DIFFERENTIATIONS OF DIFFERENT 
KINDS. l 


WHEN we propose an equation between two or more variables, 1t may be 
differentiated in as many different ways as-it allows of expressing one 
variable in terms of others. If we wish to consider one variable as 

actually expressed by means of the rest, the equation is written in. the 

form yv = (zr, Y, z...); but if it be merely required to signify thata 
relation does exist between such variables, we write @ (u, 2,y,2 ..)=0. 

In the first case « is explicitly, in the second case implicitly, a function 

of Y Ze 6... l 

Certain values of all the variables being taken, which satisfy the 
equation, and increments given to each, the permanent existence of the 
relation $ («%, ...) = 0 gives an equation between the increments, from 
which any one may be determined in terms of all the rest. Thus taking 

t, £, y,... so as to satisfy the equation, Ar, Ay, ... may be assumed 

at pleasure; but Aw must then be taken so as to satisfy @ (u + Au, 

t+ Ar, y + Ay,...)=0. But there evidently exists this mutual 

Coexistence of the same values of the increments; namely, that if 

Ar=a, Ay=46,.... will permit Au = m to satisfy the equation, 

then Au = m, Ay = b.... will permit Ar = a to satisfy the equation. 

For this condition being fulfilled, it is indifferent which of the incre- 

ments is supposed to be determined by the rest. Hence, one equation 

only existing, and any admissible supposition being made as to the man- 


_———_— 
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ner in which Au, Av.... shall diminish without limit, the diff. co. | 


du Ax 
rp and z are reciprocals. For whether we suppose the equation to. 
v u 


assign win terms of x, &c., or z in terms of u, &c., any values of Au 
and Az, which are simultaneously admissible on the one supposition, 
are the same on the other; so that Aw — Az, obtained on the first sup- 
position, is the reciprocal of Ax Aw obtained on the second; and 
their limits are, therefore, reciprocals. But it is far. otherwise with 
2 ? 3 3 a 
i i nd 2 A gi and — oe , &c. The first requires successive increments 
dx du? da du’ 
of x and a relation between them, namely, that of equality ; « becomes 
x-+ Ax, then x + 24x, &c. The successive increments of u are then 
determined ; and will not, generally speaking, satisfy that relation of 
equality which, by a similar convention, is the foundation of the process 


by which 7,3 ÍS determined; namely, the supposition that u becomes 
u 


u + Au, u + 2Au, &c., from which successive increments of 2 are de- 
termined, which, in their turn, are no longer equal. Observe, that we 
are considering the 2nd diff. co., not as the diff. co. of the first diff. co., 
but as the limit of the second difference of one variable divided by 
the square of the difference of a uniformly increasing variable (p. 
80). Though the two results are the same in form and value, they 
are obtained by different processes, and the second process is frequently 
the more convenient origin to suppose in reasoning. 

The only relation in which successive equal increments to « give equal 
increments to wz, is any one of which au — bx = 0 is a necessary conse- 


du dx 
quence, and in this case both -— and -e are = 0. 
dx? du 


n n 


. au x, 
Let (x, uw) =0 and abbreviate a and ga ito u EEN) “OC: 
aL u 1 


(n accents) 


x 

Let u = ġx, x = Wu, follow from y (x, u) = 0, so that u’ may be 
found as a function of v, or 2 as,a function of wv, namely, u’ = ple 
a’ = wu. And wand a’ are reciprocals (p. 53), whence ux’ o 
p'x . Wu = 1, which will be found to be a necessary consequence o 
p (x, u) = 0. We can now solve the case in which v’ is given as < 
function of u (not of x as in common integration). Let 


du dx l du, ae 
o U, then g g t= f T which suppose = fu. 


Then the solution of x = fu gives u in terms of z. 


s 
EXAMPLE. — = sinu: required w in terms of «. 


dx 1 du — sin u du d.cosu 
du sinu sin u u 1—cos?u l- 1 —cos%u 


1 1-+-cos wu e2©-O_] 
=z pi +C, whence u = cos”! (San 


2 1—cos u g? C-e) ] 


where C may be any constant whatever. 
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Gs 


To find the relation between u” and g” proceed as follows :— 


du l Pu d | l1 dyu 
T = pr =— a’ L ——— 
dx u dè dr y'u (Wu) dæ 
= 1 dyu du _ duN? dyu _ du? dx 
= (Pu du dn dv) du dx / du? 
; aoa CU dx 
To remember this, write it 7 dx? + 73 duw 0. 
x u 


Differential equations are frequently written as if the diff. co. had 
na l dı ee 
distinct numerators and denominators ; thus, =P is written dy = Pdr, 
pM hs . 


Remember that the second implies only the first; and that as far as 
first diff. co. are concerned, we see in p. 53, that they have the ordi- 
nary properties of fractions; but it would not be safe for a beginner to 
proceed in the same way with higher diff. co. For instance, we should 
not recommend him to write the preceding thus, u dr + œx du = 0, 
though it is certainly true that upon the implied suppositions with 
regard to the successive increments, Au . Ax + A?x . Au diminishes 
without limit as compared with (Ax)*. As far as the mechanism of the 
operations is concerned, this process is safe enough ; the risk is that the 
student should forget, when there are several variables, which of them 
received successive uniform increments in order to form the several 
second differences. 


. ae 
EXAMPLE. u = sma, what is —? 
du 
Pu 
ae da? = sini u 
de du? (coss)? 8 
os (1 —w?) 
dx 
es ; dx l dex e 
Verification. æ = sin™'u, = ra ea A u?) è (-2u), 


du V1 =i? du 


du , i : , 
Let 7 be a given function of u, = U. Required u in terms of x. 


du , A 

Jg U Let U = zz» V being J Udu 
du dV du du = p dV du _ 9 dV 
dx? dy’ d` de “dude dx ` 


A = eA (2V), 
dx 


C 
dx 


2 2 
But 2 7 a — . . (=) which therefore =2 
x dx £ G 


Ne du —— 
or T) =C+2V=C + 2f U du, z= +sC+2/ U du. 
T 5 


The sign is to be ascertained by the conditions of the problem, as also 
C, the arbitrary constant. 
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at : a if ee +C'= fi 
— st r TE — = fu; 
du NC42f Udu VC+2/ Udu i 
and u being found from the last equation, the problem is solved. C and 
C’ are specific constants when the problem implies any conditions for 
determining them ; but when the question merely is, what function of 
u has a second diff. co. equal to a given function of u, they are perfectly 
general, and may be any whatever. 
coe dæ l = -4 
Verification ; — = ————— = (C + 2f Udu) * 
du J C+ 2fUdu 


dx l 3 d ] fdu\-? 
pr DER 2 9 : J Siria pee d 
73 5 (C+ 2f U du) Ta (C + 2f U du)= (T) x 2U 


du du? d?x du? 1 /duN 
ae | — | — s= — | - -| x2U )= U. 
dx? dz] dw’ dè \ 2\dx 


Ëu 


ExaAMPLE. — =u, Ur=u, 2 T U du = u’? 
dx? i j 


2 du PEERED — Rare 
i = {Fs = log (u + JC +22) +C' e70 = u +N CFU, 


u= Lel m CETE, 


This result contains a complication of constants, which is reducible 
to simplicity, as very frequently happens in the results of integration. 
The preceding may be thus written : 


-C -C 2=2 
wade e 4 CETT E. 


But 4 £7” may be made anything we please by giving the proper value- 
to C’, and then—C x 4¢~“ may be anything else we please, by giving 
the proper value to C. Hence these two coefficients simply amount to 
arbitrary constants, and we may simply say that w= KERE, 

ExamrLe I].—Instance of the transformation of an equation into 
another of a totally different form of solution, by the use of impossible 
quantities. In the preceding equation, let v = 0 vV —1. Then u may 
be made a function of 0. And we have 


du dit dð | du 


e 


dx do ` de Ni 40’ 


du d ( 1 du\ dd / 1 N 1 __ tu 
dx d0 A —] do)’ de VaR] de? J_1 der 
d? d’ s = 
Therefore = i i + uzo gives uU = KY- L} Ken 0YE 
dé? dé 
(p. 119) = (K+K’) cos 0+ V —1 (K— K’) sin 0 = C cos0+C’sin 0, 
on similar reasoning to that immediately preceding this article. Wes 
shall now produce the same result directly. 
d'u 
dé? 


> 


| 
du | 

=—u, U= —u, 2J Udu=e—wv 0= oa 
— U? 
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E , u e — , -T 
or O=sin7 (Fjes u= VCsin(0-C) = cosC’sind-V/C sinC’ cosd, 
VC 
Assume 
VC cos C/= K, — VC sin C’/—K’‘, or tan Œ = — qo CSR + KY 


and u = K sin 0 + K' cos 0, in form as before. 


Examrxe III.—Instance of a more complicated integration, attained 
by preserving the less complicated form, but generalizing the constants 


l ae Pu l l 
mto variable functions. Let Jos +u=T, a given function of 9. 


Whatever the solution may be, it can be represented in an infinite 
number of ways by K sin0 + K’cos9, if K and K’ be functions of 0. 
If it were u = 6%, and if we chose to assume K + K’= 6, we can 
satisfy the conditions K sin 6 + K’ cos 0 = 6 and K + K'= 6 by the 
simple method of algebraic solution, which gives 


K=(@—6 cos 6) + (sin 0 — cos) K'= (0 sin 0—6?)—(sin 0—cos 0). 
Therefore, not only may we assume u = K sin@ + K’ cos 6, but even 
then we are at liberty to assign any relation we please between K and K’, 


which does not contradict their being functions of 6. Let us make the 
assumption, which gives 


du . pai dk . dK’ 
—— e — K he ia roared 0. 
J6 K cos 0 — K’ sin 0 + 76 sin 0 -+ zg Cos 
, dK . IK! 
Let our assumed relation be — sin 8 + — cosl = 0. 
dO d 
Then — = K cos@ — K’ sin @ 
dé 
dèu l ; dk dik’ . | dK dK’ 
E A Oe -K S a — IS 0— a) 
oo K sinĝ- K cost +7, cos6 T sin8 u4 qo 8- sin 9, 
< IK’ . IK 
or T= FÈ coso — SE sin 8 , ae T cos 6 
Se 0 dK" 0 as di = — T sm8 
and O E sın 0 +4- 70 cos a 1 
-by the ordinary solution of algebraical equations. Hence 
a K =f Tcos0do +C, K'=— f Tsino do +C 


u = C sin 0 + C’ cos 0 + sind fT cos 0 d — cos 0 f Tsino dé, 


The above solution makes use of the following notion. When T=0, 
we have found a solution which contains two constants. It is not un- 
hkely, then, that a similar form, but with more complicated coeflicients 
for sin 0 and cos@ than simple constants, will be the solution of the 
more complicated equation. This of course is no argument, but only 
reason enough to make it worth while to try u = K sin@ + K’ cos 0, 10 
the manner preceding. Our suspicion turns out to be correct in this 
case, 
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-ty=0, u=C sinl + C’ cos0+sinð /0 cosd do—cosd f0 sinb dé 


fe cos6d0 = 0sm 0— f sin 0 d0 = O6sin0+ cos0 
fe sin 6 d9 = — 0 cos 0+ f cos 0 dð = — 0 cos 0+ sin@ 
u= C sin 8 + C’cos@ + 0 which may easily be verified. 
2M a u=cos 0, u=C sind +C cos0 + sin 0 f cos?0 d0 -4 cos 0fsin 20 d0 
fcos'd do= f ($ +} cos 20) dd = $ 0+ sin 20, J sin 20 d0= - }cos 20 
u = Csin 0+C' cos 0+4 0 sin 0 -+ 4 sin 20 simn 6 + + cos 0 cos 20 
— Csin6+C’cos0+46sin 6 + 4 cos 0 
— Csin 0+C'cosO+46sin@. (Explain this step ?) 
ae 
` dé? 
fé cos) dð = £ sin 0 — fe sin 0 dé, SE} sin§ de= — £’ cos 0+ fe cos 6 d0 
fe cos 0 dO= 12’ (sin®@ + cos 0) sé sin 0 d@ = +é° (sin 0 — cos 0) 
u = Csind+C’cosd + te. 


We shall afterwards have to return to this equation. 


u=, u=Csin6+C’ cos 9+sin 0 f e’cosd do—cos0 fe’sind do 


Show, in a similar manner, that P u = X (a function of x) 
gives u = Ce" + C'e + det f Xde — 4E f Xda. 


We have placed the first two differential coefficients hy themselves, 
not only because it is comparatively uncommon to see third, &c. diff. co. 
in applications, but also because we are, as has been seen, in possession 
of a general method of solving the inverse cases, or those ‘of the Integral 
Calculus. That is, we can reduce the solution of w’ = U, or of u” =U, 
to the finding of a: common integral. But we are not in possession of 
any such method with regard to w” = U, u” = U, &c., and these equa- 
tions can only be reduced to explicit integration (with our present 
knowledge) in a very few particular cases. | 

3 4 3, 4 

ProBLeEM.—To express = = &c. in terms of ae , ; 

u! Bx da" d ( u" 


au’? dê du du 


&C. 


page (153), al! — = E 


du” 


du! 
13 PP, 
w? —— — 3u * u — 
d u" dx l l dx dr 
= —_ -m e : —_— or ——- ne ee ; aioe 
dx u’? ) \du u aw! u’? 


u! u!!! — 3u"? 


== — p 

N B. In differentiating a fraction of which the denominator is a 
power of a function, such. as P + (Q)", abbreviate the rule deduced 
in page 52, as follows :— 

Differentiate as if the function were P—Q with these alterations, 
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l. After differentiating Q, multiply the term by 2.2. instead of Q? 
in the denominator, write Q™+?}, 


dP dQ dP dQ 
ee ge eT 82s 
ay Q" T Q” a Qa 


— ey 


a I por 
dx \ u 


dx dr” d Eam u” d IEN F =) 


— c | = — Oor 
u? du u 

l w (Brel u =u" u" — a! w~“) 5u" (Bl? — u'u) 

ai a a a a 

u we 


—_ A 


a! 2 ae — Ou wl ul! 4 15” 


wT 


We leave the following to the student: 


va WO l5 u u — 10 2 24-105 (wW w — yl?) u”? 


ul’? 


The problem which we have solved amounts to this : given u = Pr, 
and therefore the power of differentiating u with respect to æ, required 
the diff. co. of æ with respect to w, without the necessity of actually 
inverting the equation u = pr, and making itr = wu. Hence, when- 
ever Maclaurin’s Theorem applies, we can from w= da, not only expand 
u in powers of x, but also x in powers of u. For we know that in 
every case where an infinite series is admissible, we have (p. 74.) 


daN d2x\ u? dx u? 
an — = ere nee i aaa! e a ry e e l ° 


dud è 


dx l 
where by (<x), ( T) , &c. are meant their values when u = 0. Now, 
u i 


when u = 0, let a= k ; or let dk = 0: then (x") (x), &c. can be 
found by making æ = k on the second sides of the preceding relations, in 
which w’, w”, &c.are all functions of æ. Let A, A, Ag, &c. be the 
values of a! x" x", &. when c= k; then we have 


Seid a ee 
a le a ene we 


ExampLe.—Given u = ar+ br? + cx’ + ext + fa &e. required # in 
terms of u. 


Here, when u=0, one * value of z is x=0, and we will therefore sup- 
pose w% and x to be beginning together from being simultaneously = 0, 
by which we shall produce a series for x, which will be true until we 
come to another value x = k, which makes u = 0, after which we 


* There may be (often will be, we say, but perhaps the student may not have 
come to the point at which this is proved) an infinite number of other values of x 
which will make u = 0. The practice of assuming that x=0 is the value (meaning 
the only value) of x which makes «—0 infests elementary works, both English and 
French, to a great degree, The consequence is, that when the student has finished 


his elementary course, he learns that several of his general theorems are not general 
at all, 
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must take another series beginning from the simultaneous values v = 0, 
x= k, &c. Consequently, we find 


w =at2b"44+3 cx’? +4 ex +5 fát.. A= a 
u! = 2b +2.3cx 43.4 eæt+4.5 f+ e, A= 2b 
T= 2,3€ +2.3.4e743.4.5 fa?+..., As=2.3e 
i 2.3.4¢ £2.3.4.5f@ +.. ., Ag=2.3.4e 
a 2.3.4.5f 4..,.,A;=22.3.4.5.f 

&C. &c. &e. 

2 = 2 

(2) = TES o=- = ~=. (x)= SAT a 6ac 12 


AA, — 10A,A:A, + 15A? 24 a% — 120 abc + 120b 


C ae E E 


AA; —15 AŻ A,A, —10 AA? + 105 (AAs — Ac’) Ac’ 
a « aia al 
120 a®f — 120 a®be — 360 a°? + 420 (Gac — 46°) b 


9 


(a")=— 


a 


Substitute in (1) and write the terms in a form alternately positive 
and negative, which gives 


li OE 2 > gos p? 
pot apes alee San cn Tuna, 
a a a a 
6abe + 38a? — E f +7 (20? — 3 ac). b? 


Thus w=2-+ I H3 L gia gives xv = u— 2u + 5u" — 14ut + 42u'+ &e. | 


We recommend the student to try various cases, and shall proceed to | 
observe of this reversion, as it is called, of the series av + bæ? +... +) 
that n terms of the series determine 7 terms of the reverse series, so that- 
two terms of the latter are given when a and b are given, three terms 
when a, b, and care given, and so on. We now proceed to another 
case of our main subject. 

Instead of supposing u to be an explicit function of x, let us now sup- 
pose.u = xt, = Wt, so that w and g are not connected together by a 
given equation, but by one implied in the coexistence of these equations, 
and which may be obtained by eliminating t. Let accents now denote 
differentiations with respect to ¢, and let the question be to find the} 
diff. co. of u with respect to x, in terms of those of u and x with respect 
to t. 


dr dt dz ve dr? 


Bu a! (xu =w”) — 32" (aul! — we") 


13 
v. 


du du dt w du d wN dt _ a'u” — ula! 
dt & dx 


—— ae 


dx? ae? 
dtu _a'? (a'u —u'a")— Tala" (au — wx) -3(a'a" — 5al (æu u'z") 
a | caaariaamnaes aaa 


Exercise.—If u=at+b’2@+c#+... and s=a,t+6,0+c, 6+... 
find the three first terms of u expanded in a series of powers of gs 
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The equation wer can be made to result from two others of the 
form u=yt r=Wet in an infinite number of ways; for assuming y 
‘at pleasure, %¢ can be found by determining « from ¢r= yt. But 
whatever y¢ and Wt may be, consistently with u= xt and a=we giving 
u=er, the function (2! wu’ —u!'x!")—x" will always be the same func- 


tion of x, being always a Thus u*= Vx follows from any case of 
the following, 7 
way x= (xt)’, giving w = yt, u! =y". 
z= 3 (yt)? xt, a" = 3(yt} xt + 6x6 (xD, or 
du 3(xt)?.x't. xt — yt 13 (xxt + 6 xt (xD? 


dat = £300? xt 
6 l L2. ; = 
E — z TE = — 33 x 3, the same as from u = “zr, 


Exercise. If u be a function of t, t of v, and v of x, show that 


du du dt® dv m d*t du dv? ï du dt dv 

dz?” de'd? d? ddt dè ` dt dv dr? 
‘and verify this in the case of w=’, t= v°, v= 4. To avoid the 
: E T . du? , 
inconvenience of parentheses, it is usual to write —, instead of 


da? 
& 2. 
Ader 

We now resume the supposition (page 151) of there being several 
variables independent of each other. To take the simplest case, let us 
suppose u = ọġ (x, y). We have established all that is necessary re- 
specting successive differentiations made on the supposition that x 
becomes «+ Ax, x + 2A x, &c. in succession while y remains constant, 
or that y becomes y + Ay, &c., while x remains constant. But we 
have as yet said nothing of differentiations in which first one and then 
the other is supposed to vary. : 


. oS t du , e 
The diff. co. with respect to æ 1s written ae and that with respect to 
3 v 
du ; 
Y, T But we cannot too emphatically remind the student not to | 


ertend the analogies which (page 54) have been shown to exist 
„between dif. co. and algebraic fractions when all the variables are 
connecied, to the case where there are variables independent of each 
other. In the present case y may vary independently of a, and 2 of y ; 
the variation of u takes different forms according to the different sup- 
positions. Hence Aw springing from a change of x into Ar is altogether 
a different function from Aw which comes from changing y into Ay. If 
we have occasion to use them together, we must invent a symbol of dis- 
tinction: but since we want nothing but diff. co. or limits of ratios, the 
apparent denominator is sufficient distinction. | 
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du À TE , 
When we see Tr we know that it was the variation of æ which made 
v 


the variation of u by which this fraction was obtained. 

Similarly, as to second differences, Au may either represent the dif- 
ference (x varying) of the difference (x also varying) ; or the difference 
(y varying) of the difference (x varying) ; or the difference (v varying) 
of the difference (y varying); or lastly, the difference (y varying) of 
the difference (y varying). In all, Au is the difference of the differ- 
ence, but to each repetition of the word difference a supposition is im- 
plied as to the manner in which the difference was obtained. ‘The two 
cases in which the variable is the same in both have been already 
treated, the only difference being in the notation. For whereas hitherto 
there has been only one quantity which does or can vary, we must now 
introduce another quantity as a possible variable, but which, so long as 
it does not vary, has all the properties of a constant. ‘Thus hitherto we 
have included, for instance, 2cx — ° under the general symbol @2: 
whereas, in future, if we mean to imply that we are at liberty to make 
c variable, we shall write it @ (a,c). Thus 4¢ (a, c) = ¢ (x + ôx, ¢) 
— (2, c) is an equation of the same force and meaning as ddr= 
d(x + Ax) — fz, with this addition only, that we remind the reader 
of the quantity c, which might have varied, had we thought fit, but 
which, in the preceding equation, does not vary. 

We shall take Au where u = ọ (v, y) on the four possible suppo- 
sitions 


when œ only varies Au = $(r+Ar,y) —? (x, y) 
when y only varies Au= ¢ (a, y+Ay) — (2, y) 


x varies twice, 


Au=p(a+ 242, y)—26(r+Ar, y) +6 (x, y) 
æ varies, then y, 

Au=(e+ Ar, y+Ay)— pl, y+ Ay) — P(@+42, y) +l, y) 
y varies, then 2, 

Au=o(r+Ag, y+4y)—P(@+ Ag, y) — O(a, yt AY) + OG, y) 
y varies twice 


Au=d(a, y+2Ay)—26(a, y+ Ay) + O(a, y), 


the second and third of these are the same: that is, in a second dii 
ference, formed from one variation of x and one variation of y, it 3 
indifferent which is supposed to vary first. From this it may be show 
that the order of the suppositions as to variations when these variatior 
are altogether independent of each other, is itself immaterial. For 
moment let D and A refer to x andy. Then A (Du) = D (Aw),1 
which it is usual to omit the brackets. Then AADu = ADAw «í 
AA.Du= AD (Au) = DAAu, that is A?,.Du = D. Au, &c. &c. G 
nerally A”, D'u = D", A”u. 

Let us now expand each term of the differences by Taylor’s theoren 
applying the theorem of Lagrange (page 73) at the second differenti 
tion. 
Let Ar = h, Ay = k, and let differentiation with respect to < onl 
to y only, be denoted by an accent above or below: while, when the 
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oe, 4 k, ki N iğ 
= A 
x 


are two differentiations with different variables, the one which is made 
first has its accent in parentheses. Thus 


d/d d/d 
@? (a, y) = T (Zee, n) ) and y (s, y) = =f ae ») 


h? 
P + Ax, y) =$ (a, Y) + Ø (a, y)ht p" (et Oh, y) =z 6< 


j2 
plz, yt Ay) = p(x, y) + p, (2, y) k + Pu (2, y + Ak) = <1, 


In the first write y+ Ay for y, and develope the two first terms 
(<1). 


ke 
HOt An YF AY=Bl y) +o, (y) REG, (2, yA) E 


k2 h? 
TAD! (2, Y) +p, O (x,y). k+, O(a, y+uk) 5} +O'(a+Oh, y+h) = 


From the last increased by @ (2, y) subtract the sum of the two pre- 
ceding, which gives Au (where both z and y vary once); or 


l; 2 
AUE” (ay) hk +p, y + ph) 


he 
Er 3 fo" (2+6h, y +k) — o" (x + 6h, y)}. 
But $” (£ +0h, y +k)—o" (x+6h, y) =P, (x+Oh, y+ vk).k, v<1. 
Divide both sides of the preceding by Ar. Ay, and we have 


2 


A'u 
Ay Ar = p,” (zx, y) + Dp,” y+ ph) kR+3D,(2-+6h, y+vk) . h, 
in which if we suppose 4 and k to diminish without limit, we have 
Aru d/d 
— Ain as E T 


If we had proceeded in the same way, with the exception only of 
substituting v+ Ax in (az, y+ åy) instead of y+ ây in ọ (x ++ Az, y) 


limit of 


` we should have found 


a Atv _ d/d 


where in the first we have Afu (x varies, then y); in the second Aty 
(y varies, then x) But these two are always the same, and therefore 
the first sides are identical, being limits of the same function. Hence 
the second sides are the same ; or when two differentiations are per- 


formed with respect to two variables independent of each other, the 
order is immaterial. 


du du . 
For stance u = e” sin Y Pp = 7, 2r.sin y dy = E€ * COS y 
d (du A d (du 2 
—{ =] z i a | = | eee A A 
T ( Tr) E „2r COS y FE ( T) y 
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usa U yy Oe sins x; 

acs de? dy alias 
d (du, yy ya d (du. uy a 
(ae) =" + yx" log x ae = ya loge + z 


2 


du, a8 
Now, as Ja i880 denoted, because though originally obtained thus 
x 


d /duN PETA Au 
s ed , it is shown to be the limit of ee ; in like manner le: 
dx dx (Ax) 


d /d ` du nop 
(F) be denoted by a, because it is shown to be the limit o 
dy \ dx | dy dx 

Au 7 : l 
2" And if we place on the right hand the increment of the va 
Ay Ax 


riable with respect to which differentiation first takes place, we ma’ 
express that the order of the differentiations is indifferent by the follow 
ing equation, 
| ui du 
dydx — dx dy 


In a similar way it may be shown, 1. That A”*"v, where « varies 7 
times, and y varies 7 times, is the same in whatever order the variation 
may be made; and also that m differentiations with respect to 2, followe 
by n differentiations with respect to y, in whatever order they may b 
made, will give the same result, namely, the limit of 


ai which limit we represent b BL 
Az” Ay" °- P Y da" dy” ` 
But it will materially facilitate the transition from ¢ (x) to ọ (x, y. 
where vand y are independent, and both vary, if we pass through th 
case where y is a function of z. In that case we have the partial diff. c 
(page 91) just considered and the total diff. co. connected together -t 
the equation 


eo d 
Repeat this process, (remember that = does not contain y) 
d.u _d/du _ dudy d (du | dudy dy 

dx. dxa\dx dydz/ dy \ da dy dx)" dx’ | 
du du dy dudy | d’udy dudy’ 


= a+ dedy dx dyde dedydx dyder” 
d.u du du dy dudy dudy 


© de dat" l drdydr ` dyd ` dy dx’ 


If we take the simple relation y = az + b we have the following :— 
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d.u = du du 


a 

d*.u .Æu du du 

d da® * dedy O + Ga’ (a 

@.u du au Cu 2, Pu , 

dè d * dz dy aye aes 

diu dtu dtu dtu d*u dtu 


— 7 oa a g ase er ee iy Fate Seen As -= = 
dt da’ T dx? dy om, dr? dy? Gat + dx dy? a+ dys” > 


the law of which, and its connexion with the binomial theorem, is 
obvious. 

Now apply Taylor’s Theorem with the theorem as to its limits to the 
expansion of p(s + Ar, y + Ay), y + Ay being a(x+A.r) +b, and let 
UŞ, be the nth total diff. co. just obtained. This gives (Ar = A). 


i d.u d?.u hè h” 
d(c+ Arx, Y -L Ay) = u+ dr h F dx? 9 T TT pb U ii peah 23.7 (B). 


To expand the last, observe that if @% (a, y) represent the partial 
(m+ 2)th diff. co. in which x varies m times, and y n times, we have 


Ad 


Un, y+0.ah = p” (x+ Oh, y +8ah) + p> (w+ Oh, y+ Oah) na Aa ose 


Substitute in (B) from the set (A), which gives, making ah or Ay=k, 


du du l/u du du N: 


1 (du au du du s 
— ( h? oe e 2 e ENA 2 — h8 
t33 dx’ aa een dx dy? we E Á ) 


l dtu A I a” lu n—l 
+ sagt Ht ay ( Ste. 


Na 


+ the result of writing 2+6h for x, y+0k for yY, in 


] d'u du d'u 
zae + ahh +, k" L; 
2.3...2!' dx” =e ax~'dy sie dy” j 


& 


which equation contains 2%, Y, h, and k, and not a or b. But itis true 
for all values of @ and b, that is, true for all values of y and k. Con- 
sequently this equation is always true whether y be a function of 2 or not. 

A theorem of the same sort may be found for a function of z, y, and EA 
by making y=ar-+-b, z=ex+ f, and proceeding in the manner above. 
But the following consideration will tend to fix the method in the 
memory, as well as to introduce a remarkable view of the subject. : 

If there be a number of operations successively performed. upon vw, 
denoted by A,, A,, &c., and if they be all of what is called the con- 
vertible kind, namely, if A, performed upon A,u gives the same as A, 
performed upon A; and also of the distributive kind, by which we 
mean that A, (a + b — c)is the same as A a + 4,b — A, c, &c.; we 

M 2 


St EEE eeeeeeereESEce 
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may for every such set of operations invent a new algebra, or show that 
the old one has been more than necessarily limited, as follows. If we exa- 
mine the processes of algebra, we find that, so far as the juxta-position 
of letters is concerned, whether by multiplication or division (which is a 
case of multiplication) it is the convertibility and distributiveness ot 
the operation denoted by ab which gives the form of all processes after 
addition and subtraction. Let us suppose we know that a, b, &c. are 
magnitudes, and that we assume addition, subtraction, and the rule of 
signs. But let us not be supposed to know anything of the meaning o! 
ab except this, that whatever it be,it is the same as ba, and also that 
a(b c) and ab + ac must mean the same things. That is, let us 
assume ab to be 1., some magnitude in its result 2. obtained by a double 
a 

— le 


b 


a a 
us know nothing, except that ; b or b i means a. Then all the res: 


operation of a convertible and distributive character. Again, of 


of algebra follows in the same forms of expression as when ab mean: 
multiplication. For instance, 


(a+ b)(c + d) means (a + b)c + (a+ b)d, 
of which 
(a + b)c means c (a +b) or ca+ cb, and (a+b) d means ad + bd, 


and soon. Now among the operations which are convertible and dis 
tributive we have 1. successive ditferentiations with respect to the sam 
variable, 


d” ( d'u detu d” d” u d” Gag d”u j d™y 
—|( — | =z —— = — | — —(u+v) = — ——, 
dx™\ dx" dat? da"\ daj? da” da" dx” 


N 


2. Independent differentiations ; for instance, 


d du d du d /du =) _ au dèv 
dx dy dy dx dx\dy dx) dxdy da” 
3. Differentiation and multiplication by a constant, l 
d dv d dv | dw 
p (hv) =h FPE h (v + w) = hw + hw, Fr (v+w) = F 4- Tp’ 


and the same for finite differences. Now consider the theorem 


du h n du h? 
de 2 deagt ttt 

We make a step, the details of which the student cannot follov 
further than to show the coincidence of some of its results with thos 
, already obtained. We assume all the formulæ of common algebra in tł 
case of convertible and distributive operations. The last equation (lookin 
merely at the operations performed on u, and considering differentiatic 


u + ^u = ut ht 


d 
—, which for a mi 


with respect to x as an operation whose symbol is 7 
x 


ment we call D) is 


3 


L$ A=14D 04D 4D A + e...’ = gt. 


a 


puaa 
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the last symbol must be to the student at present a symbol of abbre- 
viation, derived from looking at the expansion, and remembering what 
it would be if D were a quantity. That is, if we treat A and D as 
quantities, in the equation (1 + A)u = ®+*,.u, until the expansion of 
both sides is made, and u replaced after A and D, D2, &c., and if we 
then restore to A and D their meaning as symbols of operation, we have 
a true result. Now let Aand D’ imply a difference and diff. co. with 
respect to y, and we have accordingly (Ay = k) 


u + Aut A (ut Au) =u -Au tD (ut Ak. gs 


or collecting operations as before, 


Q+A)Q1+A)u= gr Ce") eee EE DUN ay 
the last result being that which would exist if D and D’, &c. were 
quantities. Let us try thesame mode, namely, treat D, A, &c. as quan- 
tities until the development is completed, and then restore the original 
meaning. We thus have 


(1+4) 1+A)u= {1 + (Dk + D'R) +4 (Dh4 DRE +... u 
= uthDut kDutsh (Diu +2hkDD'u+k Du) +.. 


which evidently agrees with the expansion in page 163. 


We shall now follow the preceding method freely, in order to show 
i 5 ] 
that its results are true. Firstly, what should AW} mean, or A? consi- 


dered as a symbol of operation ? By definition A (A-' x) means x, or 
if Auma, ur Ame. 
But Agr = ọ (x + Ax) — ¢(2), and if APr=wa, we find that 
the following is one solution, if not the only solution, of Afr = we. 
gr = C+ y(x — Ax) + y(x — 2 Ar) +... . ad infinitum, 


which, by changing a into 2 + Ag, and subtracting, gives Ada = Wa; 
C being any constant whatsoever. This we have introduced merely 
to show that the relation in question is capable of being satisfied; what- 
ever the general solution of the equation Adz = wx may be, let it be 
denoted by pr =A™'war. We proceed by assuming that the form in 
which the binomial theorem enters remains true when we make the 
exponent negative and = — 1, and we obtain the following, in which 
the first side of the final result is a symbol to be explained, the second 
side (if the peculiar assumptions we are considering lead to no error) 
admitting of explanation. 


A= Dh l A" = (E? nee 1)” A`? — (<P a Ee 


or AT u (er ee) aa, 


If our process be correct, the expansion of the second side, in powers 
of D as a quantity, and the subsequent restoration of the meaning of 
D'u, should give an explicable result. That it will do so, we shall show 
m a Subsequent part of the work ; at present, we shall take an instance 
we can more easily verify. 

Since 


l + A= ™, we have Di= log (1 +A) Du = log (1 + Aju. 
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On expanding the second side, and restoring the meaning of A'u, we 
have : 


d 
h— = Au —} Au + Au — iA t. 


We may easily verify this result on particular cases. Thus when 
u = 2, Au =3 2h + 3 xh +h, &Au= 3h (2th + h?) + 3h’, Au 
= Gi Au = 0, Qe | 
du 
dx ` 

We may now consider ourselves as having advanced by the route of 
analogy to a theorem which we should never otherwise have suspected, 
but of which we have not yet got demonstration. But having the 
theorem, it is easy to furnish a demonstration. Firstly, we shall show 
du 
dx 

The accents denoting differential co-efficients, we have 

h? h? ` 
Au = uh + u! = + u" H. 
+ 2 + 2 + 3 + 

Take the difference A of both sides, which gives Au = h Aw + 
X hèAu” +. . . and in place of each term write its corresponding 
series derived from using the theorem just given with u’, wl, &. Thi 
gives for A’ u a series of the form | 


Au —% Au + + Au = 3h x°, which is also h 


that — may be expanded in a series of the form of A Aw + B Au +e 


t 


| Au = ulk + Mu" k + Nuvhi+. . 

Repeat the process, writing for Au!’, &c. their values, and we have ~ 
| Au = u" k p Mu ht +N wh +. - | 
and so on; where M,N, M’, &c. are specific fractions determined in th 


process. Substitute every one of these in the series A Au + BA’u4 
C Au- ...., and we have 


2 3 
A (wh + wi +u” k 5 + &c. ) + B (u"k + Muh + &c.) 


+ C (uh -H....) 


; : ; d 
which can be made identical with A — by A=1, 43A + Da 


= A+MB+C=0, &c. It is not necessary to determine ar 


term, for as soon as we know that any form of Aw’ can be expande 
into A Au + BA?u-+.... where A, B, &c. are independent of tl 
function chosen, and of h, we can immediately find a function whic 
shall point out what these co-efficients must be. Let u = (1+a)’, a 
let h = 1; then we must have Au = (1 + ay.a NMu=(14+a). 
&c. 
(lta) log(iita) =A (14+a)*.a+B(1+4a)* a a C (l +a)*.e@+. 
or log (1+a) = Aat Bætt Cæ + ....=50a — ġa +3 nai 


whence A =1, B= —3, C=}, &c. 
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Let the student now interpret the following, and verify the second. 


d d d 
$ (r+ Az, ytAy, z + A= ge tagte o (2, Y, z) 
d > 


a ae Pee aa a d\" . 
lel eal ar) 2 eS e+ 7) P. 


d N Sate l 
By D™ or (=) > we are to mean, by definition, a function such 
T 


© d duù d An ‘ 
—1 — = ooo — ara Ae 
that D (D-'u) =u, or dr ` dei & whence ( i) u is fi udx 


Let us apply this to the last, and see whether we can derive a verifiable 
theorem from 


dN l UN J d d 
—} (PE) = = — =e" — — —— | — 
(=) eg Oa: dx Mote Q dx t ($ &o.) P, 


or J Pe de = e (P— = “ts = ec.) 


dx dx? 
This may be immediately verified by parts; thus 


o d P dP d?P 
» JPE SPE | e dr = pe C ex —— g dr l 
, JPd.e=P P €. dx = Pe a + {= E dr, &c 
We shall conclude, for the present, with another remarkable instance, 
Taking Taylor’s Theorem, and changing h into — h, we have 


$ (x — h) = or — h'x h + "x a — pz a + fx ae — &e. 
2 2.3 2.3.4 


_As A may be anything whatever, let it = x, and a simple transpo- 
sition gives 
Oe os i 
ox = $ (0) + p'r r— o"r = polr — — &e. 
e a -2 j 2.3 
or du è du z’ 
dx® 2 dæ 2.3 


where (u) is the value of u when r=0. As this is true for all functions, 
: Substitute the nth diff. co. of u instead of u, and we have 


du =) i d'H u d'H? u x 


d 
Uc (u) +a &C., 


eS 
ee 


dx” dx” 


a this when n = — 1, on the suppositions hitherto employed. 
Then 


drt? — Gag + &e. 


du x du x 


ae foe: ee a Re, 
dx 2 dx? 2.3 


du 
Suda — (Judr) + deo = 
du 
Here we must ask what 7,0 Means? Since in the method by 
x 


which these extensions are made the symbol D is used as a quantity 
until the end of the process, D? will not occur except where it is unity, 
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when considered as a quantity. Hence u itself is Dx; but we will 
make the theorem just obtained the test of the correctness of this, so far 
as one instance can be a test. If we assume the point, we have on one 
side fudr — (Judr) or fudr — its value when x = 0, that is f žudz. 
And thus 

fs du x? d'u 


tud = ur — — - ea — AC. 
dy 2 dz? 2.3 


which is called Joun BeERNovUILLI’s THEOREM. Itis verified thus: 


= 
fudz = uz — f rdu = ur — | — v edz, 
du; — lax d du q 
pean UL = ae T Py e T 
dr 2 9 dr de ” 
du x fe Py 27 u ae pose 
= urt — — — — — — — — dr, &c. 
dx 2 dx? 2.3 dê 2.3 °° 


We have not yet applied the great principle of the convertibility o 
independent differentiations in any problem of primary importance ; bw 
we shall now proceed to establish what are called LaGRanGe’s and La. 
PLACE’S THEOREMS. ‘They are contained in the following :—Given Fr 
ox, and wx, and the condition that v must be such a function of z anc 
z as is implied in the equation 


u = F (z + xou) 
Required the development of yu in powers of «. 
Since Yu is to be developed in powers of 2, and since it must bi 
(with u) a function both of x and z, the co-efficients of the developmen 
will be functions of z, and considering zx alone as variable, we havı 


(page 74) 


Wu = (yu) +% Se TOSET — ae ee 


where the brackets indicate the values when r = 0. The determina 
tion of these is the point on which the solution now depends; and th 
consideration by means of which we succeed is the following. Whe: 
a function is to be differentiated with respect to x, and v is then to b 
made = 0, we have a result which can only be indicated, unless th 
function be explicitly given. Por if we made x = 0 before differen 
tiation, we should only have a particular, value of the function, or a con 
stant. But when we have to differentiate, and then to make a constan 
= 0, these operations are convertible, and either may be done first 
Thus to differentiate Pe + eyx, and then to make c= 0, is to tak 
d's + cy’r, and then o'x. If we invert the order, we first reduc 
ox + cy x to ox, and then take ¢’x. Accordingly, if we can express th 
diff. co. of v with respect to cin terms of those with respect to z, then a 
in the latter case v is a constant, if may be made = 0 before the dit 
ferentiations. We proceed with the problem as thus reduced, which i 
simply this :—Given 


u = F (z + rou), 
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dx" 


being any function of u (remember that x and x are independent). 


Let 


to express in terms of diff. co. of U with respect to z only, U 


du d Fv dy du d Fv dv 
dz dv dz? dx” do dr 


dv dou dou du 
= x = x — 


z+rpu =v; then u = Fo, 


St eg ey es 
dz dz du dz’ 
dv roan dpu isk dhu du 
— = hu +a — = bute —— — 
dx dx du dx 
1 du du Fv 
r =—— = Py (l1 + z'u — —— = — 
dz ( ; dz /? dz l1 — epu Fe ’ 
du du du hu Fv 
— = F (pu + xo'u — y aae TE. 
dx dx dx l — rọ utv 
PE . du du 
whence it is plain that -— = du —, 
dx ` de 


a result independent of the function F. See pages 63, 64; where it is 
shown that an equation between partial diff. co. may be true for a whole 
class of functions. 

du, du dU du dU du dU dU 


n = Ou — — or = gu — 
du dx du dz dx 


If 


dU. : ' ' i 
pu 7 isa function of u ; and is therefore the diff. co. of some function 
u 


of U, say of V ; then 
dU pi dU du _ dVdu _ dav 
dx du dz dudz dz? 


dU _ dN č dadv_ d ( a 


an 


dx?” dr dz  dzdr dz á dz j)?’ 
| aa ? 7 N 
pan d hu aV du = ACA dU du — a (puy? aU ; 
dz dz dz 


du dz du’ dz dz 


. dU du . 
for the equation — = gu Gz 38 true of all functions of v. 


dx 
dU dV au d / dN du d dV 
t (Pu) —— = —, then — = —| — — = —.— ; 
pee du T dx? dz (5 = dz dz 
P @U dy AU 2 EN o Ë day 
dè dz? d ` dxd d=" de l 
dè dV ds dV du d /,, , dU du 
= AG 7) 7a (oe = 43 (ow SS); 


PU æ ‘a JUN 
or do ps d ( (ou dz)" 
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d'U _ a dU 
To give the general law, let F a — (couy T) 


„dU _ adv au |, te dV du d'V 
Assume ($ u) du dw’ a dat  dz**\ du dz ~ de" 


mu dav d N A av 
dart de dz dz” d£ dz” dz 


d” dV du dU d 
z a ( ou << u = = (Qu uy aS )= 5 a (owes T); 


or if 
dU d” U d dU 

4 then ——— = a eee 
“da = 5 lz" = (Qu 2 =) en a dae O = 


But this law has been proved to hold true as far as the third diff. co. 
therefore it is true for the fourth, &c. 

We have now expressed diff. co. with respect to æ in terms of those 
with respect to z; and making x =0 on both sides, and taking yw as 
the function represented by U, we have 


(Se) = (Galo TEN N; 


but on the second side we may make « = 0 before differentiation. Now 
when r= 0, z + au becomes z, and u or F (z + xou) becomes Fz. 


Consequently, 
! d ; 
(yu) is yFz and ou - ) is Fz. a, 
and generally 
d™ru n dyu ee „ dẹyFz 
es PEN or ( qe | pu)" vy) 1S = (>Fz) Pg y 
Hence by substitution in (1) we have 
a eRe dwEFz\ x 
=W Fz+¢F j ma 
ica ea aa oe oro Fs a), + ae aa *) dz 23° 


&e. 


which is Lapuace’s THEOREM. If we take the ENT case of 
Fr = 2, or u = z + xpu, we have 


d á F > 
yu=ypz + pz. yz Ean re (wey Ws )5 + (owa) a &e. | 


which is LaGRANGE’s THEOREM. The most simple case of this 1s 
where wuszu, Y'u=l; in which case uxz+arhu gives 


u=2 +z. A TOR z F L y. 
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Taylor’s Theorem is a particular case of that of Laplace, as follows : 
let pu be a constant =a, and let wu=u; then u=F (z+az), and 


dz d Fz x d E: æ 
u=Fz+a -7> e+ a? 3 
dz 


e 


de gT’ dz 2.3 
and making ax = h we have the well-known development of F (z+ h). 


+ &c. 


ExaĮmrie l. u= sin (ze+26"); required log u ? 
Fr=sin r, ġxr=€£", yYyr=log æ pFEz=s*z 
dĻFz  d(log sin 2) 


de ~ mae TO 
d 2 2 3 
log w= log sin e+e" *.cot z.2+ — (€2*"* cot z) < F(a cotz) id + 
2 2 EET “2 ' de 92.3 
&C., 


and the differentiations only remain to be performed. 


EXAMPLE 2. u =z +x sin u; required 2 tan~ (a tan u). 
This is a case of Lagrange’s Theorem, or Fu=u ; gu=sin u, 
2 a 20 


z=2 tan (atanz z= y. c al M U 
+ ( ) Y l+a*tan’z cos*z 1+(a~1)sin?z 


ee - e : 2a sin 2 
2 tan™ (atan w)=2 tan~! (atan z)+ eni 
d 2a sin ?z in 
dz me s+ aa 
EXaMPL~e 3. u=z +zsin u ; required u. 
, d. 7 i OP secs, ate. 
u= z+ sin 2.0 tT (sin 2z) a + Ja (sip cD cae Faena. 


The student must not believe that theorems have been invented or 
perfected by the methods in which it is afterwards most convenient to 
deduce them. The march of the discoverer is generally anything but 
on the line on which it is afterwards convenient to cut the road. Wallis 
made a near approach to the binomial theorem in trying a problem 


which we should now express by the question of finding Ja (a°*—x*)"dx. 
Newton, following his steps, did what amotinted to expanding the 
preceding in powers of x, and afterwards found that the expansion of 
(a+ x2)" was involved in his result. In the case of Lagrange’s theorem, 
Lambert (of Alsace, died 1777), in endeavouring to express the roots of 
some algebraic equations in series, found (for his particular case) a law 
resembling that which we have just developed. He published his 
results in 1758, and Lagrange generalised them into the theorem which 
bears his own name. Finally, in the Mécanique Céleste Laplace made 
a still further extension. 
We now proceed to the consideration of singular values. 


CHAPTER Xe 


ON SINGULAR VALUES. 


By a singular value we mean generally, that which corresponds to 
any form of the function which cannot be directly calculated; and the 
only way in which we shall say the function has a value at all in such 
a case is this: if = a give a singular form to the function, then the 
limit of the values of the function when x approaches without limit to 
a, is the value of the function. That it cannot have any other value, is 
readily proved by the process in pages 21, 22, and perhaps a proper 
method of considering the symbols 0 and œ, as bearing a tacit reference 
to the manner in which they are obtained, might render it easy to say 
in absolute terms, that the singular forms of functions have values*. 
But with this question we have here nothing to do; our object being to 
find the limit towards which a function approaches, as we approach the 
singular form. The language used will, for abbreviation, be that which 
calls the limits so obtained values of the singular forms. 

The most obvious singular forms are, 


a + 
0 


Thus with reference to forms merely, v = a gives 


v—a 0 cosec (x —a) œ 
—— x—-a)cot(@t@—a)=0xXe, ——_—— Z= — 
0’ ( enel ) C > cot (x —a) a” 


2 2 oxy 5 ] z—=a 
y —a — 
(z-a) w 0 (f—a’)"-*=0, (sz) Sory 


1 
N ` 
( ; ae cosec (x — a) — cot (x —a) =% — œ. 
vU— a 


These forms are easily settled, when there is no compensative eflect 
l 


— 


e e ° . . AY bd 
in the various increases or decreases. For instance, in| —} where 
\v/ 


x diminishes without limit, it is evident that a continually increasing 


: ; l 0 
* Much discussion has formerly taken place as to whether the fraction pi! 


instance, has value ; which seems to have arisen from previous neglect to ascertain 
whether all parties agreed in their meaning of the term value, If it mean value 
derived from the application of the ordinary rules of arithmetic, it is clear that such 
a fraction has no value, er any value whatever, according to whether we reject the 
absolute 0, or employ it as a number. In the former case, it is an inadmissible 
symbol, in the latter 0 may contain 0 what times we please. But ifan expression 
be said to have a value when we can by reasoning of any kind prove that we can 


answer a problem in numbers by means of it, then g may have value. In any case 


it is clear that the only way of avoiding confusion is to define value previously 
to entering upon the discussion whether this symbol or any other has value. Even 
numbers are values in one sense, and not in another. Thus 2 is no value if we 
understand concrete value ; it represents no length, for instance, in itself. = 
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number, raised to a continually increasing power, increases without limit. 
And in this way we briefly express the following : 


cu te, “on f=0, OT =0, OF =a, 


. ; eri ha! l 
or P® increases without limit when P and Q do the same; P~® or pa 


diminishes without limit when P and Q increase without limit; P® 
diminishes without limit with P, and still more when Q increases, since 
the raising of a power diminishes quantities less than unity; and P72 


\@ 
or ( p ) when P diminishes and Q increases is included in the first 
Z 


, O 
case. But of the rest we can say nothing. For g> see Introductory 
Chapter; and the rest not hitherto mentioned can all be reduced to this 
form. 


Let pr and wx both become nothing when z=a, then, page 69, if 
the diff. co. p'a and W'a be finite, we know that 


path _ (ator) 
wath) ~~ w(a+eh) mek 


Now, h diminishing without limit, the first side approaches the singular 


a 0 f : 3.8 
form va or gi but its equivalent continually approaches the limit 
4 


a i ; is , ; 
wa’ which is the limit required. If d’a only be = 0, then the function 


in question diminishes without limit: if w/a only = 0, it then increases 


without limit: but if both $a and w/a = 0, then by the theorem already 
cited we have 


lath)  $"(a+ 6h) p'a, "e 
——— = and —— is the limit, 
wath) w"(a+ 6h) ya 


subject to similar remarks. But if 6’a = 0, w"a=0, then ġa and 
y'"a must be used, and so on. Hence the rule is, to find the value of 


ae l . 0 : 
a function in the case where its form is p substitute for the nume- 


rator and denominator the first diff. co. which do not, for the value of 
_ &, assume the same form. 


l — cosz sin 2 
EXaMPLE 1. -————— wherer=0 = T = Q or is commi- 
x 
nuent with <. 
T 1 
ExampLe 2. ———, (whenz =0) = — = 1. 
€— l 3 


EXAMPLE 3, 


— SIN L 


2x sin r—7 T 2sm r+ 2r COST 9 
A eee ee ne ea x = — 1 Le 
cos x 


(z — a)" 


ex 


EXAMFLE 4, when x = a iseither 0, €~°, or œ according 


as n is greater than, equal to, or less than, 1. 
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=e 0 
Remember that in the relation which produces the form 5 any 


letter may be treated as the variable. For instance, 


f 
4 ax : 4r? — 2 
L when y — z2 has either = or i 


- for its limit, 
x — yY x — 


which are the same when y = 2"; that is, we may either suppose v to 
approach towards y or y towards x, and the relation which produces 


O A pai ; ; 

n makes the results of both differentiations agree. But if, as in the 
case of (82°—2zry— 2) > (3x? — y) we observe that without assigning 
any general relation between w and y, the form g eal when x = 1 


y =3, we are not to expect the same result by substituting 1 for z, and 


making y variable, as we should have if we substituted 3 for y, and 
then made x variable. The two processes give i | 
—? 81? — 6r — 2 , ee 
6 y always = 2, and —=—;> - having limit = 3. 
3 —y 3x 


o.ae 


Let da and wx be functions of x which severally become 0 and œ 
l ; 
when x= a; then Ox X Yar is pr- yz ™ which fraction both 


terms are = 0 when t= 4. This case is then treated by the last as 
follows : 


OP fete 
ae a 
Wa (ba)? Y 


a 


It must be observed that any finite value of x which makes zx in- 
finite, makes all the diff. co. infinite: for œ can only arise, in such a 
case, from the denominator becoming = 0; and page 65, no deno- 


minator is ever got rid of by differentiation. There is then the form = 


in the denominator of the preceding. To this form we proceed. 
Let gx and wx both become infinite when r=a; their reciprocals 
then become nothing, and we have 


ie, ee | 
gr ee (ya) (pa ya Pe gee ee 
we 1 DL ~ Naj pr we y'r’ 
pr (pr) 


the rule for this case is then the same as in the first, but Q's + ya 
o ; 
also has the form -S It will however frequently happen that a factor 


disappears from the numerator and denominator, or that some other 
reduction may be made, by which, the value of the original ratio may 
be more easily found. Some instances will show the mode of pro- 
ceeding. 3 = | 
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EXAMPLE 1. 


1 — log x 1 È l 
= (when a= 0)s8 = 24 (x5) = —_ = 0, 
= x g? A 
ET Ex 


EXAMPLE 2. 


x nz} n(n—1)a"-? n — sand 
= (when z= œ )= —. = ( ae = n(n — 1) - 1 
E E7 E” E7 3 


which last is =O when z= ac. That is, as æ increases, the ratio of 
az" to €” continually diminishes, and without limit. 

When an expression becomes = œ for a finite value of the variable, 
all its diff. co. do the same: consequently the rule can only be applied 
in such cases in order to see whether the fractions formed by diff, co. 
exhibit any circumstance by which the process can be closed. 

The cause of the singular form is the existence of a factor which 
becomes nothing or infinite, and is common to the numerator and deno- 
minator: differentiation may remove this factor in common algebraica] 
expressions : but it frequently only exhibits the factor, and allows it to 
be removed by division. 

In the case of 0°, œ°, and 1**, remember that P® is <@ ks P and 
Q log P takes the form 0 x + œ in all these cases: namely, in 0°, 
Q= 0, log P= — œ; in œ’, Q=0 log P= œ ; inl**Q= T, 


E a a 0 
log P= 0. Hence, in all these cases log P — — is either — or — 


Q c g 
P’ / 
and is determined by the ratio of the diff. co., or by P — (- =) that 
Èr 
1s, when P® is 0°, œ °, or 1**, its value is that of£ P% ; 


2 
, and = 1. 


ea © 
ZT 


2 ee R 
Thus, ex when z =Q is g7 e2 >, ore 


(E 


A . ah. 20 — b 
(l + ar) when z = œ is* log 17 = x a(i +ar x — =) 


= ab 
= ` — |=]: 
tog G + ar ) ? 


but when < = 0, the value is «%. 
t 


In the case of P — Q, where P and Q both become infinite when 
z = a, remember that 


P P P p’ 
E S.C E 
P—Q = log — and — is — whenv.=a andis = ~~. 
Q ° <8 El "a £Q 


pP’ 
ene Be Qi B= 108 


ý 7 e 5 3 6 i oe =] 
* To avoid exponents of considerable complexity, remember that Just as sin ad 
. ` ° Ve q t 
means the angle whose sine is r, log-!a may mean the number whose log is x, or 7, 
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= eee P” 

Either then P — Q is infinite, or g =]. Inthelatter case P-Q 
may have a finite value when in the form œ — œ. The value may be 


determined by reducing it to one of the preceding forms. Thus 
sec x — tan z, in which the preceding condition is satisfied when 


l ; ; i 
r= 5m, may be written in the form (1 — sin x) =- cos 2, the value of 


; ; 0. 
which, when in the form 98 = 0. 


We shall now proceed * to the cases in which it is customary to say 
that Taylor’s Theorem fails, as it would have done if we had not taken 
notice of the limitation, namely, that in the expansion 

. he h 
p (a +h) = pa + p'a. h+ p'a- t... + 9a + 0h) 3 
all the diff. co. up to ¢"a inclusive must be finite. But suppose it 
happens that the diff. co. next following ¢"x (and, page 65, all which 
follow it) become infinite when x= a. This implies that a factor is in 
the denominator of "t! x which was not in that of "x: this constantly 


5 
happens in differentiation. For example, take P22, whose first diff. co. is 
3 5 1 3 5 


POS a ; of AD) A 2 ie 
5? P +2? P’, its second S55 x P+ 522 P! + a P”, and in the 
1 


nam ; ; 1s ee 
third differential co-efficient we have 5 39° 2 P+ &c., or powers of x 


begin to appear in the denominators: and generally, if u = V"P, we 
find 


ul = mV" PVIAV"P!, wW'=em(m—1) V” PV? + 2mV""* P'V' + &e. 
u =a, V" * PV" +a,V" Ft pry ee +. &e. 


where a), @, &c., are functions of m. If m be negative at the outset, 
V is in denominators from the beginning: if m be positive and in- 
teger, V never comes into a denominator, since the differentiated term 
previously disappears by introduction of the factor 0: if m be positive 


* The beginner may omit the rest of this chapter, and it is perhaps necessary to 
give the more advanced student some reason why this subject is treated at such 
length. Until very lately, all analysts considered functions which vanish when 
aa as necessarily divisible by some positive power of x —a. This is only one of 
a great many too general assumptions which are disappearing one by one from the 
science. It appeared to be true from observation of functions, and is so in fact for all 
the ordinary forms of algebra. But observation at last detected a function for which 


it could not be true, as was shown by Professor Hamilton, in the Transactions of 
1 


m -— 


the Royal Irish Academy, some years ago. The function in question was € a, 
or og="( = =) which vanishes when x is nothing, but is not divisible by any 


positive power of 2,as can be independently proved. From this hint I have been 
led to the classification of functions which is here deduced, and of which I will not 
undertake the unlimited defence. But I feel disposed to maintain that the con- 
clusions of this chapter are more rigorous than any demonstration which has been 
given of Taylors Theorem, except only the one in Chapter JII, which is founded 
on that given by M. Cauchy. l 
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and fractional, then the series of exponents m, m—l,. . . has no 
term = 0, but in time negative fractions appear. If then a par- 
ticular value of x make V = 0, say v = a, then the diff. co. may be 
either infinite from the beginning, or become infinite, according as we 


have the first or third cases. 


Treorem. If a certain value of m give P= px (x — a)" a 
finite limit when 2 = a, then every greater value makes P infinite, and 
every less value makes P vanish; and if two values both make P either 
infinite or nothing, then every intermediate value does the same: and 
if any value of m make P infinite, so does every one greater ; while if 
any value of m make P vanish, so does every less value. And there is 
at most but one value of m which will make P finite (m is supposed 
positive throughout). 

All this will immediately appear by looking at the following equations, 


and remembering that when æ — a is small, division by any positive 


power of it increases, and multiplication diminishes, any expression. 


a Soon! 


(x ke a r— (x _ a)” +n (t- a)” 


We must now consider the various singular forms of a diff. co.; and 
we shall confine ourselves to singularities which are created by differen- 
tiation, and did not exist in the original function. If 2 = a make any 


; 0 
diff. co. assume the form p then we must presume that the factor 


which the numerator and ‘denominator contain in common, existed in 
the original function ; for differentiation introduces no new factors into 
both. And the same applies to ° X œ, and to all the other forms. 
Moreover, an exponential never appears in a diff. co., unless it were 
in the original function. All this is to be taken as very insecure reason- 
ing, for the purpose of pointing out the cases which, as our knowledge 
of functions stands, require or do not require a particular consideration. 
It has been of great disadvantage to analysis in general that there has 
existed a strong disposition readily to take for granted theorems which 
appeared to be generally true, only because they were true of the most 
ordinary functions. For instance, it is only very lately that the follow- 
ing proposition has keen doubted : “ If px become nothing when v=a, 
then Px can be expanded in a series of positive powers of z, such as 
axt + baf + ....; and the reasoning was as follows, sanctioned by 
the name of Lagrange*: let @x be expanded in a series of powers 


-of x (the possibility of which is assumption the first) ; then if there be 


negative powers, there are terms which will become infinite, and the 
series will become infinite (demonstrable when the number of negative 


* Perhaps the object of the Théorie des Fonctions has not always been fully com- 
prehended. Did not Lagrange simply say to his contemporaries, “ You found your 
Differential Calculus upon a mixture of the theory of limits and expansions ; I will 
show you that your algebra, such as it is, is sufficient to establish your Differential 
Calculus without the theory of limits.’ This appears to us sufficiently apparent, 
when he says “ it is clear” that radical quantities in a development must spring from 
the same in the function. What makes this clear? Certainly not native evidence 
in the assertion. I¢ must be then the ordinary algebra to which he appeals. And 
those who are acquainted with the controversy upon this subject know that the 
opponents of Lagrange (Woodhouse, for example) are at the same moment those of 
that part of Algebra to which he appeals under the name of the Théorie des Suites. 

i N 
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terms is finite, but the truth of this when the number is infinite consti- 
tutes assumption the second): this is against hypothesis, therefore all 
the exponents must be positive, in which case the series is evidently 
= 0-when x= 0, because all its terms are nothing (this is assumption 
the third). The third assumption is demonstrably true when the co- 
efficients, a, b, &c., are such as to render the series convergent for 
small values of æ. But in the case, for instance, of 1 + 2 + 2.32°+ 
2.8.44 + &., it is easily shown that the summation of terms gives an 
infinite result when x has any value, however small. It must be proved 
then, and not assumed, that the equivalent expression for this series 
becomes 0 when v = 0. 

We shall point out some instances in which distinct singularity of form 
appears, without denying the existence of others. ‘Taylor’s theorem 
readily applies, as has been proved, to all cases except those in which 
a diff. co. becomes infinite. But there isa possible case in which all the 
diff. co. vanish, in which case the following theorem (page 73) must he 
true :— 


n 


G 


o (a+ h) = ġ (a + 6h) O< 1; 


9 Q 
in which there is nothing like expansion in powers of A. We shall now 
give the instances. 

sins, v- (l +), tanv. All the even diff. co. vanish when 
OF 


cosr, a (1 + 2°), s* . All the odd diff. co. vanish when 
Q. 

xv- (1l +2”). All the diff. co. vanish when v = 0, except the 
Ist, the (n + 1)th, the (2n + 1)th, &c. In these three cases there 
is no singularity ;*certam powers of æ disappear from the development 
called Maclaurin’s theorem. 


wife [pe 


7 ‘ 
4. (x— a4- (x—a)y2. The first and second diff. co. vanish 
when v = a; the third is then = 6, and all the succeeding ones are 
infinite. 


10 
5. (s —a)s. The first three diff. co. vanish and all the rest be- 
come infinite; when x = a. 
1 


6. € @. This, and all its diff, co. vanish when x = 0, For the 
nth diff. co. will be found to have the form, 


-1/ a b , 
£ a = + mes -|- eevee ) 9 
a? vt 
the several terms of which are of the form 


I 
Qe w az? 
ag for OL wheres = wheng = 0, 


which may easily be shown (page 175) to be = 0, when a = 0. 


THeorem. If x = a make ġr infinite, it also makes @’x infinite. 
This was matter of observation in preceding chapters; we now prove 
it for all functions. : MF a 
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For if possible, suppose ¢/x not to increase without limit as x ap- 
proaches a. Say then, that however near a, shall be to a, @/a, shall 
not be greater than A, while by the hypothesis pa, may be made as 
great as we please. Divide 4, the interval between a,—h and a, into n 
equal parts, each = Az, and take Ard’(a,—h) + Ax d'(a — h+ Ar) -.. 
up to Ar@'(a,—Azr). This sum is therefore (as in page 100) always 
less than Ar. A xn, since each term is less than Ar. A ; or it is less than 
AA. Its limit consequently does not exceed kA; but this limit is 
fyz dx from æ = dı—h to s=, or ọ (a) — $ (aa —h). Now that 
@x increases without limit as x approaches a indicates that whatever 
¢(a@,—h) may be, ¢a, may be made as much greater as we please, or 
$(a,) — p(a,—h) may be made as great as we please, which is absurd, 
it being less than AA. Consequently $’v is not always less than a given . 
quantity A as æ approaches to a in value, or ¢’r increases without limit 
in such case. And this is our primary signification of the phrase 
“o'r = a when t = a.” 

Corollary. Hence, if ¢r=a« when w=a, every diff. co. is infinite. 
For ¢’a being infinite, its diff. co. Oa is infinite, and so on. 

A function which has some diff. co. finite, preceding the nth which 
becomes infinite, can have all the difficulty of its development reduced 
to that of another in which all the diff. co. preceding the nth, and the 
function itself, vanish when v=a. Let the function itself, and its first 
n — 1l diff. co. be Ay A, . .. .A,_, , all O or finite. Then the 
function 


$e — Ay — (@ —a) Ay— (#@— 0)? F—... -@—a) 


vanishes with its first — 1 diff. co. when x = a, while its mth diff. co. 
‘1s Ox, and becomes infinite when @ = a. 


Turorem. If @z be 0 or finite when z = a, and increasing from 
z= a toz = «x, but if Q'a be infinite, then f (dz — pa) dz must be 


l l 
greater than 5 (x — da) (x — a), or at least must become so if æ be 


taken sufficiently near to æ. For by definition of a diff. co. (¢z—ga) 
— (z — a) increases without limit as z approaches a; let then x be so 
near to a, that from z= a to x =a the preceding function shall be 
always increasing ; that is, 


| te > = or (x—a) (pz-pa) > (Px —Ga) (z-a), 


consider these two last .as diff. co. with respect to x. ‘Then, since they 
remain finite from x =a to z = g, and since, from the process in page 
100, it follows that P being always greater than Q within certain limits, 
f Pdz is greater than J Qdz, both being taken within these limits: it 
‘ollows also that 


‘t—a) | (bz-a) dz > (p-a) fe- a)dz from z=a tuz=2, 
T 


l l 
(æ — a) f (pz — pa) dz > (pa— pa) X 5 (1—0), 
N 2 
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] 
and f(z — ġa) dz > = (ox — ġa) (x — a). 
(px — Ga) (x— a) . 
= — is less than 2 for e lue of 2, how- 
Hence Tipe — Ga) dz is less than 2 for any j ue 
ever small. 


0 
As x approaches to a, the last fraction approaches the form 5? for 


the denominator being fg Pdz is of the form fe — fa. But being 
always less than 2, so must be its limit (at least it cannot exceed 2) ; 
and this limit being determined as in page 173, by the ratio of the 
diff. co. (the denominator being considered as a function of 7) we see 
that the limit of 

}'z (x—a)+pr— pa p'a (x—a) 


—— does not exceed 2, or ——— 
pr— pa ’ hx—a 


N p x (1— 
Hence, if þa = 0, the limit of eR 


wd 


< or: I. 


‘does not exceed 1. 


DS : my 


If ġa be finite, then ¢'x (xv—a) + px decreases without limit: for 


p'a (x—a) _ 'r(x—a) Gr— Ga | 
OX E px — Pa ; Dx ’ x i 
the first factor of which remains ‘finite, the second diminishes without 
limit. 
Also since ¢z — ġa < pr — ġa, S (2z—$60) dz <(ġx- ġa) fdz, or less | 
than (@r— pa) (a—a). Hence E 


(pr— pa) (x—a) _. da (a 
Ta Ti a > 1 and limit of are 


Treorem. If everything remain as above except that ọ'a = 0, then 
the limit of p'x (x — a) — (bx — þa) must be greater than unity. 

For everything is as before, except that (ġz— þa) + (2-2) dimi- 
nishes without limit; that which was the less of the two integrals is , 


a, sd 
ds O or positive. 


now the greater, and the final result is that 7 
aes 
ae ‘tn (x—a) . l P, 
limit of eee is greater than, or =1, which was to be shown. i 
If da = œ and therefore d'a = œ , let 6x x wr= 1. Then 

p'r wa fs 

— = — — — (z-a) = —-—(«t—-a 

bx Us x ber ( ) ( )» 


and the limits of these are the same with different signs. But ya = 0, 

and therefore one of the preceding cases applies to it. And the limit of 
y'x (c—a) + We being always positive when finite, that of $/x (a—a) 
— dx is always negative when finite ; and can never be = 0, because 
the only case in which this limit = 0 for Yr, is when ya is finite,' 
which cannot be if da= œ. 


Tueorem. If da, d’a,- . .. up to $'a be- severally = O, but if 
pHa and all the rest be infinite, then the limit of d'e (x—a) + $2 
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lies between n andn + 1, or at least is either n, or n + 1, or some 
fraction between. For by differentiating the numerator and deno- 


; ; ; : 0 
minator of this fraction, which takes the form 7 when x a, we find 


b"e(t—a)t+ o'r 


= limit of ——-—— 
z 


limit of 


ni _ nv zu 
ides as) sima a 


f; 


(repeat the process) 
prtly (t—a) 


o'r (e—a) 
w eee = n + lim. of E 


but because $"x =0, and ġ"t'r= æ , this last limit does not exceed 1; 
_ whence the theorem. 
Hence it appears that the more remote the diff. co. which first be- 
comes infinite the greater the limit in question; or if the diff. co. ad 
infinitum be = 0, this limit is infinite, or ¢'x (x —a) + dr increases 
without limit. When all the diff. co. are = 0, then by the usual pro- 
cess GU > (x — a)” is = 0 when z =a (0 +1.2.3...m) for every 
whole value of m, and therefore for every fractional value (page 177). 
And it will immediately be proved independently, that if ’v (x—a)+ $x 
had any finite limit, this could not be the case. 
TuEorem. If $x be nothing or infinite when «=a, and if its diff. 
co. be all infinite (as must be when pr=œ) or all nothing up to a 
certain point, and then all infinite, it will follow that, p being the limit 
of p'x (x —a) — px, the function dz itself, divided by (a—a)’, will be 
a function which does not vanish when z=a. 


= 2 + lim. of 


: v , . 0 oc 
In this case os > Which call we, is 5 for when praa, 
£ 


—a)? 
p is negative, as was shown. We have, when z=q, 
log gr—log tr œ j; p'x(x-a) im y'a (x—a) 
= =~ FF Se m. — _ - li. w 
log (x—a) oC pr yx 


observe that, the first fraction being always p, a finite quantity, and its 
denominator increasing without limit, so must its numerator, therefore 
even if log ya = œ , the numerator œ — œ , must increase without limit. 
Without this remark, there would be a tacit assumption of the question ; 
namely, that wa vis finite. But by hypothesis, the preceding equa- 
tion is 


/ 1 , 
xt (z-a Wie (r—a 
wes a) or lim. Yoa =, 
L 


p = p — lim. wae Wax 
Therefore wa must be finite: for of all suppositions, this is the only 
one on which the preceding limit = 0. E 
Consequently, when the (n + 1)th diff. co. becomes infinite, make 
the preceding diff. co. vanish by the method in page 179, and suppose 
the function then becomes of the form ¢r—ga—(x—a) p'a- &e. This 
then may be written (£— a)” yx, where p is the limit obtained from 
pr —þpa—. .. and xz does not vanish fore =a. We have then 
(p lying between n and n+1) 


& , 
pr = pa+ (r—a) p'a +.... + (a-ay i1 + (t-a@)? xz. 


————————————— 
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The development of p (a + h) becomes (c=a+h) 


| 2 n : 

pr = pa + Pach + p'a En $" osa he x (a + h), 
or the (n +1)th diff. co. becoming infinite when v=a, is a sign that the 
development of @ (a + A) coutaiie fractional powers all higher than n. 
The process must be repeated with yx, if any diff. co. bécome infinite. 

But if da= a, then at once determine d'r (x — a) — $2, and its 
limit, and we have then bx = (x — a)’ yx, where p is negative, and ya 
finite. Hence ġ (a th)=fh?y(a+h), and negative powers occur 
in every term of the development. Proceed in the same way with 
x (a + h). 

But if all the difi. co. become nothing, the development of ¢ (@ +- h) 
cannot be made in the form hitherto specified, which contains ascending 
powers, and nothing but ascending powers, whether whole or fractional, 
whether heginning from O or from a negative power. ‘The only re- 
maining case is that in which the development 1 is in descending powers, 
that is in ascending powers of 1 <- A, in which way therefore ‘all func- 
tions can be developed in the case in which all diff. co. are = 0, or in 
no series of simple powers whatsoever. 

The formal application of the preceding theory will not be necessary, 
since the instances to which it might apply are generally such as are 
easily reducible by common methods, But its use is to complete the 
theory of development, and to prevent the student from imbibing the 
notion of the universality of the common form of 'Taylor’s Theorem. 


In the case of va? — a’, for example, which is to be developed when 
e=zath, we meee that pı a= 0 da= œ: and the ngan may be 


l 
written (a Soe (£ + ay? ; ; when «=a +A this becomes he (2a+h)* 
the second factor of which can be developed in the common way, and 


the whole development will then be in powers of f of the form n +5 
where n is a whole number. 


dy . : : 
When oJ is expressed as a function of v, it can only take the form 


0. ; ; 

g in consequence of factors being both in the numerator and denominator 
of the original function. But if this diff. co. be expressed as a function 
both of y and zv, its appearance in the form 5 8 è sign of its having 
several values, as follows : Let 


dy  ?9(@y dy 


amn or p — Ue = SO 
lx w(x, YY Ba dx i 


and let v =a y= b, make ¢= 0, 4 = 0, it being understood that 
the arbitrary constant ‘of integration must be so assumed that in the 
original function :7 = a, when 2 y=. Differentiate both sides with 
respect to v, of which y 1s a function: then 


ap  dpdy (dẹ, ee Ny yt mo... (A). 
dr ax? 


ot | 


de ` dy dx \ dar dy dx 
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di 
Let p be the value of a sought: then making x= a, y=b, Yy=0, 


in the last, we have 


dp BEA dye) dv 
(Z elau ( T p — (= np’ = 0, 


N 
N 


do do 
where G &c. are the values of 7 &c.,whenw=ayx=). If 
x dx i 


these be finite, there is an equation of the second degree giving two 
values for p. Butif pas determined from this equation be —, dif- 
0 


ferentiate (A) again, and it will be found that the terms containing y” 
and y’ disappear, leaving an equation of the third degree to determine 
p, Which has therefore three values: and so on. There will be further 
illustration of this point in the sequel. We now pass to the considera- 
tion of differential equations. 


Cuarrer XI. 
ON DIFFERENTIAL EQUATIONS. 


Aux that we have yet done has been in one sense or other on dif- 
ferential equations; but this term is more particularly applied to rela- 
tions between diff. co. and functions, where we wish to find the primitive 
relation between the functions. We have already (p. 154) in the course 
of investigation come so near to some very important diff. eq., that it 
was worth while to stop and solve them. A differential equation is 
considered as solved, when it is reduced to explicit integration, as in 
p. 155. 

Firstly, how does a differential equation arise? By differentiating a 
function, no doubt. But our present question is, how does that dif- 
ferential equation arise which belongs to one stipulated function, and to 
no other whatsoever? Not always by simple differentiation; as in the 


EE ; l 
case of y = ax, which gives = =a, certainly a differential equation, 
dx 


and certainly true of y =ar, but not in the sense of being true of 
nothing else ; for it springs equally from y =ar +b. And it is clear 
that since integration always introduces a constant, there must always 
be at least as many more in the primitive equation as we need Inte- 
srations to pass to it. If then we would have a diff. eq. which belongs 
toy = ar only, we must so differentiate that a shall disappear in the 
process; or if not, we must eliminate a between the primitive and the 
differentiated equation. Either 


li 
A 
© 
[I 
| ~ 
namn 
x 
S 
“= 
Ne 
= 


l. Write y = az thus a 
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d 
Both give the result y — = TEN 


ll 


ExamMmrLE l. y= ==" az= —— | : 
4 x v? \y dx ; 


log y ji l c% 


] : l 
Or oy Seut = Tn both give x _— y log y = 0. 


dx 


EXAMPLE 2. y=ca— e, 2c= —x t V — 4y, 


t=2 of J 
x y ——— ' 
0O=—-14+———, t2 Nea 
ad d dr Y 3 
square both sides, to avoid ambiguity, and we have 

dy? dy 

T +y =0. 
OY os UY ey 


ad : 2 
Or, y= cer- c, aa ce a as before. 


We see thus how it happens that we introduce one constant at least 
in every integration ; but may not an integration introduce more than 
one constant? We are not to conclude that because differentiation 
destroys only one constant, and explicit integration introduces only one, 


bier d 
that therefore elimination of one constant between U = O and ae — () 
dx . 


will never eliminate more than one. There are cases enough in algebra 
in which two quantities so enter two equations, that one cannot be eli- 
minated without the other. Where is the evidence that no such thing 
can take place in the two equations just mentioned ? 

Assume y= ọ (x, c, c’), c and d being two constants, and let the 
common diff. co. be denoted by %' (x, c, c’). 

Let y = 9 (x, c, ¢') give c= Y (a, y, c), consequently direct differen- 
tiation makes c disappear; if possible, let it also make c’ disappear. 
Now since ¥ contains v, directly, and also through y, direct differentia- 


tion gives 


has 


dye 
dy  dudy dq __ d: 
0 = FP dy ae . Or de = m dy EEE (A), 
a 
pe, YP a 
which answers to the way in which Tn S obtained without c, above. 
Compare it with Example 1., thus : | 
log y d log y d l log 2 ld 
P(x,y) = =A ud sy wv re ee 4 
t ` dx ve ` dy xy x ry dx 
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Now the fraction (A) can only be independent of c’ in two ways, 1. by 
neither numerator nor denominator containing ¢’; 2. by their both con- 
; . . / e i e ° e ° 

taining the factor C’, a function of c’, and not containing c’ in any other 


way. In the first case, since 7 does not contain c’, then % must 
dx 


have the form a (x, y) + 8 (y, c’) (x and B being functional symbols) 
for c’ can only occur combined with terms which disappear in differ- 


entiating with respect to x, that is, with functions of y. And since - 
C 


does not contain c’, y must be of the form y (a, y) +3 (2, c), for 
similar reason. Hence 


a(t, y) + È (y, ce) = y (2, Y) + ò (x, e) 
or (y, c) — 3 (x, d) = y (x, y) — « (x, y), a function of zand y only ; 


consequently 6 (y, c') and ô (a, c’) can only contain the same function 
of c’, disengaged of all functions of y and æ respectively, for if c’ could 
enter combined with a function of y in the first, it could not disappear 
by subtraction of the second, which must not contain y. That is, 
the preceding forms must be 6(y) +C and d(r) + C, C being a 
function of c’. Ory has the form f(e, y) +C. But ¥ (x,y, c’), 
or Ww, is = c, or the equation between «and y may be reduced to the 
form f (x,y) = c — C, in which the two constants are in reality only one. 


d 
But ee and c have a common factor, a function of œ only, 
a y 
which call C’, then w must have the form C'a (x, y) + B (y,c’) and 
Cy (2, y) + ò (2, c^) for reasons as before. Hence 


l 
a (x,y) + a 8 Yc=y@y) + Cr O(a, c"); 

che second terms of which are only other forms of f (y, c’), and 
(zx, c'). The same reasoning applies, the two sides can only have the 
orm f(x, y)+C”, and y can therefore only have the form C’ f(2, y) 
+ C” C’, which being c, we have 

COT aaas À . 

f(z, y) = a which is equivalent to but one independent con- 


tant. 


But may not both numerator and denominator in (A) contain a factor, 
hich is a function of c’, a, and y; c not being contained in the other 


. lys d si 
arts ? If possible, let > = MV _ = MW, M containing c’, but 


rand W not containing c’. Then we have 


? 2] | 
aw dM .. Gy aM y 


di dt de ? dyde— des” 


‘om which we find, putting for V and W their values, 
ddy 1 dMdy _ ddy 1 dMdw _ 
dedd Mdoe dr” ? dyd? Mde dy” ” 

a dy dy PN d dy a = 0: 
dy di’ dx dxdt! dy í 
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the last of which (by the lemma in the next page, proved independently 


dy 


of this) shows that Fal must contain x and y only through Y, or — = 
C 


de dc! 

JOY); giving a 

d du l du d dis , dys 

LEP =0, EEr E mo, 

dx dc dx dy de dy 

1 dM l dys 
thie} with -t N ypopary = —. 1 1 — l — i 

which, with'the preceding, gives Al qa a W. R za = l: 

d log M fed dlogfy 


whence 


oraaa So 


dt firde’ di or log f(%)=log M+Z, 


where Z is a function of x and y (or may be, since 2 and y are the con- 


stants of the last integration). i 
Hence M is of the form fy.Z,, where Z, does not contain c. And 
thus we have 


1 dt L dvs 


psi esi eyes) Aare a 
fy dx ` fe dy 
and neither VZ, nor WZ, contains c’. Let f (fr) dw==xy, then 
VZ, and WZ, are its diff. co. with respect to æ and y. But neither 
contains c’, hence yw itself can only have the form F (a, y)+C. But 
since the original condition gave c = w, we have therefore 
xe= F(a, y) +E or yc-C=F (a, y), 


so that the two constants are equivalent only to one. 


SW As 


Before we proceed further, we must require the student to remember 
that there will be between the diff. co. employed a distinction analogous 


to that of known and unknown quantities in algebra. Tf we actually. 


assign a function of v and y, say ay’, we shall never need anything to 
remind us that its diff. co. are given, for we absolutely write them, 
namely, y”, and 2xy. But when we reason upon a given function which 
is not specifically given, but merely assigned or laid down as given 
(like the known letters of an equation in algebra), we are in danger of 
confounding the diff. co, of a given function a (a, y), which are given 
without an equation, and which we can specify as soon as we specify 
the function—we say, we are in danger of confounding these with such 
diff. co. as te a 

ax dy 
equation. What are the diff. co. of vy?? Answer, y? with respect to 
v, 2ry with respect to y: this question is answered without an equation 
expressed or implied. What are the diff. co. of u? Answer, with 
respect to v and y both equal to nothing, for u is not a function either 
of x ory. But what are the diff. co. of u when it is meant that u is 


, which have no existence except under an implied 


du du 
always =2y?? Answer, — = 4’, — = 2ry. Hence then we see 
dax dy i 
; . : du dP 
that such an assertion as u == P, therefore T ee &c. is not use- 
x x 


less tautology ; for it implies that we have u, a given function of x and 
y, with diff. co. which can be found, and the second equation of the last 


a= 


"* pair isa symbolic imitation of the process of finding the unknown on 
i the first side by means of the known on the second side ; an imitation 
| which cannot be rendered real till we specify P, in which case an alge- 
| braical result takes the place of the symbol of differentiation on the 
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second side, but not on the first. 
z Lagrange, in his attempt to reduce the Diff. Calc. entirely to the 
| principles of common algebra (in the Théorie des Fonctions), adopted 
ke the following notation : E(x, 2 y) being a function of x and y, its diff. co. 
with respect to x and y were denoted by f (x, y) and f, (x, y). As this 
notation will be frequently convenient in functions of two variables, we 
notice it here. In like manner w’ and u, may be the diff. co. of u. 
| We shall adopt the following notation. Let y(x, ¥,c)=0, give y= 


| Ce, c) when solved with respect to y; and let = = y (£, y) be the 
eng dif. eq. 


| du àp du dp | 
Lemma. If p= a(r, y} and if i 7E aa 0, then u 
cannot be any function of x and y other than some function of p (the 
converse appears in page 97). For if possible, let u =f (x, y), such 
that finding y in terms of p and 2 from p=a (x, y) we obtain u= F (p,2), 
: where æ as well as p appears. Then u contains x directly, and through 
_ p; but u contains y only through p. Hence 


du dE 1 dF dp du _ di dp 
dv dx dp dx dy © dp dy’ 
du dp du dp dE, dp 


and = = n MM = = by hyp. 
“ue | dx dy dy dx dx ‘dy Op? 


~ 


dp. l E aai : . dk . 
But — is not =0 if pbe a function of y; therefore — = 0, that is, 
. dy dx 


: Fis not (as was supposed) a function of x directly, or F (p, x) is only 
of the form of some function of p. 


. dy i r 
Tuxorem. The equation ap X (x,y) cannot result from two 
i 
different primitives y = @(2,c), y=% (x, k) of different forms, with 
an arbitrary constant im each. For, let both the second and third be 
primitives of the first; and let y = $( x, c) give c= (x, y), and let 


y=au(r, k) give k=M(2, y}; then the diff. eq. of these primitives ere 


EEO SS 


Bo db , dè dy > W Wdy 
4 det dy dT? de * dy ae 


os di dy . ae 
which are both satisfied by = = (2,7); or is the same in both. 


Eliminate this, which gives 
dd dil a cn = 0, whence &(2, y)=some f° of I (a, y) 
dz dy dy de 

or, c= f(e, y), koe M(a,y); let e= fe giver= fie 


a a 
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Then fic = IH (x, y) which gives y = w (x, fic) one primitive, 
c= I(t, y) -...- yoa(a,c) the other, 


or the two primitives only differ ih the form of the constant. 


Consequently, a differential equation of the first degree cannot have a 
primitive with more additional constants than one, nor two different 
primitives with the additional constants entering in different manners. 
Jt only remains to ask, may not someone particular case of another 
primitive, made by giving its constant some one particular value 
(and thus making it cease to be an arbitrary constant) solve that diff. 
eq. whose primitive, with the constant, is y = (a, c)? 

The preceding case includes this as well as any other, for whether k 
be supposed to have a particular or a general, but constant, value, the 
investigation is the same. (The student must always remember the 
difference between “ let k be 10, or 11, or any other asstgned constant,” 
and “ let k be anything whatever, but let it not vary,” which is the 
character of an arbitrary constant.) It should seem then that the 
question is answered; but here we are obliged to remember the con- 
dition which runs through all our reasonings, unless the contrary be 
specially mentioned, namely, that diff. co. must not be infinite. And 
it is essential before we proceed to show why we did not find it neces- 
sary to allude to the possible case of ’ or ®, being infinite in the last 
theorem. 

When we differentiate a simple function of x, specific values of x 
may make y’ (y= 2) infinite, as already discussed. But when we 
come to functions of x and y, not only specific values of a, but specific 
forms with unlimited numbers of values of x and y, will produce the 
same effect. Instance, 


du = v 
dre Nr +y?— l 
du Y 

dy Npyyp-l 


u =N + yl 


= 0 if y =V I — 2 


i 
> if y V1 — 2° 


This was immaterial in the preceding theorem, for since ® (x, y) was 


eae ..a® 
without an arbitrary constant, so were its diff. co., and if ao had had a 
l x 


denominator « (x, y), then « (x, y)=0 could not have given a value of y 
in terms of v, with an arbitrary constant, which was necessary to every 
case then under trial. But now, when we are considering the possibility 
of some specific case of another primitive satisfying our equation 


dy s . ° 

= = x (x, y), we are bound to consider those relations between 2 and y 
( dd... | 

which make —— or —— infinite, for they may now (that we are con- 


dx dy 
sidering relations without arbitrary constants) be the cases in question : 
and no others can be such, since the preceding theorem is conclusive as 
to all the cases which it includes. Returning then to the preceding 
theorem, it appears that we must devote our attention to the cases in 
which the diff, co. of P, or any of them, are nothing or infinite, and to 


J 
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the relations between y and x which produce that result. But having 
thus defined the question, we have a more easy method of proceeding 
than direct investigation of its several cases, as follows: 

The equation y= (2, c) may be changed into any equation what- 
ever y = wx, by making c, not a constant, but such a function of x as 
will be obtained by finding c from ¢ (x, c) = wx. Let us then suppose 
c a function of x, and let y = wer thence obtained be the particular case 
(if there be any) of another primitive which satisfies 


d seit ns d 
- = x (x, y), obtained by eliminating c from y=¢(z, c), T=, c). 


À dy dpb | dd de 
vaman è O 4 oa es = ee —— i 
But y =(2, c) (ca f° ofr) gives an a Te gitt 0), 


; d dd 
where, since a supposes c constant, ae = o" (x, c), 
l£ 


o WL., . ou) = Olle eye OP Me 
and since de X (x, y) satisfies (1), v (x, y) = p'(x,c)+ are 
But x (2, y) = $'(a, c) is satisfied independently of c by y = $ (a, c), 
because y= ¢ (v, c), y'=% (x, c) together give y'= x (a, y) by 
elimination: so that x(x, y) = $'(x, c) is made identically true if 
y = (z,c). From hence it is immaterial whether in y = ¢ (a,c) 


fanctionof 2. C i ae 
we suppose c constant, or any tunction of 2. onsequeutly Te ads mus 


. dc ; 
= 0 in the case supposed. Either then e Q (or c is constant, 


ESA? do : 
which reduces @ (x, c) to the usual primitive), or T = 0, that is, a 
e 


certain function of æ and c is =0, from which c may be determined 
in terms of zx. 


For instance, in y=2z-+(c—<)’, we have, to form the diff. eq., 


— d 
dy = l]—2 (c——zx) : eliminate c, and Tz l — Wy Salesa 2) 
dz dx 


; d de 
If c were a function of v, then* = = 1— 2(c-7) + 2(c—r) Ta 


Now required c so that (2) shall still be true, or that 
, (y being t+ (c — x)*). 
de 


1—IWVy— r = 1 — 2 (c — x) + 2(c—2) Ae 


i nae! dc 
Observe that 1 — Wy — x isl—2(c-2), therefore 2(c-2) LF 0, 
and either c is constant, or else c=, in which case y=r+0=2. And 
* Though the following caution appear rather trivial, yet some difficulty to the 


student may be avoided by it: the sign = includes all the moods and tenses of the 
phrase “ is equal to.’_ In the present case read it, would be equal to. 


ee 
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E E., dy _ p r 
yer piace: qa 1—Wy-2; 
but is no case of the primitive y=2-+ (c—<)?, c being constant. It is 
then the only particular case of any other primitive which satisfies (2), 
the primitive of (2), which has a constant, being y = a+ (c = 2)’. 
This new kind of solution has been called a singular solution, a par- 
ticular solution, and a particular integral. We shall adopt the first 
title. | | 
The point of view under which the singular solution takes its most 
remarkable form in geometry answers to that of a species of connecting 
function between the different cases of the primitive, such as arise from 
giving different values to the constant. Thus y'= y (a, y) is true for 
y=(a, c), whatever the (constant) value of c may be. It is equally 
true therefore of y= (a, c) and of y=¢ (£, c+ Ac). Now #(a, c) and 
o(2, c-+Ac) are generally of different values; but there may be specific 
values of x for which they are equal. Let us consider then the case 


do Lo (Ac)? 
p(x, cy= (2, C+ Ac) = p(x, c) +- ae Ac + de is. -|- cise | 
ld 2 % 
or OF at OR Ral ==% 
de dc? 


If Ac be very small, then the resulting value of x is very nearly that ob- | 
pained from 4 =; if still smaller, still more nearly ; and so on without 
limit. Butif Ac=0 absolutely, then (2, c)=9@(a, c-+Ac) for all values 
of x, aud of course among the rest for those obtained by = =0. Still 


the solutions of the last equation have this property, that the values of < 
for which the two functions have the same value when Ac is small, ap- ! 
proach nearer and nearer to them without limit, as Ac diminishes. For 
example, in the equation y=a+ (c—z2)? already discussed, if we inquire 
for those values of « which make 


a+(c—x)? = æ -4 (¢+A4c—zx)*? or 2(c—zxr) Ac + (Ac)? = 0, 
l l, | 
we find that 2 (c — r)+ Ac=0, ‘or r= c+ z Ae, which approaches 


nearer and nearer to «= c (the supposition from which the singular 
solution was derived) as Ac is diminished. 


We return to page 186, in which it is shown that no case of any 
other than one primitive will satisfy a diff. eq. so long as the suppo- 
sitions implied in the demonstration exist; that is, so long as none of 
the diff. co. employed have singular values. Whence it follows that 
the singular solution really obtained must belong to a case in which 
diff. co. have singular values. 


dy dò dò dy 
ae VL) r E ey 
dx dx dy dx 
we cannot have, by one supposition, both ©’ and ©, = 0 ; for that sup- 
position (say it is y = fx) would show that ẹ (a, y) is by y = fz re- 


: do 
And since a ® (x, y) = 0/46, 
x i 
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duced identically to a constant, and this case is therefore included in the 
primitive y = Ẹ (x, c) or c= (x, y). We cannot have &’/=0 and 4, 
infinite, for if we suppose c=a@z to be the value of ¢ which gives the 
singular solution above, we have then 


wr=ð% (x, y) and w'r=9 +, y(t, az). 
But $, is = œ, and wx not beiag generally infinite for all values 
di oe r 
of x, we can only have y(x, wr) =0 or ne 0, which is not uni- 
ax 
versally true; forthe singular solution, as well as the ordinary primitive, 


. d ; T 
gives = a function of candy. Neither can we have #’= œ and 6, 
x 


=0, for then w’z =œ, which cannot be generally true. There only 
remains then the case where ®’ and ® are both infinite, so that (remem- 
bering that algebraical quantities, upon finite suppositions, only become 
infinite when a denominator is made = 0) we have the following 
theorem. 

If y= O(a, c) give y= x(a, y), and c = (x, y), then the sin- 
gular solutions of y/=y (r, y) will all be found among such equations 
f(a, y)=0 as make ©! and 9, infinite, or a common factor in their de- 
nominators nothing. Observe, we have not proved the converse. There 
may be values which make p’ and ®, infinite, but which are not singular 
solutions. 


KxaMPLe l. y=uv+(c— x), givesc=a2+y — xe, which dif- = 
ferentiated with respect to x and y, has only ov y — x in the denomi- 
nator. Therefore, if there be a singular solution, it is y = a. 

Verification. This is the singular solution we found. 


Exame 2. Let y=c?— 2c, c=e 4v yt a. As before, if there 
be a singular solution, it must be y=—2*. Treat this by the other 
method, and we have 


dd 
P(x, c)=C—2cx, de = 2c— 27-0, cma, or yar 27? = — e. 
C 


As yet, we have only found the singular solution from the primitive 
itself. We now proceed to show how it may be connected with the 
dit, eq. From y=(2, c) giving c= (a, y), we obtain 


dy dy p’ i 
0= p4p = or -2 = — — = y (x, y) by reduction. 
Eo ge dx p, X (2, y) by : 


But if we prefer the direct elimination of c, we take y = (e, c), 


dı d l — 
ind =$ = A a function of x and c. Let this last equation give 
Ni L 


= F( T, 2) , then the diff. eq. is 
dx 


dy\ dy 
y=9\ x, F (« = equivalent to da = x (1, y); 


F 


OOOO A 
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ee dy . , 
so that the substitution of x for = in Ø, as last written, would make 
y= identically true, independently of x and y. Orwe have y =< (a, c) 


: di ad 
is made identical by c= F { 2, os „lf ZI be made = x(a, y). 
: dx Ax 
This equation, then, on these suppositions, may be differentiated par- 
tially with respect either to æ or y, and thus we have 


dip do dc 


oa th , døde _ dde dy dy ae de dx 
~ dx de dr de dy dx’ SINS? Jy db de 


dp de dy 44 dy l 
l= eo giving, — = 
dc dy dy dy dp dc 


l l dyX? di 
y= +3- i) = (a8 (5%), 


which is rendered identical by = =)]— avy —x = x(z,¥), . 
dp al dp de 
dx de dx_ 1-2(e-2)+2(c-7) X1 to 1 _ dx 


c-a Vy—xı a 


ean 
maataan 


l 
E — 2(c—1) X — 5 


l ] _ ol 1 dy l 


I 
a Wea) X = 5 


Now, returning to the general expressions, we know that the sin- 


gular solution requires c to be such a function of ras will makez = 0, 
c 


d dX . p: ; : 
X and = infinite, unless it happen at the same time 


dx 
de. . . d , dy. dd. 
that es: infinite, or else F nothing. But a iS oa in both cases; the 


and therefore 


OC 9% ss 
last therefore cannot be: and to suppose ae infinite would be to sup- 
X 


: ; d . d 
pose that F (x, x) = c, re-inverted into y = n , gives ~ = (, or tha 
| dæ c 


y does not contain c, or that y==@ (x, c) must be of the form y= fx +c 
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| ae we presently consider. There remains then only this case; that 
dy |. . dy 7 
dr being = x (2, y), all the singular values of y make LX aay Xx 


l dx dy 
| both infinite. 


__In the preceding, we have supposed y (æ, y) to be really a function 
Of both x and y; but if it happen that the diff. equ. be of the form 
y'= x(r), we may sce at once that the primitive is y= fyr dr +c; 


while if y’= xy, we have c= |— +c. The singular solutions of 
2 


e. 
| these are only such as can be derived from ye = œ and yy= œ ; as we 
shall now show. 


' Turorem. If ever we imagine a letter to be a variable, and differen- 
}tiate with respect to it, while under our implied conditions it is a 
constant, then the diff. co. which we expected to find finite, will be 
found infinite. 

Suppose, for instance, v=d4-+ kyt, which we imagine to vary with ¢, 
but which does not, because, as we afterwards find, k=0. If we then 
‘differentiate y with respect to x, we have (y being really variable with £) 

dy dy , dx ‘l dy 


= > OS if k=0. 
de” dt dt  kytadt ~ ' 


d. , d 
If oy = yv, and if r=a make yr=oa, then aA eg ‘an ere, 
dx de 
or a constant value given to 2, satisfies the differential equation. But 
this is an extreme case of singular solutions, and will be satisfactorily 


illustrated when we come to apply the subject to geometry. 


dy -—— 


EXAMPLE 1. T x —y?. The singular solutions, if any, are 
dx 
y= +v, or y= — zx: but neither of these is a singular solution, for 
À ; ae . dy : 
neither satisfies the diff. eq.: they give T, = + 1 or— l, while 
. di 
dy dy —— 
2 9 K eS ; ae aa 2 ‘i a m Faw ate 
gt — y>=() gives a= 0. But 7 1 +/2 —y” has y= +s for its 


‘singular solution: it is usual to add, unless it happen to be a particular 

Case of the primitive; and certainly the not being a case of the primitive » ! 
which contains the arbitrary constant, is the fundamental defnition of 

a singular solution. But as it may happen that a particular case of 

y = ¢(2,c) may have, with the single exception of being such a par- 

‘ticular case, all the characters of a singular solution, and particularly 

all the geometrical characters, we shall not attend to this distinction. 


di EON l r ; 
EXAMPLE 2. y 2 NVPH. The singular solution, if 
dr 


any, is y= iNe- r , and this does satisfy the dit equ. 
We are now in possession of all the possible forms which can satisfy 
‘an equation of the first degree y’=x(2, y). We shall now take several 
O 
| 
i 


| 
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leading forms which admit of complete solution, reserving those which 
require particular artifices for a future chapter, or specific application. 


i <= 27 (a). Das evidently gives y ame dx + c. 
z 
dy dy dy 
D Sea Gs. E Ta or y = W(x —c) where, | > 
ad Ys Ie y= P(r — c) |? 
being ay, Wa is such that cy = x — c gives y = W(t—c). 
di } ] 
Exampie, == yy, Tagen YS 
dx Y ` C — X 
dy ay f 
3. + st fa. — = j frdæ + c. 
Ea E JJ 
d H 4 ge -—e 
ISX AMPLE. = cma Ys log y = 2 a +. C, Y oo Tad 


dy R , Pa 
4, I = 2" J BI Under this general symbol is included every 
x 

homogeneous function of x and y, meaning either rational and integral 
functions, all terms of which are of the same degree, or any functions of 
them made as follows. The number or fraction n, positive or negative, 
is the degree of the function. 


v 


, Y ËN, 
rv -}- xy -y y or xv (i -+ a -b as 1S of the degree 25 
: \ ie og 


x+y >t rye? 
—__—_—— or T ma ry ° e ry Py ° ° 0, 
D. l — yt 


1 
SORIA 2 
5 2 ] 
rf -|- Ij or a lı -|- I ry . ° e e ° ° Ta 
Ny L Z 
v= -# l= y> 3 
——— —— Ore. 2 = ay oe a. ee 
Al x? -H y” VEn (y= v)° 2 
Assume y = xu, Then we have i 
du 
u -4r —— = t fu, 


da 
which is immediately reducible to integration only when x = 0. Sup- 
pose this, and 
l1 du |l O du i J i 

R S NOD © = 10r Cr 

fu-udur 2 fu-wu oe 
for instead of c, which is perfectly arbitrary, we may write log c. Let 

du 


fu—u 


Here by 4~'u we mean the function inverse to yu, so that PY WM =u 


= yu, and let wu=v give u=yYr"v, then y = xy" (log cx). 
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dy (2 d 
We have tl tegrated — = 2) aD, i 
e have thus integrate Ta J to which P+ Q rn 0 may 
be reduced, if P and Q be homogeneous functions of x and y of the same 
degree. 


di dy y2—z? x 
EXAMPLE. 2?-+ xy Ta y? gives aS a Y a ea : 
dx dr TY T yY 
f l du i i 2] 
u = u — - DoS — udu = — — U = log ex 
u fu—u 2 a 
q = / l 
u or 2 =f -2log ct Ol y= V2 tA? log — 
T CX 
Verification. 
di - „—— = l if] 
L SND Jog ox 4-422 . = (~—log cx) 3 — — es 
| dx 2 V x Y 
| ` . 
-dy 


Ty + Py =Q; where P and Q are functions of x. 


Let y =v, which may be satisfied in an infinite number of ways, 
and we are at liberty to assume one equation between u and v, or to 


assign ’a value to either, the other remaining to be determined by the 
diff. equ. We have then 


dv 


du ee “dv du 
u PP v dr + Puv=Q oru \ Ge -- Po) +v =g. 
Let 


dv 


dv 
a + Po=0 ofS = — {Pdx Te Or Cae eet p e 
for which we write ce~*", since s is merely an arbitrary constant. 


du I 
We also have v To =Q, o= = - Qe, 
xv C 


i ; 
Hence u = — | Qe?" dr + c', c' being another constant, 
c 
ves eo, [QE dx + cle”, (writing o for d xc) 


in which one constant has disappeared, and only one distinct constant 
remains. We may verify this result as follows: 


dy 
dz 
= P(e fQ de 4 deyt Q= — Py +Q 


d F =ar 
EXAMPLE 1. “= + ay=Q gives y = E7 [QEF dx + ce™, 


L 


g`/Pdz (—P) » [Qe dz Ta et Qe + cle Pads (—P) 


di ‘ = {Pda 
EXAMPLE 2. a + Py=P_ gives ysl + cE prar 
x ee 


02 
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dy 
dx 
[ee dr = —ae* — E7, y= — q =l'4 ce’. 


6. y= - £ + IE) , j being any function whatsoever. The 


= x+y, P= —1 fPde= a “Qa a, 


Exampie 3. Let 


integral evidently is y = cx + fc, which gives = = c. This primitive 
L 


is remarkable for its singular solution, found from a+ f’c= 0. If this 
give c = va, then y= ava + f(x) is the singular solution. 
dy a1 oY 


ExaĮmPLE l. y= ant + sin cn 
x 


gular solution found from 


1 gael 3 eG 
= 0 or c? = ———- , ils y =V r 1 + sec™ a. 


Vl- v’ 


4 
di dy\* £N , 
EXAMPLE 2. y= Gy Jo coy gives y= —3 7 > the sin- 
x v 


gular solution. 

We are now in possession of the means of integrating equations 
enough to illustrate their theory; and particular instances can only 
acquire an interest in connexion with problems which produce them. 


gives y = cx + sinc. Its sin- 


: di 
The most general attempt to integrate P + Q = 0, where P and Q 
dx 


are any functions whatsoever of x and y, is one which fails by requiring 
the previous solution of another species of equation ; but its principle 
is highly instructive. We return to 
bd dp dob di 
y = O(a, c) giving c= (2, y) and 0 = — + — awe 
dx dy dx 
which latter is in fact the differential equation, since it does not involve 
c. But if ®’and ®, have a common factor M, so that $’ = MP, 


di 
= MQ, substitution and division show us that P-- Qe Z = 0, which 


may be the diff. equ. in the form in which it is first pr o to us by 
a problem. Now, how are we to know whether a factor has or has not 
disappeared? By the following simple process. If 


dy dọ 1d dy 
P+Q— ee = 0 presented to us, be really = 7 = 


0; 


to which direct derivation from he. primitive would bring us, then, be- 
cause 


d dọ d db dP dQ 

rey — y ] 2 } ay Tg Ee ae me 

lide ers Wi (page 162) we must have a a 
dy Laer dy? 


= 0, we sce that — = — =0 (partial diff. 


Thus, in a2? eee 
3 + J dx dy dx 


co.) 
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. edy d(aty') dx? 
But in e+ y4 a Ty SS 2y is nol = — = Qe, 
Š ay ax 


In the first, therefore, we have no factor to look for, in the second a 


. d | 
factor has been lost. This equation so = es is called the condition 


dy dx 
of integrability, and we shall see that integration can really be per- 
formed without further preparation when it exists. 


dP dQ ; adi l 
Let a = 7? then in P+Q = , Pisa diff. co. obtained by sup- 


posing y constant. Integrate on this supposition, then J Pde + const. 
is the primitive. But since y was a constant in the integration, the 
latter term (const.) may have been a function of y; for such a function 
may have disappeared by differentiation with respect tov. Let there- 
fore S Pdi + fy be the primitive: then, because Q is the diff. co. of 
the primitive with respect to y, we must have 


d d 
Er wa = aa A ee 
T (JPdz+ fy) =Q or i (fPdx)+ fly=Q. 


V d 
Let f Pdr =V, ‘then? ey. a = a A = 2 a 
dx dy  dydx ~~ dx dy 


dP d dV dV d 
— dr: = | —. — .dr= — = — ; 
or { a dx S: os dx ag a ( S Pdz) ; 


so that, in like manner as the order of independent differentiations is 
indifferent, so is that of a differentiation and an integration with respect 
to independent variables. 


dfy _ dP Da ta 
Hence a = gQ J> de fy = f(Q = ay ar) dy. 


The latter integration is made on the supposition that y only is 
variable. This might appear to require that a function of x should be 
added ; which, however, must not be, because by such an addition the 
condition already satisfied, namely, that the diff. co. with respect toz is P, 
would be undone again. Hence, the function whose diff. co. with re- 


spect to x and y are P and Q (which call U) is 


dP 
U= f Pdz + {( R- [5 i) dy. 


Differentiate for verification, remembering the theorem just proved, and 


| IP l 
ae P + (F ae dy = P, because eet 


dt dx dy dy T dy? 
] dP dP 

-a — dr + Q— |—dr=Q. 

dy dy J dy 


Examp.e. From what function springs 


d(x + 24y)  d(v’ + £) 


d y dr 


dy 
ee ae) 


ee ee ee ee 
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og 2 
| [Pde f (a+ 2ry)de = = + ay, 


3 


fe E paces ea f dP Za 
Q [Rea +y — [2rd = y E (Q a de) dy = 5? 


sd ] 1 
and the function is 5 + xy + 2 yr 
from which we infer that the solution of x~ 
d : l l 
xt +- 2ry + (2? + 1°) = =0 i c= 5 a? -+ ay + ay: 


In the preceding operations, observe that none of the signs, J imply 
the addition of constants, those having been considered in the pro- 
cess. And also that the term annexed to y, though it appear to contain 
x, is really a function of y only, since 


d P dP Sa dQ dP DS 
A a JG a 


InP+Q - we have hitherto supposed that y is some function of a, 


it is not known what. If we make the preceding = 0, then y is the 
function of x defined by c= U. 

We have reserved the notion of differentials (which we may abbre- 
viate into diff.) as distinguished from diff. co., till we have come 
to a point at which the occasional rejection of the latter m favour 
of the former will produce an advantage more than compensating the 


liability to inaccuracy which the former are said to involve*. (Read — 
here pages 14,15, 38—41 of the Elementary Illustrations.) If. 
u= h (x, y) - give Au = ġ' Ar + >, Ay + &. (page 87) we write - 
du = ! dx + p, dy as an equation 1, which approximates without limit — 


to truth, as dx and dy are diminished; 2. as one which gives the limits, , 
so soon as ratios are formed by division, upon all suppositions. The — 


* The author takes this opportunity, once for all, to dissent from notions which 


have been:lately promulgated in English works, relative to the rejection of differen- ` 


tials. To such a point has this been carried, that the very striking and instructive 


analogy between Iyar and /ydx, as compared with that which exists between — 


Ay . l ] ; 

= and a has been lost to the eye by the introduction of /;y to stand for 
T aL * 

Jydz. But has this great sensibility to notation been accompanied by a similar 


feeling with regard to the assumption of principles or theorems? Have those who 
d: 

imagined they were more accurate when they wrote n = p instead of dy = pdz, 
dx 


rejected the assumption that f(s +4) can always generally be expanded in whole 
powers of A, or the attempts at @ priori proof, after the manner of Lagrange, that 
fractional and negative powers cannot enter? And have they been equally attentive 
to phraseology? Have they rejected the expressions about the fature of Taylor's 
Theorem, which would imply that the said expansion, not having the process by 
which it was declared universal before its eves, but being moved and instigated by 
the vanishing of a factor, did wilfully and of malice aforethought, refuse to be true 
in Chapter II., the same being against the proof in Chapter I., its truth and 
generality? Until these questions can be answered in the affirmative, we are 
reminded of differentials by the relative sizes of a gnat and a camel, 
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only warning necessary is, never to separate a partial differential from 
its denominator without making a proper distinction, since the removal 
of the denominator removes the existing distinction. Thus 


du du 


du = a a -+ G dy cannot he written du = du + du, though we 


have 


du (when both vary) = du (when 2 only varies) + du (when y only 
© varies). 


ore d 
Which might be written du= d, u + du, but in -i ay 
| will be found more convenient. 

We shall now suppose that in Pd + Qdy, the condition of inte- 
grability is not satisfied. Let M be the factor which has been lost, so 


that MPdx + MQdy is a complete differential. 

7(MP h(a LN N IC l 

s Ta d (Mi ) Di d (MQ) fe dM ET, = -M (2 z) 
day 


== P 
dy dx dy 


ax cy 


Thus, if we wish to render ydx — xdy complete, we have 


? dM dM g 
P=, Oe oy Ue ane = — 2M ; 
dy da 


- or we have to solve a partial dif. equ., namely, to find M, a function 

of x and y, between which and its partial diff. co. the preceding relation 

shall exist. This we cannot do generally, but thereupon, seeing 

that this proposition is true: “ given the solution of all partial dift. 

equ. that of all common diff. equ. follows, both being of the first degree,” 
we may suspect the converse, namely, that we shall be able to solve all 
partial equations, so soon as we can solve all common ones. And this 
we shall find true, with just enough of variation to remind us that the 
assumption of converses is dangerous. 

Tueorem. IfN bea function of x and y, giving dN = pda + qdy, 
then the equation du = VdN is incongruous and self-contradictory, 
except upon the assumption that wis, as to x and y, a function of N ; 
or only contains x and y through N. 

Let N = Yy (x,y) give y = x (N, x), and suppose, if possible, that 
the substitution of this value of y in u gives u = P (N, x), x not disap- 
pearing with y. Then, x and y varying, 

dS dN _ dp dN q ad 


du = — — da, 


— — dt +- BSE 
i aN dv dN dy J da 


1/3 li 
or du = = dN +- T dr = VaN, 


| which equation being universal, is true on the supposition that æ does 


a ee | aas 
not vary, or that dr = 0. This gives —- = V; 
N 
dN 
E MD nee 
or du = VdN -+ dese Van, . 
dv 


A 


i 


~ because and V being independent of the variauions (as are all 


| 
| 
bo eee o a ë ã e OÖ 
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diff. co.) whatever relation exists upon one supposition exists upon all- 

z d 
others. Hence aa 0, or 6 does not contain æ directly, but only as - 

dx 

it contains N. We have purposely introduced this demonstration here, | 
because it gives the opportunity of dwelling on the point most likely to | 
confuse a beginner in his first use of differentials. In the equation 
dN = pdx + qdy, which is true of dN, dr, dy, not in the ratios which 
they ever can have, but only in those to which they continually approach 
as they diminish, we can no more suppose dx = () absolutely, than dy 
or dN, except only on the supposition that v does not vary at all, The 
smallness of dy, if it be supposed small, is no reason for the rejection | 
of qdy as compared with pdr. Or let dé be a comminuent with dN, | 
dr, and dy, and let i 


IN ee 138 dN Ba pe 
a &c. be limiting ratios as usual, whence S L a o SN D 


is absolutely true, upon all suppositions. If then x do not vary, we 
have 


de _ dp dN  didx—_. dN 
Ta w and Tr ao “dt 
; dx . ap 
which being true independently of 7? must give a 0, as before. 
Again, | | 
dN dN d / NN d /, dN\ 
lu = VdN = V—— dx + V — dy gives — | V— J=—(V—]. 
du = \ dno -+ dy y gives a (v T) T (v =) 
dV dN y ddN = dV dN d dN o dV dN aVaN y | 
dy’ dx dyd — dæ’ dy dx dy’ i dy dx dx dy ?. 


whence (page 187), V, as to z and y, must be a function of N. Let it 
be fN, then du = fN.dN , u = [f fFN.dN + const., a function of N. : 
Hence, du = VdN requires both V and z to be functions of N. 


Turorem. du = Pdr + Qdy, u being’a function of æ and y, cannot 


Sent dP č d 
be true, œ and y being independent, unless — = = 
dy da 


du du 
T dz + a dy = Pdt + Qdy, 
| clit du .. dp dQ 
and unless E P o =Q giving dy =n 


we may easily show that no given function of x and y can be = u, 
unless upon a supposition which connects x and y. Thus, in the case 
of du = dx + ady, we cannot, for instance, have u = a? + 4°, unless- 
we have 


] Bi es 
2rdx + 2ydy = dx + ady or a = 
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| which is only true where 7 is one particular function of zx, Similarly, 
we can only have u=zy +y, where y is another function of r, and so on 
for every function of ¥ and y which u can be. Butin du = zdy +ydx, 
we have u = zty, whatever y may be. This latter sort of connexion 
between v and a function of x and y is therefore impossible in the pre- 
ceding case: which was to be proved. 

Where one equation only exists between two variables, as in y = da, 
or Y (x, y) =0, there is one independent variable. But there is one only 
when there are two equations between three variables, three between 
four, Gc. To take the former case, let us suppose $ (7, y, u, c) = 0, 
W (x, y, U, c’) = 0, each equation containing an arbitrary constant. 

If we differentiate these, we have 


' 

ag dx + ae iy + ae du = 0 ar + ay dy + ass du = 0 

v dy ` du dx dy ` du : 
from which four equations we may climinate ¢ and c’, leaving two equa- 
tions between x, y, u, and their differentials, or when more convenient, 
the diff. co. of any two with respect to the third. We may also in the 
same way obtain singular solutions, satisfying the diff. equ. by substi- 
tuting in the equations the values of c and c'in terms of x, y, and u, 
derived from ue =O i = 0. 

de de 

equations contain both c and c, except with regard to the singular 
solutions, which we shall have to consider hereafter. And the diff. equ. 
may be obtained directly (as in page 184), by explicitly obtaining c and 
c from @=0 ys Let these give c= © (a, y, 7), O = Pu, ) 
from which we obtain diff. equ. of the form 


Mdr + Ndy + Pdu =0 M’dz + N’dy + P’du =0, 


= where M, N, P, do not contain c or c’, and are either partial diff. co. of 
p, or diff. co. stripped of a common factor. And the same of M’, N’, P’, 
and, But we are not to conclude that these will always be the diff. equ. 
presented by a problem of which the result is that? =O w= 0. For 
if we multiply the second by V and W successively, and add the results 
to the first, we have 


(M + M'V) dz 4(N+4N’V) dy+ (P+ P/V) du = 0, 
(M +M/W)dx+ (N+ N’W)dy4+(P+P/W)du = 0, 


the truth of which implies, and is implied in, the truth of the first pair. 
And these, with some particular form of V or W, may be the conditions 
at which we arrive. 

But now suppose we require, not that the preceding equations should 
be both true, but that v, x, and y, should be connected in such a way, 
that either of them will be true when the other is truc; that is, 
either is to be a necessary consequence of the other. Supposing the 
equations to be so combined, if necessary, that the restoration of a factor 
shall make the first side of each a complete differential (say the first of 
p and the second of Y), then our requisite condition is this, that dp 
shall = 0, when d¥ = 0. This will be true if such an equation as 
db —Vd¥ exist, that is, if ® be made a function of ¥. Hence, we have 
this 


All this will be also true when both 


wae le 


d a e ae 


202 DIFFERENTIAL AND INTEGRAL CALCULUS. 


TueorEeM. If the diff. equ. of $ (u, z, y, c, c') = 0, and (vw, x, y, 
c, c') = 0 may be so connected that either shall follow from the other, 
then ® and W being the values of c and c’ deduced from = 0, % = 0, 
we must have ¢ =f (F): and conversely, (it may be shown from 
dp =f'F d¥) that © = f(¥) makes either of the diff. equ. deduced 
from d= 0 4 = 0, follow from the other. 


Though we have shown that Mdr + Ndy + Pdu = 0 is incongruous, | 


except only in the case where 


M N 
du = — P dx — dy isa complete differential ; 


yet two such equations existing together, have meaning and rational 


results. For by eliminating du we obtain a relation between dx and dy, 
which implies that y is a particular function of x; as also appears by 


eliminating u between the primitives p=0 y= 0. This isa sufficient - 


sketch of the theory of simultaneous diff. equ. for our present purpose. 


What function of x and y is u, so as to fulfil the condition N 
du du 
Sar = oe e e » ry . ] 
X a + Y ii U (1) 


where each of X, Y, and U, is a given function of the three variables 
r, y, and u, all or either. To begin with a particular case, let us take 


du du 
ze —-+y—-= u. Now u being a function of v and y, gives 
dx dy 
du du , du l lu 
du = — dx + — dy (for all functions) = — dx + -| u — P dy 
dx dy ` dx y da 


(for the case in question). 


du 
That is, ydu — udy = = (ydx — ady). . . . (2). 


This immediately shows us that u must be of such a kind that ydu - 
udy = 0 follows from yda — ady =0: of which the first gives u = cy, 
the second y = c'x. Hence,in the theorem preceding, c or ®, orw—y, 


must be a function of c’ or YF, or y+ a, and therefore 


~n dH du on, l 2 
if e— + y—— = u have a solution, its form is u = y s(2) i 
dy x 


The next question is, will any form of f be a solution, or does this - 


require any particular forms, and what? To try this: observe that (2) 
may be immediately reduced to 


uN a? du y o u y i ; 

doe Sees ae lS th ee ee, Bi y 

9 y? da l G): : y i a(x) 7 r2) (2) 
xz? du 


l lu y? fa 
then should ea a fet oe ie 
a s a IG 4 


ys Ux 


which, v being y f(y + x), is true Jor every form of f. We now pro- 
ceed to the general case. 


è m 
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1 
In the value of du substitute — from (1), which gives 
dy 
du 
| Ydu—- Udy = — (Ydr — Xd). 
du ar (Ydx — Xdy) 


Consequently, u must be such, that Xdu—U dy = 0, and Ydx— Xdy=0 
shall follow one from the other. If then their primitives can be found, 
and the two constants deduced in terms of x, y, and wv, the value of w 
must be among those derived from making the expression for one of the 
sonstants a function of that for the other. It only remains to show that 
she one may be any function of the other. Let c= and c' = W be 
she values of the constants above mentioned; whence © = f¥ is the 
form to be tried. | 
We know that (by the manner in which © and © are obtained) 


dọ id de ae Le DF 
—- du + LAR dx dy s= 03 du + ° dx + í dy 0; 
u div d y ` du de dy ` 


may be transformed into, and imply and are implied in 
Ydu— Udy = 0 Ydz — Xdy = 0. 


If then we use the two last, and eliminate dy and dx from the two first, 
we produce (eliminating a quantity from equations which are the same 
in different forms), zdentica/ equations. ‘These are 


dọ dỌ dP dy“ ay dy 
U —+xX—4+Y——-—0, U-—-+xX—-+Y = 0. 
du T dx | dy ; du i dx dy 


These results are necessary consequences of the manner in which p 
and ¥ were obtained. Now [I say, that the supposition of @=/¥, 
makes these render the equation (1) true, whatever j may be. For, 
differentiating the last with respect to x and y separately, we find 


dd du ` dọ mE du | de! 
= He Nea i= 3 
du dx dx / 


we een 
du dx Ax 


du dy = dy ) 
Multiply the first by X, and the second by Y and add, remembering the 

preceding equations. We then have 

| do du | ., du d® fof du du ay. |} 
ea sre — \— —U=fr J— (| X— + Y,_]—-—, Us; 
du (x dx : T) du ed oF dx day du J 


; he 
or (> — py =) x xt +Y——U)=0. 


' dẹ du dỌ ia aw du ay \ 
eee = es 
du dy dy 


du“ du, Ce dy 
Consequently, whatever f may be, we have either 
do yee Oe -du _ du or 
— {' =, or X— + Y — U = 0: 
« Fi » T, 
du du da Gy 


of which we shall show that the first not only requires a relation to 
exist ‘identically between ® and Y, but is even then only true of one 
form of f. Assume the first, then from equations (A), we have the 
following additional equations : 


ee 
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dP eee, dọ „n dF 
— z f Y _, anc = f y —, 
de “` dr dy ` dy 


which three relations imply that ® and fW are identically the same, 
or at least only differ in constants, or in quantities not containing either 
u, x, ory. Now ® and ¥ contain nothing arbitrary, being entirely 
determined when X, Y and U are given: the one therefore ‘cannot be 
made identically a function of the other ; and even supposing that we 
had obtained a case, in which ® was a certain function of Y, the first 
could only be one definite function of the second; that is, Í could not 
. as was supposed, of any form whatever. Generally, therefore, 
= fY gives equation (1). And we have thus obtained the most 
ad solution ; for if not, let the more general one be w (a, y, u)=0, 
which is such, ‘that when we substitute values for wand y in terms 
of u, ©, and ¥, from ® = (a, y, u), Y = YF (7, y, u), we do not a 
u disappear also, but suppose we find y (u, P, ¥)=0 giving b= f(¥, u) 
instead of the former solution. The equations (A) then require the ad- 
dition of terms to the second sides arising from f containing v and y 
through u, which enters directly, as well as in YW: that is, terms of 
the form = and ee The multiplication and addition then 
du dx du dy 
makes the final equation become (f’% meaning now the partial diff. 
af 
co, av 


CR y2! af x he du 
AG — ao 
(T E =ar ris U) T du TA) 


and this does not are the equation (1); for the vane of that 
equation gives 0= —U or Now, if U be finite, this gives 
df 


a 0, the very equation which denotes that u does not enter where 
du 


it was supposed to enter: but if U=0 the preceding DG is then 
reduced to 


dọ dv df du yl u ' 
SENE Ny =. . 
(= po du ia) (x oe +¥ 7) = = 


The first factor does not vanish, by reasoning similar to that already 
given. The second factor therefore vanishes, or the equation (1) is 
satisfied ; but our new supposition b= f (F, it) still exists, as a solu- 
tion ; has the equation really a more general solution when U= 0 than 
in other cases? If we return to the diff. equ. we find that U =0 
(Y being finite) gives du = 0, Yde — Xdy = 0, and one of the pri- 
mitives Pat be u =c; that is, u itself is either ® or F: be it either; 
still b= f (F, Y) or b= f(T, $) show, either directly or by deduction, 
that ® is a function of Y. 

Thus an arbitrary function is in partial diff. equ. what an arbitrary 
constant is in those which have only one independent variable, a neces- 
sary part of the most general solution of any one, however simple. We 
now give some examples: — 


1 
l. n U. Here X = 1 Y=0 andthe diff. equ. become Udy=0, 


dx 
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dy = 0, or y = satisfies both. In fact, owing to only one variable 
eing differentiated, this is a common diff. equ., in which the other pos- 
ible variable is constant. The arbitrary function is one of y. 


du it 


0 ee ee A = Y = — ] — : 
re dy , U=0, and the equations are 


u = 0, dx + dy = 0, the primitives of which are u= ce +y =’, 
nd u = f (x + y) is the solution. (For the converse, see page 62.) 


du. du : ae T 
a gives v = f (x — y) EE ea A 
. h 
ives u = f (ay — bx) + =, 
au du. du du 
4. ee B = f (q 2 ben es 
ii eo eeu Wyre Se 


ives w= Q (2? — y’). 


5. Let X, Y,and U, be severally a function of x only, of y only, and 
fu only. Then the solution is the value of u derived from 


du dy dy da 
T= Jv tt ¥- Se) 


du du ; y 

6. @&— +y— = nu gives u= f=). 
de I dy i j x 

7. Explain the following assertion :—If f may be any function, then 


(P — Q) + P, and /(P —Q) + Q are the same ¿n form; and so are 


I) ser) 


We have thus completed what it is necessary the student should 
now on equations of the first order (of differentiation), and of the first 
egree (as to powers or products of diff. co.) both for two variables (one 
dependent) and three variables (two independent). With regard to 
1ose of the second order, we have already integrated (in page 154, &e.) 
y far the most important of those which occur in practice. Those of a 
igher degree than the first are not of primary utility. Without making 
ther application than is necessary for elucidation, we shall content 
arselves in this chapter with pointing out the most important general 
siderations connected with them. 

Let there be an equation y = @(2,¢, Co,. + . ) containing n ar- 
itrary constants; three will be sufficient for our purpose. We may 
len form n different diff. equ. of the first order, according as we eli- 
inate one or another constant. From any one of these we may elimi- 
ate a second constant, and thus we shall have equations of the second 
‘der with only n — 2 constants in each. Proceeding m this way, we 
ay by means of the primitive equation, and the 2 equations imme- 
lately deduced by n differentiations, eliminate all the constants, and we 
all thus have an equation of the nth order containing no arbitrary 
mstants. For instance, suppose y = ¢,2* + caa +e? (A) whose 
ifferentiated equation is y’ = Ac, 2° + 3c,a* + 2c t, from which 


——————— 
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Eliminate c, giving 4y — ay’ = gh he ae aiaa Di 
Co seas BY — ay’ = = att Glenn, B, 
v © è C3 eeeer 2y — xy! = — 2c, a*— C50 o2e6s o E 


The differentiated equation of the first is 
By! — ry" = 3c, 2° + 4c, 2, 
from which, and from either b,, B,, or B3, another constant may b 
eliminated. 

Proceed in this way, and show that the first equation in which al 
the constants are eliminated, is 

xy!" — 6a y" -+- l8ry' — 24y = 0, 
which equation has (A) for its complete primitive. It might be sup 
posed that there are 12 equations of the second order, namely (denotin; 
by B/ the differentiated equation of B, , &c.), two from each of the fol 
lowing pairs, according as one or the other constant is eliminated B, B’, 
B- B’,, B, B's, and one from each of the six other pairs B, B’,, B.B’,, & 

But four of these twelve contain c, only, and are identical, and th 
same of c and c} However an equation containing c, only may arise 
it must be, with one order of processes or another, the result of elimi 
nating c and c; between A and its differentiated equations A’ and A! 
Hence there are n ways (supposing 2 constants) in which one constan 
can be omitted, or n diff. equ. of the first order; 52(2 — 1) waysi 
which two can be omitted, giving as many of the second order; an 
finally, one only in which all can be omitted, or one of the nth orde 
Thus, in one equation with 4 constants, there are 4 equ. of the firs 
order, 6 of the second, 4 of the third, and 1 of the fourth. 

Hence, n is the least number of constants which an equation of th 
mth order can have in its complete primitive, and also the greatest. Thi 
last point is one of which a complete and final proof cannot easily b 
given ; we shall therefore (here at least) content ourselves with remark 
ing, that as our only method of reducing an equation to the next lowe 
order is common integration, which introduces one constant only £ 
each step, we know that a primitive with 2 constants, independent ¢ 
each other, is the most general which we have the means of finding 
We shall now proceed to consider the general properties of the expres 
gion 

d'y 
"” dx” 
where Pa, Pa-1, &c. are any given functions of æ and y, and V = 0: 
the general diff. equ. of the nth order and first degree. If for yw 
substitute any given function of x, then V becomes a given function í 
gx, and is integrable, or supposed to be so: we shall hereafter show thi 
approximate integration, at least, is always possible. But there may | 
cases in which this function is what is called integrable per se, that i 
whatever function y may be of x; that for example, in which Q + P: 
is such, has been already investigated. But what we have at present | 
show is this, that excepting only in the case last instanced, or in that | 
Q+ Poy + Piy’, the preceding function cannot have arisen frol 
direct differentiation. Nothing more is necessary to show this tha 
actual differentiation of a function of # and y. Let the function be I 
and let U’, U,, U”, U’,, Up, &. be its partial diff. co, with respe! 


d'i d 
+ Paai Heet P H Py HQH V, 


n-i 
Lv 


P 


Ndek 
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to vand y. We have then, y, y”, &c., being the diff. co. of y, the 
following results for the diff. co. of U, considered as a function of x 
both directly and through y: 


Ist diff. co., 
=U +U, y 2nd diff. co. = UY 42U! y' +U yet U, y”, 


13rd diff. co., 
| =} 3U "y'+3U,'y?+U,,yP+2U y" 2U y'y"+ (U/+ Uyy” +U jy” . 


? 


fw, 


| It appears then that the mth diff. co. of u, thus obtained, contains not 
only y y”, &c., but powers and products of them: so that V cannot 
be such an ath diff. co. when P,, &c. are simple functions of x and y. 
‘The only exception is the first diff. co., since Q + Poy + P,y’ may be 
identical with U’ + U, y’. But if we are at liberty to suppose Pos &C., 
‘functions of a, Y, Y’, y”, &c., then V may, in particular cases, be an 
exact diff. co. independent of any specific connexion between y and a. 


' We shall proceed to ascertain when this is possible, 
By integrating [Vde by parts, we can now attain the condition (for 
there is only one, as will be found) under which this operation can be 


performed independently of specific connexion between y and æ. Let 
us take the general term 


f dq” l , qua} 7 qa q “qr: 7 
f Ph aed dx which is | P,, d. ee, or Pn area Slee y E CV % 
da dx dara dx} 


l 
A”: A ALa A m-l 
AT ON EN 


For, Gr being constant, — H EA 
Aw Ag : Ag”? 


| 
| l ; dP ; 

| Write dP,, in the form er dx, the diff, co. being total (throughout 
v 


this process, y 18 an implied function of 2) and continue the process, 
which gives 


jm d!a e- > V ioe 
fe eee D Y da 


| ™ dx dr”)? dx dom: 


— p Cee CP dey Pe P, dy a 
a m m— 1) = 7 ym—2 a 42 {ama ? 
dx dr du d dx 
=P ary dP m Ce Pady B Pe. any 7 
| ™ dx! dx dr" da” dys da get n 
any dpa T a Py dy + AP ade 
B dymot dr dr”? de da UI T dart? 
n =) f » 73 
p Co Py , y dPsdy , ËP; oer I 
Thus, Pedi 2 = = yy y yda. 
: dx da” dz dx dc? jJ di 


Substitute these several terms, up to m = n, m, f Vda, and we have 


. "dP dy dP, (PP 
[Vde= fQdr+ | Poyde + py- | yde + Pe T a Tal 


! d 
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dy dP, dy — dP, J dP 
ee semn 1 — 

d 


+ P, ydx + &c. 


de dv dr dix” r’ 
( dP, œP, dP; A 
— — — + — se piel l 
J - t y(P. dx | dr dr? t t dx” a 
oo dP PPs _ a" P. dy _ dP; | zi a’ *P,, 
(P: dx = de a dx P, dx “7T dv"? 


d’ dP, a Paes a 
+ Ti (P,— dr Fee F =) F eee + A (P,,). 
But the integral in the first line is not attainable without specific 
connexion between x and y, unless we suppose that Q, y, Po, &c., are 
so connected that the multiplier of dx is a function of x only: let it be — 
xx, whence the following theorem, obtained by equating that multipher 
to yx, and substituting the value of Q thus obtained (we leave out yz, 
because yr dx alone is evidently integrable; and if the whole be inte- 
grable, and one of its parts, so is the remainder). The expression 


dy d'y dP, œP, i a) 


Y y dy 
P — + Pa- qaa tes bP y da = dr? = — dr” 


: l R 
” dg” dz" 


is integrable per se; and its integral is 


yr} dP, jn-2 8 dP. 
P,- b+ (Poa Vie + Pear) ett (Pr ie) 


On dz Jd Lo dx 
dy dP, d? di dP, iP, 
Examples P= sey 4 and P, cd + P, a — — —— 
dx dx dx? dg dit dx? 


are integrable ; the first we know well already ; the integral of the second ` 


is p, + (P, — 7) y, which may easily be verified. 
dx dx 
These are the conditions upon which one integration is possible; we. 
might apply the same method to ascertain those upon which a second 
integration is possible; and so on up to 7 integrations ; but as this 
would not be useful, we shall merely give the results of one case as an 
exercise for the student. What are the conditions which make 


Ty + Poy ... (A) completely integrable ? 


. ; dP eP, BP 
That first integ”. may be possible P, = T ee 


de da? dx’ 
E T , LY dP dy ‘ . dP, , ŒP 
First integral is ... P; — Pren Doo 3 
> * dx g ( g da ae a ' dr + =) 


Condition of 2nd integration, 
dPe P, dP, @P, eP, 8 : 
ign 2 aa. er 2? 
dx da” dx dr” de? dax dx? 
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dy dP dP, 
Second integral P, =+ —-— —-— 
econd mtegral P,- + (2: Ta P ) Y | 


dP, _ dP, dP, 


—— = — or P, = 3 — 
dv dv’ A 


Cond". of 3rd integ". P,— 2 


Third and last integral Py. 


Show, from the conditions, that 
dP, d?y +3 ËP, dy CP, 
dx dx? 


Cy 
T = P, —— 3 3 
y 3 dx T dx dr dy? J 


The student should attend particularly to this process, as it is of 
importance in the Calculus of Variations, to which we shall come. 

Suppose now that V, instead of being integrable one step per se, is 
not so because it has lost a factor, as might have happened if V = 0 be 
an equation given. We shall confine ourselves to the second order of 


diff. equ. Let M be the factor ; consequently, 
dy d(MP,) d(MP,) 
dx dx dr” 


From this last, if M can be found, we can integrate V=O one step. 
But this is itself a diff. equ. of the same degree as V0, and we there- 
fore appear to have only reproduced the difficulty in another form. Nor 
have we done more relatively to the order of the diff. equ.; but at the 
same time observe that all that is necessary to M being a factor fit for 
our purpose is that the last equation shall be satisfied. We do not 
want its general solution, or even a solution with an arbitrary constant ; 
any solution will do. For the preceding process makes it evident that 
the mere existence of the condition, arise how it may, is sufficient to 
destroy, or to render a function of æ only, the indeterminate integral 


part of J Vdr. We have then made a particular solution of one diff. 


equ. the only condition necessary for a step towards the general solution 
of another. For instance, I propose the equation 


d? 
MP,— + MP, +MP,yis integrable, and MP,== 


d'y dy 7 Pe r 
d(—2xM (aM) , 
' Let M be the factor; then 2M = A n > 
| dx dx? ! 
vhich may be reduced to eee + 6r- - +60M=0. 
dx’ dx 


Now suppose by trial, or other means, we arrive at the knowledge 
hat M = 1+ x? will satisfy the last, which it will be found to do. 
Chen 

dy 2 oD 2y 
dt xde æ 


Consequently, page 195, 


oe MEE E. EE a 
is integrable ; it gives 7 a ae 


P 


—— ll 
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a — [az 
y = SOL i dz + |= —er+cz’*, 


which is the complete integral of the given equation. . . 
This method can only be applied with success to cases in which 
P,, Pri, &c., are all functions of z. Let the student apply it to 


a + Py = Q, and show that the factor which makes the first side 
£ 

integrable, is log™ (S Pdr), whence let him deduce the solution which 
was obtained by a particular artifice in page 195. 

When P,, &c., are all constants, the equation 


d'y ay 
Gy dx" + Any dx” 


d 
Jeees’ + a, E ay = XCF", of x), 


admits of complete integration. We shall take the third degree as a 
case. Let M be the factor which makes the first side integrable ; then, 
taking the equation of the third degree, the condition for determining 
M is i 
dM dM dM 
aM — a, — + ds — Gas = 9 
i Te T Ae O de 


A particular solution is readily found. Assume M = s~**; then we 


have 
e—** (ay ~- a, k 4- A> k2 4- (lg k?) — 0, 


which- is satisfied if Æ be either of the roots of a+ ak + &. = 0. 

Let Ri, ka, ka, be these three roots; use them one after the other, 

and we determine the three primitives of the second order belonging to 

the given equation, as follows (multiplying both sides by e~™, inte- 

grating by the formula, and then dividing both sides by €7%); ! 
al d 

(l = A. (d,-+ aki) at (ata: kitak?) yet S NE U, 


= d 

d3 “4 -+ (da + asko) ad (a + kot Aske?) y= g2" S Xet div , 
d? di 

As -5 + (dg + dka) < + (a, + aka + dok) y= E" J Xe7*s" dx. 


It is unnecessary to integrate further; for the elimination of y' and y" 
between these three equations will give y in terms of the three explicit 
integrals, each of which contains an arbitrary constant. To perform 
this climination, determine `, u, and v, from 


N+ pty=0, Ri à + kau + ka v = 9, 
which are satisfed by X = ka— ks, p=k— ki, v= kicke. i 
Multiply by A, p, v, and add, make Ak? -+ phy? + yk =XĶĘ ; then ° 
knr 


ty = sia Xevht da + e retk de + = A Xes? dx 
iy aa t 3 ELFUT ———— de 
K K K 


L 
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If X=0 the integrals are arbitrary constants, and we have, writing 


Cis C2, C3, for the complicated coefficients, which are in reality arbi- 
trary and constant, 


y = ce“? d- CE2” ale C36°3" , 


Soe ee eee Me + ee ‘M 


If two of the roots be equal, say ki = ka, then v = 0, and one of the 
preceding terms disappears, whence the solution not having three arbi- 

| trary constants, is not complete. In this case two of the three primi- 
tives of the second order are identical, so that having only two distinct 

= equations, we can only eliminate y”; do this from the second and third, 


/ giving 
| di 
a(k- k) + (ke—ks){ dg + a5(h, + ks) = f Xede — g3” S Xe-'s*dr 


, But as + a; (kz +k) = —ak, , in all cases, by the theory of equations ; 
x , , d 
. or the first side of the preceding becomes as (ka — kg) (2 —hy) ; the 
T d 


factor which renders this integrable is e~4:; multiply by this, and 
integrate, which gives (since k, = ke), 


as(ky—h,)ys*2* = S dx | f Xeda} — I f deesta)" J Keta de} ) 
which, involving four integrations, may seem to introduce four arbitrary 


constants; but this is only in appearance. For the second side of 
the preceding differentiated twice successively, gives 


[Xede — E-to” JXesde and (ka — ka) e*s- [Xet dr, 


whence asy EE = f f dr f (dx. st? [Xet dx )} ) 


In which there are three integrations only. (It is always possible to 
make a single integration appear two or more; thus 


J PQdr = P/Qder — {AG folar). 


When X=0, the first integration gives a constant, say c; the second 
gives 


É k3 — k2): " 
esmi L e, and finally aye" = fp ee a 
Kaho Ces — ka) 
or y = Ces +. (C'ax + C”) etn? 


When all three roots are equal, the three primitives of the second 
order become identical; and we should then integrate the primitive of 
the second order twice successively. But the form to which we have 
reduced the case of two equal roots does not lose a constant when k= k, 
and gives (with three integrations), Æ being the root, 


azy E= = [idx f (de fXe*dz)}, 


p 2 


_- 
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when X = 0 ye (Ca* + Clr + OE 
The most important case is that of the second order, or 


ay dy 
lg ~~, t+ Ay — 4 ay =X, 
dx dx 
and proceeding as before, we find that the factor is either e~1*, or 7*2”, 
k, and k, being the roots of a, kh? + aik -a= 0: the two primitives 
of the first order are 


dy 


da +- (a + azki) y = chit f Xeon" dr, 


ll 


d 
də = +. (a, + ask.) y = e f Xede, 


giving  a(kı—k:) y = he f Ket dx — chet [Xeta th sates CA) 


If both roots be = k, the integration of either of the first pair gives 
(remembering that ak + a = — a,k, and that the first side becomes 


l 
ay -he) , of which the factor is e~"’) 


dx 


Gye = fda} [Xe da} P de oe ee Oe Gs 
when X = 0, yoshi + eoe, or E7 (e, + car), 


according as the roots are unequal or equal. But let us suppose in 
(A), that k, is a variable which approaches to k, as a limit, in which 


: O l A 
case the value of y in (A) approaches the form ` Differentiate both 


numerator and denominator with respect to kı, remembering that (x 


See oh Le vie dP | 
and k, being independent) < {Pde =|" dx, and the value of | 


dh? by 


, ! Z 
a, y will be (since T (ki — kə) A ; 


de® dat" 7 l 
a y= Xer dren” | X ah dior | vf Xe dx- [Xas dae 
“l : 1 


To which (B) is immediately reduced by parts. 


-If the two roots be impossible, we have 
(kh = a+ PV—1 k= a — BY—1), 
et Xe tedris (cos Bx -+ a -Isin Bx) ff cos x-y -1sin Paye] Xde 
eke f Yek p= s" (cos Bx- -1 sin Bx} f {cos Bet -1 sin rle” Kde 
20 y —lasy = 
Qe*,/ ~] sin Baf Xxe~* cos Bedr — Isera — 1 cos Bx f Xe-* sin eda 
aye =sin Hx f XET cos Bx dx —cos fx J XE sin Bx da. 


If'œ = 0, we have the case already considered in page 155. 
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The following theorem is the synthetical construction of the solution 
of such equations: If y be multiplied by e7, and the product dif- 
ferentiated ; the result multiplied by e@2-*)* and the product differen- 
tiated; the result multiplied by s@3-')* and differentiated, and so on 
up to multiplication by “r~ "a-v and differentiation : and if the result 
be then divided by e4n—*n-v*; the final result will be 


d"y d'y dy 
TOnga + ei cde at che. Fa a + ys 


dr" 


where @,..=h; + Re Hee dna = ki ke +k, ha +.... &C Amz h ky vk 


ne 


We now come to equations of higher degrees than the first. It will 
be sufficient here to consider 


dy’? dy’? dy” a 


where P, Q, and R are functions of x and y. This equation gives three 
dy 


distinct forms for Ty? answering to its roots, considering it as of the 
G 


third degree: let them be 


d d? d 
in ae . = AAs = = A; (A, Ag, Ag, £* of x and y). 


If we can find the primitive of either of these three, we have a solution 
of the equation. Let the primitives of these be V, = 0, V = 0, and 
V,;==0; either of these then satisfies (1); but no others satisfy 
V, Ve Va = 0: consequently, let V,, Ve, and V, be combined by mul- 
tiplication, and let y be deduced from the product. This value of y will 
contain three arbitrary constants, contrary to what is proved in page 184. 
But it must be remembered that in what we have just said we have 
tacitly extended our meaning of the term differential equation beyond 
what was allowed in the page just cited. The equation (1) gives a 


dh | l 
'hoice of three forms for = , and may be written 
v 


dy dy dy ) 
C ee: N ~ =Å, }= Oo @. ua ae 02) 
(2 A) (Z A) (Z È (2) 


{nd V, Ve V;==0 gives a choice of three primitives. If we choose V,=0, 


l . 
ve satisfy (2) by means of the factor n — A, = 0, which follows from 


n=0. But y as obtained from V, Va Va = 0 being differentiated, 
nd c, (one constant) being eliminated, will the result be the equation 
1)? To try this, suppose the three primitives to be written ¢ = W,, 
e= W., cs = Wa, when (o —W),), (co— We) (¢,— Ws) =0 is 
he complete primitive, as far as we have yet gone. Differentiate 
nis, and we have 


Tt 


~ 
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d.W d.W 
(c.— Ws) (c= Wa- a (c3- Ws) (c,— W,) ae 


d.W 
Ax 


Eliminate c, from the original, which can only be done by making 
c = W,, and the preceding is reduced to 


d.W 
(Co = Wa (c3 — W.) si da = O, 
dx 


+ (c,—W,) (¢2— We) 3 = 0, 


which is not the diff. equ. (1) or (2), but has a factor in common with 
it, so that both are satisfied together by c, = Wa For by supposition 


, , di 
c, = W, and V, = 0 are simultaneous, and the latter gives -i -A,=0. 


But if we make c, = c == G so as to have only one arbitrary constant, 
the elimination of c, will lead to the equation (2). Suppose (to give a 
more simple example) we take the form (1) but of the second degree, 
everything remaining as before, except the suppression of Az, V3, &C 
Then (c — W,) (c —W2) = 0 gives 


dW, dW: d.W d.W 
r aa ised $ 1 2 za 2 17 2 
C (Wi +Wa)c +W,W,.=90, (=F + aa c= W, a +W sar 
a d.W, d.W. 
Eliminate c; then (W, — We)? ae . = Ori. ar we & 4B) 
But 
dW, dW, dW,dy dy d. | 
Ta “ap Ga and oe —A,=0 follows from a 
whence 
dW dW, dW, adwW,/dy ` 
A = (od aie L l 1 ee i Ve’ N 
a de Olas iy da A) and (3) becomes 
_ __. dW,dW./dy dy | 
Ww:—W.)? — —(_ = — i = 


which is the primitive diff. equ. affected only by factors not containing 
d EET l 
E. Hence the real primitive, in the sense used ın page 184, is the 
product of all the primitives with the same arbitrary constant in all. 


dy? l | 
For example, let L- (ata) gt a0=0, which is satisfied either 


dy dy 
by Jz =m A or 


y — 40° — c=0, and 
y? — (ax ga? + 2c)y + (ar + c)(4a?-+¢)=0 
is the complete primitive. 


The student must here remark a distinction which has no specific 
name, but is of considerable importance. The ambiguity which exist 


=z, the primitives of which are y — ax — c=0, and 
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in algebraic expressions arising from the occurrence of the radical sign, 
has two characters, 1, when the root in question can be extracted in a 
more simple algebraic form; 2, when the root cannot be so extracted. 
An example drawn from geometry will do better than anything else to 
illustrate the difference. Let y=V and y=W be the equations cf two 
curves, V and W being functions of œ. Let it be required to find an 
equation to both curves in one; or A(z, y) =0 is to be satisfied when x 
and y are co-ordinates of a point in either curve. This may be repre- 


sented by means. of the ambiguity of P+ Q? ; let Pad Q =V, and 
P —-V/Q=W, and we have 


P=}(V+W) - Q=}(V—W)? y=3(V4W) 440 -2V Wa WS, 

which is either V or W, according as we take one sign or the other 
for the square root. Thus, under the appearance of an ambiguous 
single form, y may have either of two perfectly distinct forms. But if 

ER l 3 

we now consider y=4 +27, we have two varieties yoatNVa, and 
y=a—v x, belonging not to two different curves, but to taco different 
branches of the same curve ; where by the same curve we mean the 
same to common perceptions. We can geta circle and a parabola 
into oùe equation of the first kind, but y=a+,/e and y=a—,/x belong 
to two different branches of the same parabola. Thus the equation 


| 1 B TPR are 
y= (2?+c¢)* exhibits an hyperbola, or +a te and vrtce are 
ordinates of different branches. But let c become =0, and we. have 


. l l 
y= (a)? ; that is, y= +x or y= —v, and these two branches together 


form two straight lines. It is true that this system of two straight 
lines zs an hyperbola, according to every definition that can be given 
of that curve: but it is equally true that this is an extreme case of 
the hyperbola, which presents a peculiarity of its own; namely, that for 
this single case, the hyperbola degenerates, as is sometimes said, into 
two other lines which, both together possessing the properties of an 
hyperbola, are yet each complete in itself. 

The last diff. equ. we took was one which belongs either to a straight 
line or a parabola; but let us now consider one which cannot rationally 


ed 2 dy? 
be resolved into factors, say ( 4 =y. We have then either 
K 


dy 
dt 
the complete primitive is 


(32+c—Vy) (het c+Vy)=0 or y=Getc)’, 
the equation of one parabola, each factor being that of one branch. 


We shall now proceed to applications of the differential calculus 
which are valuable in themselves, as well as for illustration of prin- 
ciples. We have before us the fields of algebra, geometry, and me- 
chanics, which we shall take in the order in which they are mentioned, 
placing a chapter of examples on the subjects of all the preceding chap- 


es ] m _ = 
= Vy or oF oy and vy = e+e or — Vy=4ete, 


d 


ters between those on algebra ahd mechanics. 


I 
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CHAPTER XII. 
FURTHER APPLICATION TO ALGEBRA. 


A runcTion of two variables may have a maximum or a minimum; 
that is, it may be possible to assign r=a, y=), so that G(a+A, b+ k) 
shall be always greater or always less than d(a, b), or become perma- 
nently so from certain values of A and kto anything short of h=0 k=0. 
` The law by which these values are to be determined is obtained as fol- 
lows: such an absolute maximum or minimum remains if we suppose y 
any function of x, subject to the single condition of that function being 
=b when w=a. For if all species of values of h and k satisfy any 
condition, so do those which arise from supposing k==a(a+h)—aa; 
and conversely, k may be made = any given quantity, a and / being 
` given, by choosing a proper form for æ. Thence $(2, ax) is to be made 
a maximum or minimum, whatever may be the form of æ ; that is 


d.d(a, y) _ dp dọ , i 
oe (y=ax), or Ta ` T 


changes sign, whatever ax may be (page 132), in passing from r=a-h 
toa+A; and this, however small h may be. That there may bea 
maximum this change must be from -+ to —, or the last function must 
he decreasing ; for a minimum, it must be increasing; or, 


for a Do =. ip , PP, a, dd, (must be ~ 
for a minimum) dz? dxrdy oes dy? ears dy í 7 iia be + 


We shall confine ourselves here to those maxima or minima which 
arise when ¢/+,.o/x=0, (it must be either 0 or œ ), and since this 
must be true independently of «'x, we must have ¢’=0 ¢,=0. Making 
¢,;=90 in the last, which is thereby reduced to f+ 2¢,'c/a+¢,(a'x)*; 
we know that this cannot be always of one sign whatever a’ may be, 
unless the values it would give to e’x, when equated to nothing, are 
impossible or equal; that is, unless œ”, be not less than (¢/)% In 
this case ¢” and $, must have the same sign, and this sign determines’ 
that of the expression. Consequently, 


determine all the values of x and y which give 2 0 ay =0 


dx dy, 
d*d d’ dh 2 
wa ~ \ day 
d? d'p 
dx? dy? 
We also exclude the possible case in which $”, ¢',, and $, vanish 
with o’ and_¢,. ; g 
Example. p(z, y=e+y?—ary—3x, P =2r—y—3, p =2y—zr; 
p” =2, y= 2, o/=-1: bby >(b/)*, ¢’=0 and¢,=0 giver=2,y=1 
Consequently ¢ is a minimum (= —3) when a2, y=l. 


then for any pair which give a positive sign, 


P(r, y) is a max. or a min. according as and are — or +. 


= 
a 
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We have introduced this method here as subservient to the demonstra- 
tion of an important theorem in algebra; namely, that every function 
of z, whose diff. co. cannot become infinite for any finite value of z, can 


be made =0 by giving z a value of the form a+b N=], where & and b 
are possible quantities, positive, nothing, or negative, finite or in- 
finite. The assumption made with regard to impossible quantities is, 
that the processes of differentiation may be applied to functions con- 
taining them, and all general conclusions applied to them. This being 


premised, expand f(x +y /— 1) and f(r—y /—1) by Taylor’s 


theorem, which gives 


aaa aes 2 4 2 
((et+yV—1)=P4+QV—1 P= fr- f"x athe; : j7 c. 


aes EAD ` 3 5 
(vw -yNV—1)=P—QV—] Q=f'r.y-- Ma ath 8 sae he 
dP_dQ dP dQ 


de dy’ Ge a ee 


P dQ CP @Q_ dP _ FQ. 
d dxdy dy? da? dx dy dy? 

vhence P” P, —(P’)? and Q” Q,- (Q)? are necessarily negative; that 
s Pand Q are of a class of functions which cannot have absolute 
1axima or minima. 


Whence we find that 


TuroreM. If P and Q be réal functions of x and y of the form just 
iven, and if f’z can never be infinite for any finite value of z, then 
24+@* cannot have any minimum value unless there be simultaneous 
alues of v and y, which make-P=0, Q=0. 

Firstly, since /’z can never be infinite, and since 


l —, dP dQ m ae Sf 


either can P’ or Q’ become infinite; for such a supposition would 
lake 


"ety TDF -y2 or f'(etyN=1)=f' (eyy 


ne or both infinite, which cannot be. Next, if P?+ Q*® be a maximum 
c minimum, it must be when z and y are such that (for their particular 
alues) 


dP dQ _ 


dP dQ 
— — = P = 
5 7 det” dx x 


—- —==0....+--.(B). 
tq, = (B) 


Now, if Pand Q be neither of them =0, these equations will give 


si dQ = ag ese. —0, the brackets denoting that we do not 
drj \ dy dy dx 


sert this of all values, but only of those in which for v and y haya 


~ 


a 
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been substituted the particular values which satisfy (B). But equa- 
tions (A), true for all values, show that the last is equivalent to 


dp? (dP _, a: wt PR 
(=) HE) = 0, which requires sT a 


d 
d d 
and also from (A), on =0, T = 0 


. P  dP_, dQ dQ 
If Q be =0 and P be finite, we have T a » 7,0: ai 
from (A) and (B), and, similarly, if P=0 and Q be finite. 
Finally, if P=0 and Q=0, the equations are thereby satisfied. 
Let P+ Q?=u; form u”, w, and u, we have 


=0, 


yap? dÆ PP ËQ 
n — Se REAA 02 Es Ri 
Ve ( ia dx ` i eTe dx? 
| dP dP dQ dQ... &P PQ 
E a a E a Pode | 
ae (S dx dy dx a da dy ` Q dy upi 


Hence in all the preceding cases, except where P=0, Q=0 (since 
P'=0, &c.), the condition of the minimum requires that 


dP PQ d’ P PQ d’ P PQA N 
n a i a e os 
¢ apt ® AN pta 7) (P dx Iy t9 dx dy 
should be positive or nothing, for the values of x and y in question. 
But, using P”, &ec., for abbreviation, this is 


P (P” P, — P?) +Q? (Q” Q,—Q?) + PQ (PQ, + P,Q" 2P,Q) ; 


the first two terms of which are necessarily negative, and the last 
vanishes, for, from (A), 


PQ, +P,Q”=P/Q/ +P/ Qi, 


Therefore there cannot be a minimum, unless there be one when 
P=0, Q=0. 
If we suppose P=0, Q=0, and if P’, &c., be finite, then 


wu —W2=4(PP+Q®) (PAAP P, +R =A Q- PQs 


and is necessarily finite and positive, being 4 (PPQP). 

` Now, since P?+ Q? is always positive, there must be some one value 
which is less than any other whatsoever, or a number of equal values 
which are each less than any other whatsoever. And with regard to 
these equal values, they must either be separated by finite intervals, in 
which case each is a real minimum, or there must be such a relation 
possible between Æ and k in ọ (x+h, y +k), where > (a, yy=P?+Q%, 
as will by taking A and k accordingly give @ (+h, y+ k)=const., 
where v, and y, are values which give 9 (4%, y= the same constant. 
That is, writing æ and ag for x, +h and y,-+4 which is determined by 
it, there is some function which gives @ (x, av) =const. In this case 


~ 
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But since the values included under ¢ (a, ar) are less than any others, 
it follows that every value of @(x,y) in which y=az has the pro- 
perties of a minimum for every change in v and y, except only that which 
makes Ay=a (w+ Ar) — ar. 

But if ¢’ + p, 6’z must change sign for every form of bx, except only 
Bexar, we must have ¢’-+¢,6’7=0 independently of px, or P =0, ,=0 
for these values; and the other conditions of a minimum must hold, 
Hence by the same reasoning as before, P=0, Q=0, are the necessary 
conditions of this case also. Buta minimum or a collection of consecu- 
tive minima there must be, which there can only be when P=0, Q=0; 
consequently P and Q can be made equal to nothing for some possible 


values of v and y. Hence P+QV—1 or f(a+tyn 1), and 


i\P—QvV=—1 or f (c—y—1) can both be made =0 by the same 
possible values of w and y. . 
From hence it follows that every algebraical equation of the form 


Aoz? +A ZT.. n.n $A,12+A,=0, (n a whole number,) 


= nh iea a aaa a ai cme ce ites Sela a aa 


| 
‘has 7 roots, either possible, of the form z=a, or impossible of the form 


(2=a-+ by =I. The common proof of this, granting that every equa- 
‘tion has one root, we presume to be familiar to the student. Supposing 
lr To... Ta to be the roots of the preceding, it is then the same as 
| Ao (2—7,) (2 —72)....(2—7,). If two of these roots be equal, say 
727, then 7, is also a root of the diff. co. of the preceding with 
respect to z, for that diff. co. has either z—7, or 2—r, in every term. 

: If dz be an integral and rational function of v, of the form Aoa" -+ 
| Ay aœ- &c., and if its diff. co. 6’@ be made a divisor, and the common 
‘process be followed for finding the highest rational divisor, we have a 
‘series equations of the following form: remembering that the remainder 
‘is always one degree at least lower than the divisor, so that we must at 
last come to a remainder which is not a function of x, but of Ay, Ay, &c., 
only, if the expression have no equal roots. Let the quotients be Q,, 
Qa &c., and let the rth remainder be that which is constant. We have 
‘then a set of equations as follows: 


pr=¢'x.Q +R, de=R, Q+h, R=R, QztRy.e.e.ee, 
Rea Ra Q,+R, 


Now suppose the same process to be thus modified; let V, be the 
first remainder with its sign changed, with which proceed to the next 
equation, and let V, be the next remainder with its sign changed, and so 


on, That is, suppose 
þr=P'z.Q -Vs QEN Q,— Va Vi=V.Q,-Vs3-. oo e eae 
š Vea N Q,—V,, 


where Q,, Qa &c., are the same as before, or differ only in sign. We 
shall give the result of both processes, in the case of x? — 2? — 4x- 3= $4, 
3x?-2r-4=d'x. Observe that,in the same manner as in the common 
rule of algebra, we may multiply any dividend or divisor by any number 
or fraction, without affecting the sign of any subsequent quotient or 
remainder, or the conditions under which it is nothing. We omit the 
quotients as immaterial. 


( 


i 
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Common Process. 


B3a’—2a—4) a? — a? — 4r4+43 
(x3) 32° — 32°—1224+9 
32° —2a°— 4x 


ee OE 


— v— 8r4+9 
(x3) — 32 —24r4+27 
— 3r + Qr+ 4 
86 r-423)32°—- 22-4 
( x 26) 1822—52r— 104 
Sx? — 69r 
( x 26) lix— 104 
442r — 2704 
442r— 391 
9313 


Signs of remainders changed. 


First remainder — 261 + 23 
Sign changed 264 — 23 

26r —23) 32° —2r—4 
Second remainder — 2313 
Sign changed 2313 


þr = v— a’—4r—3 
p'r=31— 2x —4 
V= 262 — 23 

Naa 2913 


V, and V., as written, are not the expressions which would satisfy the 
equations above, but multiples of them: this 1s of no consequence, as 
our only concern is with the sign. 

Now the theorem” we are going to prove is this; that in all cases, the 


number of real roots, if any, which he between r=a and 2=6 (greater — 


than a) can be determined as follows. Note the series of signs which 


xa gives to the series $x, $v, Vi, Vo, &c., and compare it with the | 


series of signs which e=b gives to the same. Then the number of 
variations (from + to —.or — to +) which is found in the last falls 
short of the number of variations which is found in the first by the 
number of real roots which he between a and b. Butif no real roots 
are contained in those limits, the variations of sign are the same in 
number in both series. For instance, in the preceding, x= 2 gives to 
br, b’x, V,, and Va, the signs — + + + (one variation), and w=3 
gives + + + + (no variation). Consequently, there is one real root 


* This theorem was presented a few years ago to the Institute of Paris by 
M. Sturm, and is published in the Mem. des Savans Etrangers. It is the complete 
theoretical solution of a difficulty upon which energies of every order have been em- 
ployed since the time of Des Cartes. A translation has been published by Mr. 
W. H. Spiller. John Souter, St. Paul’s Churchyard, 1835. 


m 
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between 2 and 3. If we wish to know the total number of real roots, 
we substitute for r, —@ and +-a, both so great that they shall render the 
three first of the same signs as their first terms, and that anything greater 
than æ shall have the same effect (the possibility of which is a common 
theorem of algebra). The signs will then be — + — + for rz=—a 
and + + + + for v=-+a. There are then three real roots. 

This theorem is demonstrated by showing that if we suppose æ to 
increase from — » to +, through all magnitude negative and posi- 
tive, the series of signs of da, d'r, V,, &c., will always lose a variation 
when w passes through a, a root of pr, and will never either lose or gain 
a variation in any other case. We suppose there to be no equal roots of 
Pr, so that pr and ¢’x cannot vanish together. (If there be equal roots, 
the equation may be cleared of the factors belonging to them by com- 
mon methods, and the remaining expression treated by this method.) 
And no two consecutive ones of the set oz, gr, &c., can vanish together, 
for then the equations show that all which succeed would vanish, and 
there would be equal roots, since the vanishing of the last remainder 
(which is no function of x) shows a common factor in ox and o'r, 

Firstly, let pa=0, and let V, V,.... be all finite. Then however 
near a may be to a root of p's or V,, &c., atu may be taken so near to 
a ihat all shall remain finite, and with the same sign. And (page 132) 
p(a+u)—gGa has the sign of p'a, while ¢(a@—u)—da has that of 
~pa. And ¢a=0; whence o (a+u) and p (a—u) have different 
signs ; that is, (the other signs all remaining the same, since u is taken 
so small that no root of p'r, Vi, &c., lies between a+ and a— w,) the 
rder of signs for Ø (a —u), &., is either — +, &. or +—, &c., and 
shat for 6 (a+7) is ++, &. or ——, &e.: whence a variation is lost 
when x, in its increase, passes through a root of x. 

Secondly, no change of sign can take place in any other part of the 
series except only where either Øx, or V,, or Va, &c., becomes nothing. 
Let V,=0 when z=; then, as before observed, both V,_, and Viga 
ire finite. More than this, they have different signs; for Vp = 
Ve Qe — Vrp from the hypothesis of formation, in which V,=0 requires 
Ven — Vis Take u so small that no root of either of the last shall 
le between h--u and A—w; then whether V, change from + to — or 
rom — to +, we see that the part of the series of signs arising from 
Vr- Wig Ve- is changed, when v passes through A, either from 
-t—— to + + —, or from ++ — to + —-, or from — — + to 
-+ +, or from — + + to —— +; in all of which we see a variation 
ind a permanence, so that no variation is then lost. Consequently the 
lumber of variations in the series of signs is neither increased nor 
liminished by any of the changes of sign of p'a, V,, &c., but all the 
ffect produced is, to remove a variation from one part of the series to 
nother. Hence the theorem follows immediately ; for if pa give n more 
‘ariations than Ø (a-b), there must have been n epochs between =a 
nd r=a+b, at which dGv=0. The number of impossible roots 1s 
etermined by finding the number of possible roots, and subtracting that 
umber from the dimension of the highest power in @z. 

The following instances are from the Memoir cited (remember that 
‘py &c., here given are multiples of their values in the system of equa- 
ons) ; 


dr=x—Qx—5, pa=3r—2, Viadzt+15, V.=—643. 


——————————————— 


age 
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There is one real and positive root. 


daz +l1lr—102r4+181 
p'zx=3r +227 — 102 
Vi 8547-2751, V=441 

‘The method of approximation to the roots of equations called after 
Newton is based upon the theorem $(a+h)=Ga+@' (a+bh).h. If 
we have found m, which is nearly a root of an equation, and if the real 
root be a, let m=a+h, and we have 6(m)=¢' (m—(1—8) h). hh. If 
h be small, we have ¢m=@'m.h nearly; in which it must be observed 
that ¢/m must be considerable when compared with gm; for if not, 
dm—-p'm, or h will not be small. 

We shall now proceed to the theory of series, and to the consideration 
of the conditions tnder which we may speak of an infinite series as 
the subject of algebraical operations. The subject of their arithmetical 
consideration has been discussed in the Elementary Illustrations, (pages 
8—10), in which will be found the development of the following asser- 
tions. 

Derinition. The series a,+a,-+a,+&c. ad. inf. is said to be con- , 
vergent (and by an arithmetical series we mean only a convergent — 
series) when there is a limit L to which we continually approach by the 
addition of terms of the series; and this limit is called the sum of the 
series. , 
Turorem. The preceding series must be convergent if @,4:-+-4, 
approaches to a limit less than unity, when n is increased without limit: ,, 
may be either convergent or divergent (that is, one series may be con- 
vergent and another divergent) when unity is the limit of the pre- 
ceding; but must be divergent if that limit be greater than unity. 

Turorem. The series dot dy -+a +C.. o.a, If Gita, have 
any finite limit A when n is increased without limit, must be conver- 
gent for all values of x lying between -(1+A) and +(1+A); may 
be either convergent or divergent (in one series or another) when < 
has either of these values; and must be divergent if x be numerically 
greater than (1+-A). And if @,4:~a, diminish without limit, the series 
must be convergent for every value of x, however great, while if, 
Cy 4)-G, Increase ‘without limit the series cannot be convergent for any 
value of x, however small. 

In convergent series, we include those which begin divergently, but 
afterwards become convergent. Such, for instance, as the development 
of «*. Here the direction to form the (n+1)th term from the nth is: 
multiply the nth term by x, and divide it by n. If v==1000 the terms 
continually increase until n= 1000, and the 100I1st term is the same 
as the 1000th: but the term after the millionth is only the thou-y 
sandth part of the millionth term, or at that part of the series the 
convergency is rapid. And since we are not now speaking of methods of 
summing series in practice, but only of the way in which we can satisfy 
ourselves as to the fact of there being or not being a finite limit, great or 
small, we do not weaken our reasoning by the supposition of a million 
of million of terms being divergent. For a million of million of finite 
quantities is a finite quantity; and if all the remaining terms have a 
limit to their sum, so has the whole series. 

When the terms of a series are alternately positive and negative there 
is certain convergency if they diminish without limit. For any even 


All the roots real; two positive, 
both between 3 and 4. 
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number of terms of a -b+c—e+.... must be less than double the 
number of terms of a—b+-b—ce-+c-—e+...., which is either a—b or 
a@—c, or a—e, &., that is, less than a. Consequently, in the series 
ay —A,g+d,—a,+..., the remnant* Aang, — Ant. +. 18 less than anyi; 
that is, diminishes without limit. But in the case where a,, Anyi S&C. 
approach a finite limit, and diminish, we cannot, by pure arithmetic, 
assign a finite limit. For instance, in 3—2} +24 —2} -+ &c., the limit 
of the individual terms is 2, and counting from the first term we see that 
no subtraction is ever compensated by the next addition; consequently, 
if there be a limit, it must not exceed 3. But counting from the second 
term we see that no addition is ever compensated by the next sub- 
traction ; so that, if there be a limit, it must be greater than 3—24, 
Then between $ and 3 lies the limit, if there be any, which is all we 
can now say. We cannot show by the preceding process that the 
remnants diminish without limit. 

By considering a series algebraically, we mean that we do not inquire 
for any arithmetical limit of the sum of the terms, but only treat the 
series as the result of applying rules of algebra to algebraical expres- 
sions, or formule. And though the algebraical cousideration includes 
the arithmetical, yet the converse does not apply. All arithmetic is 
algebra, but all algebra is not arithmetic. For instance, suppose an 
algebraical problem gave as a result r=1-+a7r, an equation which has 
its arithmetical cases, and its cases which are not arithmetical, the 
latter when @ is >1. We proceed to solve this by the method of suc- 
cessive substitution, the principle of which is to suppose the required 
whole made up of parts, and to endeavour to find these parts suc- 
cessively by any steps which given relations point out. This notion 
of the whole made up of parts is at first purely arithmetical; and 
we proceed accordingly. If our process be such as if its own nature 
cannot have an end, we cannot thereby completely attain x. And one 
of these two things will take ‘place: either our method will give us con- 
inually smaller and smaller parts, whose sum converges towards a limit 
which we can ascertain, and in this case we have arithmetically found 
he unknown quantity ; or we shall at last come upon a part (a supposed 
part) which more than completes the whole required, in which case the 
next process is not arithmetical. Our first notion would be that the 
next part should turn out to be negative, a result we should immediately 
comprehend. But it may happen that we choose a process which gives 
Is continually greater and greater parts without end; are we then to 
conclude that the quantity sought is infinite? We shall immediately 
how that, sometimes at least, it indicates that the quantity sought is 
regative, and that we have proceeded to determine it as if it were 
sitive. 

Let r=1+av, and, presuming x positive, it must be >1; for it is 
[+azr, Takelas the first part; then 1+ax 1 is still too small; for 
ince z is 1+az, then 1+a~x less than z is less than x. For a similar 
eason 1+a(1+a) is too small, or ]+a+a®%. So, therefore, is 
L+a(1+a+a’) or 1+a+a®+a’; that is to say, l+at+@+.... is 


* The germ remainder being constantly used in connexion with subtraction, and 
he word ¢ rest,’ answering to the French reste, being of too gencral signification m 
ur language, I have borrowed this phrase to signify what is left of a series, when a 
ertain number of its leading terms is removed. Thus, in a—b-+-c—e+..., 
~e+f—..,.&c, is the remnant after c. ° 


é 
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always too small, however far we may go. Now if a=4 this is intelligi- 
ble; 1, 14, 1a, IŻ, 142, &c. &c., are all too small. The reason is evident; 
the answer is r=2 (2= 1 +4 2), and our method is of a character which 
cannot terminate. But if a=2, then proceeding as before, 1, 1+2, 
1+2+4, 1+2+4+4+8, &c. &c., are all too small, or x is infinite. This 
result is wrong; the fact is, that r=— 1, (—l=1+2 x —!1), and the 
fundamental supposition œl is incorrect. When, therefore, we write 


—l1=1+2+4+8+164+&c. ad infinitum, 


the student must not think we intend to assert any arithmetical equality, 
or other arithmetical resemblance or analogy of any sort or kind what- 
soever, between —1 and 1+2+&c. Every attempt to establish any 
idea of such connexion must end in utter confusion. But we mean this: 
we assert that 1+2+4+4+8-+&c. is the result of an attempt to procure 
an arithmetical result, upon an arithmetical process, to represent a quan- 
tity which is net arithmetical; and = means, as in every other similar 
case, that the two sides of the equation are thus connected: the first 
side is the quantity which was attempted to be found by the process 
ending in the second side. And this result being obtained in strict 
= conformity with algebraical rules, the first side and the second will be 
found to have every property in common, if we consider the infinite 
series as an infinite series, dropping every notion of its numerical 
character, and considering it as a whole. It has no connexion, for 
instance, with 1 +24+4+8, though the latter expression contains some 
of its terms; nor are we to be considered as making any approximation 
to its value by stopping anywhere; such idea being reserved entirely, 
for arithmetical series. And in a similar manner, we consider the 
equation 


l r e o e f 
joy ltate+a+&c. ad inf., arising from e=1 + ar. 
—a 


We shall now apply the ideas here laid down to methods, by which we 
shall in various instances return to the finite algebraical expression from 
which divergent series are produced. And, firstly, we shall apply the 
series just obtained. Let 
U=bta¢@+a,v+a;etart...., 
where a, a, &c. are not functions of x. Multiply both sides byy 
(1—.r), which gives W 
u (1—1) = l+ Aa, rH Aa tt Aa AH. 
Let u=u (1—2x)—a,; multiply by 1— x, which gives 
u, (1—2) =x (Aao + A do eA a tA agah nnn); 
let w= (1—2)—Aa,.x; multiply by (1—s), which gives 
Ue (1—x) = (X atA aa awt A a Ennn); 
let U, =u, (1—x)— A’ a, a2; and so on. We have then a set of series, 


the first of which, «, is the one in question, and Ui, Ua, Us, &c. are con- 
nected with w (or u.) by the general equation 
) Un Aa 
Up= Uu, (1—2) — A'a a", or wnn E, O, 
4 = l—x l-z 
We now invert the process, and apply successive substitution to the last 
equation to determine wu. We have, then, making 1—(1—4)=X, 
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U= lX HU X= X (ao. X+, X) X 
=a, X+Aa,.r X Hu X =a, X + Ady v X?-+ Aan X24, K? 
= ty X 4- Maye X?+ A? ay? G Bea as ae, Gua a a, 


ho 
to 
ws 


-> 


V 


1 e 
OY lta, tta, Ut. Ti a (ataa Tap tae =a : .). »(A) 


If ay, a,, &e. he such that all the differences vanish after the nth, that 
is, if a, be a rational and integral function of v of the ath degree, we 
then see from the method of formation that Yn} =O, and v is expressed 
by a finite number of terms. We thus obtain 


| l L l 
K 14-27r4+3v4+....—= (1 ee 
as l—r\ +3) (l—w)? 


] 3r 2? ` lH 
1°- 9? g 9 eee l Se eee 6 ee 
ogre ( ar Pa TE 


If we change the sign of x, we have 


v 


i 1 x? 
i doril el a e ty Aad, —— +A*a, ——-——-..., ),. .(B). 
: o~ ly +ALL eae (a aly eee ao TENSY } (B) 


2 3 


| x a 
= Let us now take uz Qt r+a,—+d,—+.,., 
; 2 23 
2? 23 
; n > : : ~ E amem out cone ay 
| Multiply both sides by ¢-*==21 — x+ Sn AAEE 
2 8 
. : Sj ` T N” xr 
Which gives us =F Ad e+ AP a— + A%.a,— +..., 
2 2.3 
2? ‘ v? 
aata, tta- t. n E (wtdmetata T+...) TETE COP 


rv fe a 
a el a ae e = (amantan a —..., ) seses (D) 


“d 
7 


By integrating the expressions A and C with respect to x, we obtain, 
provided we may suppose the right-hand side to vanish when r= 0, 
(see p. 157, note,) 


2 3 `r ZE 
! T7 V dx tdr 
Mara a F a | —~— -++ Aa, Frag wea CE); 
a 3 a 0 — t ae 0 (1 — v) 
qr? 2? r$ x 
“ata +a, —~ +a,—— +...=4, fi stde+Aa, f e rdr (E). 
PY E A eae) 
We have thus obtained a large number of cases in which equivalent 
series may be found, and which become finite expressions if all the 
differences of a, an &c. vanish from and after any given difference. 
lo these we may add all the cases which can be expressed by the deye- ’ 


opment of f (a+r) by Taylor’s theorem. We shall now consider 
u= prt Pe hp plek Pn p.n, 


which is the evident result of successive substitution applied to the 
, du i À : 
uation u=prth To which gives (p. 195) 
de 
= Papa 
uC s4 — — | ¢ "hx doe, 


h 
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Let U, be the value of the series when r=a, 


ne ee ee 
drt dr haga. h?+....=U.E* — se [ ‘hada 


et i e 
pr-p'x h+o"x k—.... =V, E * + aG f Eh bxadr; 


a 
V, being the value of da—f’ah+.... 

Though all these reductions may occasionally be useful, yet our prin- 
cipal object in making them is to show that there is an abundance of 
series, including every variety of form, which are by the common pro- 
cesses of algebra, or otherwise, reducible either to convergent series or 
finite expressions, or definite integrals ; or, at least, can be shown to be 
precisely what would arise from the process of successive substitution 
applied to an equation. Wherever there is anything like successive 
operation following a known law in the coefficients do, a, &c., then 
a,ta,r+&c. can be materially altered in form. 

With regard to series, all whose terms are positive, we can only make 
arithmetical use of them when they are convergent; and the limits of 
the value of x within which they are so must be determined as in p. 222. 
But when the terms of a series are alternately positive and negative, 
it has this remarkable property; that if it converge for any number of 
terms, and afterwards diverge, the convergent part makes a perpetual 
approximation to the arithmetical value of the original function. For 
example, let us take the series 


a 2g at l 
log a+r)=r- 5 +3 ge ad. inf., 


of which the individual terms sooner or later increase without limit when 
xis anything greater than 1. Let us suppose e=1°'3, im which case 
the series becomes 


“113—845 + 7323. ...—'1140....-+'7426— (increasing terms.) 


Now so long as the terms are convergent, the error committed by taking 
convergent terms only will not be so great as the first term thrown away ; 
for instance, 1 '3—' 845 + °7323 will be too great, but not too great by 
"H140. The sum of the first is 1°1873; and the logarithm of 1+1°3 
or 2°3 is +8329, and 1°1873 exceeds ‘8329 by less than °7140. 

The general proof of the proposition is as follows. Assuming 
y—U, t+a,x22—&e. to have a definite algebraical equivalent, oz, we 
know that ¢ (0) =q@, $'(0)= —a,, &c.; for by p. 75, the only series of 
whole powers of x which can be algebraically identical with $x 1s 
6(0)+4/(0)r+.... And since a, a, &c. are all finite, we have 


— / a n g” n-+-1 as 
Pee Caren Oa eee a (0) nt os 


Now since ¢"« begins (when r=0) with a contrary sign from 
rty, as long as it preserves that sign, "t's must be in a state of 
decrease if 6"+°x be positive, or of increase if negative, when considered 
algebraically ; that is, in a state of numerical decrease in both cases. 
Consequently, if a lie within the limits in which ¢"*(x) retains its 
first sign, @"*"(Ox) must be numerically less than @"*'(0), and 


i 


| 
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grt J gt 
numerically less than o"t! (0) —————-—. 
poses DETE 


n+] a) 
; ( >> nti 


or tona: 


n+l 
that is, at any point whatsoever of such a series the arithmetical value 
of the remnant is numerically less than that of its first term. The 
student must always remember that the above can only be applied to 
cases in which no diff. co. of dx up to ọ"t'x becomes infinite between 0 
and x, and where @"t*x preserves one sign within the same limits. This 
will be the case in most of the necessary applications. And the theorem 
is not untrue in the divergent part of the series, but only useless, since 
the convergent part alone gives a surer approximation. It is also true 
when the series is altogether divergent. Nor need the terms be alter- 
nately + and —. If the series have only one negative term, the theorem 
is true, within the proper limits, if we stop immediately before that 
term. 

THreorem. Whenever the series apa, r4 aaa? + &e. is the deve- 
lopment of a continuous function, the value of that function, when 
t=, 18 My, even when the series never becomes convergent for any value 
of x, however small. For if, a, and a, being positive, we suppose « to 
be negative, then the diff. co. being all finite for x=0, the value of 
the invelopment* will lie between a) and a,-+a,2x, if x be taken of 
sufficient numerical smallness. And its limit, when æ diminishes with- 
out limit, is therefore a. And whatever may be the signs of a, &c., 
the theorem may be proved by taking x such that two consecutive 
terms may have different signs. | 

The theory of series is both difficult and incomplete; but the 
difficulty is not of the kind which a student perceives, and the deficiency 
is also unseen, because, in fact, the imperfect theory which is first pre- 
sented to him is more than sufficient for all the series of which he has 
any experience. He grows, therefore, in the conviction, that whatever 
series may be proposed, or may occur, the theory may always be made 
satisfactory. Now it is my present object to prevent the growth of such 
a conviction, by showing the difficulties of the subject. . 

A complete theory of series would be contained in the answer to the 
following question: Given a series 


Aot A, tA +A +A, +A, + &e. ad infinitum, 


m which the terms are connected together by known laws, so that any 
one of them, A,, can be assigned, required the finite algebraical expres- 
sion which may in all cases be substituted for the series, and from which 
the series may be obtained by development. But if there be no such 
expression, or if different expressions be necessary for different sets of 
values of any variables contained in Ay, Ag, &c., required a criterion of 
determination of these several cases. 

The preceding question is one of almost as great a width as the follow- 
ing: “ Required a mode of solving all algebraical problems whatsoever.” 
This is the first point on which most students will find they havea wrong 
notion. Instead of being an isolated branch of algebra, the theory of 


boz ; ; 
* The inverse term to development: thus Er the invelopment of 


l—r+2?—- &C. 


Q2 
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serics is an infinite subject, in which, as in geometry, every question 
answered will point out questions to ask. 

We shall first consider such series as arise from successive substitution. 
Let px, va, px, be functions of v, and let (ur) be abbreviated into 
pea, p (o (pr)) into po’r, and so on. . . 

Let px be a function of x, which is ascertained by the following 


equation, 4 Pd 
TULL. put; 


or 6x is that function of x, which is such that a similar function of ax is 
reconverted into the simple function of v, by multiplying by vr, and add- 
ing me. We have then the following series of equations : 


præ mutt. par, par= pat + vax. parr, 
për = mev pyr. bar, baie uer +y gx. pate, &e.; 
which give by substitution 
PL= MCA- VL LAT HYL VUL. peT 
—— t A 4 We ye « a 2. 3. & ° 
SLL VE aL HYL. VUL. pL EYL. var. yL pr, &C.: 


so that the function øx is composed of, 1. the infinite series 
l pE HYT ak ve. VUT.: ped JHL VaL VEL., UL + &c. 


2. the limit of the set of products yx. gar, vx.var.ge®x, &c. &c., which 
we may denote by 


9 æ 9 
TA E EE ATA S E EN cdi x. þau T; 


Let the limit of the series ax, aêr, ax, &c., or ax, be denoted by L; 
and let Yv be any function which satisfies Yrovr war. Then bya 
similar process of successive substitution, we shall find Ya=vs. vax. yae 
ye yar van Wey yaxywe....vaxv.wh, or the limit above 
mentioned is 

T 
r gia so that we have 

yL 
pL 


; A a a + own A 2 ` r 
GL a Ur wh “S -f- yT LAT -b VX ° VO 0 oC L + C., 


where L is as yet wholly undetermined. 

Now it is not uncommon, in the theory of series, when such a case 
occurs as wrtryxr.paxr+ &c., to observe that it satisfies the condition 
px=px+vx par, and having ascertained what appears to be the solu- 
tion of this equation, to equate such solution at once to the given series. 
For instance, suppose 


pre=r— t? +a (t — as) + 23 (at — r?) +27 (v8 — a) + &C., 


which appears at once to be equal to x; being z—a?--a®—a7+4 a7— &e. 
But it also satisfies the equation ¢r=xr— s+ ag (x2), and @r=a+27! 
is a solution of this equation as well as éx=z. Though, therefore, the 
series satisfies the condition pe=mr-4-vyr gar, yet when this equation 
has more than one solution, nothing but attention to the preceding pro- 
cess can preserve us from error. | 

With respect to the equation dr=ye+yx par, it can be shown that 
its most complete solution is as follows. Let ww be one solution, and let 
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xx be one solution of the equation we=ve wax, and let mr- xx. Ex be the 
most complete solution. Then we have 


UP AL. Sv uxt vx (wart+uar. Car) ; 


but by hypothesis @ro=ur-byx.war, and xe=vv.xar, therefore 
far=y. v, or with the particular solutions above mentioned, nothing more 
is necessary than to find the most general function which remains un- 
changed w hen wv is changed into av. In the same manner it may be 
slow that xr.gx is ie most general solution of @r=yx, oar, We 

have then 


pre wmutur. er parr v we wrar. br 
Fe BRT A ae 
We HtA Wa'r w E kiN Er 


Er being the function which is absolutely unchanged by changing 
x into ax. If n be increased without limit, we have en 


ol o wL+xL.ğr AE mli. 


- = —— pr—=y = oN A 
UL eiie ~ L 7a Oe 


so that the equivalent obtained for the series is the same, whatever 
solution of the equation was taker, 

We have thus obtained the absolute arithmetical sum of the infinite 
series; for the process was equivalent to finding the sum of n terms, and 
then increasing n without limit. Whenever the series is divergent, the 
term xr. wL-xL will become infinite. Thus if we apply the ee 
tovtar+ar+&c., which is obtained from ¢r=a+ (ar), where 
E= 2X, =E], at=axr, r= a"r, we shall find as the sum of the series 
T O- RTS a) which is faile only when a< 1, and infinite in all 
other cases. 

The preceding is literally nothing but a modification of the method of 
taking 7» terms of the series, and then Increasing n without limit; but 
it will lead us to the following conclusion ; namely, that the aleebraical 
expression for a convergent series may be discontinuous, or not alw ays 
the same function of æ. This we shall show if we prove that L may 
have different values for different values of x; or that a’, when 2 is 
increased without limit, is not alw ays the same for all values of x. For 
instance, let ar= 3, then Cr, va”, &c., as to which it is obvious 
that they increase without limit if + >l, remain always the same if 
=l, and diminish without limit if r<1. 

As itis here my object to prevent the formation of an opinion, and not 
to establish any general method, one example of every difficulty will be 
sufficient. Let us now consider the followi ing series : 


`‘ 


F Sw wae 


——- 


1G 


U 


á — rt —@—7®)— uy 


Looking at this series, we should suppose it to be one which we 
might safely use asa common algebraical quantity, for it is always con- 
vergent, except only in the single case of r=a, when every term 
evidently becomes infinite. To prove this, form the ratio of each term 
to the preceding (p. 222), and we have 


a x atx pie 
See ——————— ieee et a> ts 


attr? a8 32 wy" 


x ——————— 
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which must diminish without limit; for every term may be written in 
either of the following forms : 
(ra)? (ax) 


l -+ (a7 a)” (ax)? +1? 
and either v-a or ax is less than unity (with the exception above 
cited); so that one or the other form explicitly shows the diminution 
without limit, when p increases without limit. Now observing the 
terms of the series, we may readily see that it is derived by successive 


substifution from 
x? x? 


at — x 


of which a particular solution will be found to be ¢r==1~(a’—2”). 
Applying the result of the preceding pages, we have ya=1, a particular 
solution of Wry (2a); wr=a’~(at—a'); vyx=1; and 


gL 1 l 


pr—yr =— = — -c —. 
¥ yL @—2 @-L? 
nad 2\2 4 8 
x l (2 x x 
Now ar=—, &r=— | — ) =—, @r=—, &c.; so that L must be 
a ANQ, a’ a 


the limit of z’+-a?~', when p increases without limit. According as æ 
is less than, equal to, or greater than, a, this limit is 0, @, or cc; so 
that 


. a | l g% 

when <a, the series B a es Ol See 

a“ — a a’ (@@— ar?) 

l , i 
ADLE 2 I E E —-—, or infinite; 
2 2 
aAa Sa 
h l l j 

W en æ> d, e. eoe © © og & —s~— 0, or ee eee. 

a? — r v—a 


The terms of an infinite series must be connected by some law, other- 
wise the series is not given and distinguishable from others, A finite 
number of terms may be written down, and each is then given; but an 
infinite number of terms cannot be written down, and can only be said 
to be given when a law is pointed out, by which, when 7 is assigned, the 
rth term can be found. 

Let us now consider the ordinary algebraical development, namely, a 
series which proceeds by whole powers of a variable quantity. Let the 
(r+ 1)th term of such a series be F (a7+7r/) a’; so that the series is 


Fa+F (e+l).a+F (#421) @+F (e+3))@+....; ` 


which is derived by successive substitution from pr=Fx +a (x+). 
We have now this question to consider :—1. Can the equation 


pxr=Fr+ad (e+) ` 
always be solved by a continuous function wv, when F is a continuous 
function ? 

This question will, as we shall see, bring us to the following: Can 
a continuous curve be drawn through an infinite number of points sepa- 
rated by finite intervals? We know that through any finite number of 
points, however great, an infinite number of continuous curves can be 
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da *. 


drawn : it is quite certain, for instance (as will appear in a subsequent 
chapter), that if we had ten million of given points, nothing but opera- 
tions of impracticable length would lie between us and the power of 
obtaining as many continuous curves as we please, each passing through 
all the given points. As an instance, suppose the equation of a curve is 
required which, when =a, gives y equal to either A, A’, or A”; which, 
when w=), gives y either B or B’, and when x=c gives y=C, Let 
xy be any function of y which does not become infinite when z js a, b, 
or c,and find y from the following equation : 


(y— A) (yA) (y—A") @—)) (©) + YB) y- BY (wae) 
+(y—C) (a—a) (4-6) 4+ yxy (x—a) (r =b) (x=) =. 
Here, when r=a, the equation becomes 
(y—A) (y—A’) (y—A") (a—b) a—c) =0, 


which has three roots, y= A, y= A’, and y= A”, and so on. 

Seeing, then, that through any number of points, however great, we 
may draw a continuous curve, it may appear that we can do the same 
through an absolutely unlimited number of points. On this postulate* 
the following considerations rest: let it be granted, that whatever is true 
of any finite number of points, however great, is true of an infinite 
number of points. 

We now return to the equation pr=Fx+aġ («+/). Observe, that 
we do not want a solution of this equation for all values of v, but only 
for c=kh, w=kh+/l, x=kh+2l, &c., ad. inf., where k is some value 
assigned to x. Multiply the equation by a**’, and let a**'dx be called 
xr. Then we have 


yr=a? Fa+y (a+/), or ya—y (@+l)=a! Fr=fvr. 


Draw the curve whose equation is y=a**'Fa, and on the line of 
abscissee cut off k, k+., k42/, &c. 


Let A, B, C, &c., be the points of the curve y=" Fr, whose 
abscissee are k, k+l, &c., and let MP betaken for yk. Take Na=AP; 
then Na=MP—MA=yk—fk=y (k+l). Similarly, take Qb=Ba, 
Re=Ch, Sd= De, Te= Ed, &c.; we thus obtain an infinite number of 
points, and the curve drawn through them, if it be y= xz, satisfies the 
equation yt—fa=y (v+l). 

* Several other methods which I have tried of obtaining the same conclusions 


end in the necessity of the same postulate, 


| 


! 
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Assuming then the existence of ar, a continuous function which 


T 


we eee 


satisfies pr=Fr+ap (1+2), we find Wr=a t to be a particular solu- 

tion of we=aẹ (x+l): whence the arithmetical sum of the given 

serics 1s : 

fo (z+ni) 
tn 


a l 


TL— or we—a"a (t+nl) ; 


in which n is to be made infinite: it being always remembered that au 
is a function of a as well as of x. If we assume 74+ ni=z, the pre- 
ceding becomes 

z 
Fi 


w 
wr—a 'xXlimitof(a'wz) {z=e}; 


and the limit in question may be nothing, infinite, or a function of 
a, which, for anything yet appearing to the contrary, may be continuous 
or discontinuous. And upon this limit depends the convergency or 
divergency, continuity or discontinuity, of the series. It is my object 
now to show that discontinuity cannot take place without the series 
becoming divergent at the epoch of discontinuity. Let us suppose the 
scries to be convergent for every value of a, from a=a’ toa=a”, both 
inclusive. 

The continuity of law of a function is not to be presumed from the 
simple continuity of its values (page 45.) To return to the geometrical 
illustration: two different curves may join in such a way that the value 
of y increases continuously in passing from one to the other through the 
point of junction. If they have a common tangent at the junction, 


dy : 
qi may also vary continuously in value; if they have there a common 
dx " 


; di ; 
radius of curvature = may do the same. And two curves may be dis- 
dx 


tinct, though the value of y and of any finite number of diff. co. increase 
or decrease continuously in passing through the point of junction. But 
if all the diff. co. increase or decrease continuously, then the second 
curve is only the continuation of the first. 

Now if wr satisfy dr=Fa+ad (c+), it follows that w’x satisfies 
hives F'r+ap' (x+), and so on; and whether we differentiate the result 


are a ty Lim.(a!@s)=Frt+F (e+)).a4+.... 


n times, or whether we treat the equation P?r=FMxr+ ape (e+) by 
the method of this chapter (and by pages 172—175) we find the 
following: 


= æ Ape z 
gaai H — a E ) x Lim.(a? 2) = Fr FOH) ab ees 
‘k 
eo that the convergency, &c., of every differcntiated series depends upon 
the same function as that of the original series; namely, Lim. (a*'az). 
If, then, the first be convergent from a@=a’ to a=a’, so are all the rest. 
Name any number of them, m, which may be as great as you please. We 
have then m+ 1 convergent series. Lett be a number of terms so great 
that for no value of a between @’ and a” can é terms of any one of the 
m+ 1 series differ from its arithmetical sum by so much as 0, where @ is 


4 
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a definite quantity, as small as you please. This is evidently possible, 
though to bring some series a little within the limit it may be necessary 
to take £ so great that others shall be very much within it. Let the 
sums of the ¢ terms of the several series be represented by 2, 2’, 2”, &c. 
Itis clear that >, 5’, &c., are a set of continuous algebraical functions, 
finite, rational, and integral with respect to a., And the values of ar— 
(the limit in question), and of its m diff. co., do not differ by so much 
as 0 from those of 2, 2’, &c., for any value of a between a’ and a”. But 
if there were any discontinuity of value in any one of these expressions, 
this could not be the case ; fur the discontinuity must take place at some 
definite point, and be of some definite amount. If possible, let a be the 


abscissa of a curve, and let a@v—&c. he discontinuous in value 
between a=a’ and a=a”, Let AB be the arc of the curve y= >™, 
contained between those abscissa, and let PQ, RS, represent the dis- 
continuity of value of y=a”)r—&c. Take @ less than the half of the 
discontinuity QR; and let the dotted curves be those whose ordinates 
are always greater by 0, and less by 0, than those of AB. Then PQ, 
RS, by what has been shown, lie entirely within the dotted curves, 
Which is impossible, since QR is greater than 20. The supposition, 
therefore, of discontinuity of value in any one of the diff. co. of 

s3 PaT z 

: wi—a !Lim.(a! wz) 
is inadmissible as long as the series which it represents remains con- 
vergent; whence we have the following 

Tarore:emĮm. If A, B, C, &c. be coefficients independent of @ and 
following any law, the series A+Ba+Ca?+&c. ad. inf. can never 
change the function of @ which it represents, in passing from one 
value of a to another, without becoming divergent in the interval between 
ithose values of a. 

Hence we have no further occasion to consider the possible discon- 
tinuity of such a series ; for if it become divergent for any one value of 
a, it is divergent for every greater value; and the discontinuity, if any, 
takes place in a function, of which all the values are infinite. But in 
periodic series (see next Chapter) we shall have occasion to use this test. 

We now see a reason for the appearance of discontinuity in series of 
other forms, which does not exist in those we have just considered. 
Looking back to the gencral expression 
TUEN 


TE-KX Lim,(5 z tee A tT yat. mæ LA &e, ad. infa 
xa T ' 


we have seen that «wv may have different limits for different values of 


OO EEE SF 
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x. Butin the case before us,* ar=z+l, ge=x+ 2l.. x=x+ni, 
and œ is the only limit. In the example of page 230, the discontinuity 
arose from (4+-a)” being O or œ, according as vis <a or >a. Ihave 
now carried this subject far enough for the purposes of tbis work ; but the 
same conclusions might be extended further. It is always true that a 
series cannot change its equivalent function without passing through 
divergency, or some other singularity of form. 


I now come to the question of convergency or divergency, considered’ 


apart from the connexion between a series and its algebraical equi 
valent. 


THeorEM. If P,+P,+.... and Q,+Q.4.... be series, of which | 


the terms continually approximate to a finite ratio, so that by making n 
sufficiently great, P,<-Q, may be made as near as we please to the finite 
quantity c; I say that these series are either both convergent or both 
divergent. 

Begin from the terms P, and Qn, and let P,~—Q,=c,; then P,+P,4, 
Hee = Cn Qant Caga Qaiit..... And since n may be so great that 
Cas Capi &C., Shall be as near to c as we please, they may all be con- 
tained within c+0, where 6 is as small as we please. Certainly, then, 


Cr Qu FCn Qng ee.. les, between (c-+0)(Q,+Qiui+..... ) and 
(c—9)(Qr-FQrait...-)3 or P,+.... hes between (c+0)(Q,+...) 
and (c—0@)(Q,+....). If, then, either of the two, P,+.... and 


Q, + ...., increase or diminish without limit, or approach a finite limit, 
so does the other; which was to be proved. 


ee 


Let two series, in which the limit of P,Q, has a finite ratio, be 


called comparable ; those in which the same limit is nothing or infinite, 
incomparable. 

Tueorem. If gn be a function ofn which increases without limit 
with n, then @r—n° may have a finite limit, but only for one value of 


e; every higher value giving diminution without limit, and every lower 


value increase without limit. 
The first part of the theorem is well known; the second is thus 


proved. Let gun’ have a finite limit L; then if f be positive, | 


pnn is (pnn) Xn, and its limit is Lx 0 or 0; but (pnn) 


= (dr—-n’) X nf, and its limit is LX o, or infinite. 

The value of e is easily found; for since n’+n takes the form 
oo, when n=œ , we know that its limit is the same as ‘that of 
en To'n, so that the limit of n@/’n—egpn is unity, or e is the limit of 
np'n—Gn. If this be infinite, then 2°+¢n has the limit 0 for every 
finite value of e; but if it be nothing, then ’—@n increases without 


limit for all finite values of e. The properties of the limit of n’+on,. 


when n=œ , may be readily deduced from those of dr—(x—a)* in 
Chapter X. 

Derinition. If P,Q, have the hmitc, let P, +... be called higher 
than Q,+...., when cis greater than unity, and lower when c is less 
than unity. But when the ratio increases without limit, let the first be 


called incomparably higher than the second ; and when it decreases with- 
out limit, incomparably lower. If, then, a series be divergent, all com- 


parable series are divergent, and all incomparably higher series ; but if a 


series be convergent, so are all which are comparable, and also those 


which are incomparably lower. And any divergent series is incom- 


* Also vama, parcck a, «x= att, 
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parably higher than any and every convergent series. All this readily 
follows from the last theorem but one. 


; l l ; 
Turorem. The series BR e -.. 18 convergent when e is 


oad 


(no matter how little) greater than unity; and divergent when e is 
equal to or less than unity. 

Firstly, let e be less than 1; then the sum of n terms of the series 
being greater than n times the least of them, is greater than 
nxn~ or than n'~*% But this increases without limit with n: con- 
sequently, the sum of m terms of the series increases without limit, or 
the series is divergent. 

Secondly, let e be equal to unity; the series then consists of 


rs | l l a ] l l fi l ; 
At ; +( a -+ z) 3 + 5 + 7 +. =) +( ish terms ending with 


| TORET L ) +-&e.3 which a) 
16 + ( sixteen terms ending with 32 +&c.; which is evidently greater 


l l l ] l l ; 
than LET Ax HAX- t8 Xg +16xX zate. But this last is 


: , l l l l l , l 
the divergent series 1 Po 4. = + = Po T +...., which, being ex- 


ceeded by the series in question, the latter is therefore divergent. 
Thirdly, let e be greater than unity; make parcels as before, and the 
series is 


re oe ae | ca 
itg ty +(4 terms beginning =)+(2 do. do. =) &C., 
which is less than 
l 1, 2 4 8 
S a e OT 
Da da te 
and still more less than 
] + : F a s + 
-} Je Je 4e Qe e >o o 


l l l l 
or E ee 


+&c., or 1 +274 v+ vt &c, where 


E ; "ORE 
o=(5 - In this case, therefore, the series is convergent. 


Turorem. If gn be a function of n which increases without limit 
with n, the series 


l l l l Lo 
a GC) O o aa) 


may be convergent. To ascertain whether it is so or not, find e, so that 
mon is finite when n is infinite. If, then, e be greater than unity, 
the series is convergent; if unity, or less than unity, divergent. But 
if nion he infinite for all values of e, the series must be divergent; if 
nothing for all values of e, convergent. 

To find e, ascertain the limit of 2@’n—Qu, when z increases without 
limit: but nm’ increases without limit when no'n—=ọn diminishes 
Without limit; and diminishes without limit when 2@‘n+on increases 


ccad. inf. 


nr 


236 DIFFERENTIAL AND INTEGRAL CALCULUS. 


oe 


without limit. So that the complete test of convergency or divergency 
may be stated as follows :—the series whose terms are reciprocals of 
pn is convergent when the limit of n@'n+On is greater than unity 
(infinity included), and divergent when the same limit is unity, or less 
than unity (nothing, negative “quantity, and —« being included.) 

The proof of the preceding is obvious. If n’—ọn have a finite limit, 


l l 
the two series È — and È are comparable, and are therefore con- 
n } 


vergent or divergent together; that is, convergent when cœ 1, divergent 
when e= or <1. Butifthe limit of n°+dn be always infinite, or that 


l 1 ; ; fice: tenai 
of -—-+—., then, taking e<1, the given series is incomparably above a 
n n 


divergent series, and is therefore divergent; and in this case the limit 

of nd'n—On is nothing. But if the limit of 2°+¢n be always nothing, 
l. 1 l m © 

or that of —--—, then taking e>1, the given serics is incomparably 
n n 

below a convergent series, and is therefore convergent; andin this case 

the limit of ng'n=ọn is minte. 

If yn, the term of the series, be used instead of n, its reciprocal, we 
have 


pee l et no PE n 
¥ gw hin "En 


1 l l 
Examrer I. (@—1)+4(r?—-1)+ (r3 —1)4(r:—1)+4.. 
1 


1 / 


= Us N — m, $ 
Here yn=r"— l, and —n = : 


wn n (ar—l) 


The limit of the denominator is log x, whence that of the fraction is l, 
and the series is divergent, 


Exame I l r4a2+a°+....y¥nszat, =n — = n loga. 
n 


If x be <1, the limit is +c, and the series is convergent ; if x1 or 
be >l, the limit is 0 or —c, and in both cases the series is divergent. 

A negative limit denotes that sort of divergency which is shown in the 
series 1+2°+3°+...., where e is positive. 


es ere 
EXAMPLE sees 2 GN==———., 
n 
It will hereafter be shown, that when z increases without limit, 
1.2.3......n and 1.3.5...... (2n—1) approach without jimit to 


ites 


1 
np o"t 7 
Von n" 2s " and 2 °2 2” é-”, from which the application of è rules 
shows the series to be alwe ays convergent. 


ExamPLe IV. F (+0) .a4F (£42) ae.. yn =F (r+ nl)a" 


y'n I’(r+nl) Oar, 
—Nn roe f T Co e ab = —n og | g F (anal) i 


But log F (r+ alt) Slog F w+ nl) + 


F'(e--nl+6/) 


F (x4 ad + 9l) eS 


vlog x a 


za- 


TL mman i raa. aa 


— - 


-7 a. oe 
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whence the limit of FG ‘js that* of M as If this be 
F (xnl) 
finite, the series is convergent when the limit of aF (v+ (n +1) 1) 
F (r+nl) is less than unity, and divergent when it is greater. But 


when that limit is unity, the convergency or divergency of the series 
depends, agreeably to the rule, on the limit of 


. Aa 
il log ta. Fani ° 
l l 7 


EXAMPLE V. E crore: = emer -+ e. is alwa Ss diver ‘ent when 
2° (log 2) b Qu (log 3) b j £ 


a is unity, or less, whatever may be the value of b. 
1 


The expression —n —, the limit of which is greater than unity 


Yn 
whenever Ewn is convergent, may be written as —n x diff. co. log wa, 
Phe limit of this, when 2 increases without limit, is not altered by 
writing e” fur n; in which case 

W'n 

— 7 — 
) 


d 
somes — — (los we"), 
Ga becomes T; (log we") 


Che result may be stated as follows. ‘To ascertain whether the series 
~Y¥n is convergent or divergent, take the function wn, or any more 
imple one the ratio of which to n neither increases nor diminishes 
vithout limit when z is increased without limit, and find the most 
‘onvenient of the following expressions : 


n dyn n  d(yn)` 
wa dn’ (YW dn? 


„tlg yn od be baak d (mpn) 
dn ? dn >? yn dn 

f, then, the limit of the result be greater than unity, the series is con- 
'ergent; if unity or less than unity, divergent. But first examine 
b(n+1)+¥n, since this test can only be necessary when the limit 
f this is unity. 

As to series of the form P,—P,+P,—.... we have seen that 
hey are necessarily convergent when the terms diminish without limit. 
-onsequently, the series is convergent, all whose terms are positive, 
rovided they can be represented by P,—P,, P3>—P,, P,—P,, &c., where 
a> P:> P, &. But this last is not altered by adding the same 
uantity to both of every pair; that is to say, the series 


P,+A—(P,+A)+(P;+ B)—(P,+B)+(P,4+C0)—(P, +0) +.... 


eems convergent whenever P,, Ps, &c. diminish without limit. Thus a 


* The reasoning here given is correct only on the supposition that 
Fiatul+ a) (<1) and (atu) 

— — and ————_-—— 
F (xv +n/-+-éL) I (x+n?) 

proach the same limit when z is increased without limit. 

For accounts of the tests of convergency up to the proposal of the present one, see 
rofessor Peacock’s Report to the British Association, in page 267, Ke, of the second 
ume of their Reports; or Grunert’s Supplement to Kluges Th irterbuche, vol. 1. 
we 416, I have another proof of the correctness of the test, founded on entirely 
fierent principles, which will appear cither in the sequel of this work, or elsewhere. 


Ud 


LS 
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series of alternately positive and negative terms may apparently be con- 
vergent, even when the terms increase without limit; and if A=>B=C 
&c., we have then a series, of which the nth term (independent of 
sion) is P, +A; and because P, diminishes without limit, this has the 
limit A, And we might certainly suppose that the preceding series can 
mean nothing but P,—P,+P,—.... in a different form. Is it 
possible that there can be an error in the following reasoning ? 

If P,—P,+P,—.... be a series, which may by summing its terms 
be brought as near to M as we please, then certainly the sum of 
P,—P,, P;—P,, P,;-P., &c. can be brought as near to M as we please. 
But P,--P, is the same as P, +A~(P,+A), and P,—P, as P,+A- 
(P,;+A), and so on. It follows, then, that P;+ A—(P.+A)+(P,+ A) 
— &c. can be brought as near to M as we ‘please; or thatif such a 
series as the last should occur as the answer to a problem, we may con- 
clude that M is the answer required. 

I say we have no right to draw any such conclusion; and the 
reason of this is contained in a principle which cannot be too 
often remembered by the student of this subject. Whenever a deduc- 
tion is made from purely arithmetical principles, by means of purely 
arithmetical premises, it must not be extended, without proof, to cases 
in which the premises, or any of them, cease to be the objects of arith- 
metic. In the preceding series, P, —-P,+P;—.... approaches without 
limit to a fixed arithmetical quantity, and an accession to the number 
of terms taken always brings us nearer to a certain limit. The same is 
true of (P,—P.)+ (P:—P,)+...., each term of which is compounded 
of two of the terms of the preceding series. The same is also true of 
the series whose several terms are | 


_ first, P,+A—(P,+A), second, P,+A—(P,+A), &C. 5 


which is, term for term, identical with the preceding. But the same is 
not true of the series, whose terms are first P, +A, second P,+ A, third 
P,+A, &c., alternately positive and negative. For since P,, Pa, &c. 
diminish without limit, the series may, by proceeding to a sufficiently 
distant term, be represented as nearly as we please, from and after that 
term, by A—A--FA—A+-...., which has no arithmetical signification. 


] 1 J] gaa 
Thus, if we take e aa -+&c., which has the limit z and add 
. 3 5 9 
one to each of its terms, we find aT ra or teas x 


Let the terms of the first series be collected, and we find the set of 
1 3 5 11 21 


esults 1, —, —, —, —, — 
sia o 4’ 8’ 16° 37 


&c., alternately greater and less than 


2 oe ; ee 
oe but perpetually approximating to it. Treat the second series in the 


I 7d 6 27°21) 


D 4? 8° TE 39” &c.; of which the even 


same way, and we find 2, 


; 2 5 
terms only approximate to 3° while the odd terms approximate to 3" 


If, then, we were asked which is the arithmetical limit of the preceding 


; . ane 2 5 
series, we should have no mode of deciding between a and z 
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| In the preceding theory is contained all that the’student needs, to 
enable him to apply the theory of series to questions of geometry and 
\physics ; and I shall now retapitulate the principal results, desiring 
ithe reader’s attention to the summary, as distinctly marking the point 
‘at which we have arrived. 

) 1. An infinite series, even when arithmetically convergent, may be 
ithe arithmetical development of different functions, of one for one 
ivalue of x, or set of values, and of another for another. Or, the con- 
linuity of any series must be proved, and not assumed, (page 230.) 
2. If the series be of the form a+ br+e 


PF. a.a, or developed in 
whole powers of x, it must represent one function of v, and one only, 
throughout the whole range of values of x, for which it is convergent, 
mage 233.) 
| 3. When a series is given, and nothing is known of jts invelopment, 
it cannot yet be used in any case in which it is divergent. But when 
the series is produced from a given function, the necessity of absolutely 
‘considering a divergent series may be avoided, as in page 226, by using 
‘the theorem of Lagrange on the limits of Taylor’s series. 

I shall, in a future chapter, consider this subject further, and shall 
conclude the present one by giving some theorems which may be con- 
sidered as instruments of operation merely, not giving any proof to their 
‘results, except in cases to which all the preceding reasonings will apply. 


| 

i 

| Turorem. Let pr=a+a r+ l+... ad inf. 
yr=ab+a birta ba t+... ad. inf. 


2 3 
Then Yr=hort+Ab.g'a.x+A°d. bz. 5 tA bgy. st ar 


vhere Ab, Ab, are the successive differences of b, obtained from b, 
ny by, &e. 


N. B. We have already had cases of this theorem in page 225, 
‘rom page 79 we have 


4. =b+Ab, b= b+2Ab-+ Ar%, bs =b +3404 3A°>+A5, &e. 
substitute these in the second series, which then becomes 
b (atar taxt ....)+Ab (ata e+ 3a pann) 4 


Hab (a, 4+30a,2+6a, eH... ) +A’ b (az + 4a; e+ l0a;, p... .) a3 
fan we -ee ae 


Now Pr=ataetasa®? +a +a, x! Oe Apassi 
daz a +2a,¢ +3a, v+4ar+ 5aart+.... 
HR, ; 
5 = dy +3a,% +64, 2 + 10a, x°+.... 
p'a 5 
ea ad; +4a,27°4+10a,2°+.. ., &.; 


nd the results of this set, swhstituted-in the preceding development, 
Ul obviously give the theorem in question. 


J | eN 
Examrue I. E =l+rteetaretatt.... (page 225.) 
— r : 
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Let we =b+d, tb rt tby tbt.. 
b Ab.x Ab. AD. a" 
Then Wr 1 Gea a xy eee Se ae 
2 3 4 
SXAMPLE IT.* batie 4 wae 
Examp.e IT. g Dea eee aE 
b baa? b,x 
p me a 
r—0 Abe 1 Abe 1 Aha 
ey Y =e 2 Atay 3 Fo 


n— l n—l n 
Exa{ĮmeLe III. 0 +nb,t-- n —— ba tn: 3 
Aad ami 


—2 
Ua 


—b(1+r)"+nAb (14a) æn Wlka) Aw pais 


£ n—1 rt Ne 
pasem fe © n D- | : oe o 
(l+.7) Fmd Ne h -J+ 


13 4 


ExampepLE IV. b+, 7%+6, — Lth —— + 


2.3 ‘5.3.40 ° 


= [b abetan 5 Sr +. at 
Oo 


| bi a 
EXAMPLE V. b x— b; 2.3" ee 
, SR bU 
= COS vf Ab, x— Asb D+.. sina (0a 5+ is .) 
bah he 
anc = st iw a 


x | a? ` 
pen AR ig Aap, a = 
=cose |b A’ b 5 eis sin (Ab. A*D pan " 


where the differences must be taken from the complete series b, bi, ba, bg; 
b &c. We shall see more of this when we come to treat of interpola- 
tion. 

This theorem enables us to give a finite expression for wr, whenever 
cx can be expressed in a finite form, and 8, is a rational and integral 
function of n, (page 83,) in which case A”d is nothing, for all values 
of m which exceed the degree of b,. 

The theorem itself will afford an instance of the truth of results 
obtained by separating the symbols of operation and of quantity, as in 


page 164. 
The symbol for b, is (1+ A)"b, and the whole train of operations 
performed on b, to produce ab + bit + dybt? . e.. is 


fata, (1 +A) r+a, (144)? 2t... } b, or HAT , 


* Let the student apply this example to the case of Ab=1, A2%=1, a3)=1, &c., and 
explain the result. 
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j q? 
[ps pr sappii ar auth 


> \or-+Ab.p'a.2-+Adp"r a4 " n 


I now apply the preceding theorem to the transformation of 
b +b, cos 0.x- bcos 20,24 bcos 39.24... 
ad b, sin 0, c+ b sin 20. x2- b; sin 30.274 .... 


he first series, writing z for e’Y~*, (as in Chapter VII.) may be thus 
ritten : 


] l | j 
jobbet batt Jtg [bE Steet... d: 
« mA 


5 by the use of the theorem, 


& 
Ab — 
A b ey a b 4 z 
Sar Ly eo ee eng? 1k 5 he e > o i ook ae e Ree ee Sea Te e 0 9 @@ ` 
2(l—z27 (l—zr)? 2 x x at i 
i—— {| ]—— 
z z 
id the two, collected, give a series of terms, each having the form 
em 
1 om x ym 
L Am ROERNE AER es 
zano Gzh T , x£ m+ ee re 639 
(12 
l ž 
ut 1—zv= 1—zx cosO— zx sin oI, 
a tae ae cos 0+ sin 8. —l. 
ssume l—« cos 0=r cos, xsind=r sing, 
Pe l ; 7” sin 6 
hich gives 1° = l—2x cos 0-+a2?, tang= ; 
l—rz cos 0 


ad (A) becomes (since i—rz=rcos@+rsing. Nl; &c.) 
1 (cos m9 -- /—1 sin moO) x” 


— m 


2 | (cos m-+ 1 o—V—] sin m+1 4) pnt 


(cos mo—N —] sin 710) a” 
(cosm 4-1 + ¥—lsinm+1 p) ap 
cos ut —I sin | 
at | P (m+7y) +/—1 sin (u+); 


cosy Ẹġ vV — lI siny 


nence the preceding is 
Aga” 


+ cos (do. oj 1 sin (do, do.) a 


; cos (m9 +m+ 1b) +V—T sin (do. do.) 


k- i —_— 
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A"b.cos (m0-+m+ 1). 2” 
or Saat aE" © CAR 
(1—2r cos0 4e) 2 


Hence, making m successively 0, 1, 2, &c., and adding the results, we 
have the following THEOREM : 


= x sin 0 
—(1l— O-+ x%)2 = tan} ———_—— 
If r=(l1—2zx cos 0+4°)?, and p=tan E) 
eee (== 2 ~ (=n 
== sin = cos —— ]; 
r r 
then b+b, cos 9.x +bacos 20.a? +b cos 30 r+. esee. 


2 
=b cosp- -Ab cos (0+29) F+ A'b cos (20+34) Zs 


3 
+ A3% cos (304 4¢) Z+ ee 


For instance, let b=b,=b= . ... =l; whence Ad=0, A?b=0, &e. ; 
we have then cos @—-r, or (1—z cos 0)—7°, for the sum of the series; or 


1—2 cos 8. 
ee ees cad ae = 1- cos0.x+cos 20.2°+ cos 30.2°+.. 65 
1—2z7 cos 0+ 2” 


which may be verified by page 125. 

The transformed expression may be discontinuous, for ¢, or tan 
{x sin 0—(1—za cos @)} has an infinite number of values, one of which 
may apply for one value of 0, and another for another. We have shown 
that no discontinuity can be produced by a change in the value of a 
(page 233.) 

As long as our conclusion preserves its present form, we are warned 0: 
the circumstances which may produce discontinuity by the explici" 
appearance of the ambiguous symbol tan™™. But if we take a case It 
which the ambiguous symbol disappears, we may be led to a falsı 
result, if we do not take care to retain all the ambiguity of the origina 
form. Suppose, for instance, s= 1; then sin 0—(1—cos 0) is cot 3 4 
or tan ($r—}0); and @ is therefore tan™'tan ($ m— $6); that is 
any one ofthe angles which has the same tangent as 7— 30. All thes: 
angles are included in the formula mr+4r— 40, where m is an 
whole number positive or negative ; whence we have, by substitution 1 
the expression for the transformed series, (since r= +2 sin} 6, whe 
v= 1). : 
b-+b, cos 0+ ba cos 20 +b, cos 30-+.... 


__b cos (mr +4 (r—8)) 5 Ab cos (2mm +r) 


——— ~~ = 


+2sin$0 4 sin? 4 0 
A’ cos (3m+17+h x: 
+8 sin? 40 oe 


in which Ab is multiplied by cos (+1 m+$7+7—1 40). Now 
will be found on investigation, that these cosines, beginning from th 
first, are 
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Fsin(—$6), —1, tsin46, +cos 0, sn 30, —cos20, &e.; 
he upper sign being used when m is even, and the lower when m is odd. 
We have then an ambiguity of sign in both numerators and denomi- 
ators of the alternate terms: but returning to the original equations of 
condition (which become 1—cos 0= +r cos p, sin 6=r sin g, in the case of 
‘= 1) we sec that if r be positive, sin @ and sin p have like signs, and 
OS is positive; that is, @ lies between O and La, if 0 lies between O 
nd r, and @ lies between O and —t37,if 0 lies between w and 27. All 
hese conditions are satisfied by making m=0, or any even number, and 
he final result is as follows: 
b Ab A*dsin sO , A%. cos Atbsingo 


+b,cosO0+...=— ——__— 4 —___2 4 aA a ae eas 
2 4sin*Z@° 8sin°40  16sin‘h@ 32sin’40 

An easy verification presents itself when 6==7; the preceding then 
‘ecomes 

: 6 Ab AD A% Arh 

b—b,+5,—. oe = —— 4+ ——_- 4+. e c o 3 
2 4 8 16'32 

vhich is a case of (B) in page 225. 
An analysis of precisely the same kind, it being remembered that 
WT. sin mô = z” —z~", shows that we may substitute sines for cosines 
1 the series obtained; or that (r and Ø being as before) 


bi sin 0.x +basin 20.22 +... =b sino — Ab sin (0+ 20) <= 


2 
T +A sin (20-439) Zt... 


f b=b, =.. ..=1, as before, we have sin g-—-7 or sin 07? for the 
um of the series; or 


sinl 


n x : ee ae i 
Taros 0 a Oasen 29 4- sin 39A eeen’ 


I 
nd, in the case of r=1, we may find 


| b A2b cos £6 
| l em cot 40—25 2 


A°bsin@ | Atb cos 20 
l6sinfł O° 32sin®hQ 70? 


ae terms of which, after the first pair, are positive and negative in 
lternate pairs. An instance of verification, though not so simple as 
ie former one, may be found in the case of O=47. This gives 

bth b A%® A% AWN, >: Ab Ab 
ee ieee ae ee fe ae 
hich we leave to the student to verify by means of the separation of the 
ymbols of operation and quantity. He might, however, be perplexed 
y the reduction, if I did not call his attention to the equation 


e ge eae ee eke 
(a) (iae 
THrorem. If oe=apt ttantta.. 

R 2 
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Then z í o (2x) +0(=)}= Ay +a, COS O. 8-H- 2 COS 20.u +... 
1 a | : 
5a fy cao )]= a, sin 0.Har sin 20.0°-+-+.... 
where ze’. The student can easily prove this for himself, and 


also the following :* 
b"x.cos 20 ig o''z cos30 


m 


1 
TEDE: 50( as )=pn y’2.00 O-+- 


2 = 2.3 
l l 1 p"x.sin20  ġ"'x.sin 30 
= beta)-p(2t7)]= + ¢/vsind+———_— t —5-— t. 
2/-1 ee 2 Pee 


Let ¢2=log a, and let the upper signs be used: we have then 


l l l cos@ cos 20 cos30 
Mog (e-a) +z log (0-4 =log v+ eT gg eee 


(2°?+2acosO+1)%_cos# cos20 , cos30_ cos 40 


—— a 


x x 2 x? 3r Art 


J l i a+z sin@ sin a 30 sin 40 
an a aen Oe R gee Or E ma a gee ie e 
24/3 Cape x Ox 323 Ax 


S 


or log. 


ed 


——————— 


n+ en- æ+ cos 04v Isine cosP+V—I sin ġ ovr 
SS Oe eee ee ; 
teva x+cos@—W —1 sind cosp—V—1 sin Q 


But 


sin 0 
in which x+-cos @=r cos œ, sin 0=r sin, or p=tan™ | ———— } and 
x-+ cos 0 


(pege 126) log eNi opv —14+2n0rV—1, n being any whole num- 
ber, positive or negative. ‘This gives | 
_f siné sinf@ sin20 sin 3é 
tan —— _ \+ nr= — —— H — 
v+cos 0 £ 2a 3a 
If z= — 1, then ¢ is tan7! (—cot 46), or tan™ tan (r—4 6); so that | 
sin 20 sin3é@ 


oee #y 
2 3 


m being => + any whole number. This simply amounts to 


n—} 0-4 mr -+ nr= —sin 9— 


, sin 20 sin 39 
3 9-+mr=smn a E a ieee Satan 
(9) 


The meaning of the undetermined quantity m may easily be shown. 
The second side of the equation is periodic, giving the same values for 0, 
0+27r, 0+47, &c. It also vanishes with 0, and becomes 1-547. +e 
or dr, when 0=4z, and changes sign with 0; and it becomes 0 again 
when 0=7. This requires that m should =0, where 0 hes between 
—r and +r; but that in all other cases m should have such a value 
as will make 0-+- m7 lie between —7 and +v. 

I now proceed to some developments and examples, part worked at 


* These theorems are due, I believe, to M. Poisson. 
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length, part merely sketched out, and part proposed for exercise with 
their answers. In considering these, the student should read again 
carefully those parts of the preceding chapters which are cited. 


a 


CHAPTER XIII. 
MISCELLANEOUS EXAMPLES* AND DEVELOPMENTS. 


1. Required the successive diff. co. of Pe”, P bemg a function of x. 
Ans. The first is s (P +P’, the second E (P+2P’+P"), the third 
e°(P+3P/+3P"+P"'), and so on: the nth is E (P +n P+, Pie 
ns P’. eee HPO), where 1, 2, na Mz, &c. are the coefficients of the 

n—l n—l n—Q 


several terms in (1+.2)’, or 1, n, n ——, n .— &c, 
2 2 3 


2. Find the diff, co. of PQ the product of two functions of x. Ans, 
The nth diff. co. is PQ™ + RP'QE~Y be ng PPQC™D 4 EPO, 


3. Diff. co. of P” Q” is pr Q? fmQP/+nPQ’?, 
m m—1 

4, Diff co. of a 1s on {mQP’—nPQ’}. 

5. Diff. co. of €°.Q is e [Q/+ QP}. 


It will be worth while to retain the three preceding results in 
nemory. 


s 


6. (Page 63.) What is the diff, equation of y=« p (cx)? This 


rives 
dy Y ¥ al y y 
ea CN bene E E Vel Y 
dx eee) age Vf. Ay 


vhere fx means a+ad’p x, and pe is that function which gives 
Dh r= 7. 


dy a y 
T. y =x" gives — — (1 + log 2) 
GV v ao 
8. Eliminate the functions from = (y-+ ax) 4-4 (y—az) Dy 
neans of partial diff. co, 


: Lz 


ap" Cy Har) — ans! (y—ar), 7 = G? p” (y+ar) 4- q? y” (y — ax) 
2 d?» 
y P (ytar)+ w'( y — ar), Ta bY (yAary-+ 4” (y—ar); 
3 
Ve Cz 
lerefore p = 
dx? dy? 


+ Many theorems of primary importance are deductions of so immediate a 
laracter from the principles before laid down, that they are here introduced, con- 
ary to the usual practice, as examples, They areso far developed that no student 
o has found himself able to follow the preceding portion of the work, will find 
y great difficulty in completing what is left undone. 


O u ee 
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Pu du du ; dèu =o 
Ty A i re . de dy’ dx dy Ss 


To u du Pu N 
Therefore — .,—— — 
thereiol da dy? dx dy 


10. (Page 65 and Chapter V.) What relation exists between the 
two diff. co. of u, when u is that function of x and y which is obtained 


by eliminating @ between 
u=art+ha.ytwa z 
p! ! du 
 0= at pa.yt ya, or TE 
a 


2-16 


9. Eliminate the functional symbol from SE 


du du da du de du da $ 
—=qt— . — =a, —=—dé+-—- —= oa 
dx da du” dy | 


du d 3 
— =o | — }. 
dy dax i 


11. Eliminate the functions from z=¢ nine? Us (y— ax). 


= @ loge d’ log z dz d’z PEG z 
By (8.) —=- = — >, or -e 556 - a 
y 8.) oer dy? OF ae | dy? (5a "dy Y Ta j= . 


12. z= (@ +y)? p (£ — y’) gives y Ca is 
“ dæ dy 


2 


1B 2 =r + yy gives qy 


d 
14. zzxga. i ete ace ee a 
a a GS dxdy z dx dy 


l d'z l 1 dz dz 
me (bp yy ae 
ye —_ == —— 
CPE EER dx dy (1 tog -J z dx dy 
15. Required the expansion of tan in powers of x, by Maclaurin’s 
theorem. 


du du di 
Let uxtane; then galtu, Tam ut 2u? 
du d'u 
a= 2+ Bu +6ut, — = 16u +40 + 24u5 
dx* 

du 
ae 16+ 136u2+ 2402*+ 120u° 
du 
dn Z 212u+ 12323 + 1680u5-+ 720u? 
d'u ds d? 
E5224 39680... TATU ees TEIH ee. 

t . dx f 


a> 25 lIa? 62 
tan t= g-t- — + — 
nesaet y tis t315 "2835 


a m ce 
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et 


16. Required the expansion of - = i" 
This expansion (which is of great importance) may be facilitated by 
the following process :— 


x 
Let er 13 


no odd w er of x except the first: for every odd power which appears 
in the expansion of dr must appear in @r—@(—-z); and every even 


oower in Ge+@(—z). Letu=gr; then 

us =gr4 u, E (utup, E uyu aE, 

E (u3 +3 pu") =u", E (utnu’+....)=u™, 
Make r=0, and let the values of the function and its diff co. then 
become U, U’, U”, &c. The preceding equations then become U=U, 


U=], U+2U'=0, U+30'4+3U"=0, U+4U'+60"+4U"=0, &e. 
Or, generally ; 


; then ¢r—p ( — x)= — zx; consequently px can have 


U+nU’+n——_ Ul. ». CA), 


the labour of e which is diminished by our having proved separately 
that U” =0, UY=0, UÄ =0, &c. Let n=2m+1, w vhich g gives 


Uem 2m—-1 m= Ly em—2) _ oe l 2m-2 2m- 23 D 
T3 4 5 è 6 
U 
Sas We es, 
a 2m-+] 


lhis series exhibits the dependence of the terms on one another, after 
U”; but the series (A) is more _— used, It gives 


U 400 30. Ses U 8030 0: or =z; 
UAU ers or U"=0; U+5U/+10U"+5U"=0, 
TREN, l. 
wU 303 
U+1U' +21U"+35U"47U% 0; or U=; 
l U+9U'+36U”+126U"+84U“"+9U""=0; or U= ~ a5 
U+11U/+55U" 4+ 330U" 4. 462U"-+ 165U"!411U"=03; or Uae; 
g 691 T _ 3617 .. 43867 
Le SS es xiv — Jxvi — XVI — R; f 
m30 U Te Y s10 Y 798 s 
Mence, if [n] denote 1.2.3......2, we have 
Tej T ee l can 
oa a sot 2 30[4] 42[6] 30[s] “"""" 


The values of U, U’, &c. are called the numbers of Bernoulli ; 
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and though they do not follow a visibly regular law, yet the con- 
nexion between them is simple. We shall in future call them B,, 


B,, Ba Bz, &c.: thus 
l l 1 
Bo=], Lim B= z, B;=0, B =—zy &C. 


] ; 
17. Required the development of aa] by Bernoulli’s numbers. 


Eai 
oe Oe 


et] e7—l] -l 


Dr £? 
Te 1 =Bet Bis +B, + &e.— (BtB. 20-+&e.) 


3 
v 


E oe 5 ee 
Z ( ) 


1l aa T | 
ts as ae 3 (2'—1) B, 


l 


ere 


an 3 
OOO 24] O16)? 


18. Required the development of tan æ by Bernoulli’s numbers. 
Ny aN N J eN] 


l 
tan t= FF z= 
a = E Fe NC eee 
1] gN Trg ga a1 N=] e 


2a -1 : (2r V51) 
e T 


J ( 
J] l 2 


5 


3 
tan rt=s—% (2—1) B, a 4.98 (2—1) Br Erei 


in which the law of the terms is sufficiently obvious. Reduced, this 


becomes 
ye O75 L[Ja7 622° 


tan w= g anes ae weet 
veel Tis 315 T3835 


19. Required the development of cot # by Bernoulli’s numbers. 


2 


Jy 
ger’ on 


cotazzv¥ —1 (44 


_ 2B, QeNV—1 on Q- 
=V TT (145 pet 2B, + 2B, 5 +28; eo) 


l wv @ 2x5 a? 2x9 


—z 3 45 945 4125 93555 


; 2 
20. Required the development of Feet 


ue +uE*= 2 
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N 


T n— | 
nth dif. co. use? = g (x -Haw tn > Ulp.. .) 


sad 


| ; 2 oo 22 — | os 
2 |+, 2 even, | 


hed 


oe n—] n—l n—2 n—3 
as in (16.) U+n U" 4-7, —— ivy = gi 
( ) a 9 17 72 9 3 4 U + eens <0, 


which is true for even values of 2, and there can be no odd powers of x 
in this development. 


U=1; U+U"=0, or U"=—1; U+6U"+U"=0, or U"=5; 


U"=—61, U™=1385, US=—50521, and so on; 


2 ag 2, Set_ Ola? , 19852" 505212" | 
ET he7 2 [4] [6] j [8] [10] cvw e 


21, From the last it readil y follows that 


et Bat GI 1385% 505217 
sece r= l4 : T 


eee 


2 taJ T e o ee 


As 
beret 
=u. 


22. Required the development of = 


[Why do we not attempt to develope I--(e"—e*) by Maclaurin’s 
fheorem ?] 


ME eae eee, 
E (u +u) +e? (u—u')=2 Uar 
n— l n—2 n—3 Yr 0. whiel 
ape oe ef è o Z> x W IC i 
2 3 4 
s derived from odd values of n, and gives the even diff. co, 


‘an enter, for reason in (20.) 


l . | 
| U+30"=0, or U'=—3; U+10U"-+5U"=0, or Ura 


_— = 
After which U +7 = U” +n 
pa 


No others 


, 31 a o8l 
Vinee a bil renee 
p 21 L 45 
2v 1 a. 7 æt 31 zê _ 381 x? 
e—e® 32 '15[4] 21[6]" 45 [8] 0" 


| 23, From the last it follows that 


l le J Æ 81 2 #881 æ 
coseec t=—z—-+—- 
x 


sata mt ote tees 
32 15[4] 21 [6] 45 [8] 

(24.) What is the best formula for approximating to an are of a 
ircle by means of its chord and the chord of its half, and what is the 
‘ror, nearly; the arc being supposed not very great ? l 

Let 0 be the angle (in theoretical units) subtended by the arc S, and 
' the radius (unknown): let C be the chord of the arc, and C’ that of 


soe TE. 
ts half. Then S=40, C=2asin J 9, C’==2asin Tê 


as 
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Let pC-+qC’ be the formula required; then 


pC+qC =2a (» sin5 0-4 q sin z0) 
z P No2) ta) ao \ 
=2a (5+3) (ta 6° \32T tod) 120 °° 


P l | 
Assume at 2 g 64 


Ans. The third part of the excess of eight times the chord of the 
half over the chord of the whole is nearly the arc: the result is too 
small by a proportion of the whole, which varies nearly as the fourth 
power of the arc, antl is about 1-7680% for an arc subtendmg an 
angle of 572°. 


95. If C” be the chord of the quarter of the arc, then 
C+256C"—40C' | f 68 
ig ee e T 
26. In ġ (+h =pr +p (x+6h).h required an approximate value 
of 0 (p. 73.) 
Assume OZA BACO t aoee 


9 h3 
Then 4 (ph) ecget Ha hrpe Ont gla. + Caan 


th 
=pat p'a Ap Agle.t+(B plat A? =) hk? 


AS 
+(C p"e+ ABA" x tg pz) hft aana 
IAS pe 

2 6 | l 
per 

24 


Aglax, Ws, Bo"«+ A2 


Co'r+ AB"x + = oi 


. 1 pa px ba — (da)? : . 
O=5t 54 pile h+ ECZ h +4- t. %0 


If h be small, and x considerable when compared with h, = 


nearly : or 
h 
p (+h) =pr+ p (2+3) nearly, (See p. 74.) 


27, Required v in terms of sina (s=sin 2), 
d.sinx l 

———— = (l-8) ds 
V1 —sint g 


di= 
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13,135 
of 9.4G ft 


1s 1.3 8? 1.3.5 s 
Integrate ; Dee ts on, oe 2.4.6 Freee (A) 


t 
a 
-_ 


l 
=l+5 + 


No constant is necessary, since s and x vanish together. But this 
conclusion cannot be universally true, for the first side may increase 
without limit, while the second is periodic, going through the same 
cycle of values from r=27 to w=4r, &c., as are obtained between 
2r=0 and #27. Some error then must exist in the preceding process. 
On looking through the process of page 100, it will be seen that the 
definition of an integral cannot be niade intelligible if the function 
integrated become infinite between the limits of integration. This is the 
case in the present instance, if we suppose the result to be true from 


t=0 to v=; since, when r=}7, (1—s)73 “is infinite. Between 
z=—zt7 and c=+47, the preceding is unobjectionable, there being 
no value of x between these limits which makes (1 —s)3 infinite. 

There is another objection to the preceding result, as soon as 2 
becomes greater than $7. When æ increases, after becoming =} r, 
then s (and consequently the second side of the equation) begins to 
diminish; or an increasing quantity is always equal to one which 
diminishes, which is absurd. The reason of this is that 


d.sin g cos 7.dx 
“aot ee es OL ae 
J/(i—sin?ay — ./(1—sin? x) 
should have been taken negatively when cos æ becomes negative. Con- 
sequently, after r=47, we have 


1 ë 1.3 55 
TET — S — — — E 


23 2,4 5 


(1 — s2)72 ds, or 


the constant 7 being introduced because =r when s=0. 

Denoting the series (A) by A, our final result is that when < lies 
between — r and +47, r=A; but that when æ lies between 37 
and $7, c—7—A; when between $7 and 37, r= 27+A, &.; 
which may be all included in the following : 


] l 
When wz lies between Ç ~- 5) w and (n+5) T, L=nt+ (1Y A, 


f 

| 28, If v=}4r or s=1, we conclude that 
l appt bbs 113.5] 
ge eae. eae 


We proceed to ascertain whether this series is convergent or divergent. 


49, Granting, as will afterwards be proved, that 
Lee ae „n = N 2r nta gmn 


has the limit unity when n is increased .without limit; required an 
expression which may be made as nearly equal as we please to 
1.3.5,,,,22—1, on the same supposition, 


ee ae ee ee ee 
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Let 1.2.3....nzev2n n't? g”, on, so that di has the limit unity 
when 22 increases without limit. Then 


1.2.3 ° „2n= 1.3.5 ee (2n—1) 2.4.6 ° n= 1385 oe (2n- l) e 1.2.3 e 01.2" s 
Jon mits oo .$2n = Orty n” gT” pep 
2 Sona nt? e" bn pn 


L e . e 
and 2""% n” e” is the expression nes 
30, The series at the end of (28.) has for its (n+ L)th term 


71,3.5...:Qn2-1)= 


ae 


Vets 1,.3.5....@u—1) 1 we 2” E” p2n——gn l 
TDA er m4r” Tg doe. nt? g on an-V? 


1 l1 2n 1 
or oe EE 
Sn na (Pr) 2n+1 
which (since @2n and nm have the limit unity) has always a finite 
3 


ratio to 2 2. Consequently, the series is of the same character as 
3 


En 2, and is convergent. (Page 235.) But it may be shown in a 
similar manner that the original series is divergent when sœ 1, in which 
case æ is impossible. Here, as in many other cases, a series becomes 
divergent at the moment when its algebraical expression becomes im- 
possible. 


31. When v lies between nr and (n+1) 7 

1 1 cos?’x 1.3 cos°a } 
ic == = — 1)" y r+—— a ee. fe 
t (n4 >) ( ) fcosa TE ee : ms 


Prove this, both from the preceding, and also independeutly. 
32. Required v in terms of tana. (tan e=t), 


d.tan x 
de=: — d —?? Ht 13 dt—sece 
L-- tan? 2 13 m ARR ) 
#8 5 t7 
emt ——--- H 


3 i ia 7 i otee) 
the constant being nothing, since æ and ¢ vanish together. This is true 


1 l 
from tey T to a= T, or from t==—o to t= +a , though the 


ad 


ee, 8 1 1 
series 18 convergent only when « hes between ey and +-— r, the 
former exclusive, the latter inclusive. Generally, when «œ lies between 
( l li ee 
s wand | n+- |r, v=nr+4 tan v—- tan Lese. 
Sead 


33, The ovni series may be so easily deduced from some of those 
which precede, that they are left to the student : 


I g E 2 q l ae 2 gh 
log sin e=log a—— +— —— — — — 


3 2 45 4 945 6 4725 8 ~ 93555 10 


MISCELLANEOUS EXAMPLES AND DEVELOPMENTS, 


253 
3 l æ 2% JM as D a 
log cos z= ~ — > i, d ee 
2 So 4 15 6 815 8 2835 10 
SIn 2x l 
Verify these by log a Slog sin v+ log cos x, 
I now give some examples of finite differences. (Chapter IV.) 
. l . id 
34. Asin v= 2 cos U-4-— Ar }\,sin—Ar- 
2 i J i 
i 1 O 
A cos t=-sin| atp Ay smni Ax; 
2 2 
35. Let Ar—26 
AY sin t= — 4 sin (e+ 20),sin29 A? cos t= —4 cos (x + 20) sin? 
A? sin g= — 8 cos (v+30) sin? @ A cosz= 8sin (2+ 30) sin? & 
Atsin r= 16 sin (vr+40).sint8 Mtcosr= l6 cos (t-40) sin‘ 6 


36. Let n be any whole number; 

A™ sings 2” ‘sin Gee 4n8) sin“ 9 

i AX’ sing 2441 cog (r tant 10) sint! o 

i At sin r= — 2t: gin (v-+4n-+ 20) sint? 9 
AYN sin g= — 2” cos (2 -k 4n -+ 36) sint? Q 
A” cosr= 2 cos (t+4n9) sin 9 
ANT cos y= — 241 gin (want 10) sint! 8 
Am? cos ga — 242 cos (@+4n-+ 26) sint? 9 
AM3 cosas 2+8 sin (r4-4n-£ 36) sin”t o 


37. Required the successive differences of the first term of the series, 


o 


Ors ao a B. Arens na positive wh. no.) 
=! A.0=1 A.6=0 Æ.0= 0 OO £900 Se. 
i=2 4.0 =1 AOS 2 A.o O Ato oO AO SORG 
=3 Al A= Aa at.or— O £°.0?=90 &e. 
t=4 A.0=] A.Of= 14 2. O'—2 AY.0'==24 A5.0'=0 ke. 
. 38. The fullowing table contains the differences for the first ten 


wers, and the same divided by 2, 2.3, &c. 


nt nner een 


m | A | A?] A AA A5 A6 A7 AS | A9 Lie | ne 
l0 | 1 [1022/55980 | 31852015103000 | 16435440199635900 30240000] 16329600] .. 3628800] 1 
9 | 1 | 510/18159 |186480; 831120 | 1905120/ 2398480 "1451520].. 362880 ij 2 
8 | 1] 254| 5796 | 40524) 126000 | 191390 141120]... 40320 3 l) 3 
/ | 1 | 126| 1806 | 8400] 16800 15120; ... 5040 6 7 li 4 
6) 1] 62) 540 {| 1560] 1800 l... 729 1¢ 25 15 Il 5] 
5j 1] 30| 150 | 240] --.-120 15 65 90 31 I; 6 
1 1] lat 36t... 24. 21 140 350 301 63 ti 
3] ] 6.0.56 | |" 98 266 1050 1701 966 127, 1; 8 
2) Ll...2] 36 462} 2646 6951 7770 3025 255 1} 9 
tjel 45! 750 | 5830] 99897 | 49593] 34105) 3350 511 1; 10 
ANAA ary ae foae tae fas [oat [aA | 
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The upper half of this table, including the dotted lines and all above 
them, gives the differences as marked at the top, of the powers as marked 
on the left. The lower half shows those same differences (read as in 
the bottom line, the powers being on the right) divided by 2, 2.3, 
2.3.4, &. Thus 450% = 126000, and Ad.08 —2.3.4.5— 1050. 
The following will not be found in the table: A?,0?—2, A®. 0°+-2.3, 
A‘ 0i-+-2.3.4, &c.; but (page 83) each of them must be unity; for 
x" being a rational and integral function of the mth dimension, we 
must have A". a"==2.3....7, for all values of a. And for the same 
reason A”.0”=0 when 2 is greater than m. 


x—l, 
0” e@eeed 
2 A sy 


39. (Page 19.) a”@=O0"4+2.4.0"+2 
x =x 
wart s(r—l) | 
praer+3e (x—1)+ z («—1) (x—?) | 
at— e+ 7a (2-1) + 62 (e@—1) (2-2) +2 (x-1) (x-2) (@ -3). | 
40. We leave the following notation, much used by the German. 
mathematicians,* to be explained by the student : | 
omale glett aapa) (at he | 
poe! a(a—ij=r'!™ x(x—1)(e—2)=2l &e. 
1.9.3=1" 1.2.3.4=1 1.2.3... n= 
1.3.5.7.9=0!% 1.4.7.10.13.16=1°!° 


grit ey (a +n) (1+ 2n).... (m factors)... (v+m—1n) | 
arle yx (vpn) i" yr tam my (myi. 


4l. (Page 84.) O"+1"42"+4+....+(@—1)™ is 22”, 


xz—l r—lxr—-2 
Atri E AO aa 


Sr” =g. 0” 4a 
+ 2 2 


: l 1 l 
Lx a (e—1), 2r=5 x(ea-i)t+ gt (tx—1) (4-2) 


1 
Z= T (£—1)+4x(x—i1) (v2) 452 (vx—1) (w—2) (2—3) 


1 7 6 1 
Vegi gli gall gt! 4 lO 


1 25 l 
J 2 TS T T ge — =. 
205% I-14 5g l a a 132g" a $ 
= 42. Calling such expressions as g (1+4) (£+2a), 2” !”, &c. factorials, 
tis required to deduce 2°, 2°, &c. to factorials, without the use of any 


general theorem. 
1. Let xz, r—1, v—2, &c. be the factors; then 


gan (@—l)ta: =r (2-1) +2? 
* The only English work of which we know, in which the student can find in- 


stances of the use of this notation (which has not found favour anywhere but in 
x á e . é . m 
Germany) is Nicholson’s “ Essays on the Combinatorial Analysis,” London, 1818. 
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=r (U—2) (r—1) 427 (t— 1) 422827434 (t—1) +2 (r—1) (x— 2) 
DSO (e-1) pa 2°(-2)(a-1) +22°(a-1) +2°—a(e-8)(a-2)("-1) 
+ 32(2-2) (2-1) 4-2u(v-2)(x-1 )+4a(2-1) + 2+ 
3x (2-1) + v(a-1) (v-2)= a+ Tax(x-1)+ 62(e-1) (2-2) +2(2-1)(a-2)(2-3). 
2. Let z, r+-a, r+2a, &e. be the factors, then 
w—=uw(rt+a)-ar, =r (e+ a) — a2°= %(2+2a)(r+a) 
—2ar(x-+a)—ar(z +a) par 
=qt(r+a)(x+2a) — 3axz(s+ a)+arr 
at tl? Gar? tp 7g? 72a g8y 
= glt [Oartl*Lasqe rle 15a altar. 
If a be negative, all the terms will become positive. 
43. Required the law of the table for A” 0”, (page 253.) 


n — 


l 
A", O” =n" =n (n—1)"4n 5 (n—2)"—.... +n. 1" 0" 


n — 


2 
A, =n — (n=1)(n— 1)” (n-1) 5 (m—2)" 7 


But the first series is n times the second, and by the nature of differ- 
ences A=, 1" ig Av“) Q™-1_L An gmt 3 50 that we have the following 
simple law 
A” 0” — n (Am 0%”-1 -+ A” 0”-!) 
for the upper part of the table; and for the lower 
a ov A” om-! + 7 A” 07-1) 
SS SS a E ey 
Ban 2.8.2.1 
This we may verify from the tables as follows : 
240=4(364 24) 1800 =5(1204+ 240) 126=2(62+1) 
350=4.65+90 301=3,90+31 63=2.3141 


44. To form the differences, and the divided differences, of 0", 
Taking those of 0" from the table, we have 


Zs a eo o 7l 


Kesey A2,0%= 1022 A30"’—= 55980 

A? QM 1992 23,0%== 55980 A‘ O"== 818520 
1023 57002 874500 ` 

2 3 4 

| A202046 A?,0"=171006 Ato" 3498000 


and so on up to 
AY 0"= 3628806 
AN 0 — 0 
3628800 
11 
A".0" = 39916800 


Let the divided differences be signified by attaching accents instead 
f nambers to the letter A. Thus Al” 0™ means A*0”"—-2, 3, A” 0™ is 
VO"+2.3.4, &e. Then 


Peai 
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A@ G” = ACY OM 1+ DAM OM 


A on l A” OP = oid A" 0’— 9330 
2A" 0°=1022 3A” 0% = 27990 AAY 0°=— 136420 
A” 0%= 1023 A" 0” =28501 AY 0% 145750 
and so on up to 
A oral 
TIA 0°=0 
AX Qu S 


AS. To find the law of the series for 2”, expressed in factorials of 
x, e—a, e—-2a, &c. In (39.) substitute ra for x, and multiply both 
sides by a”, 
ga gat A" gm an? qel es SA 0”, gms 43 ] seas, 0” ant at | =at hes 


— 7 ae ay a 0”, ag} | me hah rn or az yn-2 | oe ae 


46. Let the terms of a series be, @(a+0) (4+2b)....(a@+2b) 
the first, (a + b) (a + 2b)....(a+ (x + 1)b) the second,..... and 
(a+-(n—1)b) (a+nb).... (a+ (x+n—1)b) the nth; required the 
differences of any term, and the sum of any number of terms of the 
series. | 

a=b | 
Aa (a+b) =(a+b) (a+ 2b) —a (a+b) =2d (a+b) | 
Aa (a+b) (a@+2b)=36 (a+b) (a+2b). | 
Aa (a+b) (a+2b) (a+3b)=4b (a+b) (a+ 26) (4+38) | 
Aa (a—b) (a—2b) (a—3b)=4ba (a—b) (a— 2b). 
Thus, denoting by [a, a+xd] the product of a, a+ b, OT 2D, eee 
axb, we have, on the supposition that successive terms are made by. 
changing a into a+, 


Alfa, at-x2b]=(@+1) b[a+6, a4 xb] 
aif INO: a x here ag x a of all the a 


factors of factors. except the lowest. 


A [a+yb, a+b] =(«—y-+1)b [a+ (y+1)b, a+ xb] 

A‘ [a+ yb, a+ ab]=(£—y + 1) (ey) d [a+ (y +2) b,a+xb] 

A [a+yb, a+ 2b]=(@—ytl)(a@—y @—y— 1) la+ (y+3) 4, a+xb] 
47. What is the sum of the series 
[a, at+yb]+[a+b, e+(y+])) db]+....+[a@+ 28, a+ (y+ x) 6]. 


This (page 82) is the function whose difference, when x is changed: 
into r+l,is fat(c+1) b,a+(y+a+1) b], and whether x be changed 
into r-+1 or @into w+6 the result is the same in any single term, Ít 
is also denoted by È [a+ (x +1) b, a+(y+a+1)b]. Now 
(y+2)b[a+(a+1)b, a+(y+r+1)b]=4 [a+ xh, at(y+e24+1)0), 
[a+ xb, at+(ytet+l)) 4], 


or S[a+(e+1)b, at (yf-a+i) b]=C+ G+J  ”’ 
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but by the hypothesis, $ [a, a+ yb|=0, since there are no terms pre- 


ceding [a, a--+yh]: whence making v= — l, we have 
0 e E la—d, La—b, a+yb] : 
WFO 


so that the final result is as follows: 

[a+ 2b, ad- (y ++ 1)b] 
“ yb e.o xb, a ‘ C/O) ee. 

[a,a+yb]+...+[a+a0, +(y+2)b] CEEE. 

_ [a—b, a+yb] 
(y+ 2) O 

48. The following instances should he completely solved by the- 
preceding process, as well as by its resulting formula. 


4.5.6.7—1.2.3.4 


2.3.4+3.4.5+4.5.6= 


4.1 “lee ia 
5.6.7—1.2.3 
2.84 3.444.545,6——— a 6g 
l 2 3 1.2.3 
123-42.3.4+...42.(0+1)(1+2)= a Ges mr) One 
mk aD 


14+24+3-+.., r= 


Pa 


22( 2142) +42 0 +6)(2r48 
24.6.8-+..+20,22+2) (2244) Q246) = E AOOO HO et) 
49, Required 1"-+4-2"4-.... +a” or X (r+ 1)”. 
1) x(¢-+-1 
G+ =2(e¢D+@4), Es WAGED | Gt) 
e(r+l) (2e+1 
But X. 1°=0, C0, and 5 eerst CED ern 


A20” 


\gain, (39.) (v-+1)"= A 0” (x + +s (t+ 1)ex 


3m 


T z (e+l)rCe—1)+.... 


2 Nm 


2(v+1)"= Su Hees 3 (ttl) e (v—1) 


A® pm 


j 2 aye 1)(w-2)+.. 
‘ompare this with (41. ) 


50. Required the successive differences of l+[a,a+ab]. As an 
istance, take 


] ] 
a (a+b) (a+2b) (a+b) (a+-2b) (a +36)’ 
l l l 


SR ay o a G 


a (u +b) (a+ 20) (a+b) Ca + 2b) (a FS a (a+b) n + 2b} 
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3D 
a (a+b) (a+2b) (a+3b) 
Similarly, if Ui, Us) Us, &C. be in arithmetical progression, b being the 
common difference, 


l i Uy Unyi 


eres SO eS D gee es SY 


Uy, Ug» >; 0 eUn Ua U3. «ea Uy) Ui Uy» e@e eUn Uy Us U3. ee eUn 


nb i l l l 
= =——— ; whence 2 ———_——-—- => —— . 
Re Ueto so Us Ui Use oh Unki ND `U, Une oe sUn 


s l 1 l 

TEE a ~ (n—1) b Uz Use ares 

1 , ] 
EARE TOES CEE) 
5 H a oe l l e. l l 1 3 
(ot l)(@+2)(@43) 2 @FD@+2) 22.3 2 @END@+2) 


for C must be such that © vanishes when w= 1. 


l i l 9 
52. Required (2.3.47 973.1.573.4.5.6" ad inf. 


The sum of x terms of the preceding is 
e a SN vit 1 
(v+1)(v7+2)(t+3)(0t+4) 31.2.3 3 (e+ 1)(a+2)(@+3)’ 


+C 


51. Required + 


1 
2.3.4 


which, when is infinite, becomes = ——~. 
3 l d 2 e 3 
Verification. 


11 =( 1 1), 
3 1.2.3 \8.1.2,3 E EEN magan eee 


pæn 
j 
p. 


+,... tog terms is 


1.3.5.7 3.5.7.9. 5.7.9.1] 
= C z Bese 

> Gre) )(22 +3) (22+ 5)( 5) (2x+7) 7) 61.3 6 (Qr4+-1)(2e+3)(22+5) 
l 

and tl Li = 
and the sum ad infinitum is 618.5 
£4, Required a"-+ (440)"+...4 E or È (a+(a2+1)b)” 


b-+b ae at : 
In (39.) write = i for æ, which gives (44.) making =k, 


D 
(kal yA 0" hf at1) +A" on k+e+1)(k+«) 
+ AMO" (e--aotl) (k+2) (RG HL) eree, 
the sum of which, made to vanish when e= =], is 


MISCELLANEOUS EXAMPLES AND DEVELOPMENTS. 2! 


on 
we) 


l } 
T AO” (k-+x) (Rfa+1) + = AN0" (ke — 1) k+ 2) (h--o+i)+. 


l li 
-77 40" (k —1) Mean 0” (R—2)(k—-1).k— 0... 
ee a—b for k, and multiply by &", which gives for È (a+ (x41)b)" 
—- | Au" b™-? (a+ba) (atbe+h) 


l 
+ A” 0” L” a+ bw --b) (a+ br) (at bat+by+.... 


l m } ma . 1 m ]m-—-é e) f 
S AOR (ab) a— A 0" E a (4~b) a, 


Qo 


Thus for 1"--3"+....4£(2p—1)", (a=1, b=2, x=p—1), we get 
1 eee ee, poe ee 
z AO" 2- (2p— 1. 2p + 1) A/0".2"-"Qp— BIp—12pEl) +... 


l l 
-5 Ao" 2"-?x(—1 x 1) =- A" 0” 2” x (-3x =] x l)— : 


4p?— 1] 
DD. From the preceding 12+37+.,.,, +(2p—1)* i gx — ) 


9 


(4p?—1)2~1 
8 2 


and PESH- ene HpaI 


which may be thus more simply deduced : 
(2p+ L?= (p+ 1) 2p+ 2p+l=(2p—1I@p+-1) +2 @p+)) 
2p—S)(2p—V2ptl)  2Cp—1)(2p+1) 
ae ae ee 2x2 
This must vanish when p=0, that is C=0. Again, 
(2p+ 1)°= (2p +-1)?.2p+ (p41) = (2p—1)(2p4+1).2p+2.2p(2p+ 1) 
+ 2p-D(2p +1) +2 p+1)=(2P—3)(2p—1)@p+ 1) 
4-3 (2p—1)2p+1)+2.@p-D@p+1) 
+2 2p+1)+@p—D@p+)) +2 Cpt 
=(2p—3)(2p—1)(2p-+1) +6 2p—1) p+!) +4 2p+1), 
‘the sum of which, made to vanish when p=0, is 


Cp=5)(2p—3)2r—VEp+D , 6 2p—3)2p—VEp+) 


4.2 D2 
4 (2p—1) Qp+)D 1l 
+ 2,2 S` 


Both of these expressions give the samce results as before. 


56. Required expressions for A® 0*+? (that is for A” 0"+r-=2.8. .2) 
in terms of n. We have (43.) 


AM gr tr — A@-) Qt -it+p— nA o"-} TP 
Let A™ o"t? be (2, p)3 we have the 


D2 
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Ad (n=l, py=np (n, p—1), 


where A refers to n. This gives Ad (n, 9) =(r-+ L) (+1, p— 1). 
Now p=0 gives A“) 0", which (page 84) is =1, whence 


Ad (n, 1)= (+1) x1, or P(r, I=sn (2-1) +C. 


But A.0'*? is always =1, whence all these expressions become unity 
when n=1. Hence C=0. 


] 
Ad (n, 2)=(n +1) 6 (r+ I, H=; (n+ 1)? (n+2) 


b(n, ga Gt Ver? £ Guat )n - ai 1) (n-+2) 
3 2.4 
ta OS e 
oe 2.4 
[n n+ 3] 3] [n—1, n+3] [n—2, n+3] 
$ m, D= r 2 Ps A 4 3.4 2 4.6 


57. From the last it appears that ġ (n, p), or A™ 0"*?, when divided 
by the product of all numbers from z to n+p, both inclusive, consists of 
p terms of the following form: 


AG 07t? 
[7,2 + p | 


=A, +A, (n= 1)+ A (2—1) (2 —2)4.. 
+A,_,[n—1,n~-p+1]. 


Required the law of the coefficients Ao Aj, &c. | 
These may be easily expressed by means of the following p quantities, 


A™ 0” (or D AM OT, &e......up to AP 0P, Assume n in succession! 
7 bel 2, Sess We have ‘then 
AW oltre A® 0?+tr AC) 02tr A@® otr 
——— = Noy ae AAt A A fy 
fl, 1+p] [2,247] (2,2+p] [l,l+pl | 
A® ost | AG) Q3te DAG O2te AM ogltp 
-m a \,+2A,42A,, 2A,=— ———- — ———._ + — ——., 
L3, 3+p] [3,3+p] [2,2+p] [l, 1+7] 
(4) Qétr (3) 03 tp (2) (y2tp a) gitp 
3.2. Ac AN? 0 AM? 0 AY’ (0) AWO 


SEE e oan Ieee Neale oe ps anes 
[4,4+.) [3 3+p] [2,2+p] [1,1+p] 


giving a law in which the coefficients of the binomial theorem will be 
always found. We have then (k not >p) 


AW oktp ACEH) Qk-itp k=l A(k-2) Qk-2t9 
[i, k—1] A= 


ocak e—Lp) 7 2 2p 
58. Apply the preceding to express A®™ 0"*4, 
AC guts ` ‘ 
Ee ee DHA (n—=1)(n—2)+ A,(r—1)(u—2) (n — 3) 
l ; 3l ] 29 
A= E tin - —— a t 
03.4.5 2.3:4,5.0- 1,2:345 1:2.3:4.,5.0 
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a Se ee TEE A 2 
3.4.5.6.7 Zia W D0 ec? > es j [2, 7] 
y L701 301 i 3] l 
3.2 A= — | ma Oga Ra toe 
5.6.7.8 3.4.5.6.7 2.3.4.556 1.2,3,4.5 
630 195 
= > Or ioe 
2.3.4.5.6.7.8 “2.3.4.5,6.7.8 
n—] 
OOOO e oe ied 336 -+1400 (n—1) +- s4077 st 105 n— 2 | 
[1, 8] n—3 Í 


59. In the preceding, it is found, that if 
U,=A,+Anm+Amn(n-D+..., tA [2,r—p+ 2], 
k—1 
then EP k] A,= Uy —RkU,a +R ə Ui <a HG 


provided k<p. This also is an obvious consequence of page 79, which 
gives 


A” U 
U= Ur RAU mt a n (n= 1)... 


the first and third series (% <p) contain the same number of terms, and 
are identical: we have then 


ale Be i 


A= 
“T2, 8B... k 2.3. 


a Urek Ua ea 
60. To expand (#—1)” in powers of ¢, n being a whole number. 


In eee (mI gO 


—] 
pe eso Go ie ae | 


we 


the coefficient of "+(1.2.... 7 is 


ay" — 9) (n=1) 4n T (n=2"= eh ay haar QO”, 


But the last series is A”. 0"; and this is =O whenever n>: 
= whence 


£0" An jt. l A" ort? 
gf — ] 1S eh ee Arete) prt int? 
eee ee ae ee ag a ene 
| ~ n=l n—? 
6l. Required V, Son 7 gee .(p terms)... . dn, 
l n—l l 
l f TEN — 
T. Cn] I URSE sal l o7 Ei dn= = 


These arc easily found by mul ltiplication and integr ation: thus 


n— l n— IA n 
Jiss S dni f QË — 3n? +27) L goa +n); 


N 


which, taken from n==0 to n= 1, i3 
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1/1 \ Il l 
Are e O 
a Da O-0+40), or 5 


But at every step the difficulty of the reductions increases, and the 
following method is given to show the manner in which the process of 
finding a large number of successive results may be shortened. 
fa +r)" dn=1+2)"~log (1 +x) 
le l £ 
SiO toy a= ee eee 
log(1l+zr) log(1+x) log (1+) 
=] Te n— l n= 
£ ——— + Lima 
2 2 3 


b 
ed 


n 


(l--a)y"=1l+nz-+n 


te (1Ha dn=1 4V e+ Vee? +V3a°+...., 


or V,, is the coefficient of 2” in the development of clog (1+ 2), or of 


E es 
1e(1-jet geih) 


l 
— “= ] + N: g--V, £? -+ V3 x + vee. 


1—4 + A ce, oee 


Clear this equation of the fraction, and make (1+V,a7+.....) 


N 


l E . sain 
( ls Fasi ) identical with 1, which gives 


\ oad 
l 1 
l l 1 
a | Seneca © 5 = es 
VQ 2 \ ivr 3 0 Vim 12 
] 1 l 
Mare Vat vag Vo 24 
l l I l 19 
N a NV a N N — == T e ee 
ara ea ene y; 720 
l 1 l l 1 3 
Uro age Wrage e ina ee Y= 760 
] l l ] l 1 863 
V- Vet Vi- Vt Vi-= Vi4+-—= = 
G 2 sF 3 Va 3 5 2 6 Vit 7 0 6 60480 


and so on. 


62. Required A"@x, in terms of diff. co. of dr, the series from 
which the differences are derived being px, o (x+-h), p (+24), &c. 
_ It may be shown, as in page 166, that Ax can really be expanded 
in a series of the form apa h'ta Pe, AC+ ...., where a. ls 
&c. are independent of the function chosen. It therefore only remains 
to assume the function by which they may be most readily found. 
Assume 

Arhr=agne h -aPe Ms Wage At +... 


Let dre’, then Abuse ett" — g7 = (e -— 1); Apr= (+1) (ev the") 
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=(e'—1)? e7; and so on: whence A'pr=(e'— 1e And fz 
= HOME. .... =e: whence 


(s" — Lye" ++ Cl, jess +. Qe M e. eeg 


or (60), 
An ; Qrt: A? it-}2 
A’hdr= Ph x è h” -+ E So ee S. AHI) p het! ~- = G (n+2) y hrt? "s © 6 o è 
[l n41] Ll, 2-+-2] P j 
h2 7,3 
Apr=p' x h +0" x - +x ae FH esse 
ov 
e ThA 
Apr=p" q. hype, h? Ay i Haee 
, 374 5/5 
Moro" rile pra. + ox — Parri 
4 _ hiv me y K it 13hs 
Atpr= gpg, ht +h’ x. Qh + px Hause 
n+l wal n-+2 
Aor = hx he getYy, ee A prDy, Sa ie on 


63. Required the inversion of the preceding process, or the expan- 
sion of dx in terms of Apr, Apr, &e. 

As in page 166, it may be shown that a series may be assumed of the 
following form, in which a, a, &c. are independent of the function 
chosen : 


K pP rmah drta, Aor + dg A"? baie. 
Let ¢xv=s*, and we have, as in the last, 
h®=a (e'—1)" +a, (t1) t bay (eh — 1)? 
Let e"§—l=2, or h==log (1+2); whence 
Og (1Ha) =ar tan eae ccs 


whence @, a, &c. are the coefficients of the expansion of the nth power 


L, 
of log (1+2), or of the nth power of Pm 5a 
G4. Required the expansion of (1 -Hbe-peast -Herst frip... V 


du dP , o 
Let u= P”, then P zonu Te orif w= 14+Br+Ca2?+-heit.... 
dx dr 


we have 
(l-+be+cer+....)(B+2Cr4-.., J=nd+Br+Cr+....) 
(b+ 2cr+.. cai 


Develope the mutiplications, and equate the coefficients of corresponding 
powers of x, which gives 

B=nb 
—] 


2 


G. 


n 
20+ Bb6=2ne+nbB; C=nc+n 


Proceeding in the same manner, and making 
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n— l n—] n—2 
n —— En N 


Q 
= Nn, we. &e., we hay 
9 2 3 39 © > We he ve 


Bnb 
C=ne+n,. 0° 
E=net+tn,.2bce+n,. b? 
F=nf Hn (be +e) +2,.30"e+n, b' 
G=ng +n (2bf4 2ce) +n; (307e + 3bc*) +n. 4b%e +n, b 
H=nh-+- ny (2bg+2cf4-e*) +n (367+ Obce-+c*) +n, (4b%e + 6b°c?) 
+n. 5bte +n, 0°. 
Though this is a good exercise in the method of indeterminate 


cocficients, yet the preceding coefficients (as far as Ha®) will be found 
more easily by actual development of 


Ltn (bet...) Hn (Ort... Peon. 
| 1 4 log (l = N" 
65. Required (1+3 tp avy. er ` , or o> : 


l i . oi l 1 
aes C= 3 =a a a STP Gn 

l 
B ar 

i l 3n+5 
C =; oP N= Mage ’ 

Sete n (n+2)(n+-3) 
Pe E z SAE ay 

F nba tabs Ng = 49 

l 13 15n 4+ 150n°-+ 185° +5027 
F=- n = nae T: 

5 UEY: Smti gtg’ 5760. 

l ll 17 l l 
G= n Fas omte tz iht 
TX l 67 5 T 5 l 
ł =F UT Ss4Q2T Tan sets 7 ar: a st gg Mo 
Changing the sign of x, we have - 

Jos (lL tar)y\” 
(msta) = |] —Br-p Cr?—- Er pH Et — 1... 
i 
Verify the results of C61.) by makuig n= —1. 
66. From (63.) and (65.), 
Í l l 1 
lc h Aa —- Ar p- Ae —— Atr--}——- Abr—..... 
pac oh T wor 4 ect h 
gl! v Va Ax — Aaya igen Ařr -} A PRO eee ei 
12 6 7 180 
3 is a 
px. h? = Atr—S AtA q = Asg- d oar e 


w 
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l \7 7 S07 
p z e hi = Ate ae 2 5r -}- Eon Ar a, Aly+t E Aly ee e o 
6 2 240 


67. Required /?° y, dx, in terms Oa os A sais: or 


J Ve def Yz dat f? y, dt... ay eee Y, dx 
Let c=h0+70 Jo Yy de Yrorny Ov 


tI 
Yroprs = Yro FLAY + v ES A Yat esn. ) 
kzi 


the differences being taken from the series Yk Yatar. By (61.) 


i , 
J; Yko+vs Ov or) j l 1 1 ee 
ferry, anes. Wetz Ajas a oer aa ey MY yb eee. 0, 


Applying this result to the several] intervals into which nO is divided 
above, we have 


; ji l ae 19 
Si Yx t= pt3 ani A’ IET Oger AYo Tee. Jo 


720 


29 ae o | l ; i A 2 i 3 19 4 
f; Pelt ytz Ayit A EEE: A Yg ty. Jo 


e e ry e e e e e e e e e e > e e e e e e e e s e e 


a l 
eae Ya l= Yonapts AY(n—1)6— 2. eo 


The addition of which gives 


: p R ds eee, | } 
Ie Yx de=] EY ns z 5 aS Ae ices LAP yg s...’ f Q 
DA Y= À Yotayet.... +A Yon=1)9== Yno — Yo 
Yi = "yy + AY s... oe A Yia AYn— AY, &e. 


nz 


| 0 0 9 
e F5 Yn Yo) — ra (AY Ay.) trg (AY BY) .. 
68. As an example of the preceding, let y, =r, 
] 
LY ng =O + 64-20+....4+ (1-1) as n (n—1) 9 
Ynn — Y =n0—0=n9 ; Ay n=O, iy 0; i, = 0, Re. 
no l ; Q l WAD) l 2? N2 
S? Ya dess n (n—l1) 0 +5 ne Os Vee. 
which may easily be verified. 
69. Required Sy, in terms of y, and its differential coefficients. 
From (67.), making n= xr and 6=1, it is obvious that if the values 


of Ay,, &c. be substituted from (62.), a series will he obtained which 
may be reduced to the following form : 


ZY); Ye de- P (h) +P, Gay) +P, (Y a= 5) EP hee Sie ) 
where y = diff. co. Yz and y’, is its value when e=0, &c. And P, 155 
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&e. are independent of the value of x and the form of y, We must 
therefore choose a function by which they may be determined. 


= gtr 
Let y=, then 2eV¥—=1+4e*+.... peee 
elt 
1; et d=- 
t 0 7 
yf! yee (s*—1), Yo yl ee (eTl ), &e. 


Substitute, multiply by a, and divide by ¢**—1, which gives 


— Ys Y= Er, yy =a (e"—1) 


SG S1tPatP A Pa -Paat P, +P sto tev 


16.)==1 1 2l a 1 «a i, 1 @ 
oe ae a 30 [4] 42[6] "° 2 
Hence i 
eens a xe l ey 
pfi dema mita a 55 AT 
E a E ey 


422.3....6 302.3....8 | 662.3....10 


This is = series alluded to in page 165, and it might be obtained 
from Av! u=(s™"—1)7 u. 


x? xv x x? x gi av q? 
70. Eaz e bea et Bea ee 


(27+1)?—] 


2. 2 = 
2 (2r+1) G 


l 2 
E ((2e+1)'—1) +52. 
The following are examples on the subject of Chapter V. 


71. z=) (2,7), y= (2,2), or z is the same function of x and 
y, which y is of z and a: required all the diff. co. of this system. 
There are three variables, and two equations; consequently there is one 
independent variable. 

First, let the independent variable be v; let and @, denote the 
function of x and y, and of z and a. 


dz dp | dp dy dy dp, dz do, 


-e — 


dz dæ dy dr dx dz dx E dr 


dy (es hp Pcl +0- oP dp 
de dx a dz z dy 


2 (= do +EH T dp, do 


dr d y dr 


dz dy 


Sccoudly, let the independent aie be y. 
dz dph da gee dp dh dz ap, dx 
dy “da dy y dy dz dy dæ dy 
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By (1B) (eat 20) 


dy dz dy) `\ dz dx ` dr 
dz =(% Pic dd) (EP, db dh ` 
dy dx de dy EN denat e l 


Thirdly, let the independent variable be z. 


jP la dep dy dy _ dp, dh, dx 


mla meaa —— eee 


dr dz dy dz’ dz d2 ade dz 


Fh _ dp dp _ [dẹ gee dd, 
dz \ de dy/* de ' dy dx 


MY (th dan | (2% dọ = 
dz \ dx “de dz ]* \dn “dy de I 


de dre dz /)* \dr dy dr 
(2. sty, Y= pr, 
dr dx dx dx 
dz Qe+1 dy 4Arz+] 
dx 1—2z dx \—2z° 
dz ; 
2 — 2r Le Tey ue as 
dy dy dy ` dy 
dz Qv+1 de |—2z 
dy 1+4rz dy” 1L+4rz" 
3. paar fY ng, 422 
2 z dz dz 
dx 1—2z dy _1+4xz 
dz 2r4] dz Qv44' 


This example is given at length to illustrate the fact, that when 
there is only one independent variable, whatever the system of equa- 
tions may he, the algebraical character of the diff. co. pointed out in 
page 54 remains: thus in the present instance 


dz dt sy dz $ dy oy dy de 


> x — > ANG =—— f — Le 
dr dz dy dz de dy 
13. P(x, y, 2)=0, which requires that z should be a certain func- 
tion of x and y, implied in the preceding equation: required the first 
and second diff. co. of z with respect to æ and y. 
When there are (as in this case) two independent variables, and two 
only, the notation of Lagrange is sometimes convenient: or 
dz dy Pz , dz — az 


Alcs, atl 


So, 2S, eS, PE, ani 
dx! dy drè da dy i dy? 


but when a function has several variables, as p (x, Y, z) the partial diff. 
co, are expressed by Lagrange thus, (£), ¢/(y), and $'(4), which is 
objectionable. The notation used by Arbogast is as follows : 
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dy al = d'a 2 
Dy for a Dey for - , D°y fo or yz &c. 


When there are several e this may be modified* as follows : 


| 2 
uow a ee ea 


avd _& 
dx | dx dy’ aa SS 


Leaving the student to employ either of these notations as an exercise, 
I will suppose 


dp=Mda+Ndy+Pdz=0. 


dz M dz N 
ee peace nee a a 
eee dx P dy P 
ie d M =(M5 dee de M No 
dv dx P ag dv pia 
= dP dz AMI Gon dz ie 5 
a {M (Z+ A dr, dx E dr; : 
l 2 ` 2 > 
— ÍM dP =o dM | s dM P 
Ax dz de ‘ 
| iP 
z {MP dP p dM = -|- MP A a lm 
da dx dz dz 
-pe 48) aed ap 
= f2 odp dp PH dg? Po ( i cum dp 
dx dz dz dx dz) dæ \de/ d? dz 
Ce dM dN 


dedy  dyP dx P 


= {2a dp œŒ Po gee do ` dy dy arp de an de 
dz\ de dy dz dy dx F da dy dz Dw dx dy dz 


fod dp ip (dp? Lh Or AF ? 


-y dy dz dz dy ~ Made dy? dy / dz? dz 


74, Show from the preceding that 
estes dz e t Ylex dp y (ee dp? 
dz oF: ‘dy? = \dx 3 A T )+Y \ dy Ca (F ) 


i l 
* The system alluded to in page 198 (note) consists in writing dey for s &e, 
aL 


The confusion thereby introduced as to the fundamental meaning of the symbol d 
is reason enough against this system: had the capital letter D been substituted, as 
by Arbogast, it would have had some claims to be used coordinately with the ‘old 
system, I should recommend the student always to use the common system in 
expressing resnits and reasoning on principles; employing the one now explained 


i: shorten peel Oe CRON et when the common notation becomes of troublesome 
eng 
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49x dp dp oy tl? dz oy! dp dd 
dy dz dz de © ~~ dy dy 


re ee (4 y yal tp Ep ay 
dy?’ dz? dy dz ~~ dx de’ de dy dy dz dx? 
Y ee ap -( ao ) yu tt? Ëp  & ao 
dz d \dz de © dedy’ dydz dz dr’ dy? 


z TE dp / do ) z b p dh ag 


T dat dy? \dudy dy dz'dzdx da dy dz 
i , dx dz. i l lg 
13. Show that R= PQ gives P ieee par Ves 0 
dv dy dx dy dz 
“6. Given ¢ (p, q, 7)=0, where each of the three, P, q, and v, is 
! , dz dz 
a function of all the three, x, y, and z: required — and —, 
' lr dy 


( 
ara ; do dr 


dz _/dọ dp dody „dọ dr\ — (do dp 
dì “\dp dz "dq dz © dr dz j’ 


dix dp dx dg dx | dr dt 


in which v may be changed into y throughout. 
The following are examples of methods subservient to integration. 


77. What is the value of the diff. co. of (x—a)”. dx, when cen 
Pt aud its diff. co. being then finite, and m being a whole number. 
D* standing for the Ath diff. co., we have 


Dt { (&—a)”. ġa} =pr. D? (v—a)" + ko'e. D! (e—a) 4... 
bee Pv. D (a—a)” HoH, (x= a)”, 


When r=a, D"(r—a)”is =0, whether v be >m or <m, and only 
has a finite value when v=m, m which case D”, (x—a)” is fm] or 
| res arene E, Consequently, when & is <m, the preceding always 
vanishes; but when Æ is m-+-v, v being a whole number, we have 
(when t=a) 


DD" (vay. gris a [1]. pPa=[v+1, v+ m]. da. 


ı The preceding result may be thus confirmed: by Taylor’s theorem, 


and multiplication by 2”, 
n-+2 


hy 
hd (a+ h) = ġa, h” + hah" +L -+ sha tens 


But by Maclaurin’s theorem, Ay, Aj, &c. being values of 4” p (a--h) 
and its diff. co. when MeO; 


\ fi S 
Foe tAn pgto 


h” @ (a +. by Agt A, A+ A, = 


Le . 
whence Anse [m+] x ia =[v+i, v4 m]. gPa. 
. V 


for h write r—a, and we have (x =a)" zr; and h=O when rza. 
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n3: For G =ar 0r A= 0, Ar =O, Ae=O0, Az= 1.2.3 da, 
A ,=2.3.4.d'a, A,=3.4.5 "a, A, =4. 5.6 pa, &e. 

"9. Required the values of the successive diff. co. (xv=a) of 


war {A +A, (2—4) +A, (24-0)? + -e ee tAn aaa)". l pe. 


Apply the preceding rule to the several terms of the form An (v— a)” ¢z, 
and we have 


wa =A, pa 
y'a =A at lA ga 
Wl a=A g a+2A p a+1.2 A pa 
y"'a= A, bat 3A, ¢"a+2.3 A, d/a +1.2.3A;,¢a 
waz Ad at4A, OP" a+3.4 A, p a+2.3.4 Aspa +1.2.3.4 4, da, | 


and so on, the law being very obvious. , 


80. Having yx and or, two rational and integral functions in which 


wa is of a lower dimension than (t—a)”" @z, itis required to expand 
Wg- (a—a)" pe into a set of m+] fractions of the form 


Wa Ay A Ama, f2 


(t—a)" ġa (r-a) * (vx~ay™ z—a ` ox’ 
This equation, cleared of fractions, is 
yr=[ AtA, (a—a) te... t Ana (2a) pat Sfar. (a—a)"; 


and every diff. co. of the last term fr (x — a)”, which is under the mth 

order, vanishes when =a. Differentiate m—1 times following, and 

make w=a in the results, and we have thus m equations for the deter- 
mination of Ay....An,—;, precisely of the form obtained in the last. 
example; namely, 


Ul 
ga 


UWa=A,PatA, oa or Ay = Wa -5 dia, &c. 


wa =A, pa, or A, = 


One differentiation more gives 
wma {A pat mA; Prat vee} 42.38.-..m fa, 


whence fa is finite or nothing. Consequently fx is an integral and 
rational function of æ; for it is the difference of two such functions 
divided by (a—a)”, which cannot be finite or nothing unless the numera- 
tor be divisible by the denominator. And fx may be found by the opera- 
tion just indicated. 


81. It is required to perform the preceding process upon the fraction 
(v?-+1)+(a—1)*.(@’+1). Here 


weasel, orr trh =b m=4, 


a+ Ao A, Ag As fx 
GIPED G-I GIF TG? Tan Eai 
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71 
wesc 2 Al 
3=A,.24-A,.2 A= 

] 
G15 2+A,.4+A,.4 A,=5 
6= A,.6+A,.12+A,. 12 n=- 


| l 
+ == (a41) EEST: @—i)-—: (C1) bf (r—1)4 


l l 
: et] l 1 l ] l 


CIS GD G-I) "3 GIP IGI) 
1 |] l (x—1) 
o r-l "4 PT 
82. To perform the same process on 
G*t— 62°) + (1—2) (x —1)!((x—3) (x-5). 


The labour of such a process, which is considerable when there are 
many factors in the denominator, may be lessened by previous reduction, 
as follows : 


tit— bhr’ P A B 
Let =La Lra eo e O E O 
(1—2) (x—1) (x—3){a—5) ~ (@— 2)*%(x—- 1)? ' v3 ' x-5 
Multiply both sides by e—5, and then make a= 9, which gives 


125% —1 125 


Gg Ge 
, . Sl 
Multiply both sides by x—3, and make x=3, which gives A=~, 
125 


81l 
P (x—3)(<—5)= -64 (w—2)"(0-1)"} (w= 8) (2-5), 


and the first two diff. co. of the latter term vanish when r= 2. 

P Ao, AD Ae fe 
O A a a a es ee ee 
(%2) (1—1) (1—2) (7-2)? x—2 («—l)} 
‘then since we need only two diff. co. to determine Ay, A,, and A,, we 
may use x*— 62° instead of the second side. To determine Ag &C., we 

shall have to differentiate P twice, and make w=23; we have then, 
neglecting the terms which must vanish, 
P (t#—3) (x= 5)= t —6a+.... 
P' (vu —8) (x—5) +P (22-8) =4— 1824... 
P” (x—3) (1—5) -+ 2P (20—8)+P.2—=122°—362r-+.... 
Or making #=2, 


Assume 


/ 248 

sP=—82,  8P—4P=-40, or Pa, 
| l 2005 
3P” SPPE Pei 


| | ee 
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Fence, to determine Ag. &e, we have Ye= P, or Cr— 1 )’, 


248 56 
— 9 —A,.2+ A, A g 
2008 380 
Pen 27 o=A,.2+A,.4+2A, A= — 
P 32 1 56 l 380 1 x 
IH OM Le 93 Tro : t i 2 Q) 
(x2) (x-1) 3 (&—2) 9 (r—2)" 27 x—2 (x—l) 
P B, B, faa 


zo a a a TE-9 


When v=1, the latter term of P and of its first diff. co. vanish ; and 
proceeding, as before, we have (when r=0) Wa=P, gxr=(a—?2)%, 


Again, assume 


Pi S2— 5 
P’ 8—P.6= -14 P= — = 
(79.) — 2B, (—1) B= r 
— 5=B,.348, (—1) B= 
p O5 1 „13l 1 fa 


(a—2)? (r— 1} al] -8 (a Le T 82 x—l to y a | 
But since (f) and (fi) are identical, the form makes it obvious* that 
the iudeterminate functional part of each is the determined part of the 
other: putting these determined parts together, with the two fractions 
which were separated at the commencement of the process, we have, 
as a final result, 


v'—62° 32001 56 1l f 
(2—2)(a—1)'(a—3)(@—5) 3 (2f 9 Gap >! 
380 1 5 1 131 1 sl 1 19 1 


27 y—2 8 8(t—1)?' 32 x—l ` 8 x—3 864x—5' 
63. Given ọr=(x—a)(xr—b)(x—c)...., where no two of a, b, 
Z seee are equal, required Ye- in the following form, 
Yu A B C 
Px —b 


av bheing the integral part, if ya be of higher dimension than ¢v. 

If px be also given in its expanded form. Enpa" ™ 4-...., common 
division will aecevtain mx better than anny oler WEA but ifer be 
no otherwise known than as the product of r—a, «—d, &c., the process 


ee@eegy 


* That is, when yx is in the first instance of a lower dimension than the deno- 
minator, Were it otherwise, /r—+(a2—J])? and fz (x—2)3 would each contain the 
integral portion, besides the fractional portion of the other. This int tegral portion, 
if any, may be found as in the next example. 
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of involution* will be more convenient. If Yam Mo™+ M, ve? 
M:s"? ...., division by w—s will give Ma”—' + (Mk +M) a-p 
(MAT 4+ M,k-+M,) 2-34 2... which gives the following rule for suc- 
cessive division by 2—a, xr—b, &c. 


M, Ma+M,=N, Mb+N,=P, Mc+P,=Q, 
M, Nia+M,=N, P,\b+N,=P, Qict+tP,=Q 


Go on in this way until the divisors are exhausted, taking only so 
many terms in each column as there are coefficients in the quotient to 
be determined. 

Thus, to find the integral portion of #®—yz°— 
by r—1, e—2, and &—3, we have 


x divided successively 


l l l l Ans. 2°+ 62425x -+ 89: the first column 

0 l 3 6 contains the given coefficients; the second,t those 

O; 1] 7/25 after division by x—1; the third after division 
—] | 0 


l4: 89 by r—2: and the fourth after division by —3. 
SAOR SE The blanks show where work is needless, 


For the fractional portion, multiply both sides by r—a, and then 
make =a, which gives 


_ sat, Se, es, Mea ast 
~ (@—b)(a—c). bane een: Sa anys ee 
C= uk 


(c—a)(c—b)....’ is 


84. Required the decomposition of (27 — 42° 4. 3x5 — 214) divided 
by the product of «—1, t—3, 1+5, e-+7, 


—5 | a | 

l l 

—5 | —]2 
25 109 

~ 127 '—S99 


REPERES: d o E YB) SI 
(1—3)(1+5)(14+-7) 48” (3—13 45X3 +7) 80 


* See the Penny Cyclopedia, article INVOLUTION. 


t It is an advantage of this process, that the use of the divisors in a different 
wder will serve for verification, 


T 
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y (—5) 75825 y (-7) 674681. 


o_o Qe 


(—B-1)(-5-3)-5+7) 48 2(-7-1)(-7-3)(-74+5) 80 ’ 
whence the final result* is 


77 — 478 + 375 -- 2 rt 5 l 
eG dD? + 109 e — 890 + — 
(1—1) (x -—3)(&+5)(t-+7) j ae si 768 c—l 


81 ol 75625 1 674681 1 


ee 


~ SOr—-3 48 «+d S0 r+ 


85. Such an example as that in (82.) may be reduced to a succes- 
sion of such operations as the preceding, in the following manner.} 
First, 


> O ee ee 2 8 
(t—1)(x — 2)(@—3)(x—5) Sx—1l 3 a-2 42-3 
125 1 
— 84 £—5 


Divide both sides by (r—1) (cx—2)?, and take the resulting fractions 
separately. . 


First. ae ae oe ee 
(x—l)(x—-2) x-2 x-li 
l o] l l 1 1 
GIG @-2! @—NG@—2) @=2) a2 Saal 
Secondly. 
1 B 1 1 1 
TPR- eye GAG 7G 
l l l l l 1 


~ (x — 2)2 re Va x—2 x—l § (a—1) 


* The calculations of 4 (3), 4 (— 5), Y (—7) should be performed by involution: 
and the safest plan is to put down every step of the work. Thus, for 4 (—7), the 
complete calculation is as follows: 


— 560 -2=—562 
—7 
4.3934 
—7 
—27538 
—7 
4192766 
a 
4 (—7) = — 1349362 
a This example, though prolix, is introduced as a succession of simple examples 
of the preceding case. 
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l l 5 1 D l D l 


5 
(t@— 1) 2-2)? § 2)2 4r—? 


(—2)' 473 "8 GIF 4T 
l ] l 
@-DU- QP G Gje 
32 l 32 J 32 | 32 1 32 1 
aD "3 Go." eae 
Fourthiy. 
l _ l l l 
(1) (8—23) -A3 @—_D@—3) GGI 
l _ 1 l l 11 11 
(2—2)(@—-8) “2-3 2-2 GDCD “2908 BF] 
l _ l l 1 I l 
(—2F@-3) G- G-J Gt a ge 
l l l 1 1 1 
(t—1) (@—2)°@—3) QI 2Qe—-3 2r—] 

8] l _ 8l 1l S11 sil. 
4 @-1@— Fa T Goa te 8 ag 
Fifthly. 

1 l l l 
@=1)(@- 29 @—5) ua) Ge) ELG) 
] I 1 1 1 l l1 1l l ] 


(2-2)@—5) 31—53 7—2 (e—1)(«@—5) 4r-5 4r—i 


5 
§ 


Thirdly. 


1 1 ] l 1 


l d J 2 l 1l l 132 
(z —=1)(x—2)°(x—5) 3 (v2)? '9 2-2" BG67—5 4x—] 
| 125 l 125 1 125 1 
24 (x—1)(r—2)” (x-5) 72 (x—2)} 108 4-2 

125 1 125 n 
864 r—5 86427—]° 

For a moment let P,, Pa, Ps, and P; stand for z—1, e—2, &c., and 

collect the five results, which gives for the original fraction 


| 5 5 5 552 32., 32., 32. 32 
Sl m 81n 81, 125 125, 125, 195 
_ ol OF ics 8 Pie, Dee Pb p 
ae: P, g Pit 72 7 jog" 564 stog? 
| T2 
i 


— 
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_ 32, 56,, 380, 5p, 131p ,8lp_ 125 
=F PIF Ploy Pat g Pit gp Pt g Pe ggg fo 


the same as before. 


86. It is required to decompose yr—-(2"—1), War being a function 
of a lower than the nth degree. 
Let « be a primitive nth root of unity, (page 130,) then all the roots 
are 1, a, œ.. e.a”, and by the preceding method ( with page 130) 
Wr yl 1 awa l a Wa? 1 aTa | 
' — ioe are a 


æ” — l n g—l n &—uQ n g—ag? n {t — Q 


Let yr=0 +C et. ee Canai e, and let cos u+ 1 sin u and 


Cos en ae l sin u be two of the nth roots of unity, p being a multiple of 
Ont-n: call these roots r and7’, The two factors belonging to these 
roots are then 


Tyr a ese 1 _lOyr+ryr)r—rr' Orter) 


near n asr n — (rr) etrr 
2 (Co cos p+... +HCr cos NU) t—(Cyo+C,cosp+...+C,-1c0s (2—1) p) 
n æ? —2cosp. 2+] 


87. Required (2+2°)+(2°—1). {27-6 is in degrees 60°}, 


l 
C 222, C1, cos 60°=cos 5 .60°= 5 cos 2.60°=-cos 4.60° = -2 
2+4 1 1 1 1 l l ] l 


ol 2x] 2rpl 2æ—r+l Qattatl 


— ED nts ED —w oem 


88. Every thing being as before, except that the denominator is 


. T 
a41, u must be one of the odd multiples of ~, and we have 
n 


ys ve 1 BBI vey Ve 


UAA c.» 3 


+l n x-a n -B ` n x—y 


where a, B... .v are the n nth roots of —1. These nth roots are odd 
powers of any one of the primitive roots: for instance, if 


T Jal . T 
amcos-+V — l1 sn -, 
n n 


the other roots of —1 are a3, gř. ... œT. 

89. Every corresponding pair of roots of the form cos utv =l sin p 
give in the decomposition a fraction of the same form as the last in 
(86), with its sign changed: thus (p denoting m-n) 

x” 2 cos (m+1) u.&x—cosmu 2 cos(3m+3) p.r- cos Bp 


a Ai Ps — eg, ee 


® 


1+." n 2«—2Qcosp.ct+l n —2cos3u.t+1 ki 


the number of such fractions being half of n, when n is even, and of 
n—l when n is odd: but in the latter case there is the additional frac- 
tion (—1)”t!-—n (v+ 1) arising from the real root —1. 
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oo $t 3al 2 Bred 

la a- 3 rtl (241 PHIL 
The following are exercises in the methods of mtegration.* 

dx 1l fa (a+br) _ ] I ; 
(atbry” b, (abr) (n=1)b (a+bry' 
>’ dr l ] i 
JE 


” dz L, CEET, : 
= -i —— =- loe (a-+br). 
10 (3— 2r)’ T pee x 
92. To integrate a” (a+ bx)" de, 
obvious method. 


in all cases which present an 
First, let z be a positive whole number, as in at (a+ bx)? dr, 


J tt (a+ br)’ dr= S (a? tt + 3a bx54 3ab? a8 + b? 27) dx 


EX ie bx Babax A b? q8 
5 2 7 8 
> 3 H 
pt 3a°xs Zarë 3r? 
J lamt) dr H ———— +} 
, 4 11 


J(+ Ddr : 


n o eranan 


2 
o +3 logav+a, 
Secondly, let m be a positive whole number, as in x 
assume a+br=y; then 
I — 3 | l 
x? (a+br)~? ds=( 27) ye = (y—a)?y~* dy 


y? : as 
¢ —3ay+3a? log m) 


_ (a+bx) 3a(a+br) 


(a+ br)? dz: 


— 


feat bx)? d= 


: as 4 an ; 
a e aay oe a 

` » E TE 2 : = A 5 2 

i SJeNr—a dem a*(x—a)? +a (t—@)? +3 (x —«) 


oh 
2 


35 105 105 } 
Thirdly, when both m and n are negative whole numbers, as in 
(a br) dr. Assume r= ly, which gives 

1 dy ype dy 

a? (atbr)tdr=y? ae x= aL, 

Y ay +b (ay+b)* 
which falls under the second case, since pand gq, and therefore p+q—2 
are positive whole numbers, 


* dax dy ] l x 
See ee a a b) =- log —— 
J- (a+ br) {<4 4 IB Cayo) a ”a+tbx 


* Throughout these examples, merely the primitive function (page 100) is found, 
thout any reference to the limits of the integration, 


GET 2:8. ar? 8aæ@r 16a?» 
A € — (A 


Wi 
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dx = l l — a+ bx 
T (a+b) — a (a+ bx) az >? r . 


93. To investigate methods of reduction for the following formula : 
Ja (ax? + ba)" de, or Jarr (a+ba17")" dz, 


the form of which is fS x (a +b% dx. 
Here r and s may be supposed whole numbers; or if not, assume 
w—y", k being such that rk and sk are whole numbers. Thus for 


a3 (a+ bet )2 dx, let «=z, which gives 
a ia + bat )2 Ei im Wy a (a + b2? )? dz, 


a form in which r and s are whole numbers. 
Let £ be the fraetion v+-3; assume a+bz2°=v?, and we have 


` 


sba 


which is integrable by common expansion, if (r+1)—s be a positive 
whole number; and this whatever r and s and ¢ may be. 

Again, 2” (a+ bry =at" (ar -+b) dx, which by a similar process 
may be shown to be integrable whenever (r-+st+1)~+(—s) is a 
positive whole number; that is when 


Y Ti 
Hee ĝu?! Ò vi—a : an 
x" (a+ bat) dra" .v dv = yA) dv, 


r+ l : asi 
——— —?# is a positive whole number. 
S 


The following functions, therefore, are immediately integrable, whatever 
s and ¢ may be, provided & be a positive whole number : 


a (a+ ba’) dæ and 4t- (a+ br” de. 


94. Any function Ye dx-—-px, in which Wx and x are rational and 
integral, can be integrated in a finite form. 

1. If wa be of higher dimension than Øv, divide the first by the 
second, and let Q be the rational and integral quotient, and R the 
remainder of the same kind, which is of a lower dimension than œas. 


Then 
pa cic rer H 
ote | Gn td Qde {aoa 


and the difficulty is reduced to that of integrating the last term, in 
which the numerator is lower in degree than the denominator. 

2. Let wr be of a lower degree than gz, and let the roots of pr=0 
be a, b, c, &c.: whence Pr=A (a—a) (wx—b) (vx—c)...., where A‘is 
the coefficient of its highest power of z We have then various cases 
according as the roots are all unequal, or there are one or more sets 
of equal roots. After the decomposition is made, as in (82.) and 
(85.), the difficulty of integration 1s overcome, since each of the decom- 
posed fractions can be readily integrated. Thus, let it be required to 
tind J Pdr, where P= (2° +r + 1)+(a—1)*(x#—2), 

retort) 3 6 7 


G=17G-2) GD) l 7s 
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v+te+l 3 
a gee _ 7 
| oie v= 6 log (1—1) +7 log (1—2) 


. {  Aw+B Aa+B Ab+B 
95. | —— = Jog (1—4 
j (v—a)(x—b)  a—b ee 


log (v—d). 


b—« 


96. It is, generally speaking, most convenient. to integrate simple 
rational functions by transformations which a little practice will suggest. 
lhe following is an example, the fundamental integrals in Chapter VI. 
being assumed : 


[ERa =|2 (+a) dx , (B — Aa) dr 
Fa} 4 J (@tapte E) Grate 


A sees B— 
=z log (a+a +0?) + Ansi +a 
2 7 i 
Ar+B A 
ee E ee ae | 
| z 08 (x COS & z+- 1) 


B+A cos L—-COS 
ooo Aa a A a 
Sin 4 SIn u 


; a 
97. Required | ZE (m<n.) From (88.) and (89.) it appears that 


cost+V¥—I sin t being a pair of roots of x"4-1==0, the integral will 
consist of a number of terms of the form 
2 ( cos (m-+1) ¢.2%—cos mt 
-2 f a*—2cost.a+1 
cos(m-+1)¢ 
Do tac 


v, 


or log (a°—2 cost.x+1) 


2 {cos mt—cos (m+1)t.cos £} _, t—cos f 
Se ee a by 
n smn é sin £ 


; : — ( 
Ta {co (m+1) log (a8 —2 cos t.2+1)—2sin (m-+1) ttan- — i } 
sin 


2 
together with a term (~—1)"*"log(x+1)—n, when n is an odd 
number. The angles denoted by ¢ are the odd multiples of m-n, 
stopping at (n— 1) times or n—2 times, according as n is even or odd. 
The following are examples of integration by parts (page 107.) 
98. Assume / (log r} a dr=V p p lop asl, 

mi p 

Se NV 5a 

q+1 qtl 


From this suppose it required to integrate S LP etary yy 


Va — L? 


Lz 1 Lr? x? 
E eg eR E 
y L? x8 212° 2x8 
a7 g 8? 83 
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a 


r O 
\ 8,7 a: 


S 6? 8° St 
fe? 40 ASL 4.32.2 08 2.423.227 
Vs, ge g “ea g2 T ~ g a ~oa T G5 gact 


N. B. When the relation is found by which an integral depends 
upon a lower one, it is always more convenient and safe to work up 
from the lowest to the given integral than the contrary way. 


: dx 
99, Required V, = f e n being a whole number. 


x xv dx 
But a? dx as (a+ a*) de o eds 
(ta) (epa (+a) 
Let 1+(a?+ 2°) =P, 
xP" 2n—] 


n9 


æa P- 2nV, 2na LI eres 
a Vama P+ 2n V, — 2na Vaa; Van = a Ina? 


which, being true for all values of n, gives 
nl on — 
eee Sate one Wess 
(2n—2)a@  (2n—2) a? 
This expression holds good when n==2, and becomes infinite when 


l x 
n=l; but evidently V, =- tan” -, 
a 4 


Pr cl 
V, = — +— tan” 
Qa? toz t 
P?xr 3Px x 
V;22— +—— tz tan - 
> 7 4a 2.4a* 2.403 a 
y Pès 5P°x  §5.3Pexr n 533 gaan 
=— +4 —— + 4 —-—_— tan, 
6a 4.6a* 2.4.6a 2.4.6 a 
i , a” dx 
100. The equation of reduction for Vm n= (aay is thus 
a +a 
obtained : 
rar —] i 
aN aaa — = yl d l Been ay aa} 
(a? + 2°)” 2 (n—1) (œ +} 
l go m— l 
Naa \ m—2,n—1° 


SoD okay D 


By this fermula, the present case may be made to depend upon the 
last, or upon the more simple case of fe (a+) "dx, which 1s 
immediately integrable, or else upon / 2" (a’?+.2°)~'dx, which, when 
x>1, is integrable, after reduction by common division. Thus, the 
first integral in each of the following lines is found by ascending from 
the last, through the intermediate ones, by means of the preceding 
formula, (P= 1-+(a@’+ 2°)), 
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JE Pedr, fxr Pdr, fx? Pdr, frPrax 
Ja" P* dy, Jani dr, fa" P? dr, fx Pde 
fue Pedr, fa Pedx, frt Pde, f Pdr, J Pe dz. 


101. The following formule of reduction involve a large number of 
general cases. 


Let PZA HBa”, Vna fa P* de. 


Multiply the equation P= (A+ Br’) pr by a”, and integrate, 
which gives 


Vix n= O T + BV nso, n-l® eee (] ) 


Integrate Vm n by parts, which gives 


nth p” gmt 
R me nP”! $ Aart + Bbh- dr 
yt L f 
m+] m+ ] 
ai ps na ! nb 
pny A V 
fi or n=l mtb, n=]? » (2). 


O m+l ml m+] 
Eliminate BV nis, ,-1 from (1.) and (2.), which gives | 
grt pr nb —na 


eed L+nb Lees L+nb 


which is a formula of reduction when 7 is positive. By it, for instance, 


r 


AN inast e.09 o (3.), 


. e > 3 3 
we reduce the integration of 2” P? dx to that of r+" pi dr, and the 


ous! 
latter to that of 4+% Pè dr, 
To turn this into a formula of reduction when 7 is negative, proceed 


thus: 
aa aad mtltnb 


Tea ey Gan m,n 
For m write m—a, and for n write —(n—1), which gives 
y B E O L A aa 
> (b—a)(n—1) A (b—a)(n—1) A eng pe 
By this we can make the integral of xt P“? dz depend upon that of 
zpide, this one again upon gf pos dx, and the latter upon 
a3 Pa dp, 
' To make a formula of reduction for the diminution of m, n remain- 
ing the same, eliminate V mn from (1.) and (2.), which gives 
aH pt =(mtl+na) AVnre aait(mtl NOY BN pois of ae betes 
for n write n+-1, and for m write m—a, which gives 
y — AL RA _m—a+14+(nt1)b 
> (m+ 1+na) A (m+1+na)A 


which may be made a formula of reduction when m is positive by taking 
a as the greater exponent, and vice versa. 


\ m—a+b, n 


102. The preceding results can be stated as follows: 


P=Ax*+ Br", Vina J oP" de, 
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(m+1+7b) Vm n +n (a—6) AN ana e a T r ER Ose 

(m+1+na) V mn tn (ba) BV mtb, n- = CO EEEE E os .-(B.) 

(m+ 1 na) AV, nt (m= A404. 2G+1) BV naps, n=O PPM... (C) 

(m+1+nb) BV nat (n- bt+atnatl) AVn-tia nee TT PA... CD.) 
103.% Let P=A+Bz, or a=0, b= 1; and for n write =n. 


(m—2+ 1) Vin, ent UAV m, -o4 = 2" e 
dx l grt} m—n+ l1 J x” dx 


(A+Bry nA (A4+Bay" nA J (AF Ba)" 
(m+ 1) Vin, —n— MB mp, EES = a 
ade. d ii par l x™ dx 
(A+B) t nB (A+ Bz)” nB (A+ Boy” 
(m+ 1) AV m, -a+ (Mm—=n +2) BV mpi, ne PHY 
ada 1 att (m1) A x” dx 
(A+B) (m—n+2)B (A+B (n—n+2)B J (A+Bz)" 
((m—n+1) BV m, -n+ MAV m, -n= 2” PTO? 
ade 1 ee _ mA (a dx 
(A+B) (m—n+1)B “(A+Ba)""") (m-n+1) BJ (A+Bz)" 
The two last formule are really the same. For negative values 
of m, we have, writing —m for m in the third, 


dx = l l 
| FOrES T A FO 
(m+n—2)B dx 
~~ (m—l) A | mny 
104. Let P=A+Br+Cz2’; required a reduction for J w Pdt ENV 
Vea a ANV maa DY nee T ye 1» (from P= P" (a + Bax-+ C2*)) 5 


amt p” i da 
] l g V = — yn} p"-} 
and, by parts, Vin» me =a (B+2Cr) 
nea nB 2nC 


p= m+1 “mtl ae a mg, n=l’ 
Eliminate V40,.-1 and we have 
3 aa i 2nA y nB 
On tm+-l  2R+m+l ™" AUF one on+m+] Ty Vette 
Again, eliminate Vingny Which gives 


(m+1) AVin, nyt (m+n+l) BV mtr nt Gn +2241) CV nse, ed ia aa 


write m—2 for m, and n+1 for n, and we have, as a formula of ' 
reduction when m is positive, 


cee a L (m-DA y 
mwn m n+ (m+2n+1)C ">" (m+2n+1)C ">" 


* The results of this and the following articles should be separately deduced by 
the student, 
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In the last formula but one, write —m for m, and 2+ 1 for n, and 
we have as a formula of reduction, when m is negative, 


_ pt (m—n—2) B 
Nig Baia OR ais gs ae Napa 
(m—1) Ax (m—1) A 

_ (m—2n—3) C y 
(m=1)A m>" 


105. Let Vm n= f sin” 0 cos”8 dO; required a formula of reduction. 
Since multiplication by sin? 0+ cos?0 does not affect the expression to 
be integrated, we have 


V m, n— Vaaa, n} Nits R+2 

l , Cater gas] 

dV ,,,,==cos"O sin” Od sinO; V,, .= —— ——— f s! e- de 
m+] m-+ | 

writing c and s for cos@ and sin@. This gives (dec= — sdo) 
eno} gmt n — l cr ott n — l 
Vingn==— a FH Vince net — + (Vanno — V 
MERS m+ m+] Tren m+1l P mn-2™ \ m,n) 
Ce jsl 


barranin 


AY | ao Be aa nme 
R mtn mtn" 


The last but one is a complete formula of reduction when m is 
negative and 2 positive: and the last is another as to n. By proceed- 
ing in the same manner with dV m, = C” S”! d (—c) we find 


: gmt crt m— ] 
\ m, n — G m-n 
n+] n+l 


g@-l crt mM — ] 


m+n m+n 
the first of which is complete when n is negative and m positive; and 
the second reduces m when positive. Combining the two results, we 
obtain 


oe) ° 
Naa m—2, n 3 


ce"! gti n— 1 gmt an} m—] 
m, nr — T ea l Ta TEA ear | 
m+n mtn m+nr—2 m+n—2 | 
y Cs (n—1) c”! s” (m—1)(n—1) z 
mn mpn (m+n)(m+n—2) (m4 n)(m+n—Q)y "7>? 
Cone (m—1) c”! 577} (m—1)(n—1) 


—— eee, 
en a a aoee a ae —_ e 


—_ ee, 


Cee 
ere 


At —2, n—29 
m+n  (n+n)\(m+n—2) (m+n)(m+n—=2) 7>” 
which are complete formule of reduction when m and n are both 
positive. But when m and » are both negative, write —m+2 and 
—n+2 for m and n, which gives 

(m +n 2) ea (n-1) g—(m—3) e7 (a) ga(m—)) 
(m—1)(r—1) m— l 


ie ey 
(m —| ) (n — | ) ~—(m—2), — (n—2) 


y 
Vm, n= 
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(m+n—2) o7 (n-3) go (m-1) ond) go (m1) 
egy ho 


(m+n—2) (m+ n—4) 
(m—1)(n—1) 


ae 
om 


V_ (2), —(n-2) 


106. We now write the preceding, and particular cases of them, in 
the usual form: the student should deduce all the latter separately. 


siem Sm —1—(m+n—2) c8l* 


Js” A (m+n) (m+n—2) 
;, m—l)(n—1l 
dð _ m—1—(m+n—2) c ntn- (m+n-4) 
e a Ee + E MG 
s”dð gs" m—1 [s™”-? dé 
f eo (n—1)c"~ mo |? eo | 
"dO ga n—1 (do ' 
tan”! 0 7 


J tano d= - =- tan"~? 0 do. 


DPE. Ga E 


107. When m or 2 is =0, proceed as follows: k 


do Caed dð a -l 

7? s i 

S pe 9 E 

or a eae? g&o 
A Sene ea A 


Wa ee 


dé C m- > dO x od 
Similarly, — <= — ————~ ~ A. 
DIMI ar y 1 g™ (m—1) gn tacl l JE m=” R : 
From c®d@=c"— ds and s” d9=s”~ d(—c) ìt is found that IK | 
fer de s+f(n—1) sic Uesse = 's+(n—1) f Q- odd, 
—] 

or c” TA O n—2Q O. 

a a E 

gia c m — ] 

Si ile J , m 70 = bon? ad m— 2 

imilarly fs d = 7 fs do. 


108. In c” s” d9 let tan 0=t: from thence deduce 
t” dt 


Je ra= |5 , {[k=m+n+2}. 
Careg 


Call the last Tn, ņ and deduce 


* This factor is also (a--n—2) s?—(a—1). 


ws 
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t™t: ck }: 
: a i aaa Ces Loe k+2 
m—k+1 m—k+] 


oe Be PG 
k—2 k—-2 


to 
an 


8 


cine k— i k—29 


109. An integral is thus made to depend upon the integration of a 
more simple form, that again upon one still more simple, and so on, 
until we come at last to an integral which cannot be simplified by con- 
tinuing the process of reduction. 

This may be called the ultimate integral, and may be found, some- 
times directly, sometimes by a further reduction in a different form. 
The following table exhibits a large number of integrals, such as are dis- 
cussed in the preceding articles, with an exhibition of their ultimate 
forms. To save room, denominators are written as ratios with the 
symbol (:), a plan which the student should not adopt in copying them. 
The first column contains the function to be integrated, the second the 
ultimate form, with its integral; or else a transformation of the integral, 
which reduces it toa preceding form. An ultimate form enclosed in 


{ } means that it has been already given in the preceding part of the 
table. 


“ede: atbz Sax : a+ bz = log (a+br) : b 

ede > (a+ba)" fdz : (a+ br)" = —1 : (n—1)b (a+ br)": 

dz} x™(a+bz)" =l iy gives —y™*"™*dy : (b+ ay)" 

dx : (a+ bx*)" fdr: atbe = tany' (a/b: Ja) :./(ab) | 


l a+ a/b 

ad ad 2 n s = i 2 I — — D ep ae 

dx} (a—bz*) Jdr: a—ba 2/(ab) log Ja—aJh 

e 2 n l $ 2 E ee e mii | f ey 

dx : (br? —a) Ji Pe 2A (ab) oe fat a/b 
x"dx : a+b { fdxiatbx}, frdriat bx = log (a+ bx*) 3 2b 


. 


"dr ; (a+bz")" {2dr : a+ ba}, page 281, formula (4.) 
dz | a(a+bx*)”  x=1 : y gives —y"tdy : (b+ ay?) 


2 2cx +b 
e Q\n . 2 = tg k a a 
de | (a+br+ ca’) ( fdr: abep ca Jaa" Jaa i5 
mdr’ l we a ee jo E2 +h =N (b — Aac) 
] 
fade : a+ be + cat= z log (a+ bet ca’) 
e D z ; 
: =z d2 :atbrtea 


Mdxi(at+brtex*)” fde: (a+ba+ca*)"} 


Ini x™(a+ barter)" ta]: yY gives — yrtin? dy : (c+ by +ay*)" 


RE Cae: 
fdz : a+ bar" r= (a:b).y gives F Y dx; +r” 
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1 1 1 1 2+¢2 


L+ 31l+4+e°31Fe42 


—_ 


1 1 1 ee 
l—-2t 21—22' 2) 


1 1 _1 2472.2 1 2—J2.2 


le lr “4 14,2. E TER. 


adr: (a+ bs) fda: f(at+bx)=2,f/(a+bx) : b. 


da: a" J/(a+bz) 


ri) FY s con ee g 
Qn+1 

: (a+b?) 2 

Qn+1 
xde. . (a+b?) 2 2 


dx: (atb) 


fae : vn (abba) =F, log 


M kala Rn J (ay? +by) 
Jdr: AE A pu aJa 


- NE: . 


fdz: nf (ba—a) =< z Cos” SA) 


a-+bxe=z gives an ite form, (page 277) 


fdr: (a+b2*)=log faJb+,/ (a+ ba*)}+,/b 
fdr: S =sin™ (apb : Ja): fb 

fdx : Cia a J (a+ ba?) 
fadx: J(a+ba*) =f (a+b?) : b 

r=1:y gives —y""dy: y (b+ ay’) 
ee NG, 


fda: tJ (be —a)=cos (fa : ny Ja 


2n+1 


lx | (apb) 2 
(a+b) dx 


N (a+ ba?) dx: x™ 


x”da ; y (axt ba?) 


dx: x” (axt bx’) 
x" (axt b) dx 


N(ar+ br) dx: x™ 


9n+1 


tzl.: Y gives —y” t dy . (b+ay?) 23 

Jat bz?). a a a 

w=1l:y gives — y" (b +ay’) 
3 dx 

JSN (a+b yide : xa J platy E 

AU Ide? 


SN (atb2*)dr: = 


fdx : (ax +b) =2 log 4 J/(at+bz) + /(bx)} : a/b 
fda: f(ax—bx*) =vers(2bxr : a) : Jb: 
x=] : y gives —y™"'dy : J Cay +b) 


JN (an-+b2°) de ao 
Ká dx ` 
Sb Jlar bt) 


r=1 : y gives —y"=/ (ay +0) dy 


J (a+ ba) i 


x Jl Caba) 
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9n+1 


x*™(atbe+cr) E dv. Let a+bx+ecet =X atbe—cr*= xX! 
l 
Jd: JX =F log (2en-+b-+24/(cX)), 


lo, 2cx—b 
fax er sin7! Ord dae) 
/VXde= = ert ee dac—b? fda 
8c JNX 
JX b fa 
c 2c} NX 
3 


Tale. NXE 


a“ 


These remain true when X’ is 


Xe b 
f x = L n X.d 
JN Xadxr T SAX. dz 


dx aie 2a-+ br — — 2,/(aX) 
JX “Ja x 


substituted for X. 


dx o yo} bx—2a 
UJ tf (cx? +bx—a) =z si tJ (0? +4ac) 
o dx 2 (2e +b) | 
ana ETEY 2 
(abrt erT (dac —b Wat ba + ca?) 
sin*”6 cos*”9 d0 J sin 6d0 = —cos 0, J cos 6d@=sin 0 
0 0 
f sin’odo= 0— aa ` fco ogos ee 
E T josi 
sin 0 °8 aaa = a een 42) 
dO 
— cot 8 —-— 5 tan 0. 
sin? 20 


110. The following miscellaneous forms will occasionally be found 
useful : 


X'dx J Vdz dX 
e al darie a] E A » i, 
a sin X. dr = sın X J Vde — | Ja-X5 X dt 
‘X'dxf Vde | 
r —] is —l a sent 
J V cos X. dr =cos X f Vda + Jü-X5 
ee ee X'dxf Vdx 
JV tan! X,d —tan 1X J Vdz -|Z +X? 
X‘drf Vd 
[V cot X.dzx =cot' X / Vdx + [= a 


JS Ndr = eX f Vdz — f (X's .dx{Vdr) 


; > Vd 
[VlogX, da=logX JV de = {SOL AX 
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(log yay" a ann n 


m aee a Ute | oO n—l 
fe (log x)" dr = — nT mil x” (log x)" dx 


a" Clog DaS o m+ l 
aaa A D m ] x n+l dr 
n+l n+l yis" (log «) 


Je. sin 0 d0 = — 0” cos O+nf 6"—' cos 6 d8 

— — 6" cos 0+: 76" sin 8—n (n— DPE sin 8 dé 
S 0”, cos 0 dé = 0" sin 0 — nf 6"-' sin 6 dd 

= 6" sin9 +70" cos 0 —n (n — 1) fe “cos 6 dé. 


111. The number of forms which can be completely integrated 1s 
comparatively small; and the various methods by which functions are 
transformed into others more easily integrable may be classified under 
very few heads. 


(a:) Integration by parts. 

(6.) Rationalization of numerators. 

(c.) Combination with other integrals. 

(d.) Substitution of a fencer, of another variable for the in- 
dependent variable of integration. 

(e.) Resolution of the function into an infinite series. 


We shall now take some examples, particularly of the three last. 


B a Ha? = a dx aè dx 
12 [Va +a de =| sa Tay“ abies +e) Veta) 


br dx 
a aa ae = ETA " J (a+ba+c2") 
PE S 
(a+ brt ca?) 
The second sides are in both cases more easily integrated than the first. 
113. _ ir o Ll __2ert+o y i—i | 
J(atbe+ex*) 2c J f(at+br+cr’) aa 
'd (a +bx 4 ca’) 


Ja+br+ex’) 2c acer 
the first term of which is directly integrable, and the second can be 
integrated (page 116) 
dr lf # (Qcr+b) de b vax 
J(atbetex’) 2e J J(atbr+ecr) 2c |m 


l rd xX b xdr 
i I= XX) =— | — —— | — 
aa ) -2c,) JX 2c J JX 


= —aJX~— fX. dr > ae 


= 
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a a “de b Corder Vde b vdre 

T alae) ay) ale. JX JX Pe J YX 

rede i eX a@ [C dr 3b l l (dX b (dr l 
NX ec YG JX 2e% JX ~ 2 aX 


“eda _/@& 3b IX 4 3 oa dx 
VX N2 de JVOT\ G2 o JX 
Q 


114. Required Va eee 
a+b cos 6 


If cos 0= x, this becomes f (—dr : (@+br)J/(1—2?), which can be 
Integrated in the same way as dv: v(a + bv -+ cv?) by making 
atber=r, 


The following 


process, however, will illu 


strate more clearly the 
advantage of substitution. 
b os O 1t — b’) sin? ”— b°) sinb do 
Let a o p then T pe ein aur _ (E-D) pena 
a+b cos 0 (a+ 6 cos 0)? (a+b cos 6)? 
dg ] dv 
a i ce Pe eee ES at we eS 
mane etbcos¥ — y (a’—b") f(—v')’ 
7 dd l pe b+ acos 0) 
e arene = a EEE E C S eS 
| a+ bcos — /(at—b*) o -b cos 6) 
dé l lv 
(a<b) —— = EEEa 
a+bcosð — /(b?—a") f(v—1) 
° d l T> cos 0+ y (?—a?) sin “| 
pee ee bg] eek 
| a -+b coso (b*— a") a-b cosi 
* do l l9 l 0 
(a=b) : — = — = =- tan =. 
ad+-acosO 24 a 2 
2 
dx E7? da ] 
115. oe ==" Jog ——-—~ }, 
l -+e a ] even] 
116. JS dx (log x) depends upon f e prde 


: x Px 
S90) ee. (a 


tdg 
J dre (sin x) E a a aE KA &c. 


117. Any function containing irrational functions of 4 
be rationalized by simple substitution: thus 


3 


* xe dx ‘Gv dv ,, , 
—- becomes - if =v 


+62 only may 


T v*— l 
r— x3 
a] = : 
= de 6 (wd . 
| 1 Eng becomes 5 RA if A-t- beams, 
z Ža ) yan 
(a+ br)? — (a4 br) j 


U 
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118. As examples of integration in series, we have already 27, 31, 
32,33. The following will be readily ascertained by integration by 


parts : 
l 
Let / Pdr=P,, fP,dr=P,, f Po de=Pp &e.; Dg, &c. 
f PQde=QP,- f YP de=QP, — APs +f Q"Pada 
= QP,—QP,+Q’P,—.- . Q0 P, F S QU P, de. 
John Bernoulli’s theorem (page 168) is a particular case of this, 


obtained by making P=1. If Q be a rational and integral function, 
the preceding series terminates. 


f eQdr=7{Q—Q' +Q"... }; Se Qda=e*{ -Q-Q'-Q"—...} 
f cosx. Qdr= Qsin e+ Q’ cos 7—Q” sin v—Q” cosx+.... 
f sin v7. Qdr=—Q cos x +Q’sin r+ Q” cos x — Q" sin t—.... 
119. The following method, which is a generalization of integration 


by parts, has been successfully applied to the formation of approximat- 
ing series, in a particular case, by Laplace. 


Let /Qdr=P,, /P,Qdr=P., /P.Q.dr=P, &c., 


Q, Q., Q., &c. being any functions which may be found convenient. 
The order of processes, in passing from one to the next, is multiplica- 
tion before integration. Again, let 

yo 1 dV, 1 dV, 


=e 7 JR 
Q7 PQ dx = Ves Q, dx ree ee 


the order of processes being division after differentiation. ‘Then 


dV, | dV, 
f= |$. g Qda=V,P,—/ P, To dr=V, P, -Íz d P,Q, dz 
dV, 
SV Pp Ve lee lau . P,Q. dx : 
Q dx l 
-V.P —V, P, +V, n— | Pid | 
“adv, 
VY Pie Vi EV, Pees kV, Pe ee P, de. 


If Q, Qu, &c. be properly chosen, a convergent series may be frequently 
obtained. 


di 
Let Q= “a , Q.=Q.=Q.. — 
Pere. Py. Posy oC l 

: dx y dx d Pi Pan “| ge d 
Vy aN o= Y Vie l, &C. i 

dy’ J dy dx Fly) I Ty zi I Ty dx 

d: . luu d lu | a f 
Let y ma fydesyn) 1-5 +5 Ç eae af FA l 7 


which is the case given by Laplace. We shall have occasion to use it in 
treating on definite integrals. Let the student obtain this particular 
case in a more simple manner. 
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120. The common formule of trigonometry frequently expedite the 
performance of integration : thus 


8 sin" 0= cos 40 — 4 cos 20+-3 gives 


sin 46 


S f sint 0 de= — 2 sin 20 +390. 


121. Required J cos (a6+6) cos (a'0 4b") dO 


emanen 


cos (a40 +b) cos (a'0 + b’) =; cos (a+ a'0 -b -+ b') +5 cos (a-a'0+b—D’) 


in (4+0 +b 4b 
J cos (ad +b) cos (a'0 + é eT ee 
sin (¢—a@/6+b—)’) 
2(a—a’) 


If in this we write ae r for b, we have 


B cos (@+4+-a'0+6+1/) 
J sin (að +b) cos (a'8 +b") do= © 2(a+d) 
cos (a—a'04+b—b") ! 


; ; l 
and if we also write E for b’, we have 


-. i : j I _ sin (ataO+b+b/) 
fsin (a0 +b) sin («d'0 +b )d0= BE Ee 


sin (a—a’0+b—3’) 
2 (a—a’) 


The preceding forms become false when a= +a’, but in such a case 
we have either (@+a’) 04640! or (a—a’) 04h —0' constant, and the 
integration introduces the angle itself. 


122. In all that precedes, no constant has been added after integra- 
tion, which process is always to be remembered in application. If two 
different methods give different results, it follows that the two integrals 
wae only differ by a constant. Thus 


dt ( d (1—x) o l 
J a= J Gen ie 


a ol J [ dx _ dv tan _ @ 
eee hen) Goa) Gone Soca FT 


x 
— =, 


— X l= 


Both results are correct: and 


123. By the meaning of a definite integral (pages 99 and 100) it 


ollows that if 
J Vdr=p24f Weadr, then SaVds=hb— ga +f% Wda. 


124. Let e sin” 0 d= f sin’ Od (—cos0); 
U 2 


| 
a ee ee ee a a 
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Syual 
sin" O0 cos  n—l 
by (107. V, =— = 
JAVO) n ue 
Let this integration be made from 0=0 to 6=3} 7, which gives 


iL ‘ n-l l I me e an= 0 

Tt ) sin” t Am. COSSA sin” t 0. cos 

sin” 0 dô = — ————. Z —\- sane 
öğ n n 


ty L 

n=l (ar... n=l (ar, O a ee 

+ { sin"? 0 d0 = | sin” 26 d0: or K, = Is 99 
n 


Y n—2° 


n 0 í 0 


where K, stands for the integral taken between the limits. Write 
n+? for n, which gives 


~ n42, m+ 2/(nt+4_, n+2n+t4 /n+oO,, 
ho ha Se Le) = = - Kato 
n+] mel nt ntln+t3 ant 


a tt 2a+e4+6 - n +28 K 
or K,=—~ ——5 oo N] e A 
mtlrtdn+s n+2þp—1 


where B may be any whole number, however great. Make n succes- 


sively =0 and =1, which gives 


2.4.6... 2P 3.5.7.... CBHD , 


K,——_ K «KS K, 
Mae Oe CN ea eee e 
ked OAG Yd K 
K \1.3.5.... 26—1/ 2841" Koga 


P ie | 

But Ks | d0=47 and K= | sin 0 d0=-—cos 4 r — (— cos 0) 
0 0 

=], whence 4 7-+1 or $7 is the first side of the preceding. 


. 125. If, between the limits a and b, fx always lies between Ox and 
we, then ffrdr must lie between f pxdr and f yeder, the limits 
being a and b in all. i 

Proceeding as in page 98. to construct the sums of which the 
integrals are limits, it will readily appear that each term of the series 
whose limit is JÍ fedr must lie between corresponding terms of those 
whose limits are J pxdx and. J yx dx: whence the whole in the first 
case must lie between the whole in the second and third cases. 

Hence it follows that in the last instance K,,,, must lie between 
Ka and Kpa : since sin*’*! @ always hes between sin” @ and sint? o, 
And since 


2341 Sw ; 2841 
Kasta — 2342 Kye, th €r Kospi lies between Kos and 28+ 2 Kye, 
Kas ae 2/342 
or —= lies between 1 and ae whence, Go 
Kozji 20 + l i | 


1 9.4.6....33 2 1 2.4.6....28+2\2 1 


— T oo, a ee Á IM —— 
pe EAN (CB—1)Í 28 F1 SS eae ed BHL 
in which the value of £ may be what we please, nor need it be the same 


in both. If, then, we write 8—1 instead of A in the second formula, į 
we find 
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I > { 2.4.6....28 \ 1 2.4.6....98 )2 1 
5m > yp) 26. 2B Ye S 
2 1.3.5....23—1) 9844 ee SE, Jp 


This remarkable result, which was first given by Wallis, should be 
verified by the student in a few instances. Thus 5r being 1°570796, 


we fmd 
2.4.6.82 ] 2.4.6.8 2 ] 
———— } -=]°48 cane EN l 
G55) 9 6 ra) > 1°91] 


Since the two expressions for $m can be made as near as we please 
by making £ sufficiently great, and since 128 lies between 1+(28 + 1) 
and 1+-(2/—1), we find that, as £ increases, the following equations 
approach without limit to truth : 


2.4.6....26 N? es vere: ys 
=| n- — — — 32-8, 
B=( pee  Aeaesenee 


126. It is obvious that 1.2.3....a divided by a” must diminish 
without limit when æ increases without limit, being only a fraction of 
Iz. Let 1.2.3....2-a" fr, and (x being very great) we have 


1.2.3 2.4.2 (1.2.3... .a)?.27 a (fa). 2° 
"  1.8.5....22—1 ~ 1.2,3....2x — (2r)* f (22) 


| ee oe PEPEN 7 are 
cw eee,  =vre 277; whence 
e ° eee . LV — 


r £22) 


— 
mana 


But 
i re T JOT. 2r)? 


whence fr+,/(27rx) satisfies the equation (yx)*=y (27). The most 
general solution of this equation is «%*, where ¿v has the property of 
not changing its value when «x is changed into 2x; or & (2x)=ér. 
But we may show, as follows, that in this case Ev must be a constant. 
Since, when a is great, 


Ll 2iOia ante al (20d ise very nearly, we have 
1.2.3....2@+1l=(e+1) 1/20 (e+ 1), e@tDgern 


_ (v4+1)**! Fess P 
and E aa oa. 9 
: Fy ani Ne os 
: {where P=(@+1)£ (v-+-1)—airt; or t= 14i) ~ t -) E”, 


The last equation must approach without limit to truth when z 1s 
increased without limit. But the limit of (l+1:.)* is ¢, that of 
Vi(2+1): x} is 1: so that the limit of the expression is , 


gltlimit of ((24+1)Z@+1)—r%z) =] : 


or the limit of (w+1)£&(xr+ 1)—réx is —1. But &x cannot diminish 
nor increase without limit, nor can éE (r +1)— ér; for ëx=ë (2r)= 
5 (4r), &c., and £ (v+1)—fe=£ (2r +2) — E (2x), &e. Unless, 
therefore, E (x+ 1) =ġr, we see that æ (E (a+ l)—ér) +é (x+1) will 
increase without limit, positively or negatively. But if &(a+1)=¢ér, 
then £(a@+2)=£ (1+1), &c., ‘and gx is the same for all whole values 
of. The limiting equation in question is satisfied by £ (@+1)=—1, 
and we then have 
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es ree 0=,/(272) ce Or J (27) gets E7, nearly. 


127. Required an approximation to the coefficient of a* in (1 +0)*, 
k and n being both large numbers, but k very much less than n: that 
is, required 


n(n—l)....Cr—k+1) ae | ee ae ne 
Maa ctr bole (1.2.3....4)(1.2.3....n-—k)’ 


ao J (2m) ente” 
which is nearly ee ee ee 
VOT) RTE ~, (2r) (n— ke) gO) 


l Jn (2 \( io 
i (21) Sk (n=) VR, = 


128. The subject of definite integration will be treated in a future 
chapter ; we shall now give an instance of the manner in which it may 
happen that an integral may be found in a finite form between two 
specified limits, which cannot be generally found in the same way. 
Required f e—2" dx from r=0 to x=. 

It is easily proved, either by expansion, or as in page 175, that 
(1+A: n)™ continually approaches to e“" when 7 is increased without 
limit. If, then, we can find f (1—2? : n)” dx from x=0 to r=J/n, we 
afterwards find fe-2°dxr from 2=0 to ac, by increasing n without 
limit. 

Assume v=,/n.cos 0, or (1-—a®: n)” dx= (sin? 0)"(—,/n. sin 6 d0) 


EN Nn N” 0 is 
( -= dwn | sin” t0 loan | ~ sin””™9 dg 
5, 0 a e 2T 0 
J Qn 2nr—2 4 2 frr 9 do n f| 2.4.6...2n ) 
Z /l Ce Oe Se eck SIN a = —— m, Laaa + ImualŘiÁ 
n+l 2n=1° 53), Qn+1° l1.3.5...2n—1Í 


The greater n is made, the more nearly does the factor in brackets 
approach to y (ra), or the whole to ,/r.2: (2n+1), the limit of which 
ish Ja. Hence fp E~ dr=} yr. 


129. From the definition of an integral, an approximation of any 
degree of nearness may be made to J ,~rdx, by the summation of 
terms of the form $x Az, where Ax remains the same throughout, and 
x is intermediate between @ and b. We may express this by saying 
that the integral is the sum of an infinite number of infinitely small 
elements, each of the form x dx. Again, the result shows that Sipe da 
is of the form $, b—p,a, where ¢,x has oer for its diff. co. From 
each of these considerations, let the student deduce the following 
theorems: 


I. oe oes he Px dat f} px dx; fide dr=—f$ dr de. 
II, If prv be a function which is unchanged when x becomes —-2, 
then . 
J te by di2] o rdr; J Ow dif T pr dr, 
So ba dacs ~ft px dx. 
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HI. If we be a function which changes sign only, and not value, 
when z becomes —.r, then 


*yedr=0, f°. wedr= — [t wr dr, Ss wa de= f t° we da. 


130. Let a function which does not change, when x becomes — «x, be 
called an even function, (it can be expanded only in even powers of T,) 
and one which changes sign only, and not value, an odd function; then 
pxr+ p (— zv) is evidently even, and b (x)—ẹ (—2r) is odd. And every 
function is either even or odd, or the sum of an even and odd function, 
as appears from 

pratt to D) prola) 
2 2 l 
Also, if px be even and we odd, 
J ta (pr+ ya) dr= [tt de dæ= f t (pr— yr) de. 


131. The product of two functions of the same name is even, and of 
different names odd. 

The diff. co. of an even function is odd, and vice verså. 

Every even function fe is of the form ¢xz+¢ (—x), and dx is 
3 fr+ any odd function: and every odd function fv is of the form 
~r—(—zx), where pr=4} fe + any even function. 

“pu.dz is necessarily either an odd function of a, or =0, what- 

ever gx may be. 


132. If gx be even and possible, Ø (xv —1) is possible, and if dx be 
odd, p (eV 1) is impossible, and of the form V—1 x a possible 
function. This is easily proved, when it is remembered that every 


function of ./(—1) and z is reducible to the form Fr + five J ae where 
Fr and fr are possible. 


133. Show that / 22 e-@dt=,/r, and that J tisina dr=0. att 
ta cos x dx ce cos 2x dx 
134. Show that — = sa 
a lHa? —a (1 +2) (cos r—sin x) 


135. To reduce J è pader to the form S Ti pedi 
Take a function of z, which becomes +a or +, according as xv is 


—c or +c, say of the form A+Br: then A—Bc=a, A+Bce=6, and 


, we have 
: , b—a [7 /b+a b—a 
Sige di SS | o(-=5 ++ —_—- ») dx. 


é 
a) ase NZ 2C 


; b—a (" —? b—a 
135. Show that J px E E »( +a) dx 
Faa AUP E 
= (b—a) j: p (a+b—>a r) dr, = (b— a) Sop (b — b—a Ee~*) e~ dx. 
I now proceed to examples on some of the subjects in Chapter VIIT. 


136. Required a discussion of the function (a4-br)” €. Its diff. co. 
is €* (a+ br) {nb—a—bzx\, the sign of which is to be considered. 
First, let n be an even positive or negative whole number, then the sign 
of the preceding depends upon that of (a+br){nb—a—bs}, or on 
that of 


a ee ee 
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aa 


which is always negative, except when 2 lies between —a:b and 
n—a.b. There is then a minimum when x is the less of the pre- 
ceding, and a maximum when «œ is the greater: and the function never 
increases with œ except when v lies between — a:b and n—a:b. 
Thus, if the function be (1+a:n)"¢~’, we have a=1, b=I1:n, and 
there is a minimum when <= —n, and a maximum when s=0, ifn 
be positive: or a minimum when +=0, and a maximum when z= —n, 
if n be negative. But if n= 0, then (1+a:n)"=1 for all values 
of x. 

If n be a positive or negative odd number, the sign of the diff. co. 
depends upon that of 2b—a—ba, or of —b{x—(n—a:b)}, which 
changes from the sign of 6 to that of —b when g increases through 
n—a:b. There is, therefore, a maximum or minimum at this point 
according as 6 is positive or negative. 

A rational numerical fraction, reduced to its lowest terms, has one of 
the following forms: 


2n 2n+ 1l 2n-+1 
2m4 l’ dm ? Im)’ 


(m and n being wh. no.) 


The first case presents results resembling that of an even whole number ; 
the third, of an odd whole number; and the second is altogether 
different from either, since it gives two real values to the function for 
every positive value of a+b, and none for negative values of the same. 


137. Required the discussion of y =(a+ br)" é~*, when nis a fraction 
which im its ‘lowest terms has an even denominator. Its diff. co. has 
the sign of (a+bx)""' (nb—a—ba), the first factor of which, like its 
primitive, is impossible when a-+6z is negative, and has the sign of y 
when a+r is positive. Consequently, the sign of the diff. co. depends 
on that of y (nb—a— bx) or of —by {x—(n—a:b)}. If, then, 
x=n—a:b gives a+bx negative, that is, if bn be negative, there 
is no change of sign in the diff. co. throughout the whole range of the 
possible values of y; and the diff. co. has the sign of —6 for all positive 
values of y, and of +b for all negative values. If bn be =0, the 
increase or decrease of the function (whether it be that b=0 or n=0) 
depends solely on that of £7. But if bn be positive, then the diff. co. 
changes from the sign of by to that of —by when wz increases through 
n—a:b; that is, if b be positive there is a maximum for the positive 
values of y, and a minimum for the negative, at that value of x, and 
vice verså. 


138. Required the discussion of the function cos v+asing. This 
function bemg evidently periodic, it will be sufficient to consider one 
complete cycle, namely, from x=0 to x=2r. The diff. co. is 
—sin t+a cos x, which becomes =0 when tanzv=a, to which there 
are two solutions, one less and one greater than m. Let « be the less, 
then the diff. co. is —sin r+ tank cos v, or sin (k—z) : cos x, while the 
original function is cos (x—x) : coss. If, then, K<4 r, or if a be posi- 
tive, the diff. co. is positive from #=0 to r=x«, negative from r=x to 
x =r +K, and positive from v= r +x to x=2r; or there is a maximum 
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when t=«c anda minimum when =r +x. The maximum is 1: cosx 
or /(1+ a); the minimum is —J/(l+a?). Butif K>} r, or if a be 
negative, the words positive or negative, and maximum and minimum 
must be inverted in the preceding. 

And the function itself is (@ bemg +) positive from r=0 to Tr HA x, 
negative from t=r+}4r to =r r, and positive again from 
T&T to 1t=2r. But (a being —) the function is positive from 
T=0 to v=r—zT, negative from r=r—} r to =K +$ r, and posi- 
tive from r=r+4r to xv=2r. Both of these may be thus stated in 
one: cost-+asinx has the sign of a only when z lies between p 


and +š. 


] 


139. Required the variations of sign in a formula of the form 
cos (ax + 6) cos (a’x +b’) cos (a” a+b")... 


Every cosine changes its sign only when its angle passes through an odd 
number of right angles; so that we must examine the several equations 


ar+ b=} (2n4+1) r, d'r4b'=} (Qn41) r7, a’e+ b=} (2Qn+1) r, &., 


ascertaining every value of x between 0 and 27 which can be given by a 
whole value of 2, positive or negative. Arrange all these values of in 
order of magnitude: then the sign at the outset being that of cosb. 
cos b'.cos b”...., there is a change of sign whenever z attains one of 
these values; but if two of the values of x coincide, there is no change of 
sign, if three coincide, there is a change of sign, &c. For if a number 
of factors change sign at once, there is or is not a change of sign accord- 
ing as that number is odd or even. 

But if there should be a sine among the preceding factors, as 


sin (kæ +L), either write this cos (kt-+l—% r), or examine the equa- 
tion ke tl=nr, 


140. Required the variations of sign in 
y=cos (3x +30") cos (2x + 230°) cos (18° —4r) sin (x+ 15°). 


l. As to 3x+30°, The limits of the value (within the cycle from 
t=0 to r=360°) are 30° and 12.90°+ 30°, within which are contained 
90°, 3.90°, 5.90°, 7.90°, 9.90°, 11.96°, to which the values of x are 
20°, 80°, 140°, 200°, 260°, 320°, 

2. As to 27+ 230°, or 2x-+-2.90°+50°. The limits are 2.90+50° 
and 10,.90°+450, between which are 3.90°, 5.90°, 7.90°, and 9 90°, 
and the values of x are 20°, 116°, 206°, 290°, 

3. As to 18°—2«. The limits are 18° and —(8.90°—18°), between 
which lie —90°, --3.90°, —5.90°, —7.90°, and the values of x are 54°, 
144°, 234°, and 324°. 

4. Astox+15° The limits are 15° and 4.90415°, between which 
lie 2.90° and 4,90°, to which the values of x are 165° and 345°. 

Arranging these in order, and bracketing those which occur twice, we 
have 

(20°, 20°) 54°, 80°, 110°, 140°, 144°, 165°, 
(200°, 200°) 234°, 260°, 290°, 320°, 324°, 345°. 


: 4 ~O : x ; : 
Now when r=, y= cos 30°.cos 230°. cos 18°, sin 15 » Which PONCE 
live: consequently from 2=0 to =54° (neglecting 20°) y is negative, 


b- 


© 
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from x =54° to x=80°, y is positive, and so on; finally from s= 345° 
to z= 360° y is negative, as in the following table: 


Lim, of x. | y Lim, cf 2. Y Lim. of x. y | Lin. of x. y 

Q 54°} — | 110° 140° | + | 165° 234° | — | 290° 320° | = 
54° 80° | + | 140° 144° | — | 234° 260° | + | 320° 324° | — 
60° 110° | — | 144° 165°] + | 260° 290° 


bar 


— | 324° 345° 
| 345° 360° 


141. Every expression of the form A cos (a@8+a)+A’ cos (a'0+a') 
--.... must have at least two values of 0, which make it vanish, if 
a, a, @'.... be none of them evanescent. For if not, the preceding 
expression can never change sign, and in that case its integral (A: a) 


sin(a0-+a)+.... always increases or always diminishes. But the- 


latter expression has at least one maximum and one minimum, since it 
has a value for every value of 0, and that value must lie between certain 
limits. Consequently, its diff. co. has at least two values of @ at which 
it changes sign, and at which it must become nothing, since it cannot 
be infinite. 

142. Required the discussion of sin‘ #.cos3 x, the diff. co. of which is 
sin’ a . cos’ x (4 cos? x — 3 sin? x), the sign of which depends upon 
sin æ ($— tan? x), or sin z (tan? 49° 6’—tan? vr). Here is then a minimum 
when #=0, a maximum when 7=49° 6’, a minimum when v= 130° 54’, 
a maximum when v=180°, a minimum when r=229° 6’, a maximum 
when #=310° 54’, and a minimum when t=360°. When #0, the 
function =0; whence it increases till rz—49° 6’, when it becomes 
°09161, from which it decreases till x=130° 54’, when it becomes 
—‘O9161. It thence increases till c=180°, when it becomes 0 again, 
after which it diminishes till v=229° 6', when itis again —*09161. It 
then mereases until a=310°54’, when it is ‘09161, and thence 
diminishes till x=360°, when it again vanishes. 


143. Required the discussion of (v—1)*(3—.2)%, the diff. co. of 
which is (a—1)7 (3—2#)5 (30—142), the sign of which depends on 


that of 
(a—1) (r— #4) (@ —3), 


when #<1, the function is decreasing as x increases, when æ lies 
between 1 and $$ it is increasing; when œ lies between 3% and 3 it is 
decreasing, and when «œ is greater than 3 it increases. There is then a 
minimum when e=1, a maximum when += 82, a minimum again when 
r==3, and the progress of the function from x=—a« tor=+te may 
be described as follows. When æ is infinite and negative the function 
is infinitely great, from thence it diminishes till e=1, when it is =0; 
from thence it increases till w= %*, when it becomes 22.3%: 1; from 
thence it diminishes till r=3, when it is =O: aud ever afterwards it 
increases. 

The questions of maxima and minima which present themselves are, 
With some exceptions, only of interest in particular problems: I give a 
few of the most remarkable. 


l44. The base of a triangle is @, and the sum of its sides b; required 


! 


1 
{ 

| 

' 
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the greatest triangle which can be drawn under these conditions. If «be 
one of the sides and S the area, we have 


b?§— a? b> — a’ 
alot (ne Het), 


4 4 
and the sign of the diff. co. of this is that of b—2v; which, æ increasing, 


changes sign from + to — when v=}%b. There is, therefore, (page 


133) a maximum when the triangle is isosceles, and the greatest area is 
tay (V—a’). 


145. A four-sided figure has æ for the base, and b for cach of the 
other sides: what is the greatest area which it can have? Let 6 and@ 
be opposite angles, the former being at the base: then the area is 
yabsin6+3b?sin $; which is not, however, a function of two indepen- 
dent variables, since a?+b’—2abdcos O= 2b?—2b? cos. The latter 
equation gives 


lo dS lO 
a sin pT? sing, and paz b (« cos 0 7 +6 cos o) 


y 
S being the area: whence we find 
dS sin $ sin (0+ ¢) 
— = 4 b?| cos 0 — E 
do *” € ee sind ü 2 28 sino 


Now it is easy to see that 6 and ¢> increase together, as long as the 
figure is convex: whence, 6 being <r, there is a change from + to — 
when 6+6=7, or the figure must be capable of inscription in a circle. 
Consequently the two angles opposite the base must be equal. Pre- 
cisely the same reasoning will show that any four-sided figure of given 
sides is the greatest possible when it can be inscribed in a circle. 


146. Ofall figures contained under the same length of boundary, and 
having a given number of sides, the equilateral and equiangular figure 
must be the greatest. Suppose the greatest figure constructed: if, then, 
any two consecutive sides be unequal, let the diagonal which is their 
base remain fixed, and on that diagonal construct an isosceles triangle 
having the sum of its sides equal to the sum of the sides of the triangle. 
Then, all the rest of the figure remaining, the isosceles triangle added to 
it will make a figure of the given perimeter, ’and greater than the 
greatest, which is absurd. Next let any consecutive angles be unequal. 

| Take the diagonal on which the three sides containing them stand, and 

det the three sides move on that diagonal until the angles are equal. 
Then the four-sided figure which has that diagonal for its base is made 
greater than it was, and the rest remaining the same as before, a figure 
of the given perimeter is found which is greater than the greatest. This 
isabsurd, and putting the two results together, the conclusion is, that a 
regular polygon is the greatest of all figures having a given number of 
sides and a given length of boundary or perimeter. . 

From this it follows that a polygon of given number of sides and given 
area is least in boundary when it is regular. Let P be the length of 
boundary, say of a regular pentagon, whose area is A; and if possible, 

let the same area be contained under a less boundary Q in a certain 
irregular pentagon. Form the latter boundary into a regular pentagon : 
then the arca of the last is increased, or is greater than A. But since 


re eee E E E 


300 DIFFERENTIAL AND INTEGRAL CALCULUS. 


Q is less than P, the second regular pentagon has a less side than the 
first; but it has also a greater area, which is absurd. Hence the pro- 
position readily follows. 

If the boundary of a regular polygon be P, and its number of sides n, 


~ 


i ; . s MRE = tae, E 
the radius of the circumscribed circle is z, Sm —, and the area of 
n n 


2 2 
the polygon is Dae om or — = san) But the last factor 
An ° n 4r\n n 
continually increases as r-n diminishes, since the diff. co. of r—tan x 
lS (sin a.cosx—x)—~sin? g, which is always negative, since sin w.Ccos z 
—xr is (sin 2r—2r). Hence, increasing the number of sides with- 
out limit, we find that the circle is the greatest of all figures under 


the same boundary. 


147. What is the greatest rectangle which can be inscribed in an 
ellipse, whose semidiameters are a and b? A rectangle can only be 
inscribed in an ellipse when its sides are parallel to the semidiameters ; 
and if æ and y be the coordinates of one of its vertices, the area of the 
rectangle is 4ry or 4 (b-a) X vf (a@2—2"). Consequently, ay (a° — 4°) 
is to be a maximum, and also @a’—az*. But 2a?xr—4a° changes sign 
from + to — («x increasing) when v=} 42.a and y= /2.6. The 
arca required is 2ab; and the greatest rectangle in an ellipse is similar 
to the circumscribing rectangle, and of half its size. 


148. Find the shortest line which can be drawn through a given 
point, and terminate at two given straight lines. _ ' 


X A 


Let P be the point, and OA and OB the given straight lines; let 
OM=a, MP=b, YOX=7, OXY=4, then 


bsiny asiny 
sin p E C+D) 
b cos acos (y+ e) 
—sin y E 3 = eran y 
which is negative when @ is small, and continues negative until 
ae Sie) vers a cos (¥-+-9) 
sin ġ ob’ coso i 


the least root of which equation (P being unknown) determines the 
position required. This might be reduced to an equation of the third 


XY 


, Whose diff. co. is 
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degree, im powers of tan ¢ ; but if y bea right angle, we find tan*4=b—~a, 
. ere. nae 
and the shortest distance required is CETOH 
Corollary. The equation of the curve which is such that the 
shortest line drawn through any point of it to the axes is a given length 
l, is 8+y=—)3, 


149. Of all ‘circular arcs of ‘given length, a, to find that which with 
its chord incloses the greatest space. If +r be the radius, the angle at 
the centre is a+r, and the area of the segment is ' 


ar er . a T = a > G (t (tl 
— —— sm —, whose ditf. co. is ——-7 sin — +-—cos —, 
2 2 7 2 r 2 y 


which is positive when l:r is small, and becomes nothing, afterwards 
changing sign, when a-—r= r, or when a is a semicircle. This will be 
seen more clearly by writing the preceding diff. co. in the form 


t 


7 tan x . 
acosta 1—--—— }, where v=a—2r, 


Now z—tan v changes from + to — when 2 decreases, passing through 
$r, which happens when r increases, passing through a7. 

Most applications to geometry, of the preceding kind, offer little 
difficulty except in the determination and choice of the equations which 
must be found previously to the entrance of the differential process. 
We shall see some further examples in treating the theory of curves. 
In the mean while it may be observed, that when it is convenient to 
ascertain the maximum or minimum value of px by means of that of 
(rY, it is necessary to pay attention to the sign of dr. If (pr)? bea 
maximum, and Øv be then negative, px is a minimum; since (page 
132) the criterion is deduced on the supposition that the magnitude of 
quantities is interpreted with reference to their signs. Thus it is possi- 
ble, that by finding the maximum or minimum of (px)? we might infer 
that px is the one, when in fact it is the other. When the diff. co. of 
(pr)? or 2px. p'x, changes from + to —, then $’x changes from + to 
— if gx be positive, but from — to -} if px be negative. But if pe 
itself change sign, passing through 0, then (x)? is a minimum,* though 
px 18 not. 

I now take one or two instances in which there are more variables 
than one. (Page 216.) 


150. Required a point within a triangle whose sides are a, b, and o, 


C 


* Show that in such a case hr and hr.o'x can never change sign together when 
X increases, except from — to +. 
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the sum of the distances from which to the vertices isa minimum. Let 
the distances be p, q, and r, as marked in the figure; and let the 
coordinates of the required point, measured from A, be æ and y. Then 
we have (u being p+q+r) 


potty p=) ty 
r?= (b cos A — <)? + (b sin A—y)’. 


Let the angle made by p and y be Ø, let that of q produced and y be 
W, and that of r and y be y. We have then 


dp æ l d d ! d 
E | sin p, “P — cos p, "Ia sin W, “1 _ cos W, 
de p dy dx dy 
dr , dr 
—=—siny, —= Cos X. 
dx X? dy X 
du ; ; , ; . ae” 
PE gives sin ġ—sin w—sin y=0, or sin ọ—sm y=sn x. 
du 
g, 70 ... cosP—cosy%+cosy=0, or cos $ — cos Y= — cosx. 
dy 


Add the squares of the last equations in each line, and we have 
cos (Y—p)=}, or the supplement of the angle of p and q is 60°, 
whence the angle of p and q is 120°. Similarly, it may be proved that 
` the angles of p and r, and of q and r, are each 120°. 


This is a case in which it would be a long process to apply the criterion 


of distinction between a maximum and a minimum; but it is sufficiently 


evident that a minimum does exist and no maximum. Let the student | 
now prove that the point at which p’+q’+7° is a minimum is the point 
of intersection of lines drawn from the vertices to the bisections of the 


opposite sides, or the centre of gravity of the triangle. 


151. What is the greatest space which can be inclosed in a quadri- 
lateral figure, three of whose sides are a, b, and c, in order of contiguity. — 


Let © be the angle of b and c, and @ that of a, and the diagonal inter- 
sectinea and b: then the area is 


u=} besin 0+4 ay (b+c—2bc cos 6). sin ọ, 


which is certainly a maximum with respect to @ when @ is aright angle. . 


It would require the solution of an equation of the third degree to deter- 
mine 6; but similar reasoning with respect to y, the angle of c and the 
diagonal intersecting a and b, will show that y must be a right angle. 
Consequently the four-sided figure must be inscribed in a circle, of 
which the side not given is the diameter. 


— 


It may, however, very easily be shown that 1. when all the sides of a _ 


figure are given, the greatest figure is that which can be inscribed in a 
circle; 2. that when all the sides but one are given, the greatest figure 
is that inscribed in a circle of which the unknown side is the diameter. 
Let a, b,c, &c. be the sides, and let (ab cd), for instance, mean the 


. ost” 


diagonal which separates a, b, c,d from the rest of the figure. Then — 


the figure abc (abe) can be inscribed in a circle; for if not a, b, c could 
move on (abc), all the rest of the figure remaining, so that abc (abe) 


should increase, Similarly, bcd (bcd) can be inscribed in some circle. i 


Now there is but one circle which can contain the triangle be (bc), 
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which is common to both the preceding quadrilaterals: so that 
the same circle must contain abe (abc) and bed (bcd), or abcd (abcd) is 
inscribed in a circle. Similarly, abcde (abede) must be inscribed in a 
circle, and so on. So much for the figure of which all the sides are 
given: now if one side 2 be at our pleasure, let p and q be the con- 
tiguous sides (given); then whatever x may be, the greatest figure can 
be inscribed in a circle. Now in the triangle xp (ap) the angle of (pr) 
and p must be a right angle; for if not, the rest of the figure remaining 
the same zp(2xp) could be increased by altering æ, so that the angle 
mentioned should become a right angle. Consequently «is a diameter 
of the circle. 

It is the condition of a polygon’s inscription in a circle that its suc- 
cessive angles should be capable of being represented as follows. 
Suppose the figure to be of seven sides, and let a, P, y, 6, £, č, ņ, be any 
seven angles whose sum is two right angles. Then all seven-sided 
figures which can be inscribed in a circle are contained among those 
which have for their angles 


atp+ytéts, Pptytco+te+Z, yteteto+n, o+e4+6+y+¢ 
Et C+yntatp, C+n+tath+y, ytoetbt+y+e. 


When the figure has an even number of sides, the preceding shows that 
the sum of the first, third, fifth, &c. angles must be equal to the sum 
of the second, fourth, sixth, &c. | 

Examples on the remaining subjects of Chapter VIII. will be found 
in the two following chapters. I now proceed to Chapter IX. 


152. Any one function of x may be considered as a function of any 
other function of x: thus, if y =¢ġx, z= Wx, the elimination of x gives a 
relation between y and z, which may be reduced to the form y=yz. 

Let y and z be two functions of x which vanish together, and such 
that z : y can be expanded in the form A-4- Az +A,2-+....: then P 
being any other function of 2, which may be transformed into a function 
of either y or z, it follows that when z=0 


ap É, qr (dP A > aN 


St | l, (Called Burmann’s Theorem.) 
dy da ies A Y J 
In order to prove this, it is necessary first to prove the following : 


Let z : y=t; then, when z=0, 


I: r gn E amd 
oy a (n—1).... (n—r+1) : 


3 
dz 


d=" 
Gore dt d“ 
r` Ta r n 
g ma) pO 


Since =A Art AR.. nn we know that £" must take the form 
B+Bet+.... and y” tis g e, or B+B zt +. ..., which diffe- 
rentiated with respect to x, 2 times following, n bheing >r, the only term 
independent of z is that obtained from B,,_, 2°, which gives n (n—1)... 
2.1B,_,, when n= or >r, andO whena<r. But B,_, is the coefli- 
cient of z"-" in the development of "77, or the value of the (n—r)th 
diff. co. of t"-" divided by 1.2.3...(u—r), when z=0. Consequently 
(when x=0) 


304 DIFFERENTIAL AND INTEGRAL CALCULUS. 
d" Cy" t) d” ( 2" pr) 77) (n—1) NASEN l Qt. es 


ee aean D ES e at e 
omenaa 


d>” dz” v= a ner (n—r) l dz” 
qo p" 
ORES N (n—1). ce .(n—=r+4+1) do" : 
À ? r>’ " r pun dt r {r di n r d Sa 
saln, 4 - 2 ma — IZN? — = rr 
ee ar J dz dz n—? dz 


Nn 


ee) 
Career mia 


n 

z" (B, +2B,2 +3B,27+....) =—— (Be +2B.2°4+....); 
n—r nr 
which with all its diff. co. up to the rth exclusive, vanishes with z. If 
then n be greater than 7, the (n—1)th diff. co. of the preceding 18 
reduced, when z=0, to (n : n—r) x (n—l)....2.1X (n—r) B,_,, or to 
n(n—1)...2.1 By», which has been found above. Consequently 
(when z=0) 

cit} d Re i dr~- par 7 

—— | y —— \=[n,n—r +1] — (nr); 

2 dz Ga 
and the same is 0, when n= or <r. 

By Maclaurin’s theorem P= Pot Po. y +P” (y?: 2)-+...., where 
P,, Ps are the values of P, considered as a function of y, and its diff. 
co. with respect to y, when y=0, which gives also z=0. Multiply by 
t”, and differentiate n times following with respect to z, which gives 

d" (PE) p d” Jen pr de (yt) d” (y? t”) 
dg Tuda" ~ ua" ds 


which, when z==0, is the same as 
nN 4n n—l yn—l n-2 gn—2 
d'l d"—* t , at 


n—l 
; ? ae nin 
E; de +P’, oe +n 5 P Toi 


EREET 


+4 P”, 


= dé ; 
E T ats ), 


S eee 


all the following terms disappearing, by the preceding theorem. Again, | 
multiplying P by d.t”: dz, and difierentiating n—1 times with respect 


to x, we have 
a ( de Ta A ges dt” 
ee D epee fey) Cee P’ —— 
dk a P, dz" dz t "dz" (y =) 
de d.t” 
HPN pa t T 


which, when z=0, is the same as 


as Ana Sia n— | 7 a ai dt 
E, dz” + nP 0 dz + n 2 p 0 i ae! | + e.» o + n ° I 0 dz 3 2 


=- -rn L vet! 


which has one term less than the preceding, since D” (y" t") does not | 


vanish until r>n, while D~ (y" Dé") vanishes when ris equal ton. 
We then evidently have (when z=0) 


d” de E, d~ /dP d” P ? 
Ron pi” TAIRE, p —- \— (n) TE EE (ae =—, 
Ta | ) Tl 3 Pos oF ds”? \ode ) dy" 


which is the theorem above stated. 
For instance, let =2°—1, y=2—1, which both vanish when c=], 
and vanish in the ratio of 2 to 1. Let P=", we have then _ 


5 
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t=r1+1l=/(1+2)+4+1; P=(l+y)"=(1+2)*; 


dP ! ea MAJAP d M 

a 2a (2a—1)(1+y)*?; 7: (rå (alte) {A (L42411?) 
_ os l+2z)-+1 
=a (a—1)(1 +2)? SAHL a (lha A 


when z=], and y=0, and z=0, the first becomes 2a (2a—1), aud the 
second 4a (a@—1)+2a, which are evidently equal. 


153. Required the expansion of wv in powers of @x. Let a be one 
of the roots of @r, and let yor, z-21—a. Consequently, y and z 
vanish together, and in the ratio (page 173) of P'a to 1, which is finite. 
unless there be two or more roots equal to a, or unless o'a is infinite : 
exclude these cases. Again, since s=xr—a, we have 

dA dA dz dA PCA ddA dz. PA 


de dz dr dz’ dr” dz dz dr d=” 


dyr wr y? pN ys 
y (Tr) 94 ae) eH) date 


the bracketed diff. co. standing for the values when y=0, or when 


=a. But 
dyr =( a (dbx r—a" 
dy* ) \dz2"\ dz pr ) i 


in which x is a+z: which is not altered by writing æ for z in the 
symbols of differentiation. We have then 


S pia (t-a)\ , dd (Wx (xa)? (dx)? 
paai (ra aa a= a 


(px)? 
d (= (x—a)>\ (Pr)? 
£ being made =a in the coefficients of dr, (px)°, &c. Observe, that 


these coefficients are results independent of x, though written so as to 
show how they are obtained from x. 


£C. 


154, Show that the preceding becomes Taylor’s theorem when 
~x=x—a, and also that Lagrange’s theorem may be deduced from 
Burmann’s, by making =x, y= (x-a): pr. 


155. Required the development of wz in powers of x, dx being 
the inverse function of or, or p(P'ry=xr. Write dx for x in the 
preceding, and we have 


eee) ye (Yx. (e—a) 


a 
a = SS hte E aS 
CED dx (pur)? 2 


al ‘t(a—ay a 


(pry J2.37°"" 


LA d [e—a 2 d (x—a3 a 
cj 
GF A a E A a —— |) ——+.... 
+( a) +3 pr ) 2 UNOY ) 2.3 
x 


Wp ler = Wt+ 


+ dx? 
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For example, let pr= (e—a) £7, then to find 7 'v is the same as find- 
ing y in the equation r=(y—a) e: and the theorem gives 


2a a" 2 -3a x 4a v 
= i -43 E —— +48 Dg 
T E EA a 
156. If x and ox vanish together, we have 


aes x +52 E EA Zy ee 

“~ \ ox dx oa) 2 ~ dx*\ or) 2.3 ee? 
making v=0 in the coefficients. Let dr=tar+ba?+cat+er+..ee, 
so that the determination of ¢~'z is equivalent to finding x in terms of u 
from urar+br?+...., as im page 157. We have then (4#—-@2y"= 
(a+br+....)7", which can be expanded in positive powers of 2, unless 
a be =0 (an excluded case.) ‘The value of the (n—1)th diff. co. of 
(atbr+....)7, when v=0, evidently results from the term which 
contains x*-', (say A,-1.2%"), and is (n — l) (n — 2) ...-1 Ant 
Dividing this by 1.2.3....m, and multiplying by 2", we have A,-1 
x"--n for the general term of dz. Now in (64.) we have found the 
development of the powers of a+br+.... when a=1, whence if in 
that development we write —n for n, b:a, c:a, &c. for b, c, &e, 
and multiply the whole by a", we shall have the development of 
(atbr+....)7. Let P,,,, denote the coefficient of z” in the develop- 
ment of (a--bxr+....)~”, and we have (64.) 


l 3c 60° 
Paral oa Pem m0; P, ;=——_ a A 
a a 
= 4e 20bc 206° bf 15(2be+c?) 105b’e 706" 
la a ge ee a ee 
p — 88 21 Ab +2ce) 56 (3b’%e 3b) 126(4b%) 252 5° 
ae re i a a oe 
p Th 28 (bg + efit e') 84 (30° f+ Ghee +c’) 
t67 a: ae aa E e 
210 (4be—6 b? c) 462 (5btc) | 924% 
q ce) a 
a a a 


l 1 l l 
But @r=Po i t+ -= Pi, tz Pas x4-—P, 4 -+> P,s Passes 
2 3 4” a 


whence we have the following result: if 


u= axr-+ bx -4+ ca? -+ ert Hf yeget Aphan nan. 
u u? u’ ut 
T! r=-—b — + (20? — ac) — — (50° — 5a 2e) — 
en t yt. P — ae) z (5b*—5abc + ae) r 
PEE 5 
+ (14b+—2lab%e+ 3a°2be +e — af) — 
a? 
oe : 
— (42b5—84ab*c-+ 28a? be + be? —7Ta® bf+ce+a'g) i 


4 (132 — 330ab'c + 30a? 4b%e + 6b’ —120ë Bb*f + Ghee + O° 
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Oi. a Te 7 
+ dat 2be4- 2cf+ e—ath) — 
a 
aa &e. + &c. B A 


This agrees with page 158, as far as the latter goes. 


157. Returning to Burmann’s theorem, let Y=O2X, z=xt, px and gL 
having a common root a, and vanishing in a finite ratio. It is required 
to expand yr in powers of dr. Transform z= xx into x=y—z, then 
ya and pw made functions of x are Wx 'z and yz. And 


“dw: d? : p 3 
E C 


dy? dy / 2.3 
diy'z z d Cx “x y (pr)? 
= (Wy ——*.— , —— }.¢ ee eee i ale ae 


158. We proceed to some exercises on the separation of the symbols 
of operation and quantity, (page 163.) 

If a+aye+ae+.... =¢x, by pA.b we mean to represent ab- 
a, Ab-+a, A°b-+...., where Ab, A*b, &c. are differences formed from 8, 
bi, b,, &. Thus As means b,— 3bo+3b,—d, (page 77.) 

(@+27)(a—r)=—a~— z: required the exhibition of the meaning and 
proof of the theorem (a+A)(a—A) b=a%h—A%,. By (a—A) 6b we 
mean that the operation performed on 0 is the subtraction of its differ- 
ence from its ath multiple; which gives ab—Ab or ab—b, +b. On 
this the operation a+ A is to be performed, which gives 


a(ab—b,+ b)+ (ab,—b,+b,)— (ab—b,+ b), or a’b— (b,—2b, +), 
which is a’>—Azb, or (a?— A?) b, 
159. fA.0" represents a finite number of operations; being 
a+a, AO"+a, X20"+,... +d, AO 0" a4, OO" 5, 
in which (38.) all the terms after q” A” 0" vanish. 


> 


160. Herschel’s Theorem.* Let it þe required to develope f(¢*) in 
powers of +. This might be done by Maclaurin’s theorem, or by making 
gr=logx and a=1, in (153.) But it is the object of the present 
theorem to exhibit the coefficients in terms of the differences of the 
powers of nothing, operated on in a manner depending on the form of 


the function f. By Taylor’s theorem 


ae | 2 gra 3 
ea ea me i 5 a tease 
AO A(Q? Fi A? 0? A? 08 
amis } en ma peice SS 12 esei 2 a ard 3 ee 
(60.) =fl+pi(5 t+ a tee 5 (i ee ) 


M1 / A808 A? of 
rel : (EÀ Fa e)n 


2.3 12084 
from which, if we pick out the coefficient of £”, we find 
x AO” TÈ A? 0” ae 0” 
ioa yf ee. a a, 
Lee) if ie ard 1.2 I aes a 


* Given by Sir John Herschel in his Examples of the Calculus of Differences, 
page 66, a 


ee o oOo o a 
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Carry on the series in brackets ad infinitum, and no difference is made, 
since A"t" 0*=0 in all cases. In this case the operations performed on 
0” are 


A? 
fyi +f1.A+f"l Bi ee ws \ 0", abbreviated iuto f(1+A).0", whence 


feafitf +A) 0.0+f +4) 0. “+ f(+4) 07, t ees 


This theorem may be used either to discover unknown series by means of 
the differences of nothing, or to establish relations between those differ- 
ences by means of known series. 


161. The following method of demonstration* exhibits the preceding 
theorem in a very striking point of view. The several terms aA 
x®...., considered as particular cases of <“, may be represented by 
2, (144A) 2, (144V 2°, &c. Hence Maclaurin’s theorem becomes 


bu G0.2°+i'0. (1 +4) P+; O CLAP a+ wees 
=}$0+90.0.44) +50 (1+A)’+... l a 
which may be abbreviated into ọ (1+4).2°. 
Now =+ loga.a +5 (log x)?.a®-..., on which, if the operation 
d (1+ A) be performed, a being then made =0, we have 


Oo 2 
þpe=ġ (1+4). C+ +A) 0'.log r+ (1+4).0°. Clog zy’ 


=, 
2 


2 


in which, if we write e° for a, we have the theorem of the last article. 


Go a—1l\" 

162. Show that TE | f'a ibe s) b= fc + A),.0” when t=1. 

163. Required the expression of Bernoulli's numbers in terms of the 
differences of nothing. By definition, B,, the nth such number, is the 
coeflicient of x*-[”] in the development of a: (s'—1); and (17.) the 
coefficient of 2"—+-[n] in that of 1: (e+ 1) is — B, (2-1) : (n+ 1). 
But, fe being 1:(e°+1), the same coeficient is f(1 +4) 0" or 
$1: (2+A)} 0", whence we have 


n- i l 0” E N + ji 0” AG" A2? ()” A” o” | 
gH 24h 


ne SU 


Bn = manel a a ee tft 
= PHI? 4 ° 8 a 


since A*t! 0", A”*20", &c. are all equal to nothing. It is necessary to 
retain 0": 2, for though it vanishes when n is >0, yet when n=), 
0—1, which makes the preceding series perfectly general. And since 
Byiizz0, whenever n+ 1 is an odd number greater than 1, or when- 
ever n is an even number, we must have 
AQ?" A? 0?” A3 0?” Am QO?” 
9 marr ae Page an agar Pe (n>0). 


To verify this, when 21==6, we have 


* Given by Sir W. Hamilton in the Trans, Koy, Trish Acad. 
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1 62 4.240 1560 1800 720 


2 4 aa “16° 3B ga” 
| For the value of Ba (n=7) we have 
| S l 126 18606 goo 16500 15120 5040) l- 
255l 4° 8 16 32 64" 125 956) ~~ 30° 
164. Show from x: (e«7—1), or log €” : (e*—1), that 
A0” A? 0” A” o” 3 
B, =0"—— =e... + p es 
2 +t 3 “ntl 
n 1 l4 36 24 l 
For instance B> = Pa E ET 


165. Required the development of cos (ac). Herce fr=cosar, 
| fU+4)=cos (a+ad)=cos a. cos aA—sin a.sin aA, or 


az A2? at At i 
Aje — ——.... 
faA+4) cosa (1 5 $ 7 ) 


L3] [5] 
cos (as") = cos a + (cosa.0—asina) x 
2 
SERE. 
+ (cos a. 0?-—a?°—a sin aes er 


ae 4 CA ad As 
—sin g ta ; 


This may be readily verified by Maclaurin’s theorem: but the deye- 
lopment is easier by this method, with the table in (38.), than by the 
direct use of that theorem. 


166, If fe"=2", it may be shown that {log (1+A)}*0"=0 in all 
cases, except when n=a, in which case it is =1.2.3....¢. Also, if 
fr=a‘, it follows that (1+A)*0"=a" for all values of a, which was 
known before in the case of whole and positive values. Thus 

(144) 0"=0"— A+ A?0"—.... +A" 0"=(—1)" 
(1+ 4)~? 0"=0"— 2A0"+ 3A20"—.... + (n+1) A 0" (2). 


ree ee E e ee age le ge yee Oe ge a ee ee ee ee ae eee et fee ee ee ee eS e g ee ee 


157. The preceding result is even true when the exponent is incom- 
,mensurable or impossible. Thus, the second of each of the following 
į pairs verifies the first. 


7—] 
araos ong fr aoe yg MIE! ano 


(Wi) = 1447 9 


_ _ ey a 
(EAJ 0°9= 07-4 (14/1) 40°4. (1+¥—1) Br Ao ] 


(aia a f 


aN 


168. The following propositions may be casily proved by con- 
sidering the functions of €", in which the operations set down will be 
coefficients. 

} 


-C 
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{dog 1+Ay fA} Oa (a— 1)... (an+ 1) { fA}.0°” 
ff, (L4A)"} o= { f (1 +4) 5 0° 
LFA FAFSA tf O= {FAAA +A} OM =. 


Thus, in the second instance, the first side is the coefficient of 2* : [a] 
in the expansion of fe", which is n* x the same coefficient in that 
of fE. 

169. To express a function of differences as a function of diff. co. 
Let u be a function of a, and let u=ga, w= (t+h), w= (X+ 2A), 
&c., from which let differences be taken, namely Au=u,—u, Aux 
o—2u,+u, &c. Let fA.u be the function in question, that is, fA 
being ataA+tad’+....., fA.u means aut a AutaA*u+t.... 
Then, Au being (€*?”— 1) u (page 165) we have 


; 2 2 
fau=f (1) u= fOFf.0.AD+{A.0 +. oer ba. 


d 
Hence  aupadupaðut... =fO u+ fA 0E h 


FA.0? du, fåA.0 du 
Lo ee o 
teoa as ae 


foza, fs.0=a,A0, fA. P=, A04 amA 0, &e. 

170. To determine uu, + @\U,4;+ GU, .9+.... in terms of differences 
and diff. co. of uw, Here the total operation performed on «u, 1s 
ata,(1+A)+a,(1+4)?+...., or f(1+4), or fe”. Hence 

Wy 
UU, OU... fl utp. Aut Aubenas 


_ | du  f(1+A).0? du  f(14+4) 0 du 
=fl.utf(U+A4).0 Pie 5 Ae 93 Jet ' 


171. Let wr = be + p (x +1). +p ++ 2).a+......: then 
we={ita(+A)+....}¢r=1:(—a—ad) pa. 


1 A 
Let A=a: (1—a), then ee ane 


Ny A bx 
et SS A betes F EA er i l 3 
wpa OP ea 0.’ a+ an 0’, 5 + ear 


— ee ee 


1—AA 


aes 


AAO?-+ A?’ 0° 
(l—ua) we prt AAO. p'r + es ox 
Peale tla A®A3 03 sath a 


172. The coefficients in ww are these in the expansion of 1: (1 — as"), 
and if a=1 the expression fails to give a series in a finite form. To 
find the sum of the terminating series a+ (@+1).a+.-.--- 
+o («+ty—1) a, we have evidently yr—y (r+ y).a%, and 


(L—a) {wa-—w (ety). @}=(br—a'py) + AAO (p'u—a? q! (£x +y)) 
A A0? -- A?A0? 
+ e —— (gly @ p aty... 
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. l 
But if a=—1, or Aae the expression in (17.) gives 
ne ia wien? (pp — 5B: gmp 83Be 
] pæ 3 px 
oara ae ee 
2 [4] 2 [6] 


Vv. 
p T=, e © @ o 


m gaa 


pr-¢(2+1)+... tp @+y- D=5 pet o(ety)}— arto (r+y) 5 
1"rEp” (ety) 36249 @+y) 


2 2.3.4 T2 2.3,4,506. TUUS 
the counterpart of (69.) : verify it from what precedes. 


113. If x be a great number, show from the last that 


(EF). (z+2y) 
(~+1)... yy ee) nearly. 


— m eee aa 


L 
e = 6 © es ee ee ee | ° 
trl +3 x+5 vyti N x+2y+2’ ae 


114. If the value of wa in (171.) be reduced to a simple function of 
a and v, it will become 
al 


] 
2: X 2 e y 2 Sater eee U ee ae pe ne 
beth +D a+ (1+2) a4 aE 


ate d'r  at40t+e de atll@+lleta dix 


(l—a)? 2 " (l—a)* 2.3 (l—a)> 2.3.4 
a+ 26a*+ 660° + 26at+a> “7 


(> CT ee 


175. In the result of (69.) we may observe that the series contains a 
part which does not depend on a, but only on the specific value z=0, 
and which is in fact an arbitrary constant of an infinite number of terms, 
depending on the beginning of the series. Calling it C, we have 

l ly’ 1 4”, 
By] Boot h y, dx — ~y, +- eS te. 
ECAY 2ta 2 T0234. 
where the constant of the integral is also contained in C. We shall 
now show how to use this series, which is most available in cases where 
the diff. co. of y, diminish rapidly. It must be remembered that By, 
ends with Y,—ı. 


l l l oe | 
176. Required ay Port cae: ogee a 
l dx 11 n | n(n+l)(rn+2) 1 

>—= Oe Se en a e R a ne ara ee opie gn get ie 

~ weet a 2 q” 12 gett F 120 a 

Add 1: <" to both sides, and we have 
i l l n n (n+l)n+2) 

s A O a +- — AA] N e . 8 
T (n—=1) T> 2" 12% 20x 


except only when 2=1, in which case the two first terms are C+ log a. 
} y 


n 
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To determine C we must calculate one value of both sides of the 


equation in some particular case: thus, if n= 1, and if we take the case 
of x10, we shall find by calculation 2°9289683 for the first side; and 
therefore 


| l 1 l 
29289683 =C + log 10+ 5 


—J200 * 12000007 °°"? 
which gives C=°5772157 (log 10 being 2°3025851) 


l 


Se 


l l SPE l l 
L+5t eee bos 5772157 + log at > 


-+ ww e. so 

v l2  1202' 
Thus we sce that the series of reciprocals of whole numbers, when «v is 
considerable, increases with the (Naperian) logarithm of the last number, 
nearly. 


177. Let the series be log 1+log 24+....+log (v~—1)=2 log z. 


2 log t=C+ flog x de—5, log st -5 54 rae 
l l Fod 
log 1+... -log v= 0 + (log x. t—X)-+ > log ae Peg aa e 
Tn this case we have already shown (126.) that the preceding approaches 


i 
to log G/(272) .a* E *) or log y (27) +5 log x+x log r-r: consequently 
C=log ,/27r, and 


i. - 4-4 
1.2.3....05,/(2ma) a oT Ba 300 ST 
178. Show that MAU, = AU, HAA U, — eena 


Shiu 4—Ad A AO Uaa 


To 
h? 3 
P m A! y y/n. 
and also that apr+ap s. htap ez +4; pr 


h 
Jo Toen 


‘ 9 oe 
—ap (ath)+ Aad! (eth). ht+Nad" (ath) + sears 


179. To expand A’ y, by means of differences which can be obtained 
Without using Yr41, Y+ KC. 


A A \\" 
Any z= A" AA yoo (+A)? Frater es?) 29 


A m+] A’ : 
—A"(] gt) p : mi | 
A" (+A) ETa oe (leapt ye ) 
E 1 < 
= A" Yaa FNAP Yana Hn = AH Yoana boone 


180. In (61.) it is shown that 
v 


pe 


ver 


eee d a x ee ee — j 
oe EVit Vt Vat? + Ív, OY Mg 


l \ 
~ Ta? &e. f. 
For x write 2: (1— x), whence the first side becomes 


x THV rt Vaz m.. EE 
(1—.x) log (l—sx)’ ii l—w ohare 
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2 
—VietVer—....2(l—r)J14+V ay a l 
1 + 2 ( | + pont Ye (l—2 T eae 


=la Vitt V (PHPH...) HV (0? + 22-325 +....) 

+ V, (ttt 325+ 625+ LEY. (AH 10e7+....) 

=—1-—-(—V,)2+V,e2 LEV) v+(V + 2V, 4 Va) a 

+(V,4+3V,+3V3+ Ve) 8+ (V,44V,4 6V,44V,4+V,) H.. 
whence oe VERV +V =V, &c. 


=A ee HAV + V= (1) V 


Vega 


l 
18l. In (67.), ae y,dr was expanded in a series, the variable 


part of which was (Yn = Ye Yen- Wi ene &e.... .) 
yt Vi yt Vo Aye VA y EAV A Yet oo oes 
which (179.) is Sy, +V, ys + Ve (AY 4 A? Yre + A? Yz-3 F- we 
+ V, (4°? Ye t 2A° Yo-3t dt y,, it. ..) 
+ V, (28 Yes t 3At yy 4+ 6A" kas ee) 
=y, + Vi Yet V2 AYs-1 + (Vet Vo) A? yet (Vi t2 V +V) A? yy gto oe 
= Pyst Vi Yet Ve Ay,,.— V A? Yz V, D Yr — V, At Yt ee 
Joining to this the constant part, ¿ke same as in (69.), we have 


Ta Yz dx Z Yt Vy (Y no Yo) +V: (Yn AYo) a Vs (a Yno FA? Yo) 


+Y, (È Ynos — A’ Y) — V, (A43 Yno—i0 F Ât io) vss E 


If the limits of the integral be a and w+n0, we a w similar 
reasoning, 


l 
5 =p ey d= Yat Yapo t +. e oe F Yatin- t Vi (Yarno Ya) r : 


The use of this theorem in approximating to the values of definite 
integrals, is called the method of quadratures, from its most obvious 
application being the determination of the area of a curve in square 
units, which is the arithmetical problem answering to the quadrature of 
a curve, or the determination of a saare which is equal toits arca. The 
two first terms, V, being 4, make up ẹ yat Yarot.- ++ +$ Yarn and the 
theorem may be thus exhibited : 


fo Yz dr= (4 eee e.o.’ H Ya si alae 0 
0 90 
19 (AYatn-2— Ay) (A? Yarno FA Ye) — 5 AY oe n0—307 SA Ya) 


863 
60480 


182. As an example of the preceding, in a case which can easily be 
verified, we propose to find f loga dæ from x=11 to x=20. We have 
then ea nU==9, let n=9, O=1. Taking a table of hyperbolic 
logarithms, we find the following logarithms and differences : 


= (AY Yayra + A! Y= aR Yatno-: 59 — A’ a) ee 
im 


314 DIFFERENTIAL AND INTEGRAL CALCULUS. 
No.! Log. AF- A?—. | A34. At—. A5. 
| eee ee ea ete Ba ee 
1) [2° 3978952710: 05701138;,0- 00696867 0- 001033930 -0002142910 °00005540 
12 |2°48490665/0 0800427 1/0+ 0059347 410+ 00081964/0+ 0001588910 -00003859 
13 12°56494936|0*07410797)0* 005115 10)0-00066075)0+ 00012030/0 + 00002755 
| 14 12*63905733)0* 0689928710 ° 00445 433)0 + 0005404510 000092750- 00002005 
l 15 |2*70805020/0- 06453852 0*003913900* 000447700 + 000072700 00001497 
| 16 |2-77258872|0* 0606246210 00346620 0+ 00037500|0+ 00005773 
| 17 12833213340 05715842)0-00309120,0+ 00031727 
18 |2+89037176)/0° 05406722)\0+ 00277393 
19 |2+94443898)0° 05129329 
20 |2°99573227 
5 eee eee ! 
Slog 1l1+log12+-..... +log 19+ 4 log 20 = 24°53439011 
— {0°05129329—0'08701138}—+-12 =+ °00297651 
— { —+00277393— ‘00696867 } +24 =+ *00040594 
— 19 {*00031727— ' 00103393 }—-720 =-+ °00001891 
— 3 {—°00005773— ‘00021429 160 =-+4- *00000510 


— 863 { *00001497 — *00005540 60480 =+ +00000058 


7 24°53779715 
Now fog x dr zx log 2—xa, and fit log x dx=20 log 20—11 log 11—9 
= 20 X 2°995732274 — 11 X 2°397895273 —9=24°53779748 ; 

or the preceding approximation is true to six places of decimals. 


183. The smaller the value of 6 in the preceding example, n0 being 
given, the more nearly $ yat Yato t +++. HS Yatns approximates to the 
value of the integral. If, for instance, we were to divide 0 into ten parts, 
and if @=10), then 

S Yat Yaza + OPIS 8 aT (Ya+i0a» or Yao) Yata + e.. o +3 Yationa 
is much more near to the required integral. The following questions 
will illustrate this, and at the same time introduce a useful theorem. 
184. Required the development of u=zx : | (1+e)”"— 1} in powers of 
Here 

u(l+ey=ae+u; w lto)"+tnuQU +e) t=l4+v, 
wu (L4+2)’+knu“@-? (1+0 '+...+[n, n-k] u (l +r) "=u. 
Let r=0, and let U, U’, &c. be the values of «v, w’, &c.; then 


v. 


U'4+n2U=14+U' U=- 
nU +n (n—1) U=0 U= lees 
aan 2N 
38nU"+3n(n—1) Ul +n (n—1)(n—=2) U=0 = eee TU 
n 


_(n-1)(n+1) 


4nU"+6n(n-1)U"+4[n,n-2]U'+[n,n—3]U=0 U= 7 
n 
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SnU llOn (n 1) U”... «+i, n4] U=0 
pin = D+ D9—22) 

307 
6nU"+ lön (n—1) US +....4+[n, n—5] U=0 
pre ZD +1)(9— n?) 
‘Apa 
TnU" 4 21n(n—1) U+....4 fn, n—6] U=0 
yi (1) (m + 1)(863—145n° + 2n*) 
l S47 
Applying Maclaurin’s theorem, we have 
x ~ l n=l wal 2 wl 34h DUI) oo 


ene 


15 


Ga 


U 


———— ee 6 ee eee 


(l+2)"—1 n 2n 2.6n 2.3.40" | 2.3.4.30n 
(n?—1)(9—n?) x% (n? — 1) (863—1452 + 27!) 
9.3.4.5.4n — 2.3.4.5.6.84n 


Verify this series (1.) by making n=2, when it ought to become the 
development of 1: (2+7); (2.) by multiplying by 2, and diminishing 
n without limit, when it ought to coincide with the development (61.) of 
w:log(1+.2r); (3.) by writing v:n for n, multiplying by n, and in- 
creasing n without limit, when it ought to become the development (16.) 
of x: (e*—1). 


xr — >». 0e ò 


185, Let Yo Yı.. e. Y, be the terms of a series, being the several 
values of a function of xv, corresponding to r=0, x=0, x=20, &c. 
Between each of these terms let n —1 terms be interposed following the 
same law, so that, in fact, if the function were dz, and if four terms 
were interposed, the terms @(a) and ¢(a+6) with their interposed 
terms would be 


P (a), O(4+5), Plato), (+29), p (+58), $ (449). 


Required the total sum of Yo, Yis +.. Ys— together with all the inter- 
posed terms, including those interposed between y,_, and y,, by means 
of dy, the simple sum of y+ty,+....+Y, 1, and differences taken 
from the original series, as if the terms had never been interposed. 

The following process contains the most difficult instance which has 
‘yet occurred of the separation of the symbols of operation and quantity. 
{ shall, therefore, follow it by another* demonstration, independent of 
that principle, and. the student who can comprehend the first will see 
that it is an abridgement of the second. 

The function y, is (1+A)*.y, and this whether x is whole or 
fractional. Hence the sum of all the terms, primitive and interposed, is 


{L4(L4A)*+..4(L4+4)4+(1 44) 4+. n HAHHA.. ORR 2 hy: 


(14+A)7—1 A (1+A)?-1 
or pager ss an 2 eee a ames ara” 
(L+A)*—1 (1+A)2—1 : 


* Being that given by Mr. Lubbock, to whom this theorem is due, (Camb. Phil. 
Trans, vol. iii. p. 322.) 
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Now the operation (1+4)*—1 performed on yo GIVES Ys— Yo, aNd Ag" 
is the samc as $. Write 1:7 instead of n in the development obtained 
in the last article, and substitute the expanded operation instead of the 
condensed one, which gives 


n=l n?— l n?— 1 
1 ——- A— ay eee en Passa] a RES 
{e+ 2 12n i 24n . = Os Yo) 

n— l nv—] n?— l 
=n2y Hy YY) a (Aye = Ayo) tsp (A yA) 
(n?—-1)(19n?—-1)_,. (n? —1)(9n?—1) 

m Ye A Ye) F Fes A Y) 
(n?—1) (863n*— 145n? +4 2) 


5 win co es 

60480n° Se Myers 

Here Sy, meaning yok... FYćz stands for A~'(y,—y,): this 
transformation is obtained as follows. The meaning of A (y,—Ypo) 18 
that function which gives AA (ys— Yo) = Y2— Yo: Where yo is not a 
constant with reference to the operation A, as abundantly appears in the 
preceding process, in which we have Ay, not =0, but =y—y%. Tf, 
then, A~! y, stand for the sum of all terms up to y,_,, (as in page 82,) 
then A~ (y,—Yo), or AT Yy, —AT Yo, is the preceding diminished by 
the sum of all the terms preceding Yə that is, Yot... 4Yy..- The 
truth is, that Avy, should stand for 


Yna HYF ee HYH Yot Ynt Yot e. „ad. inf. 3 
this being the only series which satisies AAT'y,=y,. Or the symbol 


Sy, beginning from Ym, and ending at Ys 18 AT (Ys — Ym) 


186. The second demonstration is as follows. Let 1:n==i, then 
Yor Yoris Yori. * * Yor(n—vi make up y,, followed by the terms interposed 
between y, and Ysp. Using the theorem 


ki—] 
Yopi Yot ki Ay, + ki A- YT corey 


and summing the results, we have for the n terms beginning with yY. 


. i tl „2i— l 
ny, + {i+ 2i + e 6 © (n—1) i} Aytdi — + 2) eee 
bat, E yt 
es eed ee 


Apply this to every term, from y, to Ys—ı inclusive, and we have for the 
required sum 
N2LYy+ (E+ QI oe. +(r—1)2) Say. +( 1 


i— 1 J=] 
2 


ed d 


a .n—li—l 
cee] i) ayt eec oo 


But LAy, Ay. ee FAYE Ym BA Y= AY — AY, Ke., 


and the cocfGcients are evidently those of the powers of s m | 


rey ie 
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. > y: (1+2)"—1 T 
l l ` : l y eee (n yi A regener E tee ie a ap ca 
HOHY AAHH ooe FU faye or (ipayor or ALT 


since ni=l1. Taking these coellicients, and writing 1:2 for 7, we have 
the same result as before. 


187. It has here sufficiently appeared, that instead of 2y, being made 
an undetermined symbol, by not having a specified beginning, it would 
have been more agrecable to analogy that it should have begun from 
—coc, or should have signified yrat Y.2+...-+Yotyit.... ad 
infinitum. In such a case A and È would have been really convertible 
operations; for Ay, = (yst e.. )— Yeates.) =Y and YAy = 
Ayra tF Aya t ei Syam Yea FY Ye eee) Sy That I may 
not, however, depart from established notation, I shall in future use 
A~! y, as meaning the preceding series : so that 


—— A~! l, . A—! 
Ey =À Y, — å “s Ol A CY, — Ym)» 
where ñ may be anything whatever. 


188. Ifin ytyit e.. Hyt Yit eee tY We multiply by č or 
l:n, and increase n without limit, we approach (page 100) to f U Ai 
Let this be done with the preceding series, and we shall obviously 
approach without limit to the series obtained in (67.), as it becomes 
when 0= 1, n=r. 


189. If we add the term y, to both sides, we find for the sum of 
Yoo Yis sa -Ya and all the interposed terms 


ee 


n— l n’?— l Be 
n (Yor Yit oe. Ya) ang (Yt Y) Era (AY — AY) F. reseso 


190. In the series obtained by writing l:n for n m (184.) write 
x: (l—x) for x, and then multiply by 1—«. This gives (A=, 
A, = (n—1), &c.} 

x x x x ë 
RS ET E E A 
oo l= t= l — 27) 

a-a] C 2) 
=A (A,—A,) t— Å, x? -+ (A,— As) a 
—(A,—2A,+ Ae) t+ (A,—-3A,+3A,— Ay) v'~.... 


But the first side may also be obtained by changing the sign of n and 
of x, and then changing the sign of the whole. The first and third 
operations compensate each other in every term but the second, and we 
have 


T : 
i me =A,—4 (r+1) qe A,a’—A; we—A, vi — eo. 
(1 —r) »—] 
whence A, ap A= —A,, A,—2A3+ AGS A, 
k—] 7 
Ago RA th = A.— ee oe + kÀ, Ẹ A= (— 1)‘ Agye- 


191. The series in (185.) requires terms following y,, m order to 
: . Y Gog 
construct the necessary differences. But it may be redueed to another, 
. . ° 1 bn of e ry 
requiring only preceding terms, by the same process as 1n (181.) The 


= series In question 1s 


tl 
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Ag 2y, +A, (Ya =Y) — A; (Ay.— Y0) +A, (A? Yr A Yo) = erans 


For Ay,, A’y,, &c., substitute Ay, H A? Yro t e.e, A? Yra tH 2A" Yrs 
+...., &c., which gives 


AY +H AYa— AAY + A” ae a wae e) +AA Yst 2A°y, -3+ .e)— s. 


—Å yt A? AYo — À; A yo Fasa 
== A Ey, -+A Yz — Ardy, 1+ (As — A) Ayse- (Ay—2.Ag-+ Ag) AY H ‘ 
ape hone A, Ae de A, Ay, — ses 


=r 2Y, + A, (Yz—Yo)— Ag (Ay,_,—Ay) — A, (A? Ya-2 t A Yo) 
—A, (A? y,-3— A? Yo) oS ag ae 


Or, making the alteration as in (189.), we find that the sum of the 
terms Yo, Yis. e- + Yay With the ~ terms, n 


n (Yot y + . e +9) —" ety) E (AY Ayo) 
n—l (W—1)(19° ae 

E ce A? ee 3 — A8 
JAn (A esa A" Yo) 720n3 (A? Ya-s— AY.) 


Uren Ore oy (A* z-4 +H Â+ yy j— 


(A° eal Yo) ss... 


We shall now proceed to some methods of obtaining the sums of 
series connected with the roots of unity. The nth roots of unity are 1, 
a, Q. ee oQ", where æ is 


(n? —1)(863 nt — 145R? +2) 
60480n5 


Qa — 


al 2 eT 
gn ~, or COS 40 —1 sm. (page 127, &c.) 


192. Let Sæ” stand for the sum of the mth powers of these roots, 
then Sæ”=0 in all cases, except when m=O, or n, or a multiple of n, 
in which cases Sa”=7. 


So™=] +a” -+ ie C , paeem L 


gn — l 


=l’? 


but the numerator =O in all cases for œ” =(œ")”"=1”=1. But the 
denominator is never =0, unless m=0, or n, or a multiple of n. 
Except in these cases, then, Sw"=0; and in these cases every term of 
the series is unity, or the series is n. This theorem is equally true of 
negative powers, since «"=1 gives e "= 1. 


193. Given the equivalent function of @+a,¢+a,2°+...., required 
that of dn L” Famin OA Anton LTH... (MKN). = Let¢gr=at+a,e 
+...., and having multiplied both sides by «7, a"-", Ca, P, y, &c- 
being the nth roots of unity,) or œ=”, &c. as may be most convenient, 
a ar for x. Do the same with ĝ, oI &c.; we have then 


gna par=a "4d, Gham rb... ta, e "A Mics grt nth 5 aes 
BP" Ops aR" ay BO OE ee Oy D* a" a aes 
&e. &c. &c. 


Adding these together, every term vanishes except those which contain 
a”, v™*", &c., and we have 


: 
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] 
S (pat) =E Nan LANA gy Lb oe a5 z S ah" Par) 


=a. vn lh tice grt Pree 


xt 


x8 a 
194. What is is ai its +-+... The preceding theorem 

[8] * [12] a 

gives i ve +e*+2cos xt, 

1, —l, a —1, and —V—1 being the fourth roots of unity. 

z? l £ l 
—<e" poe 3° a ee J} 
ae “te ate „= deg cos( 5 v3 i 
yl 2a 


v 
9 — mmn a, a ee 
195. Required or= was Spa T] ho Og 


[b, b+c] stands as before for 6(6+1)....(b+c). Multiply this 
series by v°~':[b—1], and we have 
at ye} gate patel 
=H fey Feo] Pare A 


which, with intermediate terms, is 


EA v2 \ 

-(140+5+ eee BY . 
Let a, P, &c. be the ath roots of unity; multiply the last by «°t, 
Be, &c., and substitute ar, Bx, &c. for v. The results added 


together give the series required in a finite form; and this multiplied by 
[b— 1], and divided by 2°~', gives the original series. 


+...., where 


196. The nth roots of —1 are æ, a, o5....a°"", where l, a, a”..., 
oe" are all the 2nth roots of +1. And we have for the sum of the 
mth powers of these roots of —1, 


x” +a?” + ah aa + gf2r—Vm. or g” 


2nm l 


g” — l] 


The numerator, being («”")”—1 is =0 when mis a ee epee 
positive or negative ; so is the denominator when m is 0, n, OY a 
multiple of n. But when m is an even multiple of 7, each nen of the 
series is 1, and when an odd multiple of n, —1: consequently the sum 
of the mth powers of the nth roots of —1, is n, —n, or 0; the first when 
m is an even multiple of n (0 included,) the second: when an odd 


' multiple, the third in any other case. 


197. Given dr=ata,r+a,2+...., required am” — amyn Tt" 
+ mton Cia e (mM<N). 

Let «, N, y, &e. be the 2nth roots of —1, multiply px separately by 
2r— 


arm, pa-m &c., aud change x into ar, Pr, &c. The results added toge- 
ther will eve (rejecting terms which disappear) 


qe -m gar = CEE Sæ 2n én, y+ Sg?” ee pen + = 


rs 2 
= Sy? hart = Uy 7 Amyn grtn + TANT amt n 


D: 


198. Required a,v—a,x*-+a,a7—...., px being ae a TE 
The cube roots of —1 are —1,44+3/(- ~3)=0, 1 Soa 3)= [, 


and the required result is one third of 


ten ese ee a ĉu 
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p R EEE 


—1 © $44 (—3) Lob secs) 


——— 


Pos 
or ifo (ax) +9 BDI T= (at) 4 Bd} 3 6(-9. 


a E 3 . Ad l 
Thus e= Upg EER =3 E2 {cost x+4/3 sin £ z} —3 E7. 

199. From the preceding it can be shown that if a+a,s+ »... can 
be expressed in a finite form, Øx, then also that series can be expressed 
in a finite form, which is made by allowing the first m terms to stand, 
changing the sign of the next m terms, and so on; changing the sign of 
every alternate set of m terms. And this can also be done, if only 
every nth term of the original series be taken, and the result separated 
into parcels of m terms each, changing the signs of the alternate 
sets. And the same is true if the terms of the resulting series be 
multiplied by b, bi, ba &c., bn being any integral and rational function 
ofn. So that, for instance, if a+a,a+.... be expressible in finite 
terms, the following has the same property : | 


Cm DE” may b1 ET — Ampop By BE? — Un yay Og T Fm mee 
200. (Chapter X.) If gx and wx have the same limit, or if both 


increase without limit, or both diminish without limit, then of course 
the final tendency of pr may be found from that of yx, or vice versi. 


And in the case of a finite limit, we may say that Ox: wax has the limit 


unity, but we may not say the same ‘if both increase or both diminish 
without limit. Thus, if z diminish without limit, a+x and a+ have 
the limit a, and (a+2”):(a+2) has the limit 1: but if a=0, z and 2° 
both diminish without limit, but &? : x also diminishes without limit. 
Thus the tendency of px:wg, if both functions vanish when «=a, 
can always be discovered from that of f/x: w'a, or "z: y ‘x, &c., but it 
is only when @xr: ww has a finite limit, as x approaches towards a, 
that we can say that {@/a:y'r}: {dri wer, or (P'a wr): (Ya pr) has 


the limit unity. 


201. To avoid circumlocution, let us in future use the algebraical 
symbols of the limits of magnitude, interpreting them in the language 
of limits. hus Ø (œ )=c means that the function Gx increases 
without limit when æ increases without limit, and nothing else. Also 
pa=u meaus that v increases without limit as v approaches to a: 
@(0)=:«% means that pr increases without limit as ~ diminishes with- 
out limit. Sometimes when it is necessary to recall this caution to the 
student’s mind, we shall write the single word (limit) in parentheses, 
for that purpose. 


202. If ¢a=0 and ya=0, then x and we may have two distinct 
relations. If ¢a:(wa)'=c (limit), then still more does da: (ya) t 
=œ, k being positive; and if da: (ya) =0 (limit), then still more 
does da: (wa)’*=0, k being positive. But da: (pa)~* is certainly 
=0, and we have the two following cases. 

1. ga: (a) (limit) may be =0 for all values of e, positive and 

: . 


negative. Thus, for all values of e, ¢ *:a° diminishes without limit 
when æ diminishes without limit, 


- 
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2. There may be a critical value of e, such that for every greater 
value da: (ya) =x , and for every less value =0. - This critical value 
must be nothing or positive; and when e has it, the function da: (wa), 
may be finite, and may be nothing or infinite. Thus (as we shall sec) 

(1=1) log: (x—1)=0, 1, or ©, according as e< = or >l 
(r= ) g: (6) =0, 0, or w,...........0<= or MDO. 

203. In the ordinary functions of algebra, Or: (wr) is usually 
finite when e has the critical value. The other cases have attracted but 
little attention; and as I have, in the preceding part of the work, made 
two errors from neglect of the distinction, I shall now proceed to 
correct them. 

Since pa : (Ya) =0 when e is 0 or negative, it must, as e increases, 
either remain =0, or must, for some specific value of e, become finite, 
or for the first time infimte. When the latter happens, the critical 
value is finite; but when the function =0 for all values of e, we may 
say that the critical value is infinite. And, e itself having the critical 
value, 

ga: (ya) t =c, pa: (va) =0. 

TueEorem. If ¢a=0, pa=0, the critical value of e in da: (Wa)? is 
diapa:daw'a Let R=px: (yr), and as we speak only numerically 
of the limit towards which it approaches, let @x and Wr be positive. 
We have then 

ba n Pr wer we (d'xwe | 

diff. co. log R=—-—e — =+— oe —e>. 

pe yx yx lure | 
First, let x be increasing towards a, and therefore x and Wx diminish, 
or begin to diminish before c=a. (In this way all assertions about 
increase and diminution are to be understood.) Consequently ¢/x and 
y'r are negative, while @/rwr:drw'r is positive, and wir: Wr is 
negative. Let k be the limit of $’rwr: Orw'r; then diff. co. log R 
must at last take the sign of —(t—e), or ofe—k. If, then, e be the 
critical value; that is, if the substitution of e+e’ for e (however small 
e) would make R a function increasing without limit, or diff. . co. 
log R positive, and if e—e’ for e would make R a function diminishing 
without limit, or diff. co. log R negative; it follows that e+e’—A is 
positive, and e—e’—é negative, for all values of e however small. This 
cannot be unless e=k. Butif R diminish without limit for all values 
of e, then diff. co. log R must become negative, or e— (p'r Wu: Wr gx) 
must hecome negative for all values of e. Cousequently, ġ'a wa: g'a va 
(limit) must be greater than any value of e, or infinite; that is to say, 
the same expression which gives the critical value, when there is one, 
becomes infinite when no value of e is great enough to fulfil the con- 
ditions of a critical value. Thus, adopting the usual phraseology, the 

critical value is infinite. 

Next, let œ be diminishing towards a, so that the diff. co. of a 
Teen function is heen. Moreover, let gr and Yæ be positive, as 
before. Then Ø'x and y'r are positive, and so is p'ez yx : pr y'r. 
Therefore diff. co. log R takes the sign of k—e. If, then, e be the 
critical value; that is, if the substitution of e+e! for e (however small 
e) would make R a function increasing without limit, or diti. co. log R 
negative; and if e—e' for e would make R a function diminishing 
without limit, or diff. co. log R positive: it follows that k—e—e is 

Y 


—— 
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negative, and k —e-+e’ positive, for all values of e’, however small. This 
cannot be unless ek. But if R diminish without limit for all the 
values of e, then diff. co. log R must become positive for all values of e. 
Consequently, p'a wa | pa y'a must be greater than any value of e, or 
infinite; and the conclusions are as before. 

Corotuary l. If daze, ba=c, pa : (ya) is the eth power of 


1 EA i a i ; ae 

m (EY and, e being positive, both are nothing, finite, or infinite, 
G 

together. But, by the theorem, since (fa)~'=0, (wa)-'=0, the 

critical value of 1 : e 1s 


diff. co. (wa) ™ . (a) Wla.pa 
(wa) diff. co. (ga) ’ i va. p'a 


Hence the critical value of e is p'a.ya : pa.y'a, precisely as before. 
But since the reciprocals of ġa and ya took their places in the reason- 
ing, (and this can be shown independently,) it follows that, e being the 
critical value, da : (Ya) t” =0, and da: (pya) "=œ; also, that when 
pu: (wa) is always infinite (at which it begins, if we begin withe — 
negative, or nothing,) the limit of P'a Ya : pa y'a is infinite. 

tia COROLLARY 2. If dx be finite when r=a, and when wa=0 or œ, 
it is obvious that e=0 is the critical value. * But as the preceding 
demonstration did not apply to this case, though it might be adapted to ~ 
do so, consider the function in a form to which the theorem applies, 
namely, 


4 

oie , which gives ates + 1 for the critical value of e+1: 
(ya) pa y'a 

but this value is =1, as is obvious from the function; whence 

p'aya:pay'a=0. And by such an inversion as that in the first | 

corollary, it follows that when Weis finite, Playa: pa y'a=a, if da 

be 0 or æ. 

CoRroLLARY 3. If one of the two be 0, and the other =œ , then 
pa: {(ya)-'}-* can be treated by the theorem, and gives a positive 
value for —e, or a negative value for e. And it readily follows that 
when e is less than this critical value, dr: (yx) has the same limit as 
wa, and the contrary. But if —e be infinite, or e infinite and negative, 
du : (Wx) has always the limit contrary to that of wr; that is, 0 or 
œ when Wg has the limit « or 0. All these are, in fact, cases already 
described. | 


204. All that precedes may be collected into one theorem, as follows. — 
When wa is finite, the character of the limit of ọpa : (a)” (whether 0, 
finite, or cc) is that of pa: in every other case, e being o'a wa: pa y'a, 
the limit has the character of wa when n is less than e, or of (ya)7+ 
when n is greater than e; or has the character of (wa). 

The preceding demonstration has been purposely derived from first 
principles, and shows clearly what takes place when e is infinite. The 
following, of a much more simple mechanism, is perfectly satisfactory 
only when e is finite. We know that 

log A AR log oz 


A= Bes 8, whence eee = fy oeve™", 


(yr)” 
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When wa is 0 or œ , log wa=a ; if then log da: log wa be finite, we 
must have log pa=œ , and the value of log@a:logwa is that of 
(Pia: pa)—(y'a: wa), or Pawa:wada. Hence ga: (pa) has the 


character of (/a)*", as asserted. 


205. If da: (ya) be finite, then e is the critical value, which is 
therefore finite: but the converse is not true; that is, pa : (wa)? may 
be infinite or nothing, the critical value e being finite. Thus, if 
pr=xlogs, yr=r, we have ¢’r yr: w/e Pr=1+(log.x)-!; which 
=1 when v is infinite: but in that case dr: Wer is evidently infinite. 
This leads to an extension of the theory of algebraical dimension, as 
follows. 

If we take two powers of z, x°, and «***, and make g infinite, then, 
however small k may be, the second is infinitely greater* than the first ; 
and if a+ lie betwen aand a+ k, then x**’ is infinitely greater than 2°, 
and infinitely less than x***, These three are of ditferent dimension. 
Let us now make a definition of dimension, not attached to the notion 
of exponents, but to the necessary character of difference of dimension. 
Of two functions which simultaneously increase without limit, let the 
dimension be said to be the same if they be always to one another in a 
ratio which approaches to a finite limit. But if one increase without 
limit with respect to the other, let the first be said to be of a higher 
dimension than the second. Abbreviate as follows: when two func- 
tions are infinite they are of the same dimension if they have a finite 
ratio; but if one be infinitely greater than the other, the first is of a 
higher dimension. 

The following consequences are evident. Two functions which have 
the same dimension with a third have the same dimension with one 
another ; and if A have a higher dimension than B, and B than C, A 
has a higher dimension than C. 

Usually <° is the dimetiené function of algebra; we must come to 
he consideration of transcendental quantities before we find a function 
which is not of the same order as q“, for some value or other of a: and 
hen between v* and x#*** may be found an infinite number of functions, 
ugher in dimension than the first, and lower than the second, however 
mall k may be. Find the critical value of e in (loga)’: 2°, and we 
hall find e=0. That is, (log x)’: x° is =0 when « is infinite, for all 
ositive values of e. Therefore, b being positive, <° (log x)’ is of a 
uigher dimension than x*, and of a lower than x*t', however small & 
nay be, or however great b may be. Similarly, (log x)’ (log log x)’ is 
f a dimension between that of (log x)’ and (log x)’t*, however smail & 
nay be. Denote logz, logloga, &c. by Av, Ma, &c., then, however 
mall k may be, the function in each line of the second column lies 
etween that of the first and third in dimension. 


x 2° (Ax)? ger y 
T (AT) x° (ALY? (XL) x* (Nx) t" 
x° (Ary (XY x* (NDJ? (J LY (AT) (Ney 
Ke. &c. | WC. 


Ve have then an infinite number of interpositions of dimensions 


* We intend to use this language in abbreviation of that of limils, See INFINITE 
ad Limir in the Penny Cyclopiedia, 
Y 2 


iene 
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between those of x* and 2***; and between each of the dimensions s0 
obtained, an infinite number may still be interpolated. Thus, write Az 
in the form sàr, and it will be found, m being >O and <1, that 
E(x) is of a higher dimension than \2z, and of a lower than Az. 

If in the first line the signs of b and k be changed, of c and k in the 
second, &c., the dimension of the second column is still intermediate 
between those of the first and third, We may agree to denote 
a (AT) r)’.... by a", which the comma will distinguish 
sufficiently from the notation of (40.) page 254: and we may call 
this the dimension [a, b, ¢,....]. Thus, of the two dimensions 
[a, b,c,....] and [a’,b’,c’,....], that one is the higher which first 
shows a higher sub-dimension. Thus, [1,1,1, 3, 2] is higher than 
[1, 1, 1, 2, 10], but not so high as [1,1, 2, 14, 20]. 


206. The critical value of n in Ox: x", or the limit of o'x : px, being 
a, we know that do: c7*=0 and da: avt*2a. Hence the 
dimension of r lies between that of 2** and xt*, however small $ 
may be: but we may not therefore say that it has the same dimension 


as wv". Let us now try pæ.a™ : (Ax)"5 the critical value cf n will be 
found to be 


J 


j 
b = limit of Nofa =a a. 


Let this not be infinite; then or.27* lies between (dx)’* and (Ax)"t# 
in dimension, or @x has a dimension between [a, b—k] and [a, bR]. 
But if b be infinite, then ¢x belongs to some new kind of dimension, 
which falls between that of a“ (Ax)! and 2***, however great b, or how-! 
ever small k may be. Such a dimension is 2* ¢(2?x)", m being >l, 
and many others might be given. We shall here confine ourselves to 
the cases in which the several sub-dimensions are finite. 


Let us now find the critical value of n in øx. 2 (Ax): 2a)". If 
we call it c, we find 


ve Me 
c = limit of Vr jhe oe a }—b À 
px ) 
Proceed in this way, and we come to the following theorem. 


l a 
Dx oe 
Let Po=2 — and let Pia, when z is infinite. | 


pr’ 
Paar (Po—a, e oè o Pi e èe @ è ò ee o 
Poser (Pt) e a a Paia aaa a 


Then so long as no one of do, ai, Qa, &c. is infinite, the dimension of or 
may be asserted to lie between those of [a@,—k] and [a,+k], of 
Lao, & —k] and [uo a,—h], of [ao a, dg—h] and [ao t d+], &e., 
however small k may be: and if any one of the set gx: 2%, 
px: x" (Ar), &c. have a finite value when < is infinite, then dz has: 
absolutely the dimension [a] or [ao a], &c. But when any one of the 


Sct, do Q, Nc. 1s infinite and positive, say as, then dx is of a dimension 
higher than that of 


encase 


a (Az) 2x)? A9)", and lower than that of a (At) (d2r)2t4, 


however great m may be, or however small k. But if the first of the 
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set, say @, which becomes infinite is infinite and negative, then Oz is 
of a dimension lower than that of 


x (Ax) (X2x) (A8r)~™, and higher than that of g” Ax)" Qaye*, 


however great m may be, and however small k. And it is useless to 
attempt to make any terminable scale of dimensions, since between any 
two different dimensions an infinite number of intermediate dimensions 
may be interposed. 


207. The preceding contains only dimensions of the same, or a lower 
order than those of powers of x. The same theorem holds if P = 
Pr. yx : pey’ x, provided Ayr, Myx, &c. he substituted for Ax, 2x, &e. 
By this means the dimensions of functions higher than any power of 2 
may be obtained; but there cannot be any method of ascending, or of 
obtaining the exponents of lower dimensions first. 


208. We shall now proceed to apply the preceding theorem to the 
rule (page 237) for the determination of the convergency or divergency 
of a series; which is correct in every point but this, namely, that what 
in the preceding articles would be called a dimension greater than that 
of a'~*, and less than that of 2'**, is there confounded with the absolute 
dimension of v. The rule, then, may be wrong when aq/r: @r= 1. 

Tueorem. If @ax diminish without limit when æ increases without 
limit, and do not become infinite after z=a, then, of the two expres- 
sions ) (a) +e («+1)+9(a+2)+.... ad infinitum and / ai br dx, 
either both are finite, or both are infinite. 

There must be, by hypothesis, some finite value of 2, from and after 
which Øx continually decreases; and this value may be chosen for a. 


Then, from t=a to r=a+1, ba>gda> (a+1), whence 
go pa doajen pxdr> far p(a+l)dzr; or pa> f it'prdr>p(a+1). 


‘Similarly, it may be shown that / at? hy dx lies between ġ (a+ 1) and 
ġ(a+2), and thus that S a Pxedx, however great n may be, lies 
between pat p (a+1)+... +o (a+n—1) and d (4+1)+¢ (a+2)+ 
wo. +o (a+n). But these last differ by ¢(@)—@(a+n): con- 
sequently the limit of the integral, and the sum of the series, do not 
differ by so much as É (a)—ġp(@ ), or pa. Hence da pa dx, and 
dat+¢d(at+l)+.... do not differ by so much as ġa. 
| Hence it follows that the series 


l 
UNANG.. aa NTa. ("a 
t 14 2 eee ee eee 
(a+) +1). Xa+)... NTC) (at 1} 


(beginning at a value of a so great that all the factors of the first 
term are possible) is convergent when e is greater than unity, and 
divergent when e is unity or less than unity. For 


i l c 
-m — dr = —~ — Ne 
DADA eia NO ON Ey P (Ary da 

Nr l—e f 
fox dr = C no or CFA T aeS; 


l—e 


| 
t 
i 
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t x l—e A” l—e , 
Sc pr de=! = —— ,or Athy —A™ a, if e=l; +4 


which is finite when e is greater than unity, and infinite when e is 
unity or less. Whence, by the preceding theorem, the conclusion 
obviously follows. 

In page 234 it is shown that when È (1:2) is convergent, any 
series In which for dv is substituted a function of higher dimension is 
also convergent; or that if war be higher than $2, È (yx)™ must be 
convergent when È (@xr)~ is convergent. Also that if yx be lower than 
px, È (wx)™ must be divergent when È (Pr) is divergent. This is 
merely the statement of the theorem, using the words higher and lower 
dimension in the extended sense; that is, instead of saying that ya: dx 
increases without limit with x, we say that Wg is of higher dimension than . 
px, or higher than r. And by higher understand the same or higher; 
by lower, the same or lower. | 

Having proved, then, that when pr=x. Ag... . dX”. (AZ), the series 
is convergent when e is greater than 1, and divergent when e is equal to 
or less than 1, it follows that every series ‘of the same or a higher 
dimension is convergent when the preceding is convergent, and every 
series of the same or a lower dimension is divergent when the preceding 
is divergent. From this the following criterion of convergency or diver- 
gency (which includes the preceding one) may be found, the series 
being 

1 i l z l R 
p(a) pla+l) la+) 


First examine P,»=2d/r: pæ, when vis infinite. If, then, a), the limit of 
Py, be >1, the series is convergent; if <1, divergent. But if a=1,. 
find «,, the limit of P, or Av (Po— a); then if a, >1 the series is con-: 
vergent, if <1, divergent. But if a=1, find a, the limit of P, or 
oc (P,—a,); then if @>1, the series is convergent, if <1, divergent. 
But if a,z@=1 examine P,, &c. &c. 

The demonstration is as follows. If a>1, then dz, being of a higher 
dimension than 2°", however small k may be, can be made of a higher 
dimension than 2°, where e is greater than 1. But 22~* has in that case 
been shown to be convergent. Similarly, if @ <1, x, which is of a 
lower dimension than 7°t*, can be shown to be lower than a’, where e<l. 
Butif q=1, and if dgshould be >1, (and this includes the case in which 
it is infinite,) gz is of a higher dimension than a. (Av)™~*, and can 
therefore be shown to be of a higher dimension than æ (Ar)‘, where 
e>1. But in this case 227'(Ar)~ has been shown to be convergent ; 
and so on. 


209. If a function could be shown for which a, G, &c. ad inf. are 
severally ==1, this criterion does not determine whether the series is 
convergent or divergent. But if in such a case there be convergency, 
it must be less than that of Sa~°T, for any value of k, however small; 
indeed, between the series just named and that in question, can be inter- 
posed an infinite number of series more convergent than the latter. 


210. If we substitute ya, the term of the series, for @x its reciprocal, 
we have Pp=—.rw'a : wa, the rest being as‘ before. 
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~ 


1 i 
) : : n n 
l age 236, Example i., (using n for æ.) yn=gx"—l1, Px" x:n 


(x"—l)=1, when n= œ. 
1 1l 
P =n (P= L) =An{ £” Nt —n TA 1)}: n (ve —1), 
the denominator is Ax when n= œ , and the numerator, expanded, gives 
| u ir der] f aiie pa au SM me Lee l 
2 n 2.3 ne Ie 
which =0 when n= : or the series is divergent. 


In page 237, Example V., for the words ‘“‘unity or less,’’ must be 
read “ less than unity.” 


211. The same error is made in pages 180-182, the whole of which* 
must be read with reference only to those functions in which œr is finite, 
when the critical value of e in @r:(a—a)’ is =0. It is possible, how- 
ever, that such functions may have the same dimension as {A (x —a)}°: 
these functions cannot be expanded in positive powers of w—a, but 
require both positive and negative powers. ‘The pages in question, there- 
fore, include all that can be included under Taylor’s theorem: what 
they omit is the notice of a particular class (little, If at all, noticed 
hitherto) of exceptions. We shall proceed to some considerations on 
series containing both positive and negative powers of 2. 


212. There is no difficulty in exhibiting any function in a double 
series, containing both positive and negative powers of x. For example, 
x itself. From among the infinite number of equivalents for æ, choose 
one, for example 

4e x 


The first may be expanded into r—1 +r t—r?taee—...., and the 
second into r—a?+273—&c. The sum of these two series then is an 
equivalent to v, and an infinite number of such equivalents might be 
found. We are not then to say that two such developments must be 
identical, term for term, because they are developed from the same 
function: for one function may give an infinite number of different 
developments of this kind. Nor is the divergency of one part of the 
series, which will generally be found to happen, any impediment to the 
equation of the development and the function from which it was derived. 
For both developments may be made by Maclaurin’s theorem (as will 
immediately be shown) and Lagrange’s theorem on the value of the 
limits may be used, to represent the remnant, from and after any term, 
in a finite form. 


l Q an? l 3 m3 zi : ae 
For example, log (1-+ax)=ax 2 di Ta 4 T Sg (1+ @axr)” 
Os AC Loe i a" 


lopti ss. YR, m a eg a Ss . 
i ; tz) z 2 2+3 v’ Tn (+ 0'a)" 


— 


6 and 6! being both <1. The second is obtained by writmg l:e 
instead of x in the first. Consequently, by subtraction, 


! * Beginning from page 180, the fifth line from the bottom. 
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lo Cae) a( 2— Jma" Oa 


Tei -orr ) 


This series, carried ad infinitum, is convergent, if az and a: x be both 
<1. If, however, a=1, it becomes 


log q= E l/a + + A cop] 
Š =( I 2 Š w ATE a (1+ 62)” (2-0) 7 


If this be carried ad infinitum, it is the well known development of 
log x in positive and negative powers of x, and is never convergent. 
That log x cannot be developed in positive powers alone, nor in negative 
powers alone, is sufficiently evident if we consider that it becomes 
infinite both when a is =0 and also when z=. 


~ 213. There is, however, a great difference between double series of 
this kind made by arbitrary transformations, and those in which the 
mixture of positive and negative powers arises from logarithmic develop- 
ments. ‘This difference, however, has not yet been established by 
demonstration, though it is found in a very remarkable theorem,* as 
follows. Let be be a function which has a root a, so that pr=(2—a) hx. 
Then 


Wx a a læ 
log. = =log( 1 -*) +log des t t5 aan ee »+log dz. 


If, then, log Px can he expanded in positive powers of a, and log 
(wa :7) in positive and negative powers of «x, (both which can gene- 
rally be done,) and if the identity of the two sides of the equation be 
then assumed, it follows that — a= coeff. of x~’ on the first side. 


214. We shall conclude this chapter of developments by giving a 
process which will successively introduce the student to a notion of the 
calculus of derivations, the combinatorial analysts, and the calculus 
of generating functions. We have already seen successive derivation, 
and its use, in the successive diff. co. of a function and the theorems by 
which they are employed in development. 

When possible. required the development} of d (ao aietaz? +...) 
in powers of x. When it is required to represent complicated results, 
let Qa=a, d=, ag=c, &c., the indices of the different letters being _ 


a b c e fg hk lm n... 
0 1 2 3 4 5 6 7'8., 9 10..." 


kang 


v 


~ * This theorem was given by Mr. Murphy, in the fourth volume of the Cambridge 
Philosophical Transactions, and, independently of the defect of absolute proof, is 
one of the most general and interesting contributions which analysis has received 


for many years. It is derived from the assumption, certainly not generally true, ! 


that two double series which are developed from the same function, are identical, 
term for term. Yet almost every general theorem of development can be obtained 
from the use of this theorem, and it has not shown any case of failure. See the 
volume just cited, and also Mr. Murphy’s treatise on Algebraic Equations in the 
Library of Useful Knowledge (page 77). 

+ This investigation is a deduction of the method of derivation from a more 
analytical principle than that of Arbogast, though it terminates of course in the 
same process, or rather in the decomposition of the process of Arbogast into its 
most simple elements, 
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Let P(Q+aq@rtagt+....)HA +A ctAs a+... 
Differentiate both sides with respect to a«a; we have then 


_ day dA, dA, 
L 


= —— x 
da, da, da 


x" pl (Agata, r+....) 


but ¢! (aa +....)=A,+2A,2+...., and contains no negative power 
of x; consequently, for all values of m, 


dbo) dA, 


"9, — 
dalp da,,, 


dA m—l 


=0 es.» L t — ZU: 
peee up to Smo; 


m 


a 
tay 


or An does not appear before the coefficient A, appears ; and we have ` 


IA, di E 
pl (aotar. aoa -4 Ampi pp lAr. 2 


i d An dam d lm 


But this series is the same thing whatever value of m is employed ; 
namely, A, +2A,a+.... Consequently the coefficients of the same 
power of x with different values of m are equal, or 


Cras _ dA m—i1+n dN pee 


TE E a a , &c..... (A); 


f 


that is, any A being differentiated with respect to any a, gives the same 
result as an A which is p terms before or behind the first mentioned, 
differentiated with respect to an a which is as many terms before or 
behind the first mentioned @ Or 


dA, dAn  dAn2 _ dAn dAn 


—— 
ee Ln 2 e © $ è 


da, dd ,, da, dips,  ddp4o 
i dA, dA, 
First, A= pa, and oF =, = Pd, whence A, =a, P'a +C, where 
1 ‘0 


C is no function of a. But nothing higher than @, can enter A,, there- 
fore C is a function of a, only. But, in fact, C=0, for as it is in- 
dependent of a, az, a, &c., it is the same as if they were all =0, or as in 
the development of Ø (a), in which A,=0, or C=0. The same con- 
sideration shows that in the remainder of the investigation no in- 
: dependent constants can enter. 
Next, it is clear that the form of A,, with respect to æ is 


Po Pm Go +P Pm- 00H -0-00a Py) i Qos 


where Py, &c. are independent of a) and Py doy Py Gs &c. do not 
mean the simple diff. co., but those coefficients divided by 1.2.3.... 
m,1.2.3....m—l, &c.: p'a and ġa being of course the same things. 
This follows obviously from the development by Taylor’s theorem, 
which is 


P(A part. -)= PAA GU. (a, + art. n.) Hoa natat .. P+. ee, 


And it is clear that ọm, enters for the first time in Am, with the co- 
efficient a”. Consequently, leaving blanks (numbered) for coeficients 
to be discovered, we have the following table of the general form of 
A åy We. 


e aa a a o ee 
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A, = $ a 

A, = bP Ap 

As = ( 1 ) Giaot+ Ct; Palto 

As = ( 2 )piao+( 4 ) a+ A Pato 
Ae ) dito + ( 5 ) Path 6 ) Pato tai Pia 


&C. &c. &c. 


The blanks are filled up by an easy process, which may be called 
derivation. This is somewhat different from the derivation of Arbogast, 
which will appear hereafter. It follows immediately from the equations 
(A) that each blank must be so filled up as, on being differentiated with- 
respect, to any letter, to yield the same as the next higher coefficient in 
the same column differentiated with respect to the next preceding letter. 
To fulfil this condition, the process is very simple; as follows. Suppose 
be-+-ce-+-bf fills up one of the blanks, what is to fill the one under it? | 
From be by b-diff™. (or differentiation with respect to b) comes e, but 
this must come by c-diff". from the next, therefore ce is in the next, 
and bf also, since b comes from e-diff" in the present term, and should 
come from f-diff’ in the next. Again, ce would give ee by the same 
rule, but this must be divided by 2, for c-diff" of the present term gives 
e, and e-diff" of ee would give 2e. Also cf is aterm from ce. Again, 
from bf first would come cf, but this term has already occurred, and if cf 
came twice, c-diff" of the next would give results from both, and would 
give 2f, whereas b-diff” of the present one gives only f from the term bf. 
Obviously, whatever conditions a new term is required to fulfil, they are 
fulfilled if that term has already occurred, and would be repeated twice 
over if the term were allowed to enter twice. Finally, 6g must enter in 
the new coefficient. Consequently, the derivative of be-+ce+Of is 
ce+bf+e*+cf+be. And the rules of derivation are as follows. | 

1. Differentiate as if all the letters were functions of a common 
variable, and instead of the dif. co. of each letter write the next. (Thus 


lb, de. 
if ¢ be the common variahle, = e gives ce, b— gives bf, &c.) 


2. Whenever, by the preceding process, a newly entering letter 
increases the exponent of one which is already in the term, divide the 
term as it stands after derivation by the exponent as increased. 

3. When aterm newly obtained has been obtained before in the same 
_ derivation, throw it away. 

The successive derivations may be denoted by D, D®, in this particular 
problem. 

We give as an example some derivations from bt. A term in 
brackets means that it is either altered or thrown away: if altered, the 
alteration is written immediately after. When altered, and then thrown 
away, both are in brackets. 


D.b'=4b'c = D?.. b* = [1 2b?c..c] 6b2c°-+ 4b?e = 6b°c? + 4b%e 

D2, b'=[12bc.c?] 4b + 126’ce+ [126%ce] + 40°F 
= 4b +128 ce +4bf 

Dt. bt=[4e.c*] t+ 12bc%e + [24bc. ce, 12bce]+ [120 e.e] 6b + 120°cf 
+[120°cf] + 46% 
= c++ 12bc%e + 6b7e? + 120°cf'+ 46%q. 
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This being done, and the results tabulated to a sufficient extent, we 
have 


An =D" hia +D" piat oo 6. DE" by aE b” Pm ot, 
and the total result may be represented by 
p (a+ bx+cx* + ert... .)= ED” b. pa. a", 


the symbol 2 extending to every whole value of m, (0 included, ) and 
, simultaneously to every value of p which does not exceed m : Pp Mean- 
- ing the diff. co. 6a divided by 2.3....p. 


215. The following is the table requisite for the formation of A,, up 
to A, mclusive : 
bbc 
D*b=e D 6°'=2bhe 
D*b=f | D?b=2Qbe +c? 
Dib=g | D%*=2bf +2ce 
D’b=h | D =2bg + 2cf +e 
D°b=k | D= 2bh + 2cg + 20 f 
D=? D? = 2bk +2ch + 2eg +f? 
D®%>=m | D'b?=2b/ +2ck +2ch+2fe 
D%s=n D? =2hm+2cl +2ek +2fh +e? 


m aem erre aaam maae mi i P 


D b= 3b?c 

D? = 3be + 3b? 

D= 3bF + 6bce + c? 

Dt = 3b°g + 6bcf +3be +3c’e 

D5°= 3b°h +6bcq + 6bef +3c°f + 3ce? 

D° = 307k + 6bch +6beg +3e°¢+3bf? +6cef +e 

D7b°= 36° + 6bck+ 6beh +30°h+ 6bfe +6ceg + 3cf?-+ 3¢2/" 


D b= 4b%c 
, Dt =4be + 60% 
| D*bt=4b*f + 12b’ce + 4bc° 
D*o+= 46°89 + 12b%cf + Obe + 12bc%e + ct 
D= 4h + 12b?ce 412b ef + 12bc?f + 12bee? + 4c%e [ + 6c%e? 
D%ht=— 407k + 12b?ch+ 126% e¢ + 12be'e+ Of? +24bcef +4c*f 4+4be 


D b= 5bte 

D? — 5bte +100 

D5 = 5b*f + 20b°ce 4-100” 

Dibs—=5btg+ 20b%cf + 10b%4 300%e+ She! 

D= 5b*h+ 20b*cg + 20b°ef' + 30b%c2f + 30h?ce® + 20bc8e +c 


ee 
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D &'=6b'c 
D%°=6d'e + 15d%e" 
1)*h8= 6b°f + 30b*ce + 206%c° 
D105= Gh + 30bicf + 15d*e + 60b%c%e 4 15b%c* 


D 67=7b*c 

D?b7 = 7 bte + 21b5c? 

Db = 7b f+ 42b5ce + 35b 
D b8= Sbc 
DE = 8be + 280%’ 


D= 9b8e. 


216. Prove from the preceding, that 


(= pt ptt (ditde) + t ptp) a 
+ (P, +30: +3% + P.) tp. 


where @, is the value of the divided nth diff. co. of Pen when a=]. 
-Also verify the developments in (61.), (64.), (156.) 


217. If we form the successive derivatives of pa, we shall find 


Dda=¢'a.b —,a.6 


2 


D’pa=d'a. Db t'an = =d,a.Db+ Qa. b" 


ree 
2.3 


0 D.P 
Diga=d/a Db+o"a| bDb* + 
=a D*h+¢,a. Db?+,0.6° 5 
from which we should suppose that 
D"da=D"1 b. dat D2 3? pat oo ee HO”. Gindeevses (D) 


The proof can be easily completed, as follows. Let the preceding be 
true, then Dd,a, or Doda: 2.3....p is PPM A.D: 2,3....p, Or 
pna X (p+) 6. Consequently, subject to rejection of repetitions, 


D"*'da=D"b.¢,a+ (2bD"~'b + D™"'b") o,a + (30D + D" )oa + 
. + (mbDb™"'*+ Db") bna +O”. Gry iG 


Now since any repetition of terms, however often it may occur, 18 
followed by an “immediate rejection of the repeated terms, and since in 


other Ba daa the formule of differentiation will apply, we have (as in 
Ex. 2, p. 245) 


pr a or pD” (b.b) =D” b*+mDb. D”? b* 4+ Ses aes 


all the terms therefore of bD” b" are found in D” btt}, and therefore in 


* This term is rejected, the two being the same. 


aera aed 
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the formula above written for D™*'a, the first term of each coefficient 
in brackets mav be rejected, as being no more than a repetition of terms 
contained in the second coefficient. We have then 


D"*'da=D"b pia +D poate... + DL” Pmt tort Dias 


or the theorem (D) is true for the m+ Ith derivation, if true for the 
mth. Being true for the first, as shown, it is therefore true for all. 


218. We have then 
p(atbrtcr+.... )=þġa+Doa.x+ Deha. 4D dha. tp... 


which shows that this method of derivation is a generalization, one 
particular case of which is divided differentiation, as follows. Let a be 
a function of ¢, and let 
1 da 1 db l dc 1 de 
(= » =z. m eS, f=, ke.: 
l dt 2 dt 3 dt 4 dt 


if, then, a= wt, we have 


cl (put) 
p (atbe+er+, ...) =h (¢-+2))= owt +- T p 
dda Pha x 
at a a rr a ee ee 
qd” 
Consequently, D” pa= ae Pree, 
l doa >, _ ld. Dga TS.. d. D'a $ 
OF ay D a e 


219. The preceding affords a ready mode of finding any diff. co. 
which may be wanted of pa with respect to t. Suppose, for example, 
we would express the fifth diff. co. We first take out D3.ġa, which is 
p'a ; „pa oa Da 
—— — + Dit —— 4+ 6° —__—., 
Fe og Rae” 334.5 
This, multiplied by 2.3.4.5, gives the diff. co. when the substitutions 
are properly made in the derivatives of the powers of b: take out the 
preceding derivatives from the table, after the multiplication just 
alluded to, and we have (writing the index of each letter) 


1202,6'a+60(2b,f,+2c.¢3)¢"0+20 (3bje,+3b,c2)oa+5 . Abic.g"at bga. 


np {F x H 8 A 
Denote the diff. co. of a with respect to é by a’, a’, &e. Then, for b 
write a’, for c write a’: 2; for e, a”: 2.3; for fi a :2.3.4; for £, 
a": 2.3.4.5. The most commodious way of doing this is under 4, c, e, 


D+b. p'a + D9? 


f, and g, to write indices 1, 2, 3, 4, and 5, and to let these indices be 


guides to the divisors which are to be introduced. The result is 
a‘diat+ (5a'™ +10a"a"’) a+ (10aa" + 15a'al”) pa 
+ 10a°a"' p "a+ ada, 
which may be verified by common methods. 


220. The theorem in (217.) may be made to give higher derivatives 
from those already formed. Thus 


a o oa a S 
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l r=] m=i È, =l —? 
D+H 6°=D"c.7b" + D sa ai +... 


[7, r—m -+ 1] a ott), [7, T — m] bromi, 
[m] [m+ 1] 

If, then, all the derivatives of b" up to the mth be formed, those ofc 
can be found by changing b into c, c into e, &c.; whence the (m+1)th 
derivative of 5" can be found, I think, however, that the method in 
(215.) is the more easy, though the present one may serve for verifica- 


tion. Thus, D®b*, as found in the table, is, when arranged in powers 
of b, 


+ Dc”. 


h. 4b” + (2cg + 2ef) 6b? + (3c?f + 3ce?) 4b-+ 4e, 
or Dic. 4b + D%c?. 6b? + D’c?. 464+- Det. 1+ 5.0. 


This is the method employed by Arbogast himself, in whose work 
D”.b” stands for what in the present notation would be 2.3...m.D™.6". 
To exhibit the actual formation of Dt b* by this method, we have 


Dëc. 46° =4b8 0 
+D c?.G6b2==60" re = 12b*cf 
Deo e160 
[+0 c?.4b =12be 
+ ct. 1] =e% 


The five resulting terms put together make the value of D* b4 in the 
table. 


221. Having wr=ar-+ ba?+ca?+...., required an application of 
the preceding theory to the determination of ¥~"z, or to the reversion of 
the series aw-+62°+.... In (156.) it is shown that the development 
of we is Po +3 Pire x’+&c., where P,,,,, means the coefficient of 2” 
in the development of (a+br+....)~™". We want from this Pai, œ 
Let da=a™”: we have, then, for the coefficient of x"~’, 


n (n+ ly \ he [n, 2n—2] 
ag [n— 1] 


The sign + being used when 7 is odd, and — when it is even. The deve- 
lopment required is then obtained by writing the cases of the preceding 
expression instead of those of P,_,,, 1n the form obtained from (156.) 
Suppose it required to verify the coefficient of u” in the article cited. 
We have then to find the value of the preceding when n=7, and to 
divide it by 7. This gives 


— D5). a7? +4D16?. a — 12D. a + 30D 5! a7! 
—66D0b5, a7? + 132b°.a-®, 


D gas Db (- su }+ pr- p? 


Bring all to the common denominator a”, and take the derivatives from 
the table. This gives for the numerator the following, the order of the 
terms being inverted. 


1326°—330ab*c + 30a? (46%e + 66°c?) — 12a? (3b?f+ 6bee+c’*) 
+ 4a‘ (Qhe+2cf+e)—a*h. [Compare this with page 306.] 
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222. Required the expansion of (1+br+cr+....) The diff. 
co. of a“, when a1, are —1, 2, —2.3, 2.3.4, &c., and divided, they 
are, — 1, +1, —1, &c. 

D”ġ1 = — D"-'b + DD” *?— D" 3h? + ble ae +h" a mM evel, 


—, m odd, 
(ltbe+....)t=1—br+ (6°—Db) 2?— (b?—Db?-+D*) a®+.... 


The materials for finding this to the tenth power of x are in the table. 
Hence we have a simple torm for the quotient of a’-!-b/a+c27+...., 
divided by 1+ 027+ cx’+....3 namely, 


a'— {a'b —b'} c+ {a (P—Db)—b be} #? 
—{a (B—Db +D b) —b' (Db) Hebe} a°+.... 


223. The combinatorial analysis mainly consists in the analysis 
of complicated developments by means of à priori consideration and 
collection of the different combinations of terms which can enter the 
coefficients. The first theorem of the kind which the student usually 
meets with is the well known development of (1+.)", when n is a 
whole number, depending upon the obvious fact, that in (1-+2)(14.2) 
....( factors) x” must appear once for every manner in which m xes 
out of m factors can be combined by multiplication with the units of 
the 2—m remaining factors. 

If we multiply together at+b+c+....,U0+0)+e+....,@/+b'4 
c’+...., &c. (n factors), the product consists of a number of products 
containing a term for every combination of n factors, one out of each of the 
polynomial factors. But if we multiply together @+a,¢%+4a,2°+..., 
by4+-5,27+6,0°+....(n factors); the coefficient of <” will consist of such 
combinations above described only, as have the sum of their distinctive 
indices equal to m. Thus, if we want the coefficient of 25, there being 
four factors, we must ask in how may ways 5 can be composed of four 
numbers, 0 included. Thus we have 


0005 gives dy bo Cy Cs) Ando €, Cop KC. | OL13 gives a, bi Ci €z, My Oy C3 €r, &C. 
0014 gives dy by Ci Cs Qo Da C, C1, &C. | 0122 gives ay by Cy Czy Qo Ci De Coy KC. 
0023 gives dy bo Ce C35 Up Do Cs Cy &C. | 1112 gives a,b, Cy ey, Qi Di 61 Ca, KC. 


Collections of tables of the different methods in which numbers may be 
constructed by additions of lower numbers, under various conditions, 
make the fundamental tables of this method, just as those of the deriva- 
tives of powers of b are the fundamental tables of reference in the 
method of Arbogast. 


924, Required the development of (dj)+a,2-+a,2°+....)", n being 
a whole number. To find the coefficient of <" we must find every way 
in which n numbers (0 included) can be put together to make m. Let 
us suppose that the 10th power is. the one in question, and let n= 4. 

Firstly; take 10 in four different numbers, as 1, 2, 3,4. Hence 
1, Q a, Q, is a part of the coefficient of x”. But a, may come from 
ther of the four factors, a from either of the remaining three, &c., so 
hat if we write first the number which comes out of the first factor, &c., 
ve have, in the coefficient of 2", a, dg l3 A4 + U2 @ Qs Ay FO, Us Ag QH ÀC., 
repeated as many times as there can be made different arrangements of 
Jour quantities. Hence 4.3.2.1 a, da a, a, is a part of the coefficient. 


a 
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Secondly, take four numbers to make 10, which are not all different, 
as 2, 2,3,3. The number of ways in which dg, ay, az, a; can be written 
is not so many as before, for a, from the first factor and a, from the 
second is the same selection as a; from the second and a, from the first. 
In fact, by a well known rule of common algebra the number of different 
arrangements of dy, do, lz, dz is (4.3.2.1) +—(1.2%1.2). Generalizing - 
this reasoning, we find the following method of finding the coefficient 
of the mth power of a in the development of the nth power of 
G+aqa+-.... Let k+khU+.....=m, in which kkt... 
=n, and find every possible way in which these equations can be + 
solved, k, k',&c., l, U, &c. being positive whole numbers (0 included). 
Then the coefficient required, which call Pm, n 1s 


Lmao a E eee , 
Pami e a GM EEE i 
1.2.3... a ee e RK 


225. Required the development of @(a+dx+cx2+....). This, 
by Taylor’s theorem, is 


2 


gated’ a.x (bpest et ..) H a (b4-crferr?+t....jPt....g ih 


whence it is evident that, making aa c=d, &c. in the last problem, 
the coefficient of 2” is 


F Da - ge Ama § l 
Pi-i1@a+tPm—»oe—t.... P, nı oH iP. zn» ——.- 
eer Sia) t TE, oo DS M eM 


Tables may be provided to facilitate the formation of these coefficients, 
but in Arbogast’s method they are already formed.* Comparing the 
preceding expression with (214.), we see that 

Paani DA o Paa P20: te el DE Oe 


t 
226." We; have, however, gained by the preceding a method of form- 
ing or of verifying any derivative of a power of b independently of the 
rest. Take as an instance D5 b*. We have, therefore, to examine every 
way in which four numbers (0 included) can be put together to make 5 
The different ways are 


0005 0014 0023 O1i13 0122 1112. 


The letters which should have the indices 0, 1, 2, 3, 4, 5 are b,c, e, fi gs 


h. Observing what indices are repeated, we have for the terms of D b 
1.2.3.4 1.2.3.4 1.2.3.4 2.3.4 

*h, b? cg, b? e c? 
PRSA el” HTA Ta LITET 


1.2.3.4 Leos 
i 4 


eee se ee  * ee, 
NO a tg Mo 
which computed and put together give the same as in the table. 


227. The most simple form of the development of (a+bx+c¢2° 
At eee) 1S 


= As far as I have compared the methods of Arbogast with those of Hindenburg, 
this is always the case. ‘I'he tables of reference of the former method are one step 
more towards the solution than those of the latter. In other respects their powers 
are much the same, as far as developments are concerned. | 


— . 
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a+ Da.ctD2a®.2®+D a". at ...., 


where, when 2 is integer, the derivatives of a” may be formed directly 
from the table of b, by substituting a for b, b for c, c for e, &e. l 

From this it may be shown, that D” b" may be described as the 
coefficient of s” y” in the development of 1: (l—yr), $x standing for 


berpet... 


228. The last article has left us in possession of a result which 
belongs to the calculus of generating functions, which should be con- 
sidered as a sort of inverse method to the combinatorial analysis, though 
neither was originally set forth in connexion with the other, and either 
may have developments to which the corresponding parts of the other 
have not yet been investigated. Every mathematical method has its 
inverse, as truly, and for the same reason, as it is impossible to make a 
road from one town to another, without at thesame time making one 
from the second to the first. The combinatorial analysis is analysis by 
means of combinations; the calculus of generating functions is combina- 
tion by means of analysis. Thus, having observed (and the observation 
is common to both methods) that in (1+.)(1+2x)....2 factors, the 
coefficient of 27 must be the number of combinations of 7 out of n, the 
combinatorial analysis requires us to find that number, and thence to 
infer the coefficient of 27; the calculus of generating functions requires 
as to expand (1+.2)” by purely algebraical considerations, and from the 
oefhicient of x7 infers the number of ways in which 7 can be taken out 
f n. 


229. Let pt, expanded in powers of ¢, give aq+ta,ttal+t.... 
Then ġt being given, and also n, the coefficient of ¢” is implicitly given, 
nd is therefore a function of n. The function œt is then called the 
encrating function of a,, which is a function of n. Thus m:(l—)= 
n+-mit+tme?+.... or m:(1—?2) is the generating function of the con- 
tant m: again m:(1—?)=m+m?+mti+...., and is the gene- 
ating function of a function of n, which is =m for every even value of 
„ and =0 for every odd value. This function is m(1+(—1)"). The 
enerating function of n itself is ¢:(1—2)?; the generating function of 
nb, is made by adding or subtracting the generating functions of a, 
nd b. 

If dt generate a,, t*Pt generates a,_,; for in t*gé the coefficient of t” 
that of £~" in dé. Similarly,* t“*@t generates @.44. 

If ġt generate a,, and Wt generate b,, DEX We generates aobn +a b, + 
„e. +a bo If, then, 6,=1, or wt=1:(1—1), we find that of : (1—2) 
enerates dpa, +.... Han and tht: 1— t generates ao tdt oee Fari 
r Da,. 


230. The last remark enables us to pass to the generating function in 
1 infinite number of cases. Let us, for abbreviation, express @)+ abt 
d,2+&c. by (a,@,d,....). Then, for instance, 1+¢+¢@ generates 
ty ky O20. Re .), consequently (1 ++ t)i: (1—?) generates (0, 0-+1, 
Let. Os ae Pal sel dO ok OR C0, ly 2y8, e): 
gain, 1+¢ generates (1,1,0,0....), (1+é):(1—@) generates 


* The student should now look through the various developments which have 
en made, and should describe each in the language of generating functions. 
Z 


O 
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(1. 2,2, Deexe)s therefore (1 +t) : (1— t)” generates (1.37.09 TS 
and (1+4) : (1 — t)? generates (1, 4, 9,16....). 

If pt generate Qn, dt: (1—22) generates d,+G,21 +++%9 ending — 
with a when n is even, and with a, when n is odd. Find what 
dt: (1 — t”) generates. 


231. If pt generate a,, whatever function of a, wt xt generates, 
it is obvious that ytx (wt. pt) generates the same function of the new | 
coefficients. If, then, we find that a certain operation on a, is gene- 
rated by Wl.pt, we know that the same operation repeated on the 
results, and so on, until it has been repeated n times, will be generated 
by (wt)".pé. This may be exemplified as follows. Let the operation 
in question be @,41—@ns which call Aa,, and let Aa,,,—Ad, be A®a,, as 
usual. The generating function of ap,,ı— a, is (E '— 1). pt, whence that 
of A*a, is ((*—1)* pt. But 


k—1 
(£1) pitt pt- kt pt + RS 1° dt—. e., 


of which "ot generates Gnizy kt-*- gt generates kanye- and so on, 
But when two functions are identical they must generate the same 
function, since no function of ¢ can be expanded in whole and positive 
powers of ¢ in two different ways. Hence 


— 1 


9 On+-k—2 se ee9 


A" Ong Appr — Ränge- t K 
as already known. Again 
—|] 
fea (ltt—1ra1t+k (to '-1) +k fae (ae Pea 


Multiply by ¢f, infer the equality of the generated from that of the’ 
generating functions, and we have | 


k—1 
Anyk än FRAG, t k > A? dy Pees 


which is also known. Let 1:t=y, and assume y=2+2Xy;5 then, a: 
in p. 170, ys=2"+ xz. het ew +...., or substituting values for y and 4 
r —1__}\2 


ps d 
p=" (x2. kz) Ma ts a (OC) L Ea Tennes 


Let z=1, multiply by ọt, and let’P,, Po, &c. be the values of yz k27 
&c., when z=1. Again, let (yt) ht, (yb) DL, &c, generat 
X, ay Xo, n Crs: then, inferring as before, we have 


l. 1 
lnt+k = aa +P, AX, n t 9 Pe A? Xo, nT 53 P; A? Xz, ra eee 
For instance, let yy=y’, then 
q@— 
ee fem ket = [mr tk, m+k-m+ LpReorte, 


and (f-"y~™ .@t generates An-mr° Consequently (z=1) 
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2rt+tk—] 
Antr = lln T kAa,_, + k as; ae At», 


3r+k—1 3r+k—?2 
o 


According to analogy A-'a, denotes xa, But the generating function 


‘of A~ a, should be (f'—1) ot, and we have already shown that this 
(is the generating function of Xa, 


+h A, a ROS 


232. To show the application of the calculus of generating functions 
to a question of combinations, we propose the following question ; in how 
many different ways* may the number p be made up of lesser numbers, 
no one of which falls short of n. If we take the quantity 27+ 77+! 
+... adinf., and raise it to the kth power, it is plain that 2 enters once 
for every way in which p can be made upof k numbers, no one of which 
is less than n. If, then, we take 


i ie OP OO (ae Sy ee Pra batt... Pt... ad inf. 


x’ enters once for every way in which p can be made up of 1, 2,3, &c. 
numbers, no one of which is less than n. But A+A’... 
=A :(1—A ), consequently the number required is the coefficient of x? 
in the development of 


m 


K ad SE ai S t”: (1—2x) q” 
ae ee ey Or ee. ; 
lepe paaa) Cr re Cy eaa 

y” q” vr ae" 


But 


l—v—a" ie, ea): Paea" iia 
the Ath term of which is 2*"(1—2x)-*, and when developed contains 
a as long as kn is less than (or not greater than) p. The co- 
efficient of z? in the development of a* (1—«)™ is that of x?-™ in 
(l—x)™, or 
[k, k+p—kn—1] 

[p— kn] 


Let then p:n give a quotient q, (neglecting the remainder,) and 
‘he answer required is, q terms of the following series, 


! [1,p—n] [2, p—2n+1] [3, p—3n+2] 

i [p—n] | [p—2n] [p—3n] Tats 
—3 l — 3n 

Eo dge e e 


‘or example, in how many ways can 11 be made out of numbers, no 
ne of which is less than 2? Here P=11, n=2, q=5, and the 
nswer is 
148 ree ieee 2.3.4.5 
: 2 2.3 2.3.4 


‘hese 55 ways are 11; 9+2, 8+3, 7+4, 6+5, each in two ways ; 


sor 55; 


* This counts different orders as different ways: thus 3+3+4 and 3443 are, 
i this problem, different ways of making 10, 


Z2 


le 
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7T+24+2, 51343, 34+4+4, each in three ways; 64+34+2,5444 2, 
each in 6 ways; 94+24344 in 12 ways; 9434343 and 24242+5, 
each in 4 ways; 2+242+42-+5, m 5 ways; 55 in all. 


233. It is sufficiently evident that two functions which are the same 
in different forms must generate the same function, it may be also in 
different forms. Thus (#+4¢%+2°):(1—2)* generates n”, or the co- 
efficient of 2” is n®. If we decompose the preceding fraction into three, 
the first will be found to generate [n, n+2]:2.3, the second 4 [n— 1, 
n+1]:2.3, and the third [n—2, 7]: 2.3, the sum of which is 7°. 

But the converse is not necessarily true, unless it happen that all the 
different forms of the generating function are made to commence from 
the same power of ¢. For though we call aot+aitta ë” +t... the 
generating function of @,, yet a_, t tata, Aa AA a is also the 
generating function of the same, with one more term, and at + at... 
with one term less. When, therefore, the equality of two generated 
functions is asserted, ' that of the generating functions can only be 
inferred when they are made to begin with the same power of ¢. ‘The 
following problem will illustrate this. 

Required the function a,, which has the property of being equal to 
Qn yt,» If ot be the generating function of a,, (beginning with do, ) 
tpt is that of a,_,, and Ept that of a; whence tpt+ťġt is that of 
dait Gyo, but it begins with a, t+ (atao) E+...» Hence we have 
dt—a,—a, t= tht + Upt—ayt, or 


a(1—t) Hat f {2 {4 | 
{= —— amm] G} l a — 1- e.. o 
? Lise Or Pie eee 
ee oe ae 
aes cea 


by a process similar to that in the last article, the coefficient of ¢ in this 
development, or the value of a,, will be found to be 
l1, n—2] [2,n—3 3, n —4 
„ [a2 Baa Baa) 
[n—2] [n— 4] [n— 6] 


a | e 
E [2»—1] [n— 83] kiji 


the number of terms in the coefficient of do being 4n or §(n—1), 
according as 2 is even or odd, and the number in that of a, being $n or 
3 (n+1). And a, and a, may be taken at pleasure. Also, if in the 
preceding notation [0] appears in the denominator, the whole term 1s 
unity. 

For example, a, should be 


2 


1.2.3 2), {12.8.4 23 eaba 
119.3 TIS 11.23.4138" ede 
which is easily verified, since the terms are a, Uy @2=@,;+d, = 
2a, +do, 4,= 8a, +20, a, = 34 +340. 


34] 


CHAPTER XIV, 
APPLICATION TO GEOMETRY* OF TWO DIMENSIONS. 


THE applications of the Differential and Integral Calculus to geometry 
are twofold in character. ‘Those of the first kind are such as simply 
require the algebraical treatment of a geometrical question, and make 
use of the Differential Calculus in aid of the algebraical treatment. 
Thus a question of geometry might give œ (a+h) as the answer, and ¢a 
being already known, and 4 small, it may be convenient to calculate an 
approximate result by applying our rules, (not so much to the geometry 
of the question as to the algebra which it is found convenient to employ 
in the solution,) and by using da+¢’a.h. All the geometrical questions 
of maxima and minima in pages 296—303 fall under this head: and jn 
this sense all the applications of our science hitherto made to algebra 
are also applications to every science in which algebra can be made 
useful. The second, and more direct application of the science of 
geometry, consists in the furmation of a body of general rules, by which 
the differential relations of space are treated; and in which, though the 
application is made through algebra, it is not the formation of isolated 
results, but of general precepts, which is the main object of the appli- 
cation. In this point of view we have to consider successively geometry 
of two and of three dimensions. 

I suppose the student to be familiar with the method of coordinates, 
the distinction of positive and negative coordinates, the equations of the 
straight line and of the conic sections. But as the general relations of 
sign are imperfectly treated in elementary works, and as the perception 
of the universality of the results and precepts to which we shall come 
depends upon a thorough acquaintance with this part of the subject, I 
propose to begin this chapter by supplying the necessary considerations. 


Phe directions OX and OX’ are the positive and negative directions of 
the abscissa; OY and OY’ of the ordinate. The positive direction of 
‘evolution round OP is from OX to OX again, through OY, OX’, Oy’, 
is marked by the arrows in the left hand diagram. Take any point P: 
he line OP has no sign in itself, but according as one or the other sien 


* Jt is not my intention in thrs chapter to dwell on any matter which belongs to 
he simple application of algebra to geometry, and which can be found in the 
reatise on that subject. This treatise will be referred to by the initial letters A, G. ; 
hus, (A. G. 100) means the 160th article. 


Sa a ee ae ee 
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is given to OP, all lines passing through P divide into two directions 
with different signs. And the rule for assigning the signs is this: if P 
were to move along a line drawn through OP, in one direction of motion 
OP would revolve positively, and in the other negatively; when OP is 
positivé, the positive direction is that in which OP revolves positively 
when P moves in that direction; when PO is negative the positive 
direction is that in which OP revolves negatively when P moves in that 
direction. Or, the positive direction on any line is that in which OP 
and the direction of revolution have the same names; the negative 
direction, that im which they have different names. The preceding 
diagrams contain various instances, all on the supposition that OP is 
positive. 

If a line move parallel to itself, its directions retain their signs until it 
crosses the origin O, when, if OP retain the same sign, the signs of the 
directions change. But if OP change sign when the lines travel 
through the origin, the directions do not change sign. At the moment 
when the change of sign takes place, there is, as before, no sign except 
an arbitrary one. 

The angle made by a line with an axis is in all cases to be found by 
drawing through the origin a parallel to its positive direction, and 
measuring the angle made by that parallel with the axis in the positive 
direction of revolution. Thus, if OP be positive, the angle* made by the 
line drawn through P is XOM, greater than two 
right angles; but if OP be negative it is XON. 

The angle made by two lines may be con- 
sidered as positive or negative, according as one or | 
the other is mentioned first. Thus,if OA and OB 
make angles a and p with the positive side of the 
axis of X, then a—j should be called the angle 
made by OA with OB, and B—a the angle made 
by OB with OA. It is, however, possible to 
make the distinction between the angle of OB with OA, and that of 
OA with OB, as follows. Let the angle made by OA with OB be that 
made by passing from OA tu OB by revolution in the negative direction. 
In this manner the angle of OB with OA, made by passing from OB to, 
OA in the negative direction is 2r—8O, if that of OA with OB be 0: 
and 2—9 has all the properties of —0. If, however, we allow the 
second method, it must be kept in mind that results may be greater by 
2m than they would be in the first. I shall use the first method. 

. We gain by the preceding definitions not only the power of repre- 
senting the relations of direction by simple and universal theorems,t 


* It may be useful to notice that when a line cuts a triangle out of the first 
quarter of space, the angle it makes with the axis of x lies between one and two 
right angles ; out of the second, between two and three ; out of the third, between 
three and four; and out of the fourth, between four and five, (or an anyle less than: 
one right angle. ) 

+t Since the angle made by a line is that made by the positive side of it with oe 
axis of x, conversely, negative radii are to be measured in the direction opposite to 
the lines bounding the angles which belong to them; that is, if r=¢4 be the polar. 
equation to a curve, whenever 4 is negative, the line which has traced out the 
angle 4 is not the direction of r, but the opposite. Owing to the neglect of this 
extension, the spiral of Archimedes has only half its convolutions, and r=a+66+c? 
would frequently loose a loop. The reciprocal spiral also has only half its convolu- 
tions; as it is usually given, it presents the anomaly of a curve which has a linear 
asymptote, with only one branch approximating to it; and what is still more strange, 
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but also that of giving demonstrations as general as the theorems them- 
selves. I shall first show, by one or two separate cases, the universality 
of a certain theorem, and shall then prove it generally. 

A straight line, YX, making with the axis of x an angle p, is cut by 
OP, making an angle @ with the same. Again, YX makes with OP an 
angle u. Required the relation which exists between /3, 0, and u. Two 
positions of the line XY are given, the first cutting a triangle out of the 
first quarter of space, the second out of the fourth. In the first, OP 
falls within the triangle cut out, but not in the second. 

In the first case, © is XOA, and 9 is 
XOP, while u the angle of OA with OP is 
XOA—XOP, or —9, or p=f-8. | 
Again, in the second case, B is XOB, 
and O is XOP, (greater than two right 
angles,) while u, the angle of OB with 
OP, is XOB—XOP or B—8, as before, 
being now negative. 

The general proposition, which in fact 
answers to that in Euclid relative to the 
sum of all the angles of a polygon, is as 
follows. If A, B, C, D....M,N represent the n sides of any polygon, 
then the sum of the angles made by A with B, B with C....M with 
N, and N with A, is equal to nothing, provided that the above con- 
ventions with regard to the angles be strictly observed. Forif «, 6, y 
-e -H V be the angles made by the sides with the axis of X severally, 
then by definition the angles above described are 2—-/, B—y.... 
pe—v, v—a, the sum of which is obviously equal to nothing. If, then, 


in the above we denote YX by T, OP by R, and OX by X, and if by 
AB we mean the angle made by A with B, we have 


B=TX, 0=RX, p=TR, XT+TRLRK=0, 
XT= —TX,=—f, whence — B+ u+ 890=0, or p= 6—09. 


We shall always, unless where the contrary is specified, consider OP 
as having a positive sign. We now proceed to establish those differential 
relations between the different coordinates of a point, on which much of 
the subject depends. 


az The coordinates ON and NP of the point P are 
x and y, its radius vector OP is r, and the angle of 
OP and z (which in our figure is PON) is 6. The 
line PT, usually the tangent of a curve passing 
through P, makes an angle 6 with the axis of a, 
and u with OP. In our figure / is equal to PTN, 
and u 1s equal to OPT. Let u stand for 1:7, the 
reciprocal of r. And as we are at first only con- 
sidering mathematical consequences, without refer- 
ence to the geometrical considerations from which the premises are 
derived, we shall introduce several suppositions which here merely 
denote abbreviations, and point out at a future time why these particular 
abbreviations become useful. 


the curve whose equation is ,/(2?+-y?).tan-!(y:a)=1, has an infinite number of 
folds which are not found in rf=1, 
1 


R= ee E S E N AE L E EEE E E 
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Let x and y be both functions of some variable t, (in mechanics it | 
stands for the time at which the point is at P, or the number of seconds 
measured from some given epoch,) and let all differentiations be made- 
relatively to £ Instead of diff. co. write differentials: thus, when I say 
ds is to stand for ,/(dz?-+-dy*), I mean that s is to be such another 
function of ¢ that 


ds aa . Cap ds dy? 

— = (Gre ‘ o Ba, [1+ : 

dé N \dE de, dx da? 
the latter if y be expressed in terms of v. Again, let p be the abbrevia- 
l ds ds dp , 7 
tion of — or aise Finally, let a perpendicular from O upon PT. 

djs dt dt i 

be called p, and let it make with the axis of v an angle w. Let p,. 
which being drawn through O has no sign but an arbitrary one, have a 


dy dy dx 
yositive sien. Also let PT be so drawn that tan p=, or —:—. 
l s p dx’ dt dt 
Our symbols, then, are as follows : 

x, one coordinate of P. 8, an angle so taken that tan P= 


y, the other coordinate. 
t, an implied independent varia- 
ble, of which v and y are 


d A 
4 also the angle PT x. 
dx | 


AN 
functions. p, the angle PT 7, 
r, the radius vector OP. p, the perpendicular* from O on 
u, the reciprocal of r. . 
0, the angle of rz. w, the angle px. , 


s, derived from ds=,/(dx?+dy’). 


ont as k 
p, abbreviation of —. 
5 pP 


The following equations follow immediately : a 
Ang ATE a . 
p=P—9 w=P+—>. (rejecting 2r if necessary.) 


The first has been already proved; the second follows thus: 


N 


p r+. PT+ PTp=0, or paz — PT 2—pPT =0, 
paexPTa+p PT, or w= p+. 


To find the internal angle POK of the triangle POK, we have, when the 


angles are measured by our conventions, pr=p r—re=o—o. And 
the angle, as to magnitude and independently of sign, must be either 
POK of the triangle, or the difference between the latter and four right 
angles. In all these cases cos POK im the triangle is the same as cos 
(a —6). Hence we have p=rcos(w—6). If we now collect these 
equations, and add to them some others which are very evident, and 


ry bd ° . A . 
* It will be found that according to the conventions laid down p PT is always 
, Sr r r , 
three right angles, =, or — z, and not = as might be supposed. 
ood æ a 


| 

| 

| 
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= also those by which s, 3, and p arc introduced, we have the following 
list. 


(1.) w=rcos 0. | (6.) p=fhp—o, 
(2) y=rsm 0. | 3r 
Desp 
(3.) r= (244°) | GJ oO] a 
ans” (8.) tan 6 = iy 
x . fu 
(5.) p=r cos (w— 0) (9.) B 
= a: 
| | dp 


We now proceed to find differential relations, all with respect to z 


adr 
9 ae by dx, &e. 
dl? 


3 


E 
meaning zy by dr 
aL 


= ge 


(1+tan’6) d0 = , or Pdb=xly—ydx (11.) 


dr iiy -dy ax 


(1+ tan?) d3 = u ds* dp = da dy—dy dx (12) 
o dè ds? (dx? + dy?) i: 
ods, dp dx @y—dy dx “de di y— dy dx ee) 
» d 2 , L 2 
| l cos p= sin p= (14.) 
tan /3— tan 0 rdy—yde  7°d0 dO 
| tan p= oe ae oy ee er ee e e (15.) 
I+tanptan@ adr+ydy \ rdr dr 
dx= cos 6dr—r sin 6 dé, 16 
a a= cos 0 d*r—2 sin 0 dO dr— r cos 0 do°—r sin 8 d9 (16.) 
dy=sin 6 dr-+-r cos 6 d9, 17 
a) y==sin 6 dr +2 cos 6 d0 dr—r sin 8 d? +r cos 6 d°6 Q7.) 


rdr=rdr+ydy r&r+driaaxdxt+ yoy +de -+ dy? (18.) 


“rom (9.), (16.), and (17.) ds =dr? +r d9? (19.) 
from (19.) and (18.)  rd@’r—7°d@’= rx tHydy (20.) 
| ds ds=dx d’x+ dy Cy=dr Cr +rdr d +72d6 d0 (21.) 
from (15.) and (19.) sin? per f”, costut (22.) 
i 9.) and (19.) sin? w=? —, cos? n= —- 23. 
ae (15.) anc m 7 ge COSH TR 

i 3 

rom (6.) and (7.) B—-O= >r+h, cos (@—I)=sin p (23.) 
| dð xdy—yda 

: 3.), (22. ), and (23. = = 24. 
aoe (5.), (22.), and (23.) p= L T (24.) 
| l l TE 

l 24. —= — — 20. 
Tom (19.) and (24.) r J- Te (25.) 


A 


O O 
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ds (ad d?x)—(ad dx) d*s dls 
From (24.) dp= a OLD fam oe la 


ds? 
_ (d+ dy’) (edy—yd’x) — (xdy— ydr) (da d’x-+ dy dy) (269 
= aa Ra 40. 
ee (dx @y—dy dx) (rdx + ydy) _ Tdr a ig tf 
ds? eres ’ Pst dp 
odr? oredr’: 0” dp 
=p =r sin? p= cos’ =r —, FE an de , 
d 2 (27.) 
But, (7.) dpizdo, or do’ = ap - 
r—Pp 
For r write 1: u, and we have the following transformations : 
: dÊ Od 2 
dr d=% CT mia Doo (28.) 
u u u 
du : 
(18.) becomes xdr +ydy= E (29.) 
(19.) becomes d? =u™* (du? + w'dé") (30.) 
ack ~ du’ 
(25.) becomes B 7 — =u’ + (31.) 
dp _ du d0 d’u—du de 
The last gives E =udu- iene aes 
a Ges „du (udo? +dod’u—du d'O) | 
p= P d9? ° : 


Divide rdr, or — du: u’, by dp, putting for p” its value from (31. ), or 
(u? de® + du?) ? dè; and _ 
a = (u? (w? d? + di’)* (32) 
dp u® (ud + ddd’u—du 0) = 


The preceding equations will admit of any quantity being taken as 
the independent variable, and are given in order that the complete 
relations may be first exhibited. ‘They are also useful in their most 
general form: thus, in dynamics, where a material point is in motion, 
acted on by forces, the question always is, at what time from the begin- 
ning of the motion will the moving point have a given position. Here 
the “object is to express every coordinate as a function of that time; if, 
then, ¢ be the time from the commencement of the motion, equation 
(20.) would be expressed by diff. co. thus, 


Pr dy dr f/f de” 
TET Ge! ae Gi) , 


The independent variables most commonly used in purely geometrical 
questions are <, 0, ands. If the first be used; that is, if =a, we finc 


O— 


d’ 
d°x=0, or =, and this gives ` 
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a 
a) 


_ (dr + dy’)? | dx 
T drey ` d’y 
da? 


» from (13.) 


If 6 be the independent variable, we have d?9=0, and 


3. 
2 


u” l 
f 


— <, from (32.) 


f du^? 

6 9 3. TIA + 

_ (dtd)? de ) 

° ë (udb + dodu) — of Ču 
“(Je ) 


If s be the independent variable, we have from (21.) de d'x+ dydy 
= 0, or 


ae {e , 2 2: 
de dy — dy Pr=dzx dy + dy A ao n) 


dx dx 
fee ahs P __ ds’ d'a 
dy 
dB @y dy ,dr_ &@ dx dy 


eT 


ds ~ dz.ds~ ds? * ds ~ dy.ds ~ ds? ds 
dx , dy dy ,@x 
ds “ds? ds ` ds® 


These differential relations are those which will be of most use 
n our future operations: and the more the student considers them by 
hemselves, as simple deductions from the relations which exist between 
he coordinates, the better will he distinguish between the analytical 
art of a problem, and the geometrical or mechanical considerations to 
‘hich the analysis is applied. Thus he will afterwards learn that s is 
ne arc of a curve, or he may remember the result of page 140; but, in 
ie mean time, it will be clear that the function s may be considered 
imply as a function of x and y, the expression of which by a distinct 
ymbol will facilitate the formation of simple relations. 

The equation of a curve is generally written in the form y=¢r, but 
xe more general form Y (2, y)=0 is frequently used, and requires some 
sideration, The circumstance which needs notice is this, that the 
juation %=0 mav in reality belong to two or more distinct curves, 
ossessing no property in common. If P=0, Q=0, R=0, be the 
juations of distinct curves, then PQR=0 is satisfied by either of the 
ree, and belongs therefore to all three. Thus y*—2°=0 is either 
+x=0, or y—a==0, and belongs to either of two straight lines. 
ut y°—az =a" is the equation of an hyperbola, of which the preceding 
raight lines are asymptotes, and as a diminishes, the hyperbola ap- 
‘oaches without limit to coincidence with the asymptotes, in which it is 
ially lost when a=0. See page 215. Similarly, the equation PQR=a 
longs to a continuous curve having different branches, which branches, 
hen a diminishes without limit, approach without limit to coincidence 
th the curves denoted by P=0, Q=0, R=O. But even when we 
nsider the equation PQR=0, we can trace the properties of either 
rve, or, as we should say with reference to this equation, of either 


a 


348 DIFFERENTIAL AND INTEGRAL CALCULUS. 


branch of the curve: bearing in mind (page 52) that when an incre- 
ment is given to x, the ordinates corresponding to x and x+ Ar must be 
taken upon the same branch. 

As an instance, let us propose the equation (y—#)(y’—z) =0, which 
belongs to a straight line passing through the origin, and equally inclined | 
to x and y, and also to a parabola whose latus rectum is the linear unit. 
The developed equation is y°—a«y’—xry+2°=0, in which, unless we. 
knew of the derivation, we should never suppose that two distinct curves 
were involved. From it we find 


2 a 
oY op l p 5 dy _ Py 2e 
dæ 3y? —2ry— t 


which is ambiguous in value, since y is ambiguous in value. Put y=a, 
and the diff. co. becomes a” — x—(?— x), or 1, as should follow frum 
yr. Put y=a, and it becomes (+./4r—27)~—(4 2u,f/r+ 22x), whichis 
+1—+2,/z, as should follow from y’=2. The only difficulty that can 
arise, Is when the point in question les on the intersection of two 
different branches: but of this, as we shall immediately proceed to show, 
we are warned by the appearance of the diff. co. in the form 0—0. 
Let PQ=0 be the equation of such a two-fold system. This gives 


dQ dP 


P — i Q G 

dQ dQ 4 dP dP dy dy dx ‘dx 
2| — p = =d i = ot _-_; 
(G+ dy dx, +Q (F4 dy dx / TE dx p dQ dp’ 
dy dy 


which, if P=0 and Q=0 at the same time, takes the form 0+-0. We 
shall presently see more of this point. | 

What then, it may be asked, is it which distinguishes one curve from 
another, since an equation between coordinates may belong to any and all 
of twenty curves? In reply to this, we must first ask what is meant by 
one curve and another in the question? The eye will not distinguish 
with certainty, nor do common notions drawn from inspection of curves 
always prove sufficient. A person accustomed to consider only the 
conic sections would always regard a complete oval as a finished curve: 
nevertheless, it often happens that one equation of the form > (x, y)=0. 
which cannot be separated into factors, yet belongs to two ovals, or more. 
The proper answer to the question is, that, as far as the eye is concerned. 
all distinct branches must be reckoned as different curves: thus the two 
- branches of an hyperbola are considered as distinct, and we know that 
before the application of analysis they were not called opposite branche: 
of one hyperbola, but opposite hyperbolas. But if we reply with 
reference to analytical considerations, we answer, that, by convention. 
PQ=0 is only to be considered as representing one curve, when P and 
Q are really obtained by performing the same operations, the difference 
arising from the different results which ambiguous operations afford, il 
being understood that the operations which are ambiguous are ultimate 
forms, or not reducible algebraically. Thus y= 2 gives y= +2” anc 
y==—,/a*; but these are considered as different curves,” since the sigt 
of ambiguity may be made to disappear, giving yoo+a and y=—2 


* The term curve, in analysis, means a continuous line or collection of lines. Thu 
the straight line is included under the term. 
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But y*= x gives y= +./v aud y= — Jz, which are not further reducible; 
and the equations are considered as representing different branches of the 
same curve. 

I now proceed to consider the circumstances which attend the con- 
facts and intersections of curves. The terms contact and intersection 
convey distinct and well-known notions, and the word cvincidence may 
stand for both. Say that there is a coincidence when two curves have a 
oint in common: let y=Pe and y=wWe be the equations of these 
curves, and let the coincidence take place when x=a, or let pa=wa., 
Let the point of coincidence be a singular point on neither curve, and 
et x become a+h, giving @(a+h) and w (a+h) as the ordinates, and 
b(a+hk)—wW(a+h) as the deflection (QR) of one curve from the 
ther, measured parallel to y, at the departure h (or NH) from the 
oincidence, measured parallel to x. This deflection we have expressed 
as meant to be positive when the curve @ falls above w, 
as expressed in both cases of the figure drawn. 

First, let no diff. co. be infinite: then the deflection 
may be written 


(Pa— ya, or 0) +(P'a—w'a) h 
+1 ¢"(at6h)—w"' (at Ape, 


here 6 and ¢ are less than 1. If Ø'a and Wa be not equal, this 
eflection, when # is diminished without limit, bears to the departure a 
tio which approximates without limit to that of ¢’@—w’'a to 1; that is, 
ie ratio of QR to NH hasa finite limit. And since the first significant 
rm of the deflection may be made greater than the second, by 
ficiently diminishing A, it follows that the sign of the deflection and that 
h change together ; so that if ọ were above w when h was positive, d 
ill be below % when A is negative. This coincidence, then, is inter- 
ction, and intersection without contact; the term contact being 
served to signify coincidence, whether with or without intersection, in 
hich the ratio of QR to NH diminishes witkout limit. 

Now let ¢’a=y'a: the deflection may then be represented by 


Ga—Ya, or 0) + ('a—y'a, or O)h-+ (g'a—y"a) = 


2 
fl 


Hip” (a+ 6h)—y" (ateh)} z; 


lence, if ¢”a and wa be unequal, it appears that the deflection pre- 
‘ves a finite’ ratio to the (departure)’, and diminishes without limit as 
mpared with the departure: also that the deflection does not change 
sign, so that there is no intersection, but only a common geometrical 


tact. ‘This is called a contact of the first order. Similarly, if 
3 


—w'a. the first ter f the deflection i ut rig and the 
a=W'a, the first term ot the deflection 1s (@"a—wW'"a zg 


lection preserves a finite ratio to (departure)’, and diminishes without 
ut, as compared with (dep.) and (dep.)*. And here, though the 
ncidence is of a closer order than in the preceding case, there is an 
ersection: this is called a contact of the second order. Proceeding 
his way, we find that when two curves have a point of coincidence 


i E eS E ee 
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for which n (and no more) diff. co. of the ordinates are the same, the 
deflection has a finite ratio to (departure)"*’, and diminishes without 
limit as compared with all lower powers; and this is called a contact of 
the nth order. In contact of an even order only, there is intersection. 
And if two curves have contact of different orders with a third, then 
that which has the higher order of contact approaches infinitely nearer 
to the third than that which has the lower. 

I leave the following theorems for exercise, as they will be very easily 
proved. If two curves, (A) and (B), have contact of the mth order with 
(C), they have at least that contact with each other. If (A) and (B). 
have contacts of the mth and nth order with (C), they have with each, 
other at least the lowest of these two orders of contact. Next, let us 
suppose that two curves have a coincidence at which n diff. co. are 
finite, and are the same in both, but let "ta be infinite. Then 
(page 182 and 327) for a large class of cases 


n 


y (ath)=Wa+wlah+....+ ya 


ht 
nee P 
Aes ENR a x (ath), 


where p lies between n and n+1. Hence, if Taylor’s theorem can be 
applied to y (a+/), the deflection is 


ht? i 
n+l p n42 
g+! amry Ka+ aO) 


n+2 


l 
Ads NA2 


—y' (a+h) het, 


in which A? is the lowest power of p, and the contact ‘might, by analogy, 
be said to be of the order p—1, a fraction between n and n—1. It is not 
necessary here todo more than hint at the peculiarities of the contacts 
which take place at the singular points of curves. i 

Returning to the case of points which present no singularity, we see at 
once that no curve can pass between two others, all three having a 
common coincidence, unless the intermediate curve make with each of: 
the others a contact of at least the same order as they have with one 
another. Weare thus enabled to find the closest line of a given species 
which can be drawn through a given point of a given curve. Whatever} 
arbitrary constants exist in the equation of the given species, take theirs 
values so as to make as many diff. co. as possible the same in the two» 
curves, taking care first to satisfy the condition that the two curves 
coincide in one point. 

. What is the closest straight line which can ‘be drawn coinciding with a 
curve whose equation is y@z, at the point whose coordinates are a 
and da? | 

The general equation of the straight line is y=pr+q, and the 
coincidence requires pa=pa +q or y—pa=p (x—a). Now Y =p, 
which must be the same both in the line and curve: whence y—¢a= 
¢'a (x—a) is the equation of the line. This line makes with the axis of 


, d , , 
x an angle whose tangent is ¢’a, or the value of “e at the given pomt: 


whence we see that the line deduced in page 137 as being best calcu- 
lated to mark the direction of the curve at any point, is also the closest 
straight line which can be drawn. We also see that the contact can 
only be of the first order, generally speaking. This line is the tangent of 
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the curve. ` If, however, it should happen that = is Infinite at the given 
y 


point, the preceding proof is not complete. In such a case, change the 
investigation so that the axis of y (that was) shall be the new axis of L, 
and vice versa. It will then appear that the closest line is parallel to 
the new axis of 2; that is, perpendicular to the old one. 

Relatively to this change of axes, the investigation of the following 
generalization will be a useful exercise. 

Let the axes be changed so that the new axis of x makes an angle w 
with the old one, and let 2’ and y’ be the new coordinates of the point 
whose old coordinates were x and y. Then 


r= cosw—y’ sin w L =Y SIN w- L COS w 


Y =V SM wF Y’ COS w Y =Y COs w— T SİN w 


x dx dy . dy, 
-—. == 1, or | cosw-+ -= sinw ){ cos TE Si =] 
de dx da char! 


dy (dy! dy! 
ap =m ($ + tan o) +(1 ~ ae! tan o) 


sd =(¢ — tan w me a ad tan o. 
{ U odg / 


Py ey! dy. 3 dy' dy dy 3 
72 Fy -H cos t0 — aa Sım o ) 9 dr? =r (cos w- re sin v) $ 


It being proved that, generally speaking, the tangent has no more 
han a contact of the first order with the curve, required the insulated 
joints, if any, at which a higher order of contact is possible. The suc- 
essive diff. co. in the straight line after the first are =0; consequently, 
t a point in the curve at which ¢”x=0 there is a contact of at least the 
econd order with the tangent; when $”’r=0 of at least the third order, 
nd so on. 

For example, it is required to draw the tangent at a given point of an 
lipse, and to ascertain those points at which the contact is of a higher 
rder than the first. Taking the centre as the origin and the principal 
ameter as the axes of x (a and b being the semiaxes) we have 


x Y 2 ydy 1 ld’ y dy 
Be pee as hfe gas eg ae ge G 
a? b a OB dx we Pd bB dz? 
dy Bx 7 b v d*y ab 
de dy a Jena da (@—a2)? 


here — or + is used according as + or — is used in forming the 
lue of y. The first shows the tangent of the angle at which the tan- 
nt is to be inclined to the axis of 2, and the second, which never 
nishes, shows that there is no point in an ellipse at which the tangent 
s a contact of a higher order than the first. If £ and 7 be the co- 
dinates of any point in the tangent, the equation of the tangent is 


b*x x ? 
ae an (§—2z), or = +5=1. (A. G. 111.) 


We have here changed our notation. In what precedes, æ and da 


O uM 
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were the coordinates of a given point in the curve, and x and y the co- 
ordinates of an arbitrary point in the tangent. In future, x and y are 
the coordinates of a given point of contact in the curve, and ¢ and y | 
those of an arbitrary point in the tangent. 

To exhibit the equation of the “tangent, that of the curve being | 
w(xr,y)=c. We know that 


le dyd d 
E = =0, whence y= (Ea) becomes 


dw. ad d ol 
dx dy dx dy 


If p bea homogeneous function of x and y of the mth degree, we have 
(pages 194, 205) n% or nc for the second side of the equation: butif y be 
made up of several homogeneous functions, M of the mth degree, N of 
the nth degree, &c. write mM+n2N-+.... for the second side. Thus 
for the cissoid of Diocles (A. G. 304.) 2ay’?— (ay’+-a°)=0, in which is a 
function of the second and of the third degree: the equation of the 
tangent is 


— (y? +32) -+ (4ay—2xy) n= 4ay—3 (ry? + 2") 


= = —2ay”. 


If there be only two functions; that is, if M+N=c, we have 
MM+nN=(m—n)M-+nce. The following are instances: 


Curve. Ay’ + Bey+Ca’+Dy+Er+F=0. 


Tangent. (By +2Ca+ E) E+ QAy+B2+D)7+Dy+Er+F=0. 
Curve. (A. G. 319.) y’+a°—5az* y’=0. 


Tangent. (52*—10axy?) £-+(5y'—10ax® y) n= 5a’ y’. 


The normal is a line perpendicular to the tangent, passing through 
the point of contact. Its equation, therefore, is 


=- (€—2), or t—2+ Y —y=0; 


which in the manner ae shown may be made 


= oie ae dy dw, dy dy 
OY) a ode a” dy” 


the equation of the curve sa given in the form Y (x,y) =0. 
The angle PTN having ¢’v for its tangent, y= 2 
being the equation of the curve, the value, as to 
magnitude, of the subtangent TN and the sub- 
normal NG are PN : tan PTN and PN x tan PTN, 
_ or dr: p'xandprxo'x. Asto sign, if we call them 
positive when they occupy such positions as in the 
corresponding diagram, we have this rule :—the 
subtangent and subnormal have always the same 
sion : positive, when ġx and ¢’z are of the same sign ; negative, when of 
different signs. The parts of the axis intercepted by the tangent are, as 
to magnitude, OT=x — (x: p'x) and OU=OT x tan PTN=2's—¢r. 
But the latter being here negative, should be represented by (x—2?’s; 
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and this expression will always represent OU, both in sign and 
magnitude. And if in the equation of the tangent we make 7=(0, and 
¿=0, we find the same, after writing gx and ¢/x for y and dy: dz. 
Similarly, OX= $242: $/a, OG=2+2 ¢'z, if UO and GP meet in H. 


The following expressions will often save trouble: 


Subtangent = —— a Subnormal = a5 co. y”. 
diff. co. log y 2 
Hence, in the exponential curve y==é™, there is a constant subtangent 5 
in the parabola, y*=cz, a constant subnormal. 
What is the curve in which the subnormal varies as a given power of 
the subtangent. Suppose 


l daN" Oe o cde | 
r yGae(y T). then T° atly aP er, nti ntl EC, 


n+l 
Na mta 
or =F) c?(x—=C) 2. 


€ 
$ 


A straight line moves in such a way that OU is a given function of 
OT; to what curve is that straight line constantly a tangent? IfUO 
be one function of OT, UO:OT or tan PTN is another ; let this be 
called p, then, p being a function of OT, OT is a function of p, and so 
is UO. Let UO, with its proper sign, be fp; then y=px+ Jp is the 
equation of the straight line: or, if we let £ and 7 be the coordinates of 
any point in it, 7=pé+fp. Compare this with the equation of the 
tangent to the curve, which it is always supposed to touch, and we have 
_dy dp dy 


da? dre da TPTI" ay 
Differentiate the last, and we have 


dp dy dy dy 
ln = = m g et n= =x. 
J dr dr dr |d? oE zs 


And the third then gives, substituting —f’p for z, 
y=— Pf P+ fP. 


Eliminate p between these two, and we have an equation between x and 
‘Y, the coordinates of a point in the required curve, which equation is 
therefore that of the curve. Or thus: the first and third equations give 


dy _ „(dy 2 (3 
ya tas), or yore ts fey 


a differential equation, already discussed in page 196. Its common 
solution, y=cæ+ fe, would only give the straight line with which we 
began, which certainly falls within the conditions of the problem, for 
we have but to assign a value to p, and let it retain that value, and the 
straight line so obtained is a tangent to itself at every point. The 
Singular solution derived from #+f’c==0 is precisely the equation to 
the curve in question, which is always touched by the moving straight 
line. 

i ZA 


| 
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A curve, whose equation is n=¢ (é, c), takes all the imaginable 
varieties which can be given to it by changes in the value of c. What 
is the curve to which it must always be a tangent? Let x and y be the 
coordinates of the point of contact, when @ is the value of c; then, since 
the point of contact is on both curves, y=¢ (x,a). But this last 
equation is not true of every point of the curve of contact, but only of its 
point of contact with the variety of the original curve in which c=a, 
and which has the equation n= (é,a). But if we were to allow the 
value of a to change with v, so that a should always represent the value 
of c in the individual curve which touches the curve of contact at the 
point (x, y), the equation y=¢ (x,a) would remain true throughout the 
curve of contact, and would be its equation: but a would be then a 
function of æ. What function of 2 is it? To determine this, observe 
that since every variety of n= (£,c) is somewhere in contact with the 
curve of contact, the value of dy: dé from this equation must be, at the 
point of contact, the same as the value of dy: dx from y= (2, a). 
Let $' (&,c) dy: dé, then, giving ġ the value 2, which it is to have at 
the point of contact, and c the value a, which it has in the particular 
case in which the point of contact has # and y for its coordinates, we 
have, for that case and at that point, dy: d&=q/ (a, a). To find dy: dx 
we must, in the equation y=4¢ (x, a), suppose a a function of æ in the 
manner above described, which gives 


dy dp | dp da dp da 


— Hi 
=> + — = 9! (e, a) t 
dx dr da dx 2) da dx’ 
dp . eai l dn 
for a formed from @ (v,a) gives precisely the same function as ae! 
aX 5 


from n=¢ (E, c), since @ in the first case, and c in the iatter, are con- 
stants. Equate dy:dé (or rather the particular case described) and 
dy : dx, which gives 
dp da dp da 
p' (2, a)=¢9' (a) + = =, 0 =0 


Pena 
da dx’ da dx 


Either, then, dọ: da, or da: d£=0 ; it cannot be the latter, since then a 
would be a constant: consequently, dp :da=0, which will give an 
equation between z and a, or will determine the function which a is of 
«x. Hence the following 

Turorem. ‘The curve which touches every curve that can be 
represented by y= @ (2, c), whatever may be the value of c, is found by 
substituting instead of the constant c a function of 2, obtained by 
equating to nothing the diff. co. of @ (a,c) with respect to c, and thence : 
determining c in terms of v. But this is (page 189) precisely the mode. $ 
of obtaining a singular solution to a differential equation whose ordinary 
solution is y==¢ (a,c). Hence, the singular solution to a diff. equ. 
connecting v and y is the equation to a curve which touches every curve 
whose equation is a case of the general solution made by giving one or 
another value to the constant of integration. 

The preceding demonstration will, I apprehend, be found diff- 
cult; but as the principles which it involves are of the utmost 
consequence in application, it is worth while to vary the form of the 
problem. 


—_— 
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Required the curve y=Wa which cuts all the 
curves contained in n= (é,c), made by giving 
different values to c, in such a manner that, at 


each point of intersection, there exists between 
ae d x, the relati 

—, Z, and z, the relation 

dé da’ f 


(dy dy So 
m e /, TC =O, 
o BDNF HK PAGE dae?) 
Let AB, CD, &c. be varieties* of n= (é,c), and let VW be the 
curve which makes the intersection in the manner required. Choose a 


case of ņn=¢ (é, c), say GH, and for that case let ca; that is, the 
equation of GH is n=@(é,a). Let P be the point in which VW cuts 


_ GH, and let x and y be its coordinates. Then because P is on GH, 


y=4 (x,a), but this equation is not true of any other point of VW, for, 
a remaining the same, if the point P should move, its coordinates still 


_ satisfying y= (x,a), it would move along PG or PH. But, if c=a’ 


where @ (x,a), ġ' (x,a), and d$:da are known functions of x and a, 


give the curve EF, intersecting VW in Q, and if when P moves to 


' Q, a were to change into a’, the equation y=¢ (a, a’) would be true of 


the coordinates of Q, which is on VW. If, then, @ were to be sucha 


function of x, that as y and x change on VW, a should always repre- 


sent the value of c which belongs to that case of n=¢ (&, c) through 
which VW is passing at the moment, it follows that y=@ (x,a) would 
be true at every point of VW; that is, would be the equation of VW. 
What function of 2, then, must a be? The value of dy: dé is ġ' (E,c), 
and in the curve GH, and at the point P of it, this is 9’ (x,a), exactly 
what would be obtained by differentiating @(2,a@), œ varying and a 
being constant. But to make an equation to VW, we must write for a 
a certain function of a, and we then have 

dy dp dọ da 


dx” dx ' dadx’ Ne 


dp da 
da dx 


SY =o! (2, a) + 


‘The required relation demands that 


re 
mG (x, a), Q' a od p(x, a), x, a )=0.. ae Oe oY 


da 


and therefore this is an equation between a, x, and da: dx, or a com- 
mon differential equation. If it can be integrated, the problem can be 
solved. 

For example, required a curve which cuts the species of curves whose 
2quation is n= (¢, c) always at the same angle, so that, at any pomt 
P, the angle of PL and PM, the tangents of the cutting curve and the 
curve of the species which passes through P,is a given angle «. If, then, 
3 ind 6! be the angles of these two tangents with the axis of 2, we have 


— d 1 
ay. tanp—tanf _ dn -U EE dy 
b— p'=«, ———_._.—_; =) = allo’, Or 5; —=tan « tis : 

1+ tan G.tan p dé dz dë dx 
‘his gives, by the preceding process, 
* The equation of a curve is confounded with the curve itself in the language 
sed; thus the curve y=.” means the curve whose equation is y=a*. Similarly, 


he point v, y means the point whose coordinates are x and y 
e 6) A 9 
m i 


| ’ 
F 
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do d ; 
TOOR ICORA AEE TOD COES a 
or tan æ {1+ (Ø (2, a) + - {p! (x,a) tang+1}=0.} 


This equation cannot be integrated generally, but we may try our 
method on any particular case. Let the species be that containing all 
the straight lines drawn through the origin, having the equation y=ar. 
Here $ (x, a) =ar, ¢' (x, a)=a, db: da= zx, and the preceding equation 
becomes 

da dz atana+l f 
tan æ {1+a*}+e Tr {atan e+ 1}ł}=0, ~ tan a= reg eee 
log x tan a= —log ,/(1+a*).tan e—tan“'a+C. 


We cannot find a in finite terms from this expression, which we should 
do, in order to substitute æ in y=ax. But the same end will be gained 
by substituting a (=y : x) from the second in the first, which will give 


Lr y? 
log v. tan a= iog EED ian æ — tan”? 4 C, 
i c 
or ] 2b 2) = tan™' = 
og a (air y') tan œ ne 


Writing © for C: tan œ, and using polar coordinates, we have 


6 
on ——- + C e e ae a 
poze tana’ which may be written r=Ch’, [e ee}; 


for ° is merely an arbitrary constant. This is the equation of the 


logarithmic spiral (A. G. 371.), which is now found to cut all the — 


radii at the same angle, and to be the only curve which does so. 

The preceding investigation would not have been altered in any 
respect if we had used polar coordinates. For it rests upon the suppo- 
sition that x and y determine a point, and that an equation between 
them determines a curve; nor is there any reference made to the par- 
ticular manner in which w and y determine the point: so that the 
investigation applies to any kind of coordinates. If, however, we had 
proceeded to the solution of this problem with polar coordinates, 
writing 0 for x, and 7 for y, in (f), we should have met with a difficulty 
which it will be worth while to dwell upon, 

The equation of a species of curves is /=(6',a), and a curve 
r= 0 is to cut all the individuals at an angle æ. Calling p and p the 
angles made by the tangents with the radius vector, we have, (page 
345), C=pt+6, P'=p' +9, Pp- P'=p— p’, and 


tan u — tan po! do, do do d&\ 
— =a, —— = t ‘yf —— — ,7/— 
BOE TF tan pe. tan po aR o T y d Fs Cd dr" Ty 
or r or 7 ee tal i r 
l de" do Nde do 


In this problem the angle œ is taken with'a sign contrary to that 
which it had in the last. Substituting for «æ the requisite function of 6’; 
we obtain from (f) the condition (remembering that r and 7’ are the 
same at the point of intersection) 


= 
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7’ a (= i stan a) (+ tea) rt 
dg’ di! da do!) de’ \ de’ da de’ , 

If we apply this to the particular case where r'=¢ (6’,a) is the 
equation of a straight line passing through the origin, we find 6’=a for 
that equation, since the permanence of the angle is the condition of the 
line in question, independently of the radius vector. By this we can- 
not express r, Let us then generalize the equation into r=k (0—4), 
which is equivalent to supposing the species of curves to be all the 
varieties of a spiral of Archimedes which revolves round the origin, the 
angle of revolution being a. We have then 0 a=k (Ar, 
and substitution in the preceding gives (dr’ : dð'=k, dr’: da— — k) 


d d 
hr! stan o fy (a T) srt, 


Since a is a function of 6’, which is to satisfy a=0'—7r': k, the 
elimination may be made at once by writing instead of 


a, 1 dr’ 
Tg its value Ea = which gives 
v 


do! tan a.k +r culeg l+tan?« 
7 


dr! eid ker! err tan Xe r”? = T 
l+ tan? æ 


sae = J 
TEE log (k—tan a@.7’). 


k—tan g.t 


C+0'=tan æ, log r'— 


This is the equation of a spiral, ‘such that the spiral of Archimedes, 
whose equation is r==k(9—a) is always cut by it at a given angle. 
Take —(1 + tan? æ) logk:tana from both sides, remembering that an 
arbitrary constant altered by a given quantity, however great, is still 
an arbitrary constant, and we have 


2 / 
C+ 6’=tan a. log E i log (1—tan a z) 


tan œ 


Now if k increase without limit the equation r= k (0—a), orr:k=0—a 
approaches without limit to 9@—a=0, the equation of a straight line 
inclined at an angle a. In this case 1—tanar:k approaches without 
limit to 1, and its logarithm diminishes without limit. The limits of the 
spirals are straight lines, and the curve which cuts these limits at the 
angle « has for its equation C+6=tan a.logr, the equation of the 
logarithmic spiral, as before. . 

If, however, æ be aright angle, or tana=a,we must retrace our 
steps as far back as the differential equation, which then becomes 


9 k k 
ee or 0=— +C, orr(9—C)=h. 
dr y? r 


This is the equation of a reciprocal spiral, (A. G. 366.) This does 
not become a circle when & is infinite, at least so it appears at first. 
But we may show that a reciprocal spiral, in which & is infinite, is to be 
considered as an assemblage of all the possible circles which can be 
penne about the pole as a centre. This proposition, like all others 
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in which the word infinite is used in an absolute sense, must be restored | 
to its complete form before any reasoning can take place upon it. We | 
mean that in a reciprocal spiral, the greater k becomes, the closer do its | 
folds approach, and the more nearly is each fold a circle: and this | 
without limit, if & increase without limit. This may be easily shown. 
Required the polar equations of the tangent and normal of a given | 
curve, at a given point, (r, 0). | 
Any line passing through the point (7,6), and making an angle w | 
with 7, has for its polar equation (R and © being the coordinates of any | 
point in it) R:r=sinw:sin(o—(O—6)). IfR=1:U and r=1:y, | 
this may be reduced to | 
U =u cos (0 — 0) —u cot w sin (9 — 0). 

Let this line be the tangent of the curve, then w= p, u cot w=u : tan p= | 
dé du | 


wif — = ——, whence 
dr do’ 


; du . 
=u cos (O—0)-+— sin (0—0) 
is the equation of the tangent. In the normal w= p+ 3r, and the | 
equation will be found to be 
d0 
U=u cos (98 —0)— x? — sin (0—0). 
du 
~ Given a curve y= gx, required another, such that the normal of the | 


first may be always tangent to the second. The equation to the normal | 
of the first is ii 
E x 


d'z 


d 
e—t-+- = (n—y) =0, or n= Gr — 


This belongs to a species of curves (all the normals of y=@r) in which 
we pass from one to another by making a change in the value of r, | 
which then takes the place of c in the investigation of page 355. Let | 
X and Y be the coordinates of the point m which the required curve | 
meets the normal; this normal is to be the tangent of the new curve, | 
therefore 

dY ] VY 

— = — +1= 

dX dla dX 
where Y and X have taken the place ef y and vin the investigation, as 


æ has taken that of a. For the equation (f) we have then, since at the 
point of contact Y=gr— (X — wz): px, 


dY dY dr 
wali t dX * de aX}t lee Q); 


7 1 | o'r p'z (—1)— —(X—2). px 
7 y2] ga HP- ~oo y J t= si 
5 ay +" +(x) Zlo. 


If the first factor were made =0, v would be a constant, and we 


x 
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should have* only one of the normals as the result. The second factor 
being made =0, we have an equation to determine x in terms of X, 
which must be substituted in the equation to the normal. Consequently 
our theorem is as follows. If we would find the curve which is such, 
that the normals of y=¢@r are its tangents, we find the equation of the 
desired curve by eliminating x between the two equations 


o'r (Y—pr)+X—r=0 and p'e (14+ (P'x)2) +(X — 2) "r= 0... (A). 


The curve y=@z is called the anvolute,t and the required curve the 
evolute. 

Before giving any examples we shall take the same problem, on the 
supposition that we are to use the polar equation of the normal, and the 
theorem in page 354. The polar equation of the normal is 


LO; 
=u eos (9—0) boai Sin (8—6), 
du 


where v is a function of 6, implied in the equation of the given involute. 
To find the particular solution of the diff. eq. which would be obtained 
by eliminating 6, proceed as in page 189; differentiate the value of U 
with respect to 0, and make the result =0, remembering that d9 : du is 
the reciprocal of du: d6. This gives (let 0O—9=0’, dO’: d0= — 1) 
dit it iris EE OD ne, Se tah LN ie, a 
77908 © +usinO 2u a Tu sin O'u \ ae) T sin 9 


fae (dun Bien 
i a cos O =U; 

a, 7 
and between these two equations (with w=, the equation of the in- 
volute) v and @ are to be eliminated, giving an equation between U and 
©, which is that of the evolute required. A simplification of form may, 
however, be made as follows. Multiply the second equation by 
(du: d0)?, and then divide by u?; let the diff. co. of log w, or that of u 
divided by u be called L; then the two equations become 


U=u cos (9—6)—— sin (9—0) 
i eer (RI; 
(1+ L°) Lcos (0-6) 4 sin (9—0) =0 


In either of the two sets of equations (A) or (B), both equations together 
determine one point of the evolute:{ in the first, given v (and y from 


* Though I have preferred to make this case an example of the general method, 
yet it is evident from the theorem in page 354, that we are now doing what is 
equivalent to finding the singular solution of the general equation of the normal, 
x being the arbitrary constant. 


‘ta t See Involute and Evolute in the Penny Cyclopedia. 


+ When any two curves, y=@ (r,¢), y= (a, c), are given, both equations together 
determine their points of intersection; butifa third equation be formed by elimi- 


| nating c, this third equation is also true at the points of intersection. But being 


independent of any particular value of c, it belongs equally to all the points of in- 
tersection made by ail the possible pairs of the two species, derived from giving c 
different values. Thus, it yocaxr, y=æ+ab, we have two straight lines, the first of 
which, as a increases, revolves, and the second of which, in the same case, Moves 
always at an angle of 459, continually increasing the distance at which it cuts the 
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y=@r) the two equations determine Y and X, the cordinates of the 
point of the evolute which lies on the normal drawn through (<, y). In 
the second, 0 being given (and u from u=Wé), the equations determine 
U and O, the reciprocal of the radius vector and the angle, at that point 
of the evolute which is on the normal passing through (u, 0). Thus, 
in the following figure, P and P’ are corresponding points of the involute 
and evolute; and we have 


ON =r, ON'=X 
NP=y, ®© NP=Y 
_1 fai 
OPS > OP =F 
O N' N NOP=?9, NOP’=0. + 


Before applying the preceding results, it will be desirable to explain 
their connexion with the radius of curvature. This term means, for 
any point of a curve, the radius of the circle which, being drawn through 
that point, has a contact with the curve of a higher order than any other 
such circle; so that, as shown in page 350, no other circle can pass 
between the circle of curvature and the curve. If and y be the co- 
ordinates of the point of contact, o the radius of the circle, and & and n 
coordinates of the centre, we have à 


(X—£)°4+(Y—n)t=pt. oe (1)5 
X and Y being the coordinates of any point in the circle. We must 
then make this circle pass through the point (2,y), and also make as 
many diff. co. as possible of Y in the circle, equal to those of y in the 
curve. Differentiate (1) with respect to X successively, and we have 


r dY dY? d?Y 
A—S+(¥—n)  =0; I+ t(n) Ke O &c. 


Now since there are only three arbitrary quantities, £, n, and p, we 
can only employ three equations to determine them. ‘Take the three. 
conditions that one point of the circle must be (x, y), that at that point 
dY:dX=dy:dz, and that also @Y:dX*=d*y: dz®, and we have the 
first set of equations, from which the second readily follows. 


d 2 d? 

(e—£)'+ (y—n)’= 9° yee cach 
—< = ge 2 2 
dy’ dy R dx dr? dx? 

ae (y—n) e j =(1 dN? d’y 

pT ae) T 


axis of y. Eliminate a, and we have xy=2?-+ by, the equation of an hyperbola. 
How is this hyperbola connected with the straight lines? Its equation is obviously 
always true at the intersection of any simultaneous pair; and it is the curve which 
passes through the intersections of all the simultaneous pairs: observe, not through 
the intersection of y==ax for one value of a with y=x-+ab for another value of a; 
but through all the intersections of lines in which a is the same for both. 

This principle is one of the most important in the application of algebra to 
geometry: but I do not remember to have seen it formally laid down and illustrated 
in any elementary work on the subject, though continually used in all, 
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From the first two in the second set, é and », the coordinates of the 
centre of curvature, are determined ; and p, the radius of curvature, from 
the third. And p is the same quantity as was signified by that letter in 
the equations of page 345; for if in equation 13 we make b= 2, Or & 
the independent variable, we shall have for p, as there described, the 
expression for p as above obtained. Consequently we have for the 
radius of curvature the following expressions, making v and @ the in- 
dependent variables of the rectangular and polar systems of coordinates. 


(a (oat) 

dz? de” dr 

= Se rr 

i cy ww a op 
dx dé” 

The centre of curvature is on the normal; for the second of the 
equations which é and ņ satisfy is the equation of the normal. And the 
centre of curvature is also on the evolute; for in equations (A) it 
will be found that X and Y, the coordinates of a point in the evolute, 
have precisely the same expressions as ë and 7 above. Consequently, 
the evolute of a curve is the locus of all its centres of curvature; and in 
the preceding diagram P’ is the centre of curvature of the point P and 
PP" the radius of curvature. Also (neglecting the sign) 


1 ae. (Ea / 1 a 1S: € dx’ h 

p dx ldr’ dJ) ~ dy \dy’ / Tap 

d l da do? } d du’ \ du 
EET: aE ae eee ES eee 3 Oo a 
5“ Tu ANE Tat!) “TO i al +) ‘do 


The radius of curvature of the ellipse, found from the expression in 
page 351, is 


3. 
A 


{14 = E ab (za n OE ; 


a gv ab 


It is more easily found by the well known polar equation ua (1 — e°) = 


1+ecos @. 
What is the curve in which the radius of curvature is a given function 


of z, or y, or u? Suppose it a function of x, fr; we have then 


d (dy dy?’ 1 dy P dx 
he —— |p =, -5 =, where P= | — 
dx iz JOE) fe dr 40G =Py EE fx 


“whence y must be found by integration. The second or the third of the 


last equations may be used when the radius is given as a function of y 


or u. 
Required the evolute of an ellipse. The equations for determining € 


and » above (which are virtually the same as (A) in page 359) become 
b Per ab 
OaE (SF): zi i) 
‘ i (a? “ae 1’) 2 


y f b x a—e? x ab : 
Cra oe Sp a ee ne l 
a (a —) a (a?—2*)* 


a 
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e l 3 $ e 
oF n=a—— (awe )", ES ats 
2 


E 2 2 2 
ry z n ‘ e a 
whence, evidently, (2+ (+) =I, =-->, ote. 
a D3 b 


We must not, in this subject, propose examples as if we had only to 
choose from an unlimited number capable of sufficiently easy solution ; 
for the fact is, that the elimination is generally of so difficult a character, 
that the few cases which are presented in elementary works contain all 
which the student should be invited to try. He may, perhaps, succeed 
with y =a1", the evolute of which is a complicated curve of the fourth 
degree. 

One or two remarkable instances will merit notice. The first is that 
of the logarithmic spiral, with regard to which equations (B) easily give 
a result. Herer=c.a’,u=c™'.a~, log u= — log c —0 log a, L= —log a, 
and dL :d9=0. The second equation becomes — (1 + log? a) log a cos 
(6 —0)=0, or O=0+%r; that is, in the diagram in page 360 POP’ 
is always aright angle. The first equation becomes U =u: log a, and 
the evolute is therefore another logarithmic spiral, since 


log a U= a797, which is of the same form as u=zc a~’, 


altered in position by revolving through a right angle. 
What curve is that in which the angle POP’ is always the same, and 
<a? The second of equations (B) then gives, since O —0 =g, 


dL, 
(1+L*) Leos a+—,.sinq, —cotw.d+C; 


or log Sof. = 
VEEST) 
l du _ Ge elms 
seat dé Tf Cle ree), 


~~. 
i 


or (=c) 


l 
log u= C + — cos™' (ce~****), 
cot a 


The equation of the evolute is then immediately found from the first 
equation (B). 

It is necessary, in treating of complicated and transcendental curves, 
to consider a curve as given, not only when one coordinate is explicitly a 
function of the other, but also when both are functions of a third 
variable, even though the elimination of the latter should be practically 
impossible. Such an assumption will require only the alteration of diff. 
co. with respect tu one of the coordinates into others taken with respect 
to the third variable (page 153). Thus, if x and y be functions of t, the 
equations which determine & and n, the coordinates of the centre of 
curvature or of a point in the evolute, are (let dx:dt=2', @r:dP=zx", 
&c.) 

rT (a +y”) 3 y! (° +y”) 


o paa t—r- 
=y x yf! =y a 


a! y"—y' all 


There is a very extensive class of curves which we may call trochozdal, 
because its most prominent instances are the cycloid, trochoid, epicy- 


cloid, &., (A. G. 357—364.), defined by the equations 
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x=acost+hcosmt, y=asint+b sin mt. 


If we allow a, b, and m to be anything whatever, we find in this class 
of curves all of the first and second order, besides the cycloid, &c., 
the involute of the circle, and others. From the preceding equations 
we easily find 


t= —a sin t—bm sin mt zP- y?’ =a +b m+ 2abm cos (m—1) t 
y'= acosi+bmcosmt a'y"—y'r"=a?+b’m'+ab(m?+m)cos(m—1)é 
Let (2?+y”) : (a! y'—y' 2")=K ; we have then to find the evolute 
n=a(l — K)sint+b(1—mK)sinmt, €=a(1— K)cost+b(1—mK) cosm#, 


whence, if K be a constant, the evolute of the trochoidal curve is also 
trochoidal. To make K a constant, (say =/,) we must have 


| ab(m’?+m)k=2abm, (œ 4b m) k=a +b m. 


Eliminate k, and we obtain an equation of the third degree, the factors 
of which are m, m— 1 and b’m?—a’®. If m=Oor 1, we have for the curve 
a circle, and for its evolute a point: if m=a: b, or —a: b, we have the 
epicycloid or hypocycloid, according as a is greater than or less than b. 
In both cases k=2:(1-+m), and the equations of the evolute are 
m—l., m—l , E m— i m— l 
sin t—b sin mt, =a cos t—b — 
m+1 m+ m+] m+] 
which are also the equations of an epicycloid or hypocycloid, according 
| asais > or <b. Consequently, each of these curves has an evolute of 
the same kind, having cusps, the radii of which make a greater angle 
with the axis of x than the corresponding cusps of the involutes, by the 
mth part of four right angles. A similar property, therefore, follows 
of the cycloid, which is an epicycloid or hypocycloid, made by a circle 
revolving on another circle of infinite radius. 

When the evolute is given, and the imvolute is to be found, we have, 
n=wWé being the equation of the involute, to substitute Yé for 7, and 
eliminate & from the two equations which have hitherto served to find é 
and 7. The result is a diff. equ. of the second order, which being 
integrated, gives the equation of the involute. This last will (or may) 
contain two arbitrary constants. To explain the meaning of these con- 
stants, observe, that by the tangent of the evolute making a night angle 
more (or less) with the axis of x than that of the involute, we have 


=a 


cos mt, 


and if we differentiate (a—é)’+ (y —n) = 9", we have 
(w—t) (dex—dt) + (y—n) (dy — dn)= pdp- 
But (x—é) de+(y—n) dy==0, whence —(r—6) d&—(y—n) dn=pdp. 
dy. E ee LL 
and t—&+(y—n) 7,70, or Ba CD di (x—&). 


| r\2 dn? 2 ji n a il 
| Consequently, (r—é) 1+ oe =p’, and —(xr— é) Ea” dé 


| Divide the square of the last by the preceding, and 


Pe 
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pal tT or d=dë + dn}, 

which should be verified by actual differentiation of & n, and p in the 
second set of equations (page 360). Hence, if o be the length of the 
arc of the evolute (page 140), measured from any given point in it, up 
to the point (f,7), we have do=dsz, or, integrating between the two 
points at which the radii of curvature are p, and p, we have p,—9, 
=o, —0,== the arc intercepted between the radii of curvature. That is 
(page 360), the excess of QQ! over PP’ is the arc P’Q’. If, then, a 
thread were placed in the position P’P, and extended backwards in the 
direction P’Q’ to an indefinitely distant point, remaining on the evolute 
from P’, and if this thread were unrolled, being always kept stretched, a 
pencil at P would trace out the involute. Here, then, are, to all 
appearance, the two arbitrary constants of the involute to a given 
evolute: we may take any point we please of the evolute; that is, one of 
its coordinates may be anything we please, the other being determined 
hy the equation; and at this point we may assign any length we please 
on the tangent, to be the radius of curvature of the involute at the point 
corresponding to the one we have chosen on the evolute. Thus, if we 


have an oval curve, and if we choose the point P as that at which the 
radius of curvature is PK, we have KAM for the mvolute (in part). 
But if the radius of curvature were PL, then LBN would be the in- 
volute. 

But we shall soon show that these two arbitrary constants are 
equivalent to one only, for we do not get more involutes by varying both, 
than we should do by varying one only. Thus the same involute which 
we get off the point P by assuming PK, we also obtain off the point Q by 
assuming QR. And we may evidently see that if the point A be given 
(which requires only one constant) the whole involute follows. 

The explanation of this difficulty can only be, that the equation of the 
involute is a singular solution of the diff. equ., and we shall proceed to 
show that it is so. Let n=f¢ be the equation of the given evolute, then, 
calling p, q, 7, &c. the successive diff. co. of y, we find for the differential 
equation which is to be solved 


+p A+’) 
Yy —- Ta Ef (Ro co eoes (f). 
But this equation is nothing more than we may obtain (and in fact did 
obtain) by eliminating the two arbitrary constants ë and p from 


a 
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so that the second is the general integral of the first; or the first is a 
differential equation to any circle which can be described upon a point 
of n=f% as a centre. And by what we have seen of the nature of 
a singular solution, and of the connexion of different values of p in the 
same involute, we may see that the involute can be nothing more than 
the singular solution of 


(w—£)°+(y—fi)?=fid +f’ dé; 
in which, calling the equation ¢ (a, y,§,a)==0, we are to eliminate ë 


between $=0, and dp: d&=0. But there is an easier mode of obtain- 
ing a diff. equ., as follows. Differentiate ( f), which gives 


2pq?—(1+ p*)r (1+ p*) q+3p"q) -(p+p*) r 
Pic! - p°) =f (« p ya-“ pa) -(p aaa 
q q q 

3p — (1 +p?).r p(+p? 

or i ss i aS eas (pf («PSP a sso, : 

: q q í 

If we make the first factor =0 we merely recover the equation (¢), or 

rather the equation (w—£)’+(y—n)*=p’*, &, n, and p being uncon- 

nected constants. In the other factor, made =0, is also to be found 
an equation which is true when (f) is true, or we have 


ae! tp.) partp’) ( J 
1+ (22S =0, or ¢<————~ af — =i 
rf q l eu 4 p 
where f”-} means the inverse function of f”. Therefore (f) gives 


1+p Hel 2); 
y + T z E 


and if from the last two we eliminate g, we have 


py+a=pf f> (— sjer oF) ERODE 


a diff. equ. of the first order, and containing only one arbitrary con- 
stant in its solution. This equation cannot often be integrated by a 
separate method; but the preceding process gives a hint as to the 
method of deducing its general solution from the particular solu- 
tion of y—px= Fp, as found in page 196. The student who under- 
stands the preceding considerations will sce that the following is merely 
an analytical translation of the process of finding the involute from the 
evolute. 

Required the general integral of “pyta=Fp, p being dy: dz, 
Assume 


dzd + dn, #x=i— i =) => sal (p) 
p — n> = P do Y=n ge 


dy __dn—jdn+ pd (dn:dp)} dod’) — dn d'p 


en ee 


de dé—\dé+pd (dë: do)} dp d% —dk dp 


_ (dẹ +-dn*) d'n— (dé E+ dn d'n) dyn __ dé 
a dE Ady) PE— (dE @E+ dy dn) dE dn 


ell 
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dy dé dN, , dé, dé 


= a =p E— — z= é. —, ; 
T a dn ý PTI ie P dp ý dy” 


and the original equation becomes 


; dé dé dy n dn =) 
i —— m ont —m_ ee 3 —_- ——-—- — ox —F} aww x 3 
5 z F( T) a dë” dé dn ; 


which are of the same form as y—px= Fp, and can be integrated in the 
same way (page 196). If we take the general solution we find dy: d= 
const., whence dy:dr=const., which does not satisfy py + x= Fp: it 
must then be the particular solution of the preceding from which the 
relation between y and € is to be found;* and this being done, 0, or 
[J (d +dn?) contains an arbitrary constant, which remains in the 
relation between x and y, found by eliminationg € between the second 
and third of the equations (p). 

Required the involute of the parabola 2n=—&. Here fé = $2, 
f'é=£, consequently f’—'€=¢, and the equation to be integrated is 


py 


T hee (p) 
py + e=p.~| — — | + ~ =) OF Ses p). 
itt p) í p f 


As there is no direct mode of integrating this, we must have recourse to 
the equations (o); this gives 


de= (Q +E) dP p= (148) +8 log (E+ 1 +27) +C 


_! - it CBE Aaa | oie = whence 
2°38 deh) T+) : 

 _Lelog {E+ Vte)} Cë f amig” 

* = JUFA Ja 4a] ; 


The last equation is merely that of the tangent of the parabola, and 
from it é can be found in terms of x and y, and the elimination may be 
completed by either of the first two; but the result is so complicated 
that the expression of both coordinates by means of & is more con- 
venient. The constant C is the value given to the radius of curvature 
at the point of the involute answering to £=0, or the vertex of the para- 
bola. The result also gives the general integral of (p). 

In- the case of the involute of the circle, we have £%+7?=a?, the 
radius being a, whence, O being the angle of the radius vector R=a, 
we have do*=a? dO’, and p=C+a0. The equations of the involute 
are therefore 


xz=acos0@+a0sn0, yoasinO—aO cos O, 


assuming C=0. Show from ds’=da*+dy’ that the length of the arc 
of this involute measured from O=0 (A in the page of errata A. G.) is 
one half of the arc of the circle which.would be described by a radius 
equal to the arc of the evolute, moving through the angle ©. The in- 


* This method must not be applied complete to finding the involute of a given 
evolute, as it would merely give between » and ë the equation of the evolute: the 
equations (¢) may then be used at once for elimination. 


yi 
“u3 
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volute of the circle being obviously an epicycloid in which the moving 
circle becomes a straight line, or has an infinite radius, the preceding 
equations should be deducible from those of epicycloid. , The equations 
of the latter curve are (A. G. 360) 


a+b . 
7 O, y=(a+5) sin 0—bsin E? 


where @ and 6 are the radii of the fixed and revolving circles. The first 
of these may be thus transposed : 


æ= (a+b) cos O — >b cos 


0; 


x—=acosO+b feos O — cos ee L) J 


=a cos © +2bsin — O.sin {2-41 
= 4 cos O + sn 5 SIn ont O. 


If b increase without limit, the limit of 2b sin (a: 2b) © is «©, and the 
preceding becomes « = qa cos O + aO sin O, as above. The second 
equation may be treated in the same way. 

The equation (f) leads immediately to a conclusion respecting 
singular solutions which is worthy of notice. If we make f’ (—1: p) 
=P, or p= —1:f' P, that equation becomes 


yf Pae PSP P eaP). 


Let us inquire whether this equation has any singular solution. From 
it p might be expressed in terms of æ and y; which being done, the 
singular solution, if any, is found by making the partial diff. co. 
dp: dy or dp: dx infinite. But since 


Di 1 dp 1 ERE t 
P=— ry we have dy “OPET aoe ; 


whence dp: dy and dP: dy become infinite together, unless f” P=0 or 
f"P=c when dp:dy is infinite. Now, differentiating the above 
equation with respect to y, x being constant, we have 


dP 


rs 


dP l dp ] 
dy f"P(@—P) dy (f'P)(a@—P)’ 
whence x=P is the equation which gives the singular solution, if any. 
Substitution in (P) gives y=fP or y=fr, the equation to the evolute 
again. But it will be obvious that the evolute is not the curve which 


touches all its involutes, but the one which passes through all their cusps. 
Hence, an equation presenting the analytical characters* of the singular 


dP 


* I do not say aX the analytical characters; for if y=ọ¢9(x,c) were the primi- 
tive of P, we should not derive this singular solution from dọ :de=0. The fact is, 
that in page 190, we come only to those cases in which ¢ (x, c+ Ac) can be deve- 
loped by Taylor’s theorem. But if the intersection of the two contiguous curves \ 
approach without limit to a point at which this theorem fails, the method would not 
apply, and.the curve which passes through the limits of ail the intersections 1s not 
necessarily a tangent to all the genus of curves denoted by y=@(z,¢). In order 
that this theorem may apply, in page 190, it is necessary that dp: dc and d*p: dc? 
should remain finite or nothing (not infinite) throughout the process. If, then, the 


_—— 


a a a a 
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solution of a diff. equ. may belong to a curve, which instead of being a 
common tangent to all the curves denoted by the diff. equ., may be the 
locus of all their cusps, or other singular points. 
If our diff. co. of y are to be obtained from p (x,y) =0, instead of 
y=ġþx, we have (using the notation already ae 


dy p dy 


aeaee ame me e a a RR a a e a e e me aea = 


dx pr dz* p” 
Z _ by P24 p” —2' D, DD, Pi +” prea ee (p? + ETH 
oF T BPDP p, BAP By, 
VAY EE a E > Q FOR : 


bb PPD p P+D $b, 
This form avoids all irrational quantities, if the original equation can be 


made free from them, Thus for the parabola in which y°—4cx=0 


=? (x,y) we have 


(16c? +4y°)? 

p=—4e, p=2y, ¢"=0, ¢',=0, $,=2, oe 168.2" 
n—y _f—-@_ y+ 4h _ ete 
Dy ae. Ret Ee oe 


cn = —asy, E=3x4+2c, yodcr. 


` Hence, by elimination from the last, the equation of the evolute of the 
parabola is 27cn’=4 (%4 — 2c)’, which is the equation of what is called a 
semicubical parabola. 

In all that has preceded, we have tacitly supposed, according to our 
custom, that the diff. co. employed have finite values. It now remains 
to consider the cases in which they cease to be finite; which will be 
nothing more than a set of investigations connected with the singular 
points of curves. Previously, however, to entering upon them, it will be 
necessary to consider the general meaning of the diff. co. ; the follow- 


ing account of them is partly recapitulation, partly matter newly intro- 
duced. 


dy mA | This function is the tangent of the angle 6, which the 
da’ curve’s tangent makes with the axis of v, the point of con- 
tact being (2, y). When positive, y and æ are increasing or diminish- 
ing together; when negative, y diminishes as x increases, or vice versd. 


same substitution with respect to c which makes dg: dce==0, should also make 
dọ : de? infinite, the whole process will be vitiated. Now this may take place when 
the limit of the intersections of the contiguous curves is at a cusp, as in the present 
instance. 


If we examine the equations of page 192, we shall find that if y=¢ ee the 
diff, co. of dy: dz or y are 


dx dp dx dp d do do : 
== — Cip —, — pee EN, 
dy dr de? dx de dz ldx de 
eee l 
These are made infinite, not only by —* 0, but also by Paa , and (at least the 


first) by nothing else; hence the two ae of singular solutions, or rather the two 
distinct cases which the test may present. 


a y 
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When 7'=0 the tangent is parallel to the axis of z, when y'==G, per- 
pendicular. When there is a change of sign, y is a maximum (M), ora 
minimum (m), according as the change is from + to — or from — to 
+ (rincreasing). If the change of sign be made by 7 passing through 
Q, there is an ordinary maximum or minimum of y; but if by passing 
through œ there is a maximum or minimum made ata cusp (C). But 
if y pass through 0 or « without a change of sign, there is a point of 
contrary flexure (F). These two last terms are better defined by 
looking at the figure than by words. In the figures the arcs along 
which y' is positive are continued lines, those along which it is nega- 
tive are dotted. When y'=0 or œ, being impossible immediately 
before or after, there is one or other of the cases marked on the right, 
between the characters of which it is left to the student to distinguish, 


MIC ME, , WL. F 
“jn mC “H 
i 
dr | The fundamental properties of these differential coefficients 
do’ °% >| areas follows. They must differ in sign, for r’+u-* u'=0, 
Aen and they are connected with y' by the following equations 


et w| (page 345, equations 16, 17). 


,_r'sné@+rcos@  u'sind—wcosé 
‘ile soe 


r'cos8@—rsin@ wu’ cos@+usin0 


‘As long as 7’ is positive, r increases with 0, &c. When r'=0, y'= 
—cot 0, or tan P tan @4+1=0, whence 8 and 0 differ by a right angle, or 
he tangent is at right angles to the radius vector. There is then either 
ı Maximum or minimum value of 7, or a point of contrary flexure; but 
fr’ become impossible after passing through 0, there is a cusp. Again, 
f r'= æ , y'=tan 0, or the radius vector is itself the tangent. If r’ con- 
linue possible after passing through œ, there is a cusp if there be a 
maximum or minimum, and a point of contrary flexure if there be none; 
put if 7” be afterwards impossible, there may or may not be a cusp. 

u’ is nothing or infinite with 7”, but when uw’ is positive 7 is diminish- 
ng as 0 increases, &c. 


ay or y”.} To give an idea of the geometrical meaning of y”, re- 


dr? member (Chapter IV.) that if x increase successively by 
t, giving y the successive values 41, Yp &c., y” is the limit of ya— 2y +y 
livided by A”, and as A diminishes, 4x — 2y,ty must finally assume the 
ign of y”. This sign, therefore, is positive, when for any arcs, however 
mall, yo+y is algebraically greater than 2y,, or the mean of y and y 
rreater than y,; and negative when the same mean is the less. That 
B, y” has the sign of VS— VQ, where NP, VQ, WR are the successive 
jrdinates y, Yı, Y2: it is easily shown that NV being = as Ma is the 
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mean between NP and WR. In the convex 
curve VS—VQ is positive or negative with y; 
but in the concave curve VS—VQ is of a dif- 
ferent sign from y. This will readily follow 
from giving VS and VQ their algebraical signs 
in the four figures adjoining, and finding that of 
VS—VQ. Hence, when a curve is convex to 
the axis of x, y” and y have the same signs, or 
yy is positive: when the curve is concave y” 
and y have different signs, or yy” is negative. 
It may.often be convenient to observe that this 
criterion may be altered as follows. If log y=z, the curve is convex 
when 2'’+2” is positive, and concave when the same is negative : when 
y’= z, the curve is convex or concave, according as z(2z2’’— z”) is positive 
or negative. Thus y= is always convex; for, in the first case, 
g'-+2"=1; again, y=,/ (1—2*) is always concave; for, in the second 
case, z (222/—2z")= — (1—1?) (4482). Again, if 1: y=z, the curve is 
convex or concave according as 22/*—zz” is positive or negative, Thus, | 
in y=1:(1+2), we have 22”—z2"=2, and the curve is convex or con-| 
cave as y is positive or negative. The demonstrations of these theorems| 
will be easy exercises for the student, and one or other of them will] 
generally be found of more simple application than the fundamental] 
theorem from which they are derived. | 

We also learn from the preceding that A’y: (Axv)?=2 (VS—VQ) :| 
(NV)*; so that, without attending to the sign, y” is the limit off 
2QS: (NVF. 

In the case of a point of contrary flexure, if y be finite, y” must 
change sign; for it is the obvious character of such a point that the 
curvature is convex on one side of it and concave on the other. But; 
when y changes sign at a point of contrary flexure, the characteristic of 
the curvature is to be the same on both sides. Consequently y” must 
also change sign; or, the criterion of a point of contrary flexure is uni-! 
versally a change of sign in y”. i 

We may give an easy geometrical proof of an important proposition, 
as follows. Take an arc PR from a curve, let | 
PA and PD be parallel to the axes of y and 2; 
bisect the chord PR in S, and complete the figure 
as shown. Then 2QS is A’y, on the supposition 
that Av remains uniform; and 2ZS is Az, on 
the supposition that Ay is uniform; but the 
two have different signs in the figure drawn, 
and if it were not so, it would be found that Az 
and Ay would have different signs. But as the 
arc PR diminishes, the tangent at Z approaches without limit in 
direction to the tangent at P; so that the limit of QS: SZ is the samet 
as that of QA: AP; or, allowing for the difference of signs, the equation. 
A’y : Aa==—Ay: Ax becomes nearer and nearer to the truth as Ar 
diminishes without limit. Put this in the form 


A*y n A’x 
(Ax)? * (Ay)? 
is true; the same as was shown in page 153. , 


Ay\? mit ey oe dy 
(=) =0, and the limit ie dy? m 
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dr ; 
OF. 
dé „—l dro l du dr 1l p a 
d'u E w dt” w dë de d de? f 
do? 


Let 6 be twice successively increased by 46, and let the radii belonging 
to the angles 6, 0+ A0, 6-+2A0 ber, r, and ry. Consequently, 7” is 
the limit of (7,— 2r,+r) : (A0). Let OP, 
OQ, and OR be the values of 7; then the 
angle POR (or 246) is bisected by OS. But 
if a and b be the sides, and C the contained 
angle, of a triangle, the length of the line 
bisecting the angle is 2abcos4C:(a +b), 
whence 7, being r-++ 2Ar-+A’r, we have 

Os=—— cos A0 = 


To 


2rr 
ue (1—2 sin? } AQ) 


Mr+Ne—2re  Arre . 
OQ—OS=7,—O0S= ————— +— sin? 5 A0. 

Q i r+ Te Trp Te 7 

The numerator of the first fraction will be found to be 2 (Ar)?-+ 
Ar.àr—rA’r, and if the whole be divided by (A0)?, and A0 be then 
diminished without limit, we shall have (remembering that in the 
second term the limit will be most evident when we write A0 as 
2.4 A0) 

OW-—OS 1 dr? adr 1 du 
limit of ———— = ( 2— —r — 47% } =— | u+ |. 
(40) 2r ( cde? dé? i Qu” tJe 
If r, and consequently u, be reckoned as positive, OQ — OS is positive 
when the curve turns concavity towards the pole O, and negative when 
it turns convexity, and vice versa when r7 is negative. Consequently, 
there is concavity when u-+u” has the same sign as wu, and convexity 
when the two signs are different. And there is a point of contrary 
flexure when u-u” changes sign. 

For instance, let us take the spiral called the dituus (A. G. 367.), the 
equation of which is w2a?=@. If instead of d*u:d6? we use d?0: du 
we must (page 153) for 

d? dO dé 2a? 


Eo aa in this case w——— 
u+— write u—-—: —; i a < i, 
do du? du? ` Ba! u’ 


As long, then, as 4a‘ u‘ is greater than 1 or 40°<1, the curve is convex 
owards the pole, and the contrary. ‘There is, then, a point of contrary 
Jexure when @==°5, which reduced to practical measurement is 28° 39’, 
yearly. Ina straight line, wtu”=0; in either of the conic sections it 
s a constant, if the pole O be ata focus: the latter is one of the most 
mportant propositions of the Newtonian theory of gravitation. D 

If y'=0, the radius of curvature is 1:4”; and if u'=0, it is 
he reciprocal of u+u” (page 347). If y’=0, the radius of curva- 
ure 1s infinite, or the circle of curvature becomes a straight line; 
his agrees with page 351. If w”=0, the radius of curvature is 
ue tw)? : us. 

2B2 


el 
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The preceding cases are simpie, but become more complicated when 
y’ or w, or y” or u” are infinite. Let y’ be not infinite, and y” infinite, 
or let w’ be not infinite, and u” infinite: in such cases p is certainly =0. | 
This means that no circle is small enough to be the circle of curvature; | 
but that every circle, however small, approaches nearer to the curve : 
than all larger circles. This result may be illustrated as follows. Take = 
one of the circles which has a contact of the first order only with the! 
curve; that is, in page 360, use for the determination of the coordinates | 
of its centre only the equation —r+y'(y—y)=0, which merely | 
implies that the centre of the circle must be on the normal of the curve. | 
Let us now consider, as in page 349, the deflection of the curves from » 
one another when «æ is changed into ath. Since the contact is only of j 


the first order, these deflections have the same sign on both sides of the į 


point of contact; that is, when the radius is greater than that of curva- i 
ture, the circle lies between the curve and its 1 tangent on both sides, but }j 
$| 


when the radius is less than that of curvature, the curve lies between; 
its tangent and the circle on both sides. But when the radius of curva- $l 
ture is nothing, every radius is greater than that of curvature, or all ,; 
circles whose centres are on the oui hie (at least immediately on; a 
leaving the point of contact) between the curve and its tangent; but,{ 
when the radius of curvature 1s infinite, every circle is less than that of: l 
curvature, or the curve hes between its tangent and any circle what+.g 1 
soever whose centre is on the normal. di 

Next, let y’ be infinite, 1 in which case y” is infinite, and the radius of] 
curvature is the limit of y”: y”. Returning to the theory of pages 321,4 
&e., find the critical value of n in y! y", or take the limit ofg 
y'a ey: y" .y", or of y'y'”:y. If this be e, we know (page 322) that ' 
y” :y” has the same limit as y'=, or the radius of curvature is O or œ ,% 
according as y®~* isO ore, But if e=3, it may* happen that they 
radius oe curvature is finite. K 

The consideration of all singular points will require the examination 
of the critical value of n in y’: y", a subject on which some little detail: 
will be required. If p, q, 7, and s be four successive differential co” i 
efficients of y, it is obvious that the critical valne of n in q:p” is 
pr: g, and that of n in 7: q” is qs:7°. But if the first be of the form! : 
0:0 or ©: œ, we find for the value of pr:q’, ` 


Psar oy l pr as 
2qr > OF 5 1+ g pi 
If, then, em be the critical value of n in y™+®? ; {y™®l", we have 
2e„— l 


Cin 


Cn= d Lem mtt OF emp 


From the preceding, knowing eo all the rest are found by substitution’ 
to be contained in a 


. ~ 3 
2 le i ee ae ee 


c = ZD eo—=m = 
h a mMmey—(m— -1)’ i 
Remember that if px: (yx)" can ever be finite when yr is 0 | 


twice fallen into in the course of this work. When z has the critical value, the value ! 


* The studerit must here avoid the mistake which, as already noticed, I have n 
of ox + (spa) may be nothing; finite, or infinite. : 
: 
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or x, it is when z has the critical value, and no other. (and perhaps 
not for that one.) The following scales of comparative dimension 
among diff. co. are universal: we shall presently explain their meaning, 


Inl 3n—2 4n—3 5n —4 
n TOOSE aos &c. 
1 2n— | 8n—?2 4n—3 
3 4. 
0 —— (00 2 9 3 &C. 
l l l ] l &c. 


That is, by means of the critical vaue of n in y’:y", if y be 0 or œ , or 
in y':(y—a)”, if y be finite and =a at the point in question, we can 
immediately ascertain the critical values in yl sy, y: y", &e., when- 
ever y^, y", &c. are all nothing or infinite. 

For example, let y=1:logz, which =o, when z=1. Its diff. co. 
is —1:(logz)*x, and the critical value* of n in yoy is 2. Con- 
sequently, that of y”: y’ is 14, which will be found to be true by writing 
—1: (log a)*.2 or y’ for wr, and (2+log x) : (log x)? 2%, or y” for 
prin d'z we: px y'r, and finding the value of this when v= 1. 

If y’: (y —a)" be finite when y is =a or =x and if n have the critical 
value eg, then y” :y™, y” :y"”, &c. are all finite when the several critical 
values are put for n, provided those critical values be finite. Let these 


be called Py, P,, &c., then at the point in question P, is 0:0 or œ: œ ; 
and therefore its value is that of 


lin 


n—l 


"n 11 NP hn l nl 
ae ( cr (poe -———; or P, and 4 = Or P, P, =. 
TT nay BY) ay’ ny! 
| 


thave the same limits. Hence nP,” and P, have the same limits, or 
denoting the limits by p, Di, &C. we have 


Pi=eo Po’, similarly p.=e, pi", &e. 


Returning to the preceding problem, we find that e,, the critical value 
of min yy”, is (2ee—1) :e, whence, 3—e, being (¢9+1):e,, we find 
jthat, when y’ and y” are infinite, 

eot+l 


p is 0 or w, according as (y—a) © is O orm ; 


land p is finite when e,=3 or e= — l, if y: (ya) or (y—a) y’ be 
\finite. 


| For instance, let y =a-+-,/(«—b) . fr, where fx and its diff. co. are 
finite when r=), in which case y=a, and its diff. co. are infinite. If 


we then seek the critical value of n in y':(y—a)", we find it in the 
value (1==b) of 


— n -4 zl -3 ; — lj za lx = oo 2 Lf 
AO) Tor (n—byh py AoE fete by fat A 
{$ (wb)? fet (0—0)? f'o} 
md (y—a) y'= (1— b} fx {A(w@—d) fr + (1—b)? fla} =} (fb); 


and the radius of curvature is therefore finite; it is in fact the second 


l 


* The value of z in gr: (Vr) can often be most easily calculated by finding the 
value of log gx: log yx (page 322), 
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divided by the first, or —4 (fb). This may easily be verified by 


common methods. 

No complete and general method has ever been given of treating those 
points of a curve at which y” and the succeeding diff. co. are infinite. I 
think a reason for this may be seen in the infinity of cases which must 
be considered, when all the possible dimensions of a function (page 324) 
are taken into account. We cannot evade investigating, in one manner 
or another, the order of infinitely small or great quantities to which the 
several differential coefficients belong; and this must be done by the 
consideration of their dimensions, the possible cases of which are not only 
infinite in number, but of an infinite number of different forms. No 
methods yet employed are competent to distinguish, for instance, between 
the singular points existing at r=b in the two curves y=(a#—6) 
{log (xz—òb)} and y=(x—b) log (x—b) {log log (v—b)}*. The deve- 
lopment of a function, when Taylor’s theorem does not apply, and the 
assignment of the character of the singular points of a curve, are the 
same problems; and if a method should be found which should be 
equivalent to trying how the diff. co. increase or decrease in comparison 
with every possible case of 2”, meaning x* (log x)» (log log r)*...., 
it would only serve to show how to interpolate as infinite a variety of 
new cases between each. 

Defining singularity at the point whose abscissa is a to consist in 
Taylor’s theorem not applying to develope ¢(@+h), which is un- 
doubtedly the proper algebraical definition, we must divide singular 
points into those which exhibit perceptible differences from other points, 
and those which do not. The former are only those in which the 
singularity affects the first or second differential coefficient. A volume 
might be written on the infinite varieties of the forms of curves; it will 
here be sufficient to dwell on the peculiarities and uses of differential co- 
efficients with respect to them, remembering that the utility of the 
investigation depends more on the illustration which the curves give to 
the equations than on that which the equations give to the curves. Were 
it not for this nothing could be more serious trifling than the length at 
which, in many works, the courses of different lines are traced out, 
those lines being not of any use in application. But, when it is con- 
sidered that the curve whose equation is y=@a, is a lucid tabulation 
of all the changes of magnitude which x undergoes when æ changes, it. 
becomes evident, that under the semblance of investigating the course of 
the curve, we are not only making an inquiry of the most instructive: 
algebraical kind, but also presenting the result of that inquiry in the 
most perspicuous form. i 

The inquiry before us* will embrace the determination with respect; 
to a curve of, 1. The most useful transformation, if any, of its equa-i 
tion, 2. The points in which it cuts the axes, and the general character, 
of the ordinates as to positive and negative. 3. The greatest and least 
ordinates, and the general character of the ordinate as to increase or; 
decrease. 4. Its final tendency as x increases without limit positively 
or negatively, and the position of its asymptotes, if any. 5. The. 
character of its curvature with respect to its axis, and its points of cor- 


_* The student will remember that he is supposed to have a good acquaintance! 
with the purely algebraical branch of the inquiry, as set forth in the treatise on’ 
Algebraic Geometry. 


APPLICATION TO GEOMETRY OF TWO DIMENSIONS. 375 


trary flexure. 6. Its abrupt terminations, or points d’arrét, as some 
late French writers have called them. 1. Its cusps, or points de 
rebroussement. 8. Its multiple points, whether of contact or inter- 
section. 9. Its conjugate points, or evanescent ovals. 10. Its pointed 
branches, or branches pointillées, &c. We shall take these questions 
in order, 

1. As to the transformation of the equation. In some cases polar 
coordinates may be more convenient than rectangular. Thus, as to the 
spiral of Archimedes, r=a@ is more easily used than (a®+7")= 
atan'(y:x), and the curve (+y) =a (2°—y’*) is more easily 
traced by its polar equation 7°==a’? cos 20. But here it must be observed 
that unless the proper signification be given to negative values of r 
(page 342), the polar equation will frequently not yield all the branches 
which would be given by the usual consideration of the rectangular 
equation. 

Again, it may sometimes be convenient to consider the points of the 
curve as formed by the intersections of two others; thus y= Xr+$X, 
where X is a function of x and y, may be considered as made out of the in- 
tersections of y=ax+ġa, and a=X. If then the curve be drawn to 
which the first line is always a tangent, the intersections of the tangent 
of such a curve at any point with the curve @=X are points of the 
required curve. 

Next, when the curve has the form y=@r+ x, the most simple 
lan may be to describe separately the curves y=¢x and y= wa, and 
orm the required curve by the addition or subtraction of the ordinates. 
Thus y= +y (ar) + (@— x°) is much more easily described by 
idding and subtracting the ordinates of the circle y==,/ (a?°— <°) to 
ind from those of the parabola y=,/ (az) than by attempting the com- 
dlete equation. 
= The same method may be sometimes advantageously applied to the 
orm y=or xX We, and often to that of y=%/ (gx). Thus, by tracing 
(= (a—1)(x—2)(a—3), we may easily trace Y =y (y). 

But one of the most useful transformations is that of writing 1:y for 

/, giving a curve whose ordinates are the reciprocals of the ordinates of 
he given curve. Nothing is more easy, with a little practice, than to 
race out the general form of a curve, when the curve is given whose 
dinates are its reciprocals. 
_ 2. The points in which the curve cuts the axis of v or y are deter- 
nined by common algebra. The following observation may occasionally 
e useful. If y=o2, =O when ea and when r=), and b>a, then 
he intervening branch of the curve, immediately following x=a, has a 
ositive or negative ordinate, according as ¢$’a@ is positive or negative ; 
nd that immediately preceding r=), has a positive or negative ordinate, 
ccording as $’b is negative or positive. 

3. On the method of ascertaining increase and decrease nothing more 
ieed be said, nor on that of determining the maxima and minima. 

There is no mode of discussing the property of the tangent in all 
ases (those for instance in which ¢ (x+h) contains an infinite number : 
f positive and negative powers) unless we have recourse to a universal 
heory of dimensions. We shall now only consider the primary dimen- 
ion of each of the diff. co. with respect to v, or the critical values of n in 
ra, y sa", &e. 

Let y= or be the equation of the curve, the origin being removed to 
| 


ait 
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the point under consideration, so that 6O=0. Hence the critical values 
of n in y:2*, y': a", &c. are the limits (when x=0) of 


glx "zx 
Q=xv ba’ Qr Pr &C. 

Let the limits of Q, Q,, &c.'be q, qp, &c. Then g=q—1, =q, — 1, &e. 
This may first be shown when z¢’2 diminishes without limit, and Q 
therefore approaches the form 0:0: for then we know (page 320) 
that 

ag'a nd Pae+axp"x i E 

eee C a ee ene 
ge? a pa ° px 


But if x@’x should approach a finite limit, or be infinite, then g'z 
must Increase without limit, and also Q, whence «2:2 (q@'z) ! 
approaches the form 0:0, and 


xp v i pr. Qt ( Q, 
nee ] t e ] ——_——_—— |], ji : lese : 
has the same lımıt as ] ( ( = | or 


whence Q has the same limit as Q:(Q—Q,).° But as Q increases 
without limit, so must Q,, for in any other case the limit of the second 
would be unity. Hence the above equations are universally true. 

Let q be found, and let y==2" yx, then the limit of 2/2: wao=R is 
readily found =0, and y =q yeta y'= wae iq +R}. But 
the critical value of n in War: 2" bring =0, wr :z'~? takes the limit of 
x°-°-®, or of x1; consequently the tangent is the axis of «x or the axis 
of y, according as qis >lor <1. But if g=0 or = œ, 2" is not an 
adequate dimetient of px, and (log x)” or e* must be tried, if or be 
sufficiently complicated to require it: the number of cases being infinite. 
If q=1, 7’ depends on Wr, when z=0. 

Again, y= 2 we {qq—1+2qgR+RR}, Ri being aw’ax: Wz, 
which =—1 when a=0. Hence the sign of y”, near the origin, 
depends on that of g(q—1) ayx, and its magnitude at the origin 
upon z*~*, except only when q=0, 1, or œ, in the first and third cases 
of which other dimetients must be tried, and in the second of which 
awe R(2+R)=y", the limit of which is that of zt we R, or 
awe, or yx. When q=2, y" depends on wer. 


2q-2 2 2 3 
The radius of curvature is ilta" (a) (q tR) Ko 
1’ yx (q (q—1) +24 R+RR,) l 

If q be greater than 2, this is infinite when r=0 ; if q=2, it is 0, 
finite, or œ, with (we); if q lie between 1 and 2 itis =0. If q=1, 
the radius of curvature depends upon the limit of {1+ (wr)*(1+R)*B a: 
we R(2+R,). This, if wx have a finite limit, is 0, finite, or oc, with 
e:R or wae:y'r; if Ye diminish without limit, it depends on the 
limit of x: yx. R, or 1: ux: but if ys increase without limit, it depends 
on (Ya): y'a. When q<1, but not =0, the expression is 0, finite, or 
oc, with 2° (wr)*; that is, with z% in every case in which 2q—1 is 
finite, and with ws, when 2g—1=0. 

4. If, when v incrcases without limit, Ox have the limit a, there is an 
asymptotic straight line parallel to the axis of a, and at the distance a. 
But if y= œ when «=a, then the line parallel to the axis of y at the 


, have the same limits. 


Ea 2 5 
of y is an asymptote to two distinct branches of the curve y (# +4) =a 
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distance a is itself an asymptote. The oblique asymptotes are readily 
found: for with regard to any one of these it is obvious that if x increase 
without limit, the tangent perpetually approaches to the asymptote both 
in direction and position, so that the asymptote may be regarded asa 
tangent whose point of contact is at an infinite distance. Find then the 
values of OT and OU (page 352), or of e—y:y’ and y— axy’, when 
x= oc, and the position of the asymptote or asymptotes will be thus 
determined. And if G and H be the points in which the normal cuts 
the axes, then OG=ar+yy’, OH=y+e:y', from which it may be 
found whether the normal drawn from a point at an infinite distance cuts 
the axes at finite distances ; and this may be proved to be impossible, 
which I leave to the student with these two hints, 1. The preceding 
expressions are halves of the diff. co. of 7* or 2°+y? with respect to z 
and y. 2. Any function in which the diff. co. has the limit a must be 
of the form ar+Wex, where wz diminishes without limit, or W’ œ=0. 

All the curves which are asymptotic to y=@x are contained in the 
equation y=or+ Wer, where we may be any function such that w œ=0 
(limit). A curve having the polar equation r=@0, has an asymptotic 
circle if 6 œ =q, the radius of the circle being a. 

Generally speaking, the curve has two branches which approach the 
asymptote, but it may have more even on the same side. ‘Thus the axis 


3 
and to four distinct branches of y (+a, A positive method of 
ascertaining how many branches of a curve belong to one asymptote is 
as follows. Change the coordinates in such a way that the asymptote 
may be the new axis of y: for y write 1:y, then for every branch of the 
curve which has the equation so altered, and which passes through the 
origin, there is a pair of branches to the asymptote; the two branches 
which meet at a cusp (if two they are to be called) counting as one. It 
will presently be shown how to determine the number of branches 
passing through the origin. 

5. The general character of the curvature with respect to the axis, and 
the points of contrary flexure are discussed, for elementary purposes, in 
pages 370, 371. Generally speaking, the radius of curvature is infinite 
at a point of contrary flexure, and this is true when the tangent has a 
contact of the second order with the curve. But all our notions as to 
contact have as yet been founded upon the supposition that we are at a 
point of the curve at which Ø (@-+h) admits of development in whole 
powers of A (page 349). The following considerations are supple- 
mentary. When two curves have a contact of the mth order, the 
deflection is always finite when compared with A"**. But at a point for 
which $ (x+4) can be expanded into the series dx + Ah*+Bh'+...., 
let us remove the origin of coordinates to that point; then x takes place 
of h, and we have y=Az*+Br°+.... If, then, we take a straight 
line y= pr, (a, Ê, y, &c. being increasing,) the deflection Aa*+.... 
—px will bear a finite ratio to vif a >l, to aif e<l,andif a=], to 
x*, by making A=p. In the second case, no line can be drawn between 
the axis of y and the curve, nor in the third case between that of x and 
the curve. If œ be a fraction which in its lowest terms has an odd 
denominator, there is certainly a point of contrary flexure if y be possible 
on both sides of the origin. 

The radius of curvature may be either O or œ at a point of contrary 
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flexure, but can never be finite. For (1 ty")? y", the numerator being 
positive in all cases, must change sign with y' 

6. The abrupt termination, or point d'ar rêt, is in part a consequence 
of the imperfection of the theory of logarithms, as we shall see when we 
come to the tenth point. If y=2z*loga, it is certain that y diminishes 
without limit with z, and also that, according to the common theory of 
logarithms, y has only one value for one value of v, and no value when & 
is negative. There is then an abrupt termination (or commencement) 
to the curve at the origin; just as there is to the spiral of Archimedes, 
if the negative values of the radius vector be not admitted. But, as we 
shall see, the abrupt termination is only the commencement of a pointed 
branch. 

7. The cusp is a singular point which cannot be detected by any 
simple rule depending upon the differential calculus only. The follow- 
ing considerations are necessary for the elucidation of this case. 

Let yx be a function which vanishes when r=a, and is impossible on 
one side of that value, having on the other side two equal values of 
contrary signs. Then y'a is either O or œ. For it is evident that the 
two values of yr answering to the two values of ~ differ in sign, and 
when the two values of Wg coincide in one (==0), either the two values of 
y'x must have the same limit, or Y'a must have two values. But the last 
cannot be, if the function be continuous, and quantities of different 
signs approaching the same limit can only have the limits 0 or c. 

Let the preceding remain, and let y=@r+ Wz be the equation of a 
curve; this curve has, then, unless @r should destroy Wr, no ordinates 
when x<a, and two afterwards for every value which any given value of 
x gives to px. ‘Take one value of Øx; then so far as the branch of 
de+wa depending on that value of Øx is concerned, there is a double 
branch of the former depending upon the branch of the latter chosen. 
The curve @x is what is called a diameter of r+ Wa, since it always 
bisects the portion of the ordinate contained between two branches of 
the other. If, then, p'a be finite, and y’a= œ, y' is infinite when ra, . 
and the curve cuts its diameter as shown in the first diagram: but if 
y'a=0, then y’=¢'a when x==a, and the curve and its diameter have 
the same tangent; or there is a cusp as in the second and third figures. 


The simple definition of a cusp then is, the point at which a curve 
touches its diametral curve. Tt is obvious that there is or may be a cusp“ 
for every point of the diametral curve having the abscissa ON, and also: 
that when the diameter has two or more branches passing through P, í 
there may be a quadruple, sextuple, &c. cusp, as in the diagram follow- 
ing. But if the tangent of the diameter at P be: 
perpendicular to the axis, it may happen that the 
two cusps (or semblances of cusps) which unite in’ 
that point may really form two continuous branches, 
as in the first diagram of the next page. 
For instance, y==aa*+,/(b—.) has the diame: 
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tral curve y=az*, and its ordinate is impossible 
after r=b; but there is not a cusp when s=b, 


because y’' is then infinite. But y=aa?+ (b— x)? 
has a cusp when 2=6. 

Cusps are of a twofold kind, according as the 

O N branches which proceed from them are on the 
same or different sides of the tangent line: these may be called 
cusps of similar or, different curvatures, though it is usual to say that 
the cusp is of the first kind when the curvatures are different, and 
of the second when they are similar. If, near the cusp, the two 
values of y” are of the same sign (page 370), the curvatures are similar, 
and different if of different signs. The following theorems will serve for 
exercise. 

When $a is finite, and w”a=0, the cusp must be of similar curva- 
tures, and the radius of curvature at the cusp will be finite; as in 


-+ 
s’ 
e 
°° 
eo 


ES Os ee O_O OO AA nyse aes 


y=ar 4 (1—b)}. But when $"q is finite or 0, and Y”a= œ, the cusp 
must be of different curvatures, and the radius of curvature is 0 or œ. 
And when ¢”a=0, Y"a =0, the cusp may be of either kind, in one case 
or another, but the radius of curvature will always be infinite. The 
involute has a vertex, when there is a cusp of different curvatures, and a 
cusp of similar curvatures when there is a cusp of similar curvatures. 
But the evolute, at a cusp of different curvatures, has an asymptote or a 
vertex, according as the radius of curvature is œ or 0; while at a cusp 
of similar curvatures, the evolute has the same, or an asymptote with two 
approaching branches on the same side. And a curve which has an 
asymptote has either an ordinary point, or a point of contrary flexure, or 
a cusp, at an infinite distance. 


Let y= zlog 2 + a. Here is a cusp when z=0. And it will be 
found that the cusp is of similar curvatures. 


l, l i er 
Let y=z2+.24. There is no cusp in this curve, the diametral curve 


of which is the parabola yor. But since at is greater than x? when 
x is less than unity, the two branches belonging to 
the same branch of the parabola are on different 
sides of the axis until x=1, after which the con- 
trary takes place. The figure of the curve is as 
follows, BOAC being made from one branch of the 
N C parabola, and DOAG from the other. The appa- 
RANN rent cusps made by BOAG and DOAC are not 


really cusps. 


SP EEr EEE EREET E 


Let y=} taz. There is now really a cusp at 
the origin, and the whole curve has the form of 
BOAG. If y= (x23 t z?) log v, there is a cusp at 

'D the origin, and the curve has the form made by 
putting together OAC and the dotted branch. 

8. Multiple points are those in which two or more branches of the 
curve pass through the same point; according to the number of branches 
they are denominated double, triple, &c. In the case of a simple 
double point, it is obvious that the diametral curve will pass through it, 
either touching or cutting both branches of the curve according as they 
touch or cut one another. When the two branches touch, the only 
difference between the case and that of a cusp lies in the ordinate not 
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becoming impossible before or after the cusp. ‘Thus, in the curve 
y= (x? +2? 2) log 2, the diametral curve has for its equation y= x3 log a, 


and the curve coincides with its diameter when a”? ? Jog x0; that is, 
when z=0 and when t=1. In the first case, the ordinate being 
impossible when x is negative, we have a cusp: in the second, a cou 


point, the values of y’ being 1-1. Similarly, in yor? 242%, one 
diameter of which is y=0, we have coincidence with this diameter 


L 
when 2? ta4=0, or when x=0or1. Inthe second case, y= + +4, 
giving for the branches belonging to the ordinates + 22 —at and 


—xt+2%, the values } and — i, which determine the tangents at the 
double point. 

The general test of a multiple point is a multiplicity of values in y’ 
for a single value of x and y. But if some of these values should be 
equal, that is, if some of the branches have a common tangent, it 1s not 
every test which will demonstrate the existence of these equal multiple 
values of y’. Theoretically speaking, the branches having then a con- 
tact of the first order, recourse should be had to the second diff. co. y”, 
which, unless some two or more branches have a contact of the second 
order, will have as many different values as there are branches. Pro- 
ceeding in this way, we see that if two branches have a contact of the 
mth order at most, the (n+1)th diff. co. of y is the first which will 
exhibit as many values as there are branches. Hence no absolute test 
of multiple points can be derived from the differential calculus, since the 
examination of all successive diff. co. isimpossible. Generally speaking, 
however, the equation itself will point out how many values of y may 
belong to one value of x; and it is obvious that no more branches of a 
curve can pass through a point than there are values of y to a value of x 
closely preceding or ” following the multiple point: so that practically 
speaking the multiple point 1s detected with nearly as much ease as the 
point of contrary flexure. 

The most certain theoretical method of determining a multiple point, 
though not perfect and though rarely the best in practice, has been obtained 
in page 183. Let (x, y)=a be the equation of the curve, and let it 
be reduced to a form in which there is no ambiguity, by the destruction 


of all terms which have double values. Thus y =@ + x? must be 
reduced as follows : 
(y— x)? ~x=0. 


Differentiate, say three times with respect to x, using Lagrange’s symbols 
throughout : 


p' +p, y'=0, p" +26) y +puy +p y" =0 
p" +3 ra +3¢,/ y? + Diy) y+ CH +h, y¥ ) y" +p, y" =0. 


Now since (x,y) is unambiguous,* so are Ø’ and @, when finite; 
consequently there can be no double value of y’ unless when it takes 


0 oe : : 
the form are that is, when either ’=0, ¢/=0, or @’= ,¢,= &. 


The second case can generally be avoided by a modification of the 


` * This means, having but one value for one value of x combined with one value 
of y. 
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equation, and when ¢/=0, ¢,=0, then if 6”, p, and @,, be finite, we 
have 


1 Jiad 
pP +2h/y'+¢, y2=0 


for the determination of the two values of y’. This answers well enough 
when Ø, is finite, but when $,,=0, the common theory of algebra would 
instruct us to suppose one value of y' infinite; if, however, this be the 
case, the corresponding value of y” is infinite, and we have no longer 
any right to conclude that the term ¢,y” vanishes. We are only there- 
fore made perfectly certain, by the use of this method, that a double 
point exists when y’ is found to have two finite or zero values, Similarly, 
if 6", $, and @, all vanish, we have the equation 


pl + 3gp," y' 4 3p, y”? ate diy ye —() 


for the determination of the three values of y’ which may in this case 
exist, with the same reservation as before; and so on. And in any case 
one or more pairs of the values of y’ may be impossible. 


Let us take the curve y=r? hat, already considered. An equation 
of this form can only* be reduced to another which perfectly includes 
all its cases, and is rational, by multiplying together all its forms. 
Thus the preceding must be rationalized by multiplying together 

(R= (—1)). 
y—fr—Ya,  ytfa-Ya,  y-fetVa, yte+Vz, 
y—fr—hfa, ytfo—-kfa, y—Jath fe, ytet kie, 


and equating the result to nothing. But if the possible factors only be 
multiplied together, and equated to 0, giving (y*+a—,/2)?—4zxy°=0, 
every possible branch of the curve is included by making this =0, and 
the resulting equation may, consistently with representing the whole 
curve, be made unambiguous by the understanding that ,/x shall have 
the positive value only. 

Pursuing this, we find for the first equation, 


é l 
2 (Y+ r — y2) (1—5) {4y (yY He—y r) — Sey} y'=0. 


; 0 me A 
In this y’ takes the form D when <=1, y=0, which is also found to 


satisfy the equation : here then there may be a double point. To settle 
this, form the next equation, or 
I I 4 Leas fo A, l ) 
2(y+r2—,J/x).— —-+ 2{| 1—-—— Sy | 1—— |—16y;y’ 
Gta Sr ne Pe \ ofa) Fk te) yey 


T{12Qy°+4a—4,/x—S8r} y+ {4y (y?+a—,f/r)— Sry} y"=0, 


when «=1, y=0, $—S8y”"=0, and y’/=+1 or —}. There is then a 


double point at (1,0). This method also indicates the double point 
which exists at (0,0), and for which both values of y’ are infinite. 


4 
I give the following as an exercise :—The curve y= (x—a) (b — x)? 


* Or by some process as general. The student might easily deduce (y?+<2)?— 
x(1+2y)? from the equation; but he would find, on endeavouring to return to 
y=, /zt4 yx, that the preceding is only satisfied by y=,/z 14/2, and not by 
y=— feta, 


a 
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+2 (b—a)? has a double point when a==a, if b>a. If abe made to 
vary, the curve to which every curve of the species is a tangent passes 
through all the double points. 

9. I call the conjugate point an evanescent oval, because it never 
exists except where the equation is a degenerate variety of a wider class, 
each curve of which has an oval. The most simple case is that of 
(x—a)?+(y—6)’=0, which belongs to no point except (a,b). This 
conjugate point is the circle described with a radius =0, or an evanes- 
cent circle. Again, y= +y {a (x —a)(x—b)}, a and b being positive, 
and bœa, consists of an oval from =0 to =a, an unoccupied interval 
from «=a to rb, and infinite branches above and below the axis from 
x=b upwards. As 4 diminishes, the oval becomes smaller, and finally 
when a=0 the form of the equation becomes y= sxy (tx—b), which 
gives y=0 when #0, or the origin is a point of the curve: but there is 
no further point until r=6. It is useless to attempt a test of a conjugate 
point by the differential calculus. 

10. I now come to the consideration of the pointed branches, or 
branches pointilleés. This is a curious question of analysis, in which 
some cletail will become necessary, and strict recourse to definitions. 

If we define a curve to be the line made by the motion of a point 
according to a certain law, it is evident that if (a, 6) and (a’, 6’) be two 
points at a little distance on the same branch of the curve, there is a 
point of the curve for every abscissa lying between a and a’. And such 
a branch of the curve, described by a continuous motion, is the only 
branch which falls within the definition. But if we define a curve to be 
the assemblage of all points whose coordinates satisfy a given equation, 
we no longer restrict ourselves to the consideration of branches described 
by the continuous motion of a point: for there may be points, the 
coordinates of each of which satisfy the equation, without any such 
points intervening. The simple conjugate point is an instance. Con- 
sider the curve whose equation is yoaa*+,/x.sinbdzr. The 
diametral curve is a parabola, from which, when z is positive, the curve 
alternately recedes and approaches, meeting it whenever sin br=0, or 


bx is a multiple of m. But when æ is negative, y is impossible, 
except when sin br=0, in which case y is az®: so that on the negative 
side there is an infinite number of conjugate points, each one situated 
on the parabola over against a double point of the curve, the successive 
abscisse being 7:6, 27:6, 37:6, &c. The greater the value of b, the 
more nearly do these points approach; and if 6 were exceedingly great, 
they might be made, as nearly as we please, to resemble a continuous 
branch of the curve. 

Which of these two definitions we employ is purely a question of 
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analogy and convenience. If we were making a theory of curves, for 
the sake of the properties of space we should thereby gain, it might 
perhaps be thought that the first definition would best embody the 
objects under consideration. But if our theory of curves be carried to a 
greater extent than is practically necessary, solely for the clearness of 
illustration which it gives to the properties of algebraical functions, it 
then seems to me that the second definition is imperatively required. 
All who have sanctioned the introduction of the simple conjugate point 
have tacitly admitted this; though those among them who have rejected 
the pointed branch have refused to admit the legitimate consequences of 
their own definition. 

In the preceding example we have only a series of conjugate points, 
separated by finite intervals. If we admitted the symbol sin ( œ æ) 
among the objects of analysis, we might appear to have a pointed branch 
which is not distinguishable from a continuous branch. If we never 
met with such a branch except upon the introduction of a new use of œ, 
we might well dispense with it altogether. But, as we shall now show, 
a pointed branch of a still more curious character meets us in the con- 
sideration of ordinary symbols of quantity. The expression a*, where 

1 


x=m:n, means that any one of the n values of a” is raised to the mth 
power. When we speak of arithmetical values only, we have the 


equation 
Yom 1 
(ar) = 


and in all cases this equation is so far true, that each of the values of 
1 


lym 
(as) is one of the values of (a”)"; but the second may have values 
which the first has not, or may appear to have them. Thus if 1*=1, 
an indisputable arithmetical truth, we shall find —1 among the values 


1 1 ka 1)" : 
of 1°, or (1*)®; but it is not among the values of Gt) . And since 


A > . ; f 
1° and 17 are identical, and the second has only three values, the first 
must not have more; whence, if we allow ourselves to call 1* and 1 iden- 
tical, we may fall into error unless we remember that a” must stand for 


1 \™m 
any value of a) , but only for (it may be) some of the values of 
2 
(a™)". The safe method is, always to reduce the fraction m:n to its 


INM 
lowest terms, and then the n distinct values of Cs) are severally equal 
1 


to the n distinct values of (a)". A wider and better theory might be 
drawn from the general considerations of Chapter VII.; but the above 
will be sufficient for our present purpose. 

Between any two fractions, however near, may be interposed an 
infinite number of other fractions, (in their lowest terms,) either with 
even denominators or with odd denominators. 

Let y=a*; then when z is a fraction with an even denominator (being 
in its lowest terms) there are two possible values of y, numerically equal, 
but of different signs. But when v has an odd denominator, there is 
only one such value. Consequently, since fractions with even denominators 
may be made as nearly equal as we please, we have on the negative side 
of the ordinates a branch in all respects similar to that on the positive 
side, with this restriction, that we are not to be allowed to go upon it for 


XQ 
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an ordinate, except when z is a commensurable fraction (in its lowest 
terms) with an even denominator. Between any two points on it an in- 
finite number of allowable points can be found; and yet the branch is 
not traced out by the motion of a point, since between any two points an 
infinite number of unallowable points can be found. 

Similarly, a negative quantity must be allowed a possible logarithm, 
whenever the number, independent of its sign, is of the form ¢*, where x 
is a fraction with an even denominator. Thus y=log 2 represents a 
curve which has a pointed branch, one point of which is found as 
follows. Let e=—,/e, then y=}. 

The abrupt termination, observable in the curve y=2z log v, and in 
many others, but all contaming exponential or logarithmic functions, 
now appears* merely as the point in which a continuous branch meets a 
pointed branch. ‘The general rule is; trace the curve on the suppo- 
sition that log (— x)= — log x, using the branch which arises from loga- 
rithms of negative quantities only when the negative quantity is of the 
form — 7y Pt, 

It we return to page 127, we find in the equation log (—2)=log x 


+(2m+1)2V¥—1 no indication whatever of a possible logarithm of 
—zx in any case. A further extension of the theory of logarithms 
must be now madet as follows. To find all the values of £”, possible |, 
and impossible, we must put € in the form exe’""VC, in the same ¥ 
manner as, in page 127, the roots of unity were extracted by writing 1 in% 
the form 7y}, 

If, then, we want to solve the first of the following equations in the most : 
general manner, we must have recourse to the second (in which 7 is 
even or odd, according as z is positive or negative, ¢* being the numerical 
value of z). 


—— 4 6 L+2marV (1 aes a 
Pazi een N ( ) Jë a gatna V B 


es atnn)(—1) 
~— 142mrf(—-1) 
Now æ is‘by definition the logarithm of z, and the preceding is 


the most general form of that logarithm, a being the ordinarv alge- 
braical logarithm. If, then, a=p : q, p and q being whole numbers, we ' 


have 
r= {p+qntJ/(—1)}: {¢+2qmrJ(—1)}; 


which is possible and equal to p : q, when p:q=n:2m. Now when n 
is an odd number, or z is negative, this equation can be always satisfied 


if q (p:q being in its lowest terms) be an even number. That is, one 
of the logarithms of 


or 


—“/# 1s possible and =p: q, 


the same as appears from the common algebraical consideration of 
ye". 


* Those who object to the pointed branch as introducing discontinuity must choose 
between its discontinuity and that of an abrupt termination. It is also worthy of 
note that an asymptote which has an odd number of branches only approaching to it, 
is an abrupt termination. Such an asymptote can never occur, if pointed branches 
be admitted, and if, when polar coordinates are employed, the negative values of the 
radius vector be duly considered. : 

_ Tt See for the history of this question the article “ Negative and Impossible Quan- ~» 
tities? in the Penny Cyclopedia. 
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A great many curious modifications of the singular points of curves 
might be noticed, but they would require more space than I have here 
to give. I now proceed to some further uses of the equations in 
page 345. 

The area of a curve contained between the ordinates ġa and #8, the 
interval of abscissæ b—a, and the arc intercepted between the ordinates, 
is f ox dx, from x=a to r=6. (page 142). Let us now suppose it is 
required to find the area intercepted between two radii and the arc of the 
curve which these radii intercept; as BOA. Drawing a figure, in which 
the ordinate and abscissa shall increase together, such as the one 


W B 
vV 
O M N 


annexed, it may be easily shown that AOB is half the excess of 
BWVA over BAMN. For we have 


BWVA=BW0+BO0A—OVA 
BAMN =BON —BOA — AOM. 


Subtract, remembering that BWO=BON, OVA=AOM, and the pro- 
position asserted is evident. Now, if OM=a, ON=), AM=¢a, 
NB=¢), we have BWVA= fx dy, from y= Pato y=, or fxd'rdr 
from ra to r=b: and MABN=/y dx from =a to x=b. Con- 
sequently ` 


BOA=3 f (ady—ydx)=} f rd0, (page 345, equation 11) ; 


in which the limits of @ in the last integral are from Z AOM to ZBOM. 
The student should now prove that the equation BOA=4 f (ady —ydz) 
always holds, if the signs of the integrals be attended to, whatever may 
be the disposition of the parts of the figure. This proposition may also 
be -proved independently, as follows. If 0 vary by 40, the area con- 
ained between r and r+Ar lies between two sectors of circles whose 
ireas are 47°A0 and 4 (r+Ar)?A6. Consequently, proceeding as in 
zage 100, the whole area between any two limiting values of 0 lies 
tween $ 2r°Ab and 4 XrA0+ Er Ar A043 È (Ar)? A0. But as A0 
liminishes without limit, each of the elements of the second and third 
nentioned sums diminishes without limit as compared with the cor- 
'esponding element of the first. The two preceding expressions have, 
herefore, the same limit, and the area of the curve, which'always lies 
etween them, has the same limit: this limit is, by definition, > J 1°d60. 

We have, then, the following four integrals, expressive of the rectan- 
ular area, the polar area, the arc derived from rectangular coordinates, 
nd the same derived from polar coordinates. Let 1, Yn 7, and 0, be 
he cvordinates of the point from which the area and arc begin, u, being 
+» and u being r~i, 

2C 
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Page 142, rectangular area A= f ydx beginning from 7=2, 
polar area* JH=3} frido e e o o o o OO, 
Page 140, arc (rectang. coord.) SSN (dx’+dy?)... 6. . Te 
Page 345, arc (polar coord.) s=f(dr?+r°d62). . . . . . 0=0, 
| = fuy (d+ ud) ... . 0=0 
We have also the following equations : 
H= f (xdy—ydz), A=4 (zy—2, y,)—4 H. 


If either of the coordinates be expressed in terms of A or H, the otha 
may be sometimes expressed by simple differentiation. Thus 
; dA ii 
g= WA gives L= Ag TWA., or E 
If, then, A be eliminated between v=w%A and y= (W'A)™', we have ar 
equation between v and y, which is that of the curve. 

But it 1s important to remember that though A or f ydx can certain: 
be found from c= ( fydx), it will generally happen that it is onl 
one constant which can be appended to that integral; for it is manifesth 
not to be supposed that the equation r=% ( Jydx+C) can be mai: 
true for all values of C. It may easily be shown that this is a questio) 
of a class we have not hitherto met with, involving an arbitrary constan 
which enters in a function in a manner depending on the form of th 
function itself. To make the problem specific, we must suppose that th 
area measured from a given initial abscissa shall be a given function of th 
terminal abscissa. But (page 142) the equation /,,ydr=wWe is incon 
gruous, and /,,ydr=ya—wx, is rational, If, then, we propose | 


Jn yda=wpo Way, or ay fa ydet wa}, 


we have an equation in which the arbitrary constant enters in th 
manner above described. 
It is required to find the curve in which r=log A. Here wA=log, 
and y, or (¥/A)~'=A; whence v=logy or y=”. The area fydz 1 
then +C, C depending on the point from which it begins; and i 
order to satisfy the conditions we must have C=0, or the area begin 
from a point at an infinite distance on the negative side. In fact, th 
primitive equation A=¢” is only intelligible as representing the area of 
curve when written in. the form Ame"—<e-© , i a 
Difficulties of this sort will occur whenever « or y is given in terms ¢ 
a function which is necessarily dependent on an integral containing z ¢ 
y itself. | | 
There is a large class of problems relating to curves in which such 
property of the curve is given as implies a determinable differenti 
equation. The solution of this differential equation, ordinary or singula: 
is therefore an equation of the curve: whence we see that two ver 
different curves may have the property in common, one being a case í 
the general solution, and the other being the singular solution. | 
For example, it is required to find the curve in which the length « 
the normal intercepted between the curve and the axis of æ isa give 


* Certain usages of writers on mechanics make it more convenient to adopt 
symbol H for twice the polar area, than for the polar area itself, 
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function of the part cut from the axis of z by the normal: or which 
satisfies the equation 


{ d Q d 
J (atv ia )=(2+y Z), Se 


“This equation can be integrated generally; differentiate both sides, and 
we have 


‘wy 
yJ +y”) Paa fe+yy' tO +y"+yy"); 


or ty =V Aty"). p (atyy)} {ly +yy"}=0. 

One of the factors of the last must then vanish. If ly? + yy" =0, 
we have, by simple integration, (v—c)?-+- y°==c?, which will be found to 
satisfy the equation ($), provided c?=(¢c)?; whence the general 
integral of (%) is the equation of a circle, namely, («—c)*+y’°=(¢c)*; 
so that there now remains only the vanishing of the factor y/—4/(1 +y") 
$'(x+yy') to be explained. This it may be shown is satisfied by the 
singular solution of (æ —c)’+y’=(¢c)*. For, by page 192, that 
singular solution must make dy’:dzx and dy’: dy infinite, these being 
partial diff. co. derived from y' as expressed by the equation itself. If, 


‘then, we differentiate yy(1 +y) =¢ (x +yy'), considering y! as a 
‘function of x only, we have 


a me a Jd sa 
5 dy Baty). NAH 
de y (y'= +y") p (yy) 
Consequently’ y'—y (1 +y°) .Ø' (£+ yy’) vanishes* when for y is put 
that value of x which is the singular solution of (@). 

The following theorems may be investigated by the advanced student 
as exercises. 

l. The equation which expresses that the radius of curvature is a 
given function of y’ may be integrated (assuming the integration of, all 
functions of one variable) so as to give both x and y in terms of y’: 
whence the equation of the curve may be found by elimination. 

2. A polar equation to the locus of the intersection of the tangent of 
a given curve with the perpendicular on the tangent may be found from 
equation 27, page 346, by substituting for r its value in terms of p, and 
integrating. E 

3. The method in page 355 may be applied to the determination of 
ptical caustics, both by reflection and refraction. 


* The method of Clairaut in the integration of y—y’a—=oy’ might, therefore, be 
generalized, subject to close examination of the different cases, as follows. Let 
(ayy, y’ y's eee) =0, whence it follows that 


dp , dọ j do ji 
mA zE 2 onnea), 
dz dy” T dy’? + 


. FA e 2 
Mf each of the coefficients +, &c. have a common factor M, the equation resulting from 
ar 


ts extermination (of one order higher than the given equation) may sometimes 
e more easily integrated than the original. If so, an equation between its con- 
tants may be obtained which shall make it satisfy the original equation, and the 


ingular solution of this general solution satisfies M=0. È 
| 2C2 


Pene -a o eY ee ee ee ee ee ee 
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4. Trace the curves whose equations are y=log sin z, y=sin log q, 
distinguishing both continuous and pointed branches. Show that the 
logarithmic spiral has a pointed branch, and trace completely the curve 
whose polar equation is r=a+,/(cos 6), a<1, showing that negative 
values of 7 must be admitted, or else a cusp with two distinct tan- 


gents. 


CHAPTER XV. 
APPLICATION TO GEOMETRY OF THREE DIMENSIONS. 


Tuts part of the subject requires the particular consideration of functions 
of two independent variables, and occasionally of three. If u be a 
function of x and y, we shall, as most convenient, use one or another of 
the following notations: 
dz dz . d'z d'z s dr 
SSS Se See SS ee. ee ee, SS . SS eB 
dx P> Ty 51> Te dedy "© ° dy 
If there be three independent variables, x, y, and 2, it is very 
desirable to have a notation for use in the actual details of operation, to 
be taken up when they begin and laid down when they cease. The follow- 
ing will be perfectly distinct, and soon acquired. Let u be a function 
of x, y, and x. 


| ons 


e a 


du du du du ču 
su aem e TU, Ures TZU 
dx Et] d y y9 d Z9 dx? xxr} dy? yy? 
au du du d?u 


qe drdy =U ry dydz d-d = 

In making any integration with respect to one variable only, it musi 
be remembered that the constant to be added may be a function of the 
other, which though called variable with reference to what might have 
taken place, was by supposition a constant in the differentiation whict 
the required integration 1s to compensate. Thus 


2 


u . du 1l , l ' 
ge OY gives g Sg YtHey, u=z aty Hoy .arwpy,, 


where $y and Yy are any functions of y whatsoever. Again 


du du 


; fis he l 
r dody OY BNE gp BU Hon, wR ary tf pe det yy: 


‘where f/¢rdr may be any function of z, and wy any function of y 
Such cases, in which no peculiar specification of limits is made, require 
no additional consideration; but if it should happen that the limits o! 
the first integration contain functions of the letter which will be £ 
variable in the second integration, the question takes a very differen 
character. For example, «/=azy is to be integrated first with respec 
to y, and from y=<@ to yx’, and then with respect to 7 from a= 0 te 
t=6, The first integration now gives | 
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Sax (2°)*+6x—(Lar.2? +2), or Sa(ax>—x°), 
This integrated with respect to x from r=0 to r=), gives bai b’—1d4), 
The question now becomes, what is the use and meaning of the opera- 
tion we have performed? It has sufficiently appeared in Chapters VI. 
and VIII., that though we may look to the determination of a primitive 
function for the shortest mode of operation, we must find in the limit of 


a summation the readiest mode of conception of the result attained. 
Now the first process is really the limit of the following summation : 


far.c+ax(r+0)4+....+4ar (x--m6) | 0, 


where mO=2°—ax. If we now assume nr=b— 0, and add together the 
several values of the preceding answering to w=0, m=x,.... up to 
r=nx, multiplying each by s, we shali have a succession of sums, the 
first, second, and last of which are as follows, if the value of 9 when 
x=ck be called 0., 


{a0.0+a0 (0+ 6) +....+a0 (O+m6,)} boek 
+fak.ctax (+0) +... Har (r +m0,)} 0.x 


+ lank. nk tank (ne+0,) + -+ e bank (ne +m0,)} 0.6K 3 


the limit of which, when m and z increase without limit, is the result 
obtained, And since every term is of the form ary Ar Ay, we may, as 
in page 99, call the preceding YAxr(Sary Ay) or Bary Ax Ay, and its 
limit fdx faxydy, faxydrdy, or f T ary dx dy, if the two operations 
are to be represented. And since y is first made variable, we may 
denote this by writing dy last of the two, and the symbol of the in- 
tegral with the limits represented will stand thus: 


` fif z axy dx dy. 
We may now give a geometrical illustration of the preceding, gene- 


ralizing the operation into f} J %*zdxdy, where zis a given function 


of x and y. ` Draw the curves y=ġr and y==Wa, and set off the 
abscisse a and b, OA and OB. Divide the interval AB into any 
number of equal parts m, and having drawn ordinates, divide the part 
of each ordinate intercepted between the curves into n equal parts. 
There will then be mn rectangles, which, as m and n are increased 
Without limit, have for the limit of their sum the area PQRS. This 
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limit, compared with the preceding process of summation, will be found 
to be represented by f a | Yz dady. And this agrees, with previous 
results; for writing the preceding in the manner first pointed out, we 
have /} dx f dy, or ye (wa—r) dx, or a ya dr— j apxrdr, or 
AQRB—APSB. But if we.want to form an idea of the meaning of 
J, z dx dy, we may proceed in either of the following ways. 

1. Suppose the area PQRS to be everywhere of different and variable 
value per square unit, in such manner that at the point (x,y) the value 
of a square unit, if it were uniform, would be z. Then at the point 
(x,y), the sides of the adjacent rectangle being Av and Ay, the value ot 
that rectangle is, not zAv Ay, but (z+a) Ax Ay, where a is a fractior 
depending on the variation of the rate of valuation from one part of the 
rectangle to another. But as Av and Ay diminish without limit, z+ 
approaches without limit to z, and aAxr Ay diminishes without limit, as 
compared with zAy Ay. Hence È (zAz Ay) and È (z-+a) Az Ay have 
the same limit: or f fzdx dy represents the whole value of PQRS. 

2. At every point of PQRS erect a perpendicular to the plane of xy 
(that is, of the paper,) and equal to the value of z, or f(a, y), at tha 
point. We shall then have these perpendiculars bounded by the surfaci 
whose equation is z= f'(x, y), and the solid content bounded by PQRi 
below, the superposed surface above, and laterally by the perpendicular 
drawn on the boundary PQRS (or rather by the surfaces which contai 
them all,) contains, in cubit units, /fzdedy. For over the bas 
Az Ay is superposed a solid content which would be zAx Ay if z were 
constant, but which is (z+a) Ax Ay, where æ may be described a 
before, and rejected for a similar reason. 

I do not consider it necessary to develope the preceding reasonin 
after that in pages 140, 142, &c. ‘Two cautions are necessary in inter 
preting the results of any such double integration. First, as in pag 
98, no reliance can be placed on any result in which z become 
infinite anywhere in the boundary of integration; secondly; a portion < 
the summation may consist of negative elements not only when 
becomes negative (which case may be explained similarly to that i 
page 149) but also when wr— zx changes sign between a and b. Th 
we may explain as follows: S ? da dx and J $ px dx differ only in sign 
being of the forms ġb—ġoa and d,a—¢,b; and this also follow 
from the nature of the summation. For if we pass from «=a to s= 
by a succession of positive increments given to x, we must pass from 
to a by a succession of negative increments. If, then, the first integri 
tion give y (x,y), or x (2, %r)—x (a, bx), and if the sign of th 
should depend upon that of wr—gzr, we are, if wr—zr change sig 
between z=a and 26, about to perform an integration of the fon 
fox dr, in which we is not always of the same sign (page 149). Th 
must be particularly attended to, as we might otherwise perform a 
integration under the idea that all elements of the summation a 

Q positive, when such is not the case. In tl 

~ first example given, or S ; J z axy dx dy, ify 

P draw the straight line and the parabola y= 

and y=a", and if OB=b and z=azy be tl 

ordinate of a surface perpendicular to the pape 
we might suppose that we have ascertained tl 
el iss ë solid content which stands on OMNK ar 
KRQ together. But from O to K, x is great 


ær- n 


ow 
m di 
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than q?, z being positive, whence {2° zdy is negative, and the whole of 
the integral /} fPazy dx dy is negative, while the’ remainder J i T z ATY 
dxdy is positive. That something of the sort takes place is obvious 
from the result, which =0 when 6?=8, the positive part over KQR 


, then counterbalancing the negative part over OMKN. If we want 
simply the solid content described, we must counterbalance the negative 


part by an addition (here an algebraical subtraction) of twice as much, 
which gives 
b [22 y. ES | L fx Sn 
Sif? axydedy—2f; f? ary dx dy=}a Q -4b -a Q4). 
If b had been less than or =1, we should simply have changed the 
sign of the result. 


= A right circular cylinder, described by the revolution of a line at the 
* distance A, about the axis of z, is cut by a plane whose equation is z=avr 


+by +c: required the content intercepted between the given plane, the 


plane of ry, and the cylindrical surface, on the supposition that any part 


- 


which falls below the plane of xy is to be reckoned as negative. 
The expression to’ be found is f. J (ar--by--c) dx dy from y= 
—/(—2°) to y= +4 (’—2"), and then from s= —h to a=+h. 


. The first integration gives (azy+ 4 by’+ cy) dx, which, taken between 
' the limits, gives 2(ar-+c),/(4? —2°) dz. And 


2 S aa - 
2 
aes Fan 


—_— 


Y Te 


3 
2 


IN a’) . da= —; (h?— 2?) 


| - h? 
"E SN (he —2") da= 5 xq (I? —a*) +> sin7? y 


3 


,! 


which, taken from w=—h to w=+h, give 0 and JSh?.7; whence 


2 (a.0+c.5 hr) or rhe is the content required. The plane cuts the 
cylinder in an ellipse, and this result merely implies, as is obviously 


true, that if a circle be drawn parallel to the base through the centre of 


the ellipse, the content intercepted by the ellipse and the base is the same 
as that between the two circles; the depression of the ellipse on one side 
of the second circle being compensated by its elevation on the other. 

It must be obvious that the preceding mode of integration can only be 
successful when -either the extreme limits. of y or of x are constants: 
those of the other variable may be functions of the one whose limits are 


constant. Thus the general description of the operations may be made 
‘as follows. To find fJzdxdy from y=¢x to y=wa, and from r=a 
‘to ab, let J zdy, y only being variable, be f(x,y), then f (æ, Wr) 


Eac o o a a 


—f(x,px) isthe result of the first integration. Let the integral of the 
preceding with respect to x be Fr, then FO—Fe is the final result. 
But, to fud /fz dy dx from r=Qy to t=wWy, and from y=a, to 
y=b, let jz dx, x only being variable, be fı (x, y), then fi Gays y) 
—fi (Pry, y) isthe first result. If the y-integral* of the preceding be 
Fiy, then F,6,—F,q, is’ the final result. We must take first that 
integration in, which the limits are variable, though if both sets of limits 
be constant we may begin with either. Thus to find | J J dx dy from 
y=a, to y=b, we have fzdy=f(a2,y) and between the limits 
=f (x, b,) — f(a, a); if ff (a, b,) dx=a (x,),), we have © (b, b,) 
~w (a, b,)—o@ (b,a,) +0 (a, a,) for the final result. Agam, if fz dx 
=fi (x,y), we'have fi(b,y)—f, (a, y) for the first result, and if 


* This abbreviation would be convenient in many ¢ases. | 
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Sh (b, y) dy =m, (b, y), we have w, (b,b,) — ©, (b, a) — w, (a, d) 
+o, (a,a,) for the final result. Now @ (2, y) and ©, (x,y) are the 
functions derived from two successive integrations, each independent 
of the other, in different orders, the first by y, x-integration, the second 
bv æ, y-integration. If they differ from one another it is then only by 
such terms as disappear in two differentiations; or the first may be of 
the form ¢(2,y)+We+yy, and the second of the form (2, y) 
+W,x2+y y, at widest. But the entrance of the arbitrary functions was 
avoided by the method of taking limits after each integration; if for in- 
stance / zdy had given f(x, y)+ yx, the term yx would have dis- 
appeared in (f(x, b)-+yir)— (f (r,a) +y): and so on. Hence 
ġ (x,y), a function not containing terms dependent on w only or y 
only, is the result of both modes of integration; or rather ¢ (b, bı) 
— o (b, a,)—4$ (a,b) +9 (a, a,) 1s the result of both. The same thing 
is also apparent from the method of summation. 

But it might happen that we require to extend the summation over a 
part of the plane of xy, (to keep to our illustration,) no boundaries of 
which are lines parallel to an axis. This subject* presents a most 
instructive view of the nature of integration, and will require some 
detail? The following diagram of the methods of summation which we have : 
just left, as compared with that to which we are coming, will be the best 


introduction. It is required to find fz dz dy, over all values of x and y 
included in the figure PQRS, the equations of the boundaries being; of 
SP, y=ar; of RQ, y=fpx; of RS, y=pr; of QP, y=vr: a, pP, p, and 
v being functional symbols. Assume y=% (a, v), where v is a constant 
such that 4 (x, m)= ux and ẹ (x ,n)=vx. For example, 

v—m v—n 


vı + 
m 


(£, v)= v3 
Y (a, v) ea HES 
or let Vn signify a function of v which is 0 or 1, when v=m or v=”, 


and V, a function which is O or | when v=n or væm. Then from 
y=V, prt V,v2+V,, Vif (2, y) 


can be obtained an infinite number of the cases required for every form 
of Vm and V,. Assume y=@ (x,u), ‘where u is another constant such 
that w=a gives yar, and u==b gives y==bx. If, then, a be changed 
into b at k steps, being successively a, a+r, at2k.....a+kx, 
(kx =b—a), and if also m pass to n by } steps, becoming successively 
m, mA, M+20....m+/r (LA=n—m), and if we describe the curves 
whose equations are 


* The demonstration here given is not altogether that of Legendre, (Mém. Acad. 
Sci., 1788,) which is so obscure in its logic as to be nearly unintelligible, if not 
dubious. See the method of Legendre, as used by Laplace, in my Theory of Pro- 
babilities. (Encyc, Metr., § 62.) ” 
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Y= (x,a) or at, Y=P (z, a+k),..... up to y=O (x, a+kk)=ßx 
y= (2, M) or pr, y= (z,m-+A), .-... Up to y= (27, m+) =vr, 


we shall have the figure inclosed by PQRS intersected by curves which 
divide it into & Xé curvilinear quadrilaterals, each of which may be 
made as small as we please by sufficiently increasing k and 1. Tf, then, 
at a given point, (xy), say the lower corner of the figure left dark, we 
can express the area of the contiguous element by PAu Av, we have for 
the whole integral required / $J mzP dudv, where for x and y mnz 
must be substıtuted their values in terms of u and v obtained from 
y= (x,u), y=% (x,v). It remains then only to express this area. 
Let ABCD be one of the quadrilaterals, the point A having x and y for 


A M N P X 


its coordinates in the preceding figure: let AX and AY be parallels to 
the axes of x and y. If x+òr and y+ òy represent coordinates of any 
point near A, we have for the equations of the four curves as follows : 
For AB y+cy=¢ (£+ ox, u); for CD y+ dy=¢ (r+òr, u+Au). 
Yor AD y+ òy=y¢ (x+ òx, v); for BC y+oy=y (x + ôr, v+A4v). 
Also $(2,u)=wW (2,v), both expressing the ordinate at the point A. 


To find the coordinates of B, equate ¢ (x+ òr, u) and uw (a+r, v+ Av), 
which gives 

dy 

d 


de. d 
oea onde. TEE TY mot Ox+— AVH ..... 


dx v 


In which, if we neglect terms of higher order than the first, which it is 
clear will not affect the result, we have 


anro wr Aan Ric OOOO o ar do UY 
orz AM=W q r> cy=MB=W 7; Ty 02> w=-(%- > è 


= The coordinates (measured from A) of the intersections of AD and DC 
and of DC and CB found in a similar manner are Ss 


AN==—w 2? aw, ND=—-wi aD A, 
du dx du 


dy, dp, N do dy, dw dọ j! ; 
= — Av- — — KA wee a sek ee, es N 3 
ae W (F Av Ta Au fi PC=W od Av Tr due i 


The area ABCD is the sum of ABM and MBCP diminished by that 
of ADN and NDCP. Each is to be feund by an integration of the form 
fpdq, where the limits of p and q are all small quantities. 


— i ee ,_ ap ; 
Now Spdq=pq—P’ gt? á po oe (» S we.) 
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and (p! not being necessarily comminuent with q) if the values of p and 
g at both limits be small, the first two terms will each be of the second 
order, and the rest of the third and higher orders. And since p’ will 
vary during the integration by a quantity of the ‘first order only, it will 
introduce no error of so low an order as the second, if we suppose it . 
constant and =(p:— pı) : (qz— qı), where q and q, are the limits of q, 
&c. This gives for the integral between the limits, as far as terms of 
the second order inclusive, 


l pop, 
2 Le 
which is precisely the area that would be obtained by taking the arc of 
the curve to be a straight line.” The errors of this supposition, therefore, 
are all of the third order, and for our present purpose ABCD may be 
considered as a quadrilateral rectilinear figure, and even as a parallelo- 
gram: for, as far as terms of the second. order, by the values found, 
AP=AM-+AN, or NP=AM; similarly, PC=MB+ND, whence 
BM=QC, and AB is equal and parallel to CD. If NR be joined, 
ABNR is also a parallelogram, and ABCD and CDNR together make | 
up ABNR=MBRP. But DCNR=DQPN; whence ABCD is the 
excess of BMPR over DNPQ, or 


2 ; l | 
P2 a Pi a— (92—91), or 5 (Pet P) =q) 


 BM.AN—DN.AM, or W: & (st Av Au, 


dv du\dx dz 
: dys do 
aa NY ee ee Au, 
or ae ai Av Au 


The sign of the result only indicates that the preceding expres- ' 
sion without its sign is negative in every disposition of the figure 
similar to that here adopted. If we now take the equations y= y (a, v), 
y=¢ (x,u), and from them deduce y and x in terms of v and u, giving 
w=X, y=Y, X and Y being each a function of v and of u, we may 
deduce the preceding factor by implicit differentiation, as follows. 
Substituting im the first pair the values derived from the second, we have 
identical equations, and this being implicitly supposed, we have 


dY dy dX dY dy dX dy 
ast he Yad dp de’ do de 
dY dọ dX dp dY_ dọ dX 
D dae dir do da ‘ae 


d l dX d 1 dX 
eee —o, 2¥ =0, —W? 


dy 1 dis dp dX dX 
du Woodu °> dv W d dv du du dv 
n e dN _ dX dX /dY dX dY dX\" 


Å- Á eee 


e Á ee le 


dr dr) dv du \dv du du dv j 
_w dy dp dY dX dY dX 


dv du dv du du dv’ 


We have, then, for the integral required either of the following. Let 
z=f (x,y), and neglect the sign which depends on the diagram, and 
must be determined by each particular case; or rather, in most cases, 
that sign must be taken which makes the result positive. 
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(dp dyN`'dy dd 
Ad TEZI n b ; —— e — Á > 13 
Sfzdxdy= fr [Ef y) | u a dv du 


= [TS ef CX Y) (F o =) dv du; 


dv du du’ dv 


in the first of which there must be, subsequently to the differentiations, that 
substitution of X for vand Y for y, which is made previously to differen- 
tiation in the second. This integral in geometry belongs to any function 
connected with the area contained, in the plane of zy, between the curves 
whose ordinates are œx, ur, Px, væ: (x,u) isa function which changes 
from at to Pr, when u changes from a to b, w(x, v) a function which 
changes from px to vz, when v changes from m ton; and X and Y 
are the values of x and y in terms of v and u from y= (x,u), 
y= (r, v). | | 

It is obvious that no part of the preceding investigation involves the 
limits of integration, except the manner in which $ (x,u) and ẹ (x, v) 
are to be formed. But whatever these functions may be, if we call the 
differential last obtained Z dv du, we know that Z Av Au + terms of 
higher order than the second, is the element of the summation cor- 
responding to the element ABCD of the area; and though one particular 
supposition as to $ and y may require this summation to be made (as 
above) between limiting values of u and v which do not depend on one 
another, a second, supposition may require that the limits of u shall be 
functions of v, or vice versd. Thus, if we mtegraté the preceding from 
v=Mu to v=Nu, (M and N being functional symbols,) and subse- 
quently from u=a to u=b, we require that y=% (x,u) and y= 
W (x, Mu) should give y=pa by elimination of u, and that y=@ (a, u) 
and y==yw (x, Nu) should give y=vx. Subsequently, we require that 
y= (x,a) should be equivalent to yaa, and y= ¢ (4,6) to y= Br. 

For example, it is required to find the area of a curve contained 
between two radii 7, and 7,, inclined to the axis of x at angles 0, and 6,,. 
In this case our bounding curves are y=tan 0, .x, y==tan 0,,.2, for ax and 
Bx: and y=0 and y=va, the latter being the equation of the curve. 
If we wish to express this area by means of polar coordinates r and 6, we 
have y=atan0, and y=y (7?—2’), for ọ and y. (9 and.r taking the 
place of u and v.) These give 


l dY dX d&Y dX 
x=r cos 0=X, and y=r sin 02 Y, a ain ae a m 
and f frdrdð is the transformation required. Let r be first taken as 
variable, and let M@ and N8 be the limits. The first limit is =0, the 
second .is thus found: y=xtanð and y=y4 {(N0)>— z} must give 
y=vx when @ is eliminated, which is satisfied if r=N0 be the polar 
equation of the curve, derived from rsin@ = v (r cos 0). Again, 
y=x tan satisfies the equations at the limits; hence, Io rdr. dd, 
or $f (NO)? dO is the result, which agrees with page 385. But it is 
impossible, under these suppositions, to allow 0 to be the first variable. 

If y=u ve and y=vz, and the area between the two radii be required, 
we have for its expression S J (ux'x—v)™ vrs du dv, from v=tan9, to 
v=tan 8, and from u=0 to u=1. In the preceding, the value of æ 
must be substituted from uyr=va. 

Let there be a cone, the vertex of which is at the origin, and the base 
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of which is parallel to the plane of xy, at the distance a. The equation 
of the conical surface has the form z=x2f(y:x), where f is such a 
function that a=af(y:) is the equation of the base projected upon 
the plane of zy. Between this base and its projection lies the content 
of a cylinder, made up of the conical solid, and a ring, wedge-like 
towards the interior part, the wedge terminating everywhere at the 
origin. This wedge has for its content / fe dx dy, which integral, 
according to the manner in which the limits are taken, may represent 
any part of the wedge. If r and @ be the polar coordinates of a point 
on the plane of ry, a transformation already given will reduce this 
integral to 


S Sef -r dr do, or ffr dr.cos Of tan 6.d0. 


This may be first integrated with respect to 7, from r=0 to a= 
r cos 0. ftan 0, or r=a {cos 0. f tan 0}. This gives + fa? {cos 0 ftan @}-? 
d0, or 4a.4 f R? d9, where R is the value of 7 at the limit. This gives 
3@X (area of the base) for the content of the ring; whence the 
remainder of the cylinder, or ax (area of the base), is the content of 
the conical solid. 

Let there be any integral of the form ffo(x:y).dxdy. The pre- 
ceding transformation is frequently applicable, and simplifies the pro- 
cess. The integral then becomes ‘I tan@.d0.rdr. For instance, a 
straight line setting out from the axis of 2 revolves round the axis of z, 
in such a manner as to describe the angle at in ¢ seconds, while it also 
moves up the axis of z, so as to describe ft in ¢ seconds on that axis. 
Here at and Gt are functional symbols: but if at=at, Gi=dt, the sur- 
face is that of a winding staircase (neglecting the irregularities of the 
steps). Its equation is derived from eliminating ¢ between z=/t and 
y=ax.tan at: whence z is a function of y:z. In the simple surface just 
mentioned, we have z= (6: a).tan7' (y:2). The solid content bounded 
by the surface, and standing upon any part of the plane of xy is 
J fzdx dy, taken between limits depending on the form of the base. 
Making the transformation, we have mf frde dr, where m=b:a. If 
we want to find the portion standing upon a circular sector whose radius 
is cand angle y, we must integrate from r=0 to rc, and from 6=0 to 
0=y, which gives ¢ mc’ y? for the content. 

It will hereafter be shown that if z=@(a,y) be the equation of a 
surface, that part of the superficial area which stands over a portion of 
the plane of zy is f N (1+2"+2,;) dx dy, between limits depending 
on the form of the base. Ifwe substitute r cos @ and 7 sin@ for x and Ys 
thus reducing (x,y) to % (7,6), we may determine z’ and Z a8 
follows : | 

dz dw dr dy dé 


mamae 


dz dy dr dye do 


——— 


ee 


dx dr‘ dx ' d0° dz dy de dy ‘d@ dy’ 


which equations are to be considered as derived by supposing ¥ to 
contain æ and y through r and 0, on the supposition that r=,/(a*?+y°), 
O=tan™'(yz'). These give 


dr x 
= o C08 0; 


dæ (+y) 


=sn @ 


dr y 
dy J(a+y’) 
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do _ y — sinb. de x cos 0 


ED 


drt x+y? r 2 dy Pay? = r 


dz dy dy sin@ dz dv dius cos @ - 
2a logs See tt 
de dr dO or’ dy dr a do r 
dz? dz? dy? 1 dy’ 
tety ta te ae : 


To apply this, take the helicoidal surface (helix, a screw) before 
described, in which z=m9. The integral which determines the surface 
is then f SAO +m r°) rdrdé. This integrated with respect to r from 
r=0 to r=c, and with respect to 0 from 6=0 to 0=y gives the surface 
required; namely, belonging to the circular sector above-mentioned. 


ct J(m?+ 2) z 


m 


JIS). dr = 5 y [mt e) +m log 


Let the surface be one made by the revolution of a curve about the 
axis of z. Let the equation of this curve, when in the plane of z and 2, 
be z=ġr: whence z=¢ (J/(2’+y’)) is that of the surface; or z=ġr. 
We have then for the integrals determining the solidity and surface 
SJor.rd8 dr and SIJE} rdr d9. If we integrate through a 
whole revolution with respect to 0, we shall have 2r for.rdr and 
2r [{1+(4'r)*} rdr, expressions which we shall afterwards compare 
with others, which will be obtained for this particular case. 

If the generating curve be an ellipse, of which the centre is at the 
origin, and one of the principal diameters in the axis of z, we have, when 
the generating curve is in the plane of xz (a and b being the semi- 


diameters), 
2 2 


E __ 6 os 
ag tah whence i J (@— r’) 
is the equation of the surface: and the integrals which determine 
the content and surface are (b =a (1 — e°) ) 


b 21°). rdr o 
TIN (a?°—r°).rdr dé and S aL ‚rdr dð. 


Integrate first from @=-0 to 0=27, and both integrals are then obtain- 
able from r=0 to r=c. This gives the content and surface standing 
over a circle described on the plane of zy with the origin as a centre ; 
that is, intercepted by a cylinder on the same axis as the solid. The 


first integral obviously becomes 
2 3 2 
il a faae}, or — rba’, when c=a. 
3 a 3 


The latter is the whole content of the semisolid. In the second 
integral, after integration with respect to 0, for 4 (a?—r*) write (a: 6) z, 
which gives 


; 2ra ; $ 
2r fA (a—e (a- S “*) x —< dz, or — p: Jte ez) dz. 


The integral of the latter beginning when r=0 or z==b is 


a ~~ 
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| J (8 +a e? 2 Naa lo ab (1+e) 
id b? g aez +y (bta e 2”) 
Stopping at z=(b:a),/(a?—c?) or r= c, we have the surface 


required. If we go on to r=a or z1=0, we have for the surface bound- 
ing the semisolid 


b 1+e) 
Ta + e log cha which becomes 27a? when b=a, e=0. 


$ 


ra \a— 


The last result will immediately appear on expanding the logarithm 
in powers of e, and making e=0, b=a, after reduction. Doubling the 
semisolids, and remembering that 4ra? is the surface of a sphere whose 
radius is @, the revolving semidiameter, it appears that the surface of an 
oblate* spheroid is less than that of a sphere described on the revolving | 
diameter, by a 


b’ a(l +e) ( b? I+e 
z(a z log A l or 2r k Je lo 


aa ee 


or 2ra e nearly, when e is small. 

Let a surface of revolution be described by 
the revolution of a curve about the axis OB, 
and let OA=az, AP=y, arc ending at P=s. 
Then AB, QR, and PQ are Az, Ay, and As. 
The portion added to the solid by changing «æ 
Into x-+Az, made by the revolution of APQB, 
lies in magnitude between the cylinders gene- 
rated by ASQB and APRB, or between 
r (y+ Ay)’ Av and ry? Av, which differ by r (2y + Ay) Ay Az, or «Az, 
where œ and Av diminish without limit together. Hence, proceeding as 
in page 142, the whole solid always lies between Zr? Ax and Sry? Ax 
+ 2a Ax, of which the second term diminishes without limit as compared | 
with the first. The content of the solid, then, is the limit towards which | 
both ‘of the preceding approach, namely, /7y*dz, taken between the 
proper limits. To find the surface, it is necessary, as in page 140, to 
assume an axiom; namely,t that the surfaces generated by the revolu- 
tion of the are PQ and the chord PQ may be made as nearly equal 
as we please by diminution of AB. The surface generated by the 
chord PQ is the difference of two cones, the radii of whose bases are 
AP and BQ, and the difference of their slant sides, PQ. If z be the 
slant side of the former, we have 42.27y or wzy for its surface, and 
r (z+PQ)(y+Ay) for that of the other; whence: ~ (zAy+y.PQ 
+PQ.Ay) is the surface generated by PQ. But z: PQ: Sy: AY; 
whence the preceding becomes m (2y.PQ+Ay.PQ), of which the 
second term diminishes without limit as compared with the first. If the 
preceding, multiplied by 1+, give the surface generated by the arc 
PQ, by the axiom gœ and Az diminish without limit together, and the 
whole surface is 2 2ry.As (l +a)+ Èr Ay As(1+a@). From this the 


* Oblate, because b?=a? (1—e?) has been supposed. The integral for the prolate 
spheroid takes a different form in integration. i 

t This axiom might be deduced from others which would bear perhaps the 
appearance of a less amount of assumption ; but that they really have less might be 
disputed : see the end of this chapter, 


APPLICATION TO GEOMETRY OF THREE DIMENSIONS. 399 


surface cannot be found, since æ is an unknown function: allow Az to 
diminish without limit, and the preceding becomes J 27y ds or 2r fy ds, 
which must also be taken between the proper limits. To compare these 
formulæ with those in page 397, observe that « must be changed into z, 
and y into 7, and also that the solid found in the page cited is not that 
contained within the curve, but that contained between the curve, and 
the cylinder generated by KP, or ry*x— fryde, if we begin from 2=0; 
or, making the changes of notation, mr’z— forr?èdz. Butsince z=¢r, 
in page 397, we have 27 fgr.rdr= Tr’z— fyrrdz, beginning from the 
same value of z. The integral for the surface, or 2r f,/(1 + dz? : dr’) rdr 
is 2r fr,/(dr? + dz’), or passing to the notation last used, 2r fy as, pre- 
cisely as just obtained. 

If one equation be given between a, y, and z, the coordinates of a 
point, that equation is the equation of a surface ; if two equations be given, 
they belong jointly to the intersection of two surfaces, or to a curve, 
plane or not, as the case may be. The equation of a plane is of the first 
degree, or of the form Ax+By+Cz+H=0. The equations of a line 
are those of two planes. These, and many other results of the applica- 
tion of pure algebra to geometry of three dimensions, I shall presume to 
be known to the student. 

If two surfaces-have the equations ¢ (a, y, z, a@)=0, Y (2, y, z,a)=0, 
a being a constant, each equation defines a family of surfaces, not differ- 
ing from one another in general properties, but only in the value of a 
constant. Thus (rx—a)*+y*°+2°=a’ defines a family pf-spheres, having 
their centres on the axis of v, and every surface passing through the origin. 
If we take the two equations ¢=0, w=0, to exist simultaneously, we 
have the equations of a family of intersecting curves, in one of which each 
surface of the first family cuts that one of the second which has the same 
value of a. And if between 6=0 and J=0 we eliminate a, we have an 
equation which, though true of the points of every curve out of this 
family of intersections, is not restricted to any one value of æ: that is, 
we have the equation of the surface which includes the whole family of 
intersections (page 359, note). | 

For example, suppose we wish to get the most general notion of a 
surface formed by the motion of a straight line. The equations of a 
lne are y=ar+a, z=br+ß. Let a, b, a, B be functions of some 
variable v; there will then be an infinite number of straight lines, one 
for every value of v which makes a, b, a, A all possible, and arranged 
according to some law depending on the manner in which a, b, œ, and £ 
depend on v. Eliminate v from between the two equations, and there 
results the equation of a surface passing through all the lines. It is also 
allowable to suppose one letter in each equation constant. 

A cylindrical surface, in the most general sense, 1s made by the motion 
of a line parallel to a given line, according to any law. Now y=ar+ ov, 
z=bx+ %v, are equations of an infinite number of lines parallel to the 
lines y=ax, z=bx, disposed according to a law depending on Øv and 
wy. From these two equations, y —dx and z-— bz are both functions of 
v: consequently, z—bzr is a function of y— ux: or the general equation 
of a cylindrical surface is z—br = f (y—ar). A similar process, 
choosing different forms for the equations, would give ar+by+cz+h 
—f(a'et+by'+c'z+h’), but the second form is not really more general 
than the first. This is most easily shown by comparing the partial diff. 
equ. arising from the two forms, made as in page 64. These are 


ae e eee eee 
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es dz Iz 
| = +a b, and wee rel (cla—ca’) g7, = 
which do not differ in form. °° z 


A conical surface is made by the motion of a line which always passes 
through one point. If m, n, p be the coordinates of this point, the 
equations of two planes which pass through it are 


a (x—m) +b (y—n)+c (z—p)=0, a’ (x—m) +6'(y—n) +c (z—p)=0; 


and if a, a’, &c. be all functions of v, every value of v will give one line 
passing through the point m, n, p, and all these lines put together will 
constitute a cone of a species depending on the manner in which a, a, 
&c. depend on v. These may be considered as two equations between 
L—M, y—n, 2—p, and v, from which may be deduced - 


—F = gv, =wWv; or lel =(=) 


x“ g-m LT 


it A S , dz 
the partial diff. equ. is (a —m) JarO n a p. 

A surface of revolution is one all whose sections perpendicular to a 
given line are circles. If we imagine a sphere to move with its centre 
on the given line and a variable radius, together with a plane which 
always passes through the centre of the sphere, and is perpendicular to 
the given line, all the intersections of the sphere and plane will make up 
a surface of revolution, of which the given line is the axis. Let its 
equations be y=ax4-a, z=beæ+ $, and let m, am +g, bm-+ 8 be the co- 
ordinates of the centre of the sphere in any one position, and @m the 
square of its radius. The equation of the sphere is then 


(x—m)* + (y—am ~a)’+(z—bm—fpyY=dm. 


Now the equation of a plane passing through the origin perpendicular 
to the given line is e-+ay+6z=0; and that of such a plane passing 
through the centre of the sphere is 


t—m +a (y—am—a) +b (e:—bn—f)=0. 


Eliminate m from’these two equations, and we have the equation of the 
surface. If the axis of the surface be that of z, we have for the 
equations of the sphere and plane 


x+y? + (2 —p)’= op, and e=P, 


giving 2°-+y'=9z, or z=f (2° +y°) for the surface. The partial diff. 
equ, is ae Sasa | 


ad 


The preceding methods are the shortest by which the general definition 
of the class of surfaces can be made to lead to an equation which is neces- 
sary, and not more than sufficient, to express them.’ It leaves out of view 
the particular directrix of the cone, cylinder, or surface of revolution: 
whatever this may be, the equation of the surface must in each case take 
one or other of the forms above written, and some particular case of that 
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form, depending on the nature of the directrix. For instance, let it be 
required to find the equation of a cone whose vertex is the point (m,n, 
p), and whose generating straight lines always pass through the curve 
Whose equations are y=r,z=wWr. The equations of the generating 
line being y—n=a(r#—m), z—-p=b (v—m), we must have, in order 
that the generating line and directrix may have a common point, 


uta(s—m)= hr, ptbh(e—m)= we. 


If we eliminate x from these two equations, we have a result of the form 


z—p [y-n 
b=f (a,m, n,n), or —— = MnD }, 
Jam, n p), or ——— =j -o m, Ny} 


d=] 


For any specific forms of @ and %, the specific form of f can be found. 

The ruled surface (or the surface réglée of the French writers) is 
made by a straight line, which moves in any manner whatever, accord- 
ing toa regular law; thatis, a ruled surface (so called) is that which 
has the equation obtained by eliminating v from y= pu.t+yv, 
s=Wv.a+wv. The following are remarkable cases. 

Let the straight line be always parallel to the plane of vy. We have 
then z=wv, y=gv.x +x, and elimination gives the form y=fzæ 7 x: 
The partial diff. equ. of this surface, which is of the second degree, 
since there are two functions to eliminate, is found by the following 


steps: 
' 


Osz Latfia tf, lafz.za+f'z.2, or f=- — 


£ “| 
my, rot Te en 
o ed E f! w all 
fiez eee oe ge ees 2.2, 2 
7 a) 


z? 2,—22' 2,2! 42320, or pet—2Qpqstg?r=0. (See page 388). 


Let the straight line be always parallel to the plane of xy, and pass 
through the axis of z. Then z=wv, y=ov.a, which gives the form 
z=f(x:y). The partial diff. equ. is pr+qy=0. . 

Let us now suppose a family of surfaces having the equation 
Ww (x,y, z,a)=0, the different individuals being distinguished by the 
values of a. Ifwe name the surfaces after their values of a, the two 
surfaces a and a+ Aa, if they intersect at all, have an intersecting curve 
defined by the joint existence of the equations 


| dy 
W(t, y,2,a)=0, w (x,y, z,a+Aa)=0, or dae Bb esses 0} 
dy dws Aa 
—() ENEE aya caves aU: 
K Yes Ja Tae 2 


If Aa diminish without limit, it is clear that the equations y=0, 
dw :da=0 define a curve which can never be the intersection of the 
surfaces @ and a+ âa as long as Aa has any value, but to which the 
Intersection approaches without limit* as Aa diminishes without limit. 
This curve is called the characteristic of the following surface. If we 
eliminate æ between Y=0 and dy : da=0, we have an equation which 1s 
true of all characteristics, and therefore belongs to the surface in which 


* The similar considerations applying to families of curves, page 354, &c., will ren- 
der it unnecessary to treat this point in detail. n 


et 
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all the characteristics lie. Using the language of infinitely small quan- 
tities, (which we shall often do in this chapter,) if all the surfaces of 
this family be described, each being infinitely near its predecessor and 
successor, the part of the surface w+da cut off by a and a+2da 1s 
bounded by the characteristics of (a, a+da) and (a+da, a+ 2da), and 
is a strip of infinitely small breadth, forming part of the surface which 
contains all the characteristics. Perhaps the following diagrams may 
give some idea of this. The surface of which Aq isa part has the value 
a in its equation, and becomes Bb when a is changed into a+ da, Cc 


etn ta 


when a is changed into a+2da, &c. The characteristics are the curves 
ending at a,b, c, &c., and the strips which they inclose, parts of which 
make up af PQ, are portions of ihe surface which contains all the 
characteristics. 

Exampies. A sphere of a given radius A moves with its centre upon 
the curve whose equations are yar, zx. Required the character- 
istic of each position of the sphere, and the connecting surface* of all | 
the spheres. This problem is chusen because the connecting surface is 
obviously a tube of the same diameter as the sphere, and having the 
given curve for its axis; the characteristic of two consecutive spheres is a 
circle of the tube. 

The equation of the sphere, when its centre ‘has the abscissa @, 1s 
(#—a)?+(y—aa)’?+ (z—a)?=h?, and we have for the 


equations of the f (r—a)} + (y—«a¥ + (y— pa =h 
characteristic | (y—a) +(y— aa) a'a + (z— £a) B'a=0. 


These equations denote the intersection of the sphere with a plane, 
o a circle. We cannot eliminate a without giving specific forms to « 
and £, and even then the elimination will be generally tedious, and most 
frequently impossible in finite terms. If the axis be a straight line, 
elimination will readily give the equation of a circular tube with a straight 
axis, or of a circular cylinder. 

If $ (2, y, 2,4) =0 and ¥ (a, y, z,a)=0 be the equations of a family 
of curves, and if we take the curves belonging to a and a+ da, there will 
be an intersection if the four equations 


P(t, y,za)=0, W(x,y,2,a)=0; ¢ (L,Y, 2, a-+ Aay=0, H 
ay 


Us (x, ¥, ~) a+ 4a)=0 


* French writers (following Monge, to whom I need hardly say I am here indebted 
for every thing) call this connecting surface the envelupne, (which itis very often,) and 
the family of connected surfaces exveloppées. These terms cause confusion when, as 
often happens, the envelope is itself enveloped hy the surfaces to which it is nomi- 
nally the envelope. 


~ 
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can be satisfied by the same values of x, y, and z. With four equations 
this cannot be generally true: but there may he a simultaneous existence 
of the four, independently of any particular value given to a, if three 
only of these equations be independent, and if the fourth be deducible 
from them. Similarly, if Aa be infinitely small, and the four equations 
become reducible to 6=0, %¥=0, dd: da—0, dus: da=0, as before, the 
two contiguous curves may have an intersection ina similar case. This 
is precisely what happens when the family of curves is that of all the 
characteristics of a given surface, for if @==0 and dé: da==0 be the two 
equations, the four just noted are 


dbo do dy dh 
da da? da? “de 
of which the second and third are the same. Consequently the three 
equations p=0, dp: da=0, d’¢ġ : da’=0, determine the values of z, Y, 
and z at an intersection of two consecutive and infinitely near character- 
istics. Form two equations by eliminating a, and we have the equations 
of a curve which passes through all the intersections of consecutive 
characteristics, and which may be called the connecting curve of the 
characteristics (the French call it the arête de rebroussement). Let 
the connected surfaces be a family of planes, having for their equation 


o=0, y= 0, 0; 


z= 2av+a’y—a’, or z—2ar—ay+@= 0. 


Eliminate œ from the preceding, and —r—ay-+-a==0, which gives 
z= 2°: (1—y) for the connecting surface. The connecting curve of the 
characteristics has also the equation —y+1=0, or is cut from the 
connecting surface by a plane parallel to that of rz at a unit’s distance. 

A developable surface is one which can be developed on a plane with- 
gut any such alteration of parts as would be called rumpling, if it were a 
thin sheet of matter. In order that a surface may be developable, it 
must be the connecting surface of a family of planes, so as to admit of 
hat mode of generation which we express by calling it an infinite 
umber of infinitely thin plane strips. Each of these strips may then 
e supposed to turn round the line in which it joins the contiguous strip, 
mtil all are in the same plane. The equation of a family of planes 
eing z=ar+da.y+ya, that of the connecting surface (which 1s 
levelopable) is obtained by eliminating æ from the preceding, and from 
+ pay+y'a=0, This gives (page 246) g=p and ri—s’=0, as 
vartial diff. equ. belonging to this class of surfaces. Cylinders and 
ones are the most obvious of developable surfaces. 

Given Ø (x, y, z)=0, the equation of a surface, required a method of 
inding whether a straight line can be drawn upon that surface. Let 
j=ar+a, z=br+ ß be the equations of a straight line: its intersections 
vith the surface, if any, are found by finding œ from the equation 
(2, ax+a, bx+8)=0. So many real values of x as this equation 
ives, so many distinct intersections are there of the straight line and 
urface. But if a, «,b, 6 can be so assigned that the preceding shall be 
rue per se, or for all values of æ, the straight line everywhere coincides 
nth the surface. 

Examp.e. A surface is generated by the revolution of an hyperbola 
bout its minor axis (which place in the axis of 2); can a straight line 
e drawn upon it? (The common figure of a dice-box will sufficiently 
ell represent a part of this surface.) Let A and B be ee T 


a a 
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when the revolving hyperbola is in the plane of az, its equation is 
B? a’ —a*2?= a" Ba, and the equation of the surface is B? (a*-+y?)—a? 2” 
=° B’. Let emazta, y=bz+8ß be the equations of a straight line: 
whence the intersections of this line and the surface are found from 
B? $ (az +a)’ + (b2+/3)?}—A® 2’= A? B, 
which is made identical by B? (a° +b) =A’, ax+b8=0, and B?(e? + 6’) 
= A’ B”. These are equivalent to! 
A? j 


B=+ŁBa, a=FBb (a +o) =E a 


As here are only three equations with four quantities to determine, an 
infinite number of straight lines can be drawn on this surface. Take 


any point whose coordinates are x,, ¥,, and z,, on the surface, then if the. 


straight line be required to pass through this point, we have xr—a, 
=a(z—2z,) and y—y,=6 (z—z,) for its equations, or a2, — a2, 
B=y,—bz,. Hence we find 


ae it Ba, 
: B+ z 


and the two first equations satisfy a°+b°= A? : B’. Hence two straight 
lines can be drawn through each point of the surface. Show that any 
straight line drawn on this surface is parallel to a line drawn through 
the origin, making an angle with that axis which is the same for all the 
lines ; and thence that this surface of revolution is the surface of revolu- 
tion formed by the revolution of a straight line which is not in the same 
plane with the axis of z. 

Required the equation of a surface which passes through any number 
of curves whose equations are P,=0, Q,=0 of the first; P,=0, Q,=0 
of the second, &c. Take P a function of P,, Pa &c., which vanishes 
with any one of them, and Q a similar function of Q,, Qa}, &c. Let 
J (P,Q) be a function which vanishes when P and Q both vanish: then 
f (P, Q)=0 is the equation of a surface which satisfies the required 
conditions; thus, if there be two straight lines, v=az+ g, y=bz+ß, 
and r=a'z +a’ and y=b'z +8’, the simplest equation of a surface pass- 
ing through both, is 


k (a—az—«a)(«—az—a') +1 (y —bz—ß)(y—b'z— 8) =0. 


I have entered into the preceding detail on the generation of surfaces 


_ 28 F By 


Bpa ER were: 


that the student may, previously to studying the common theorems of 


the differential calculus on this part of the subject, have a wider idea of 
the extent to which the generation of surfaces can be carried, than 
can be gained from the consideration of the few which occur in ele- 
mentary geometry.* 


* At the same time it must be remembered that I am not now teaching solid 
geometry by the differential calculus, but illustrating the differential calculus by 
geometry. The student who finds that his notions of solid space are not sufficiently 


practised, should make himself master of the Géométrie Descriptive of Monge, one' ` 
of the most clear and elegant of elementary works. The synthetical part of the ~ 


Eléments de Géométrie à trois dimensions, Paris, 1817, by Hachette, might also be 
studied with advantage. Lest the student should imagine that any other work on 
descriptive geometry would answer the purpose, he should understand that it is the 
peculiar simplicity of the style of Monge, and the general ideas which are given on 


~ aire a 
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© The coordinate planes* divide all space into eight compartments, which 
| may be distinguished by the signs of the coordinates of points in them. 
Naming the coordinates in the order v, y, z, and choosing one com- 
partment in which the coordinates are to be positive, and proceeding in 
the direction of positive revolution round the axis of z, we have what we 
may call the first, second, third, and fourth com- 
partments above, and the same below, the plane of 
ry. The student should remember to attach the 
idea of first, second, third, and fourth, to the order 
of signs +-+, — +, ——, and +— in the two 
first places, and those of above and below to the 
signs + and — inthe third place. Thus — — — 
should immediately suggest the third compartment 
below, and —+-+ the second above; and so on. 

Let a straight line (7) passing through the 
origin make with the positive sides of the ‘three 
axes in the positive directions of revolution, the 
| angles rea, ry==B, and r z= y. Then the equations of the straight 
line may be represented by any two out of the three 


— 


a y 2 2T ay 2 


= z — 


e 


= O — 
aoe ? 
‘cos æ Cos cosy a b C 


where a, b, c are any quantities proportional to the three cosines. The 
signs of a, b, c as they stand, and when all are changed, show the com- 
partments through which the straight line runs. Thus e:3=y:—4 
. =z : —6 are the equations of a straight line passing through the origin 
‘into the compartments + — — and —+-++, or the fourth below and the 
i second above. The equation of a plane being Ax+By+Cz+H=0, 
ithe signs of A: H, B:H, and C:H, changed, show the compartment 
‘out of which the plane cuts a pyramid: thus 32—2y—7Tz—1 cuts a 
pyramid out of — + + or the second above. And this plane has a por- 
tion in every compartment except -+ ——, or the fourth below. But if 
a plane pass through the origin, it then appears in six compartments 
only, those out of which parallels to it might cut pyramids being vacant. 
Thus 31—2y—7z=0 appears in every compartment except + —— 
and — + +. Theangles ofa plane with the coordinate planes are those 
‘made by a perpendicular through the origin with the remaining axes: 
Thus the angle of the planes P and ay is that which the lme p, perpen- 
dicular to P through the origin, makes with the axis of z. _ And 
Ar+By+Cz+H=0 being the equation of a plane, those of the 
perpendicular through the origin are x : A=y : B=z:C. 

An equation in which one coordinate, say z, does not appear, or 
$(2,y)=0, is the equation of a cylinder described on the curve 
 (x,y)=0 in the plane of zy, by a line moving parallel to the axis of z. 
It is only when we tacitly suppose z=0 that this equation belongs 
to the curve just mentioned. In this last case (2, y)=0 may be 
called restricted. l 

Required the equation of the tangent plane of the surface P (v, y, z) 4 


the principal properties of solid space which are recommended to his attention ; and 
not merely the processes of descriptive geometry, though HS Pp very useful, 

* The student is here supposed to have read pp. 197—260 of the treatise on 
Algebraical Geometry. 
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0, which gives z=¢ (x,y). By definition, the tangent plane is that — 
between which and the surface no other plane can be drawn. Let — 
(x, y, 2) be the point of contact, and let é, n, ¢ be the coordinates of an 
arbitrary point in the plane. Leta new point be taken, of which the © 
horizontal* coordinates are +Az, y+Ay, and let the equation of the | 
tangent plane be €—z=A (é—xr)+B(n—y). Hence the vertical © 
coordinate on the tangent plane is found from /—z=AAzr+ BAy, when — 
the horizontal coordinates are r+Az and y+Ay; while the vertical — 
coordinate of the surface for the same point is z+pAx+ gAy+4 {r(Az)? 
+2s Ar Ay +t (Ay)?}+&c. (pages 163 and 388). If, then, we assume 
the deflection as positive when the coordinate of the surface is greater _ 
than that of the tangent plane, we have for the deflection 


(p—A) Av+(q—B) Ay+% {r (Ar)? + 2s Ar Ay tt (Ay) t.e 


Let ‘the line which joins the point x, y and v+ Arx, y-+Ay, make an- 
angle 6 with the axis of w, and let Av and Ay diminish so as not to alter - 
this direction. Then Oy=Az.tan 6, and the preceding becomes 


{(p—A)+(q—B) tan é} Ar+ {r+ 2s tan 6+¢ tan’ é} Sond at vette 


If p differ from A, and q from B, one or both, this deflection has — 
always a finite ratio to Ax, which has for a limit the ratio of p—A 
+(q—B) tan 6 to 1, except only in the case in which Ay and Az are so 
taken that tan é= — (p--A) : (q—B), in which case the deflection 
diminishes without limit as compared with Ar. Consequently, there is 
one direction in which the plane deflects less from the surface than in any 
other. Butif p=A and q= B,"or if the plane have the equation 


s =z =p (=) +q (n—y)...... (T), 


the deflection has to Az the ratio of 4 (r+2s tan 6+ ttan? 6) Av+.... 
to 1, which ratio always diminishes without limit. Hence the deflection 
of this plane (T) always becomes less than that of any other plane (P) 
in whatever direction we proceed, except only for one direction in each 
plane (P). But we shall now show that all these isolated directions, 
one in each plane (P), are no other than those mdicated by the lines in 
which the planes (P) cut the plane (T). 

The two equations ¢-z=A (€—a)+B (n—y) and n —y=tan 6 (E-2) 
jointly belong to a straight line, which, lying entirely in the plane which 
has the first equation, is projected upon the plane of wry into a line pass- 
ing through the point (v, y), and making an angle € with the asis of a. 
If we assume tan 6=—(p— A): (q —B), and if we eliminate one of the 
two A and B from the equations, say A, we obtain an equation belonging 
to a surface which contains all the lines in question that can be drawn 
upon all planes whose equations only differ in their values of A. But 
it so happens that in eliminating A we eliminate B also, and obtain the 
equation T. For the second equation becomes (p—A) (é—z) 
+(q— B) (n — y)=0, or A(E—2)+B(q—y)=p (—1) +q (n—y), 
which, with the first equation, gives ¢—z=p (E—x)+q(n—y). Con- 
sequently, the plane (T) has a deflection from the surface less than that 
of any other plane drawn through (x,y,z), in every direction but one, 


* From the usuai manner in which diagrams are drawn, it will be“convenient to 
call x and y the horizontal coordinates, and z the vertical coordinates. 
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namely, that of the line in which the two planes coincide. Hence 
no plane can be drawn between this tangent plane and the surface. 


If ®(2,y,2)=c be the equation of the surface, we find, as in 
page 392, 


_dz dọ dọ dz dd db 
(= eS ee ee 
P= Tx dx’ dz? ? dy dy dz? 
which will transform the equation of the tangent plane into 
dd a d® ai ~ ab ee dp 
° ZT e to eG = — 7 T ae T e ; 
dx” dy" dz de dy Itz 7. 


which (as in page 352) if ® be a homogeneous function of £, y, and 2, 
has ne for its second side, n being the degree of the function. All the 
considerations used in the page just cited apply here. 

The equations of the normal, or perpendicular to the tangent plane 
through the point of contact, are either 


s—e+p(č—z)=0, n—y+q (6—2z)=0, 

or any two of the three 
dp dp db 

—2) : —=(n—y): — =(S—z) : —. 

The line of greatest declivity (ligne de la plus grande pente) with 
| respect to (vy) 1s that drawn in the tangent plane from the point of 
contact perpendicular to the intersection of the tangent plane and (ry). 
Its projection on the plane of zy is therefore perpendicular to that 
intersection. Now, making €=0, we have for the equation of the 
intersection 


—z =p (€—2)+q(n—y), 


and the equation of a perpendicular to this, drawn through the point 
(z, y), 18 


ib dọ 
p (=y) ~7 E-2)=0, or = (n—)—7 Ea) =0. 


This, and the equation of the tangent plane, are the equations of the 
line of greatest declivity to the plane of zy. The projection of this line 
on (ry) is also that of the normal. 

Let the surface be an ellipsoid, and let A, B, C be the reciprocals of 
the squares of its principal semidiameters, the lines of these semi- 
diameters being the axes of coordinates. ‘Then the equation of the 
surface is Az’-+By’+Cz?=1, that of the tangent plane and those of 
the normal are ; ; 

5 ; n O Sy —Z 


A curve is the intersection of two surfaces; and its tangent line at 
any one point is the intersection of the two tangent planes of the two 
surfaces. If, as is most common, the curve be assigned by its projections 
on two of the coordinate planes (zx and yx) ; thatis, if y=or and z= fx 
be the equations of the cylinders of projection, we find for the equations 
of the tangent planes, derived from y—av=0, z—pr=ù, 


a 
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—<o x a ee a ees (=a) | 
—B'x (E—2) +0 (n—y) +1 (6-2) =0 č — z= p'e (E—2) 


which equations are jointly those of the tangent required ; severally, and 
restricted to the planes of the coordinates they include, they are the 
equations of the tangents of the projections, which are therefore the 
projections of the tangent. 

A curve has an infinite number of normals, or lines perpendicular to 
the tangent, which all lie in a plane called the normal plane. Again, of 
all the planes which can be drawn through a point of a curve, there may 
be (generally is) one which is closer to the curve than any of the others: 
this is called the osculating plane. Previously to considering these, it 
will be desirable to treat the subject of curve lines generally in a manner 
which does not refer to projections on two coordinate planes to the 
exclusion of the third. 

Let v be a variable, of which x, y, and z are severally functions, so 
that v=a,, YEY 2=2%,, where a, is an abbreviation of “ the function 
of v which x is.” Hence, by elimination of v, two equations between a, 
y, and z may be obtained in an infinite number of ways, and each pair 
contains the equations of a pair of surfaces, intersecting each other in 
the same curve. And 2’, x”, &c. mean diff. co., taken with reference to 
v; and dy:dz, as obtained after elimination of v from the first and 
second equation above written, is the same as dy : dv—dzr:dv, &c. The 
equations of the tangent of the curve above mentioned may then be 
reduced to any two of the three 

: X d dz 
(— 7): do =) : =(=) Sae 
whence the equation of a plane perpendicular to this line passing 
through the point of contact, or of the normal plane, is 


dx dy dz 
C — Zea oe pare a m m 
(é a) ant A" yY) tC z) T 6 0 0 o o @ (N). 


From this supposition we can easily pass to either of the more limited 
ones. Thus, if y and z be expressed in terms of 2, we have v=< and 
dx :dv=1, whence the equation of the normal plane is 


oe dy dz 
(E—2)+(7—y) qa t 6-2) 7-=0. 


Let a plane be drawn through the point (x, y, z) of a curve, having 
the equation P(€—7)+Q (y—y) +R(6—z)=0, and let us consider 
the deflection from this plane, in a direction parallel to the line n=aë, 
€==bé, and at the point of the curve whose coordinates are <+ Az, 
ytAy, z+Az. The equations of the line on which the deflection is 
measured are then 


n—(y+Ay)=a{E—@+Ar)}, $—(z+Az)=b {E—(24 Az)}; 


and the intersection of the line and plane, (PAr+QAy+RAz): 
(P+Qa-+Rb) being V, is made at the points whose coordinates are 


G=r+Ar—V, m=y+Ay—aV, č=z+A4z—bV. ae 


_ Now the coordinates of the two extremities of the deflection are é,, m, 
¢:, on the plane, and x+ Ax, &c. on the curve: whence the length of 
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the deflection is the square root of the sum of the squares of £, — (r+ Ax), 
&C., Or 


VAA HED), or Y(1 4a +b. (PAr+ QAy + RAz): (P+Qa+ Rb). 


To make the plane osculate, as the phrase is, with the curve, we must 
make PAr+QAy+RAz depend upon the highest possible powers of 
small quantities. Let the increments arise from v receiving the incre- 
ment 2; whence Av=wh+32"h?4+-...., &c. Make the coefficients 
of h and A vanish, or let Pa’+Qy'+Rz’=0, Pæ + Qy"”+ R2"=0, 
which requires that P, Q, and R should be in the proportion of yz” — aly", 


a'a’, and a'y"—y'x"", Consequently the plane 


(yz =y" (S—2) + ea" =a!" (gy) Hay" ye") (E-2)=0.... (0) 


is so placed that all deflections from the curve, in whatever direction 
measured, depend upon the third power of A, while in every other plane 
the same deflection depends upon the second or the first power of A. 
This plane, then, is closer than any other to the curve, and is the oscu- 
lating plane. 

Those planes in which the deflection depends on the second power of 
h have Pr’ +Qy’-+Rz’=0: show that this condition is satisfied by all 
planes which pass through the tangent of the curve at the point 
(t,y,z). These might be supposed (as passing through the closest 
line) to be closer than other planes; and the preceding shows that such 
is the case. 

If the line on which deflection is measured be taken perpendicular to 
the osculating plane, we have for the parallel to it drawn through the 
origin, E:r =EN: Y =E: Zy where P=a2,=y'2"—2z'y"”, &c. Hence 
4= Yu: Xip b=z,,:2,, and substitution in V,/(1+a?+0”) gives 


hs 
6 ger yy ae) taf (0, 2+ Yr +27) 


for the first term of the deflection. 

A plane passing through a given point (x,y,z), and having the 
equation P (€—2)+Q (7—y)-+K(¢—z)=0, may be called the plane 
(P,Q, R). Hence the normal plane is (2’,2/,2') and the osculating 
plane is (2,,,4,,%,): and these two planes are perpendicular, since 
ve Ay y,,+2'2,=0. <A lne perpendicular to the osculating plane, 
drawn through the point of contact, is in the normal plane, and has for 
‘its equations (€—2)i2,=(n—y):¥,=(—s):2,.. The accompanying 
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diagram represenis the axes of x, y, and z, P a point in the curve, PQ 
an arc of the same, PT the tangent at P, VK the osculating plane, VL 
the normal plane, PV and PW normals in and perpendicular to the 
osculating plane: there is also seen a small portion of the projection of 
the curve on its osculating plane by lines perpendicular to that plane. 

I now proceed to some results of the preceding formule. 

Every curve has two remarkable developable surfaces connected 
with it: the first, or osculating surface, is the connecting surface of 
all its osculating planes (page 402); the second, or polar surface, 
is the connecting surface of all its normal planes. If we differentiate 
(O) with respect to v only, we obtain, remembering that 2’7,+&c. 
=0, the equation 


(y'2!"—2'y!") (é—z) + (z'a —al z" (1 = 7) Hry” —y' x") (¿—2) =-0.. (0') : 


and (O) and O’) are jointly the equations of the characteristic of the 
connecting surface required : and the equation of this connecting surface 
is found by eliminating v between O and O’. But it can be more simply 
found; for if ({—a) :s'=2, (n—y) :y =H, (C—2):2/=Z, we may 
reduce (O) and (O’) to 


(H—Z) yea! + (Z — =) z'g'y” ae (= —H) wy" = (0) 
(H —Z) y' za!" + (Z—Z) aly! + (E —H) a ya" 0> 


which can be satisfied by Z=H=Z, the equations of the tangent, and | 
of course by nothing else,* as two planes cannot meet in more than a | 
straight line. Consequently the tangent of the curve is the intersection | 
of two infinitely near osculating planes; and the connecting surface of | 


the osculating planes is that which contains all the tangents of the curve. 
Eliminate v, then, from (€—a2):2=(y—y) :y'/=(6—z): 2’, and its 
equation is found. 

Take (N), the equation of the normal, and differentiate with respect 
tov. We have, then, 


a" (=a) +y" (n—y) +2" (6-2) — a? —y?— 2? =0......(N). 


Then (N) and (N^) are jointly the equations of the straight line in 
which two infinitely near normal planes intersect. This line, which is 
called the polar line of the point (a, y, 2), is a characteristic of the 
surface connecting all the normal planes. And this polar line is per- 
pendicular to the osculating plane: for (N) has been shown to be so, 
and (N’) is so, because e”2,,+y'y,,4-2"2,,=0: whence the intersection 
of (N) and (N’) is also perpendicular to the normal plane. And the 
point of intersection of the osculating plane and the polar line is found 
by assuming the joint existence of (O), (N), and (N’), which gives 
(making #?+y"?+4+2"=s"), for E—x, č— z, and n—y, three fractions, 
whose numerators are s? (2y p —y' zu), sP (y/8,,—a'y,), 8? Caa 
and whose common denominator is 2,°+y,?+2,?. The square root of 
the sum of the squares of these fractions, or the distance from the point 
(x,y,z) to the intersection of its polar line and osculating plane, is 
s3”: /(efPty/+z27). This, as we shall now show, is the radius of 
curvature of the curve. Let the closest circle which can be drawn to 
the curve at the point (x,y,z) have its centre in the plane A (£—2) 


* Let the student find a more algebraical demonstration of this. 


-n 
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+B (y—y) +C (€—2z)=0, and let the coordinates of that centre be 4, 
b, c, and the radius of the circle be r. Consequently that circle is the 
intersection of the plane (A,B,C), and the sphere (E—«a)®+(n—-y)? 
+({—z)’=r°. Differentiate each equation twice with respect to t, a 
variable in terms of which &, 7, and č are supposed to be expressed, and 
then express the conditions that (A, B, C) is to pass through the point 
(a,b,c), and the sphere through the point (x,y,z). And so to place 
the plane and sphere, these conditions subsisting, that there may be a 
complete contact of the second order between the circle and curve, make 
=a’, &e. E= a, &., (page 349). We have, then, six equations : 


| Ag+ Br'+Ce/=0, AE” + By” +C2"=0, true when Eler, &c. 
' E—a) & +(n—)) n + (S—c) 2’ =0 ) true when =a, | 


| Da 
1 (Ea) f(y b)n" +o PP PROJ al, &e. 
A (&é—2x)+B (n—y) +C (€—z)=0, true when =a, &c. 


(§—a)’+ (y—6)?+ (=c =r? true when =a, &c. 


Now the first two equations, as altered, are precisely those which fix 
the plane of the circle in the osculating plane ; the next three determine 
a, b, and c to be nothing but the coordinates of the point in which the 
polar line of (x, y, z) cuts its osculatmg plane; and the sixth gives for r 
the value above obtained for the distance of that point from (2, y, z). 

Now let X, Y, and Z be the coordinates of that point in the oscu- 
lating plane which is the centre of curvature (just denoted by a, b,andc): 
we have, then, X,Y, and Z expressed in terms of x, y, and z, or of v. Ifv 
be eliminated, we have the equations of a curve passing through all the 
centres of curvature, which we might suppose to be a connecting curve 
of all the normals drawn perpendicular to tangents in osculating planes, 
these lines being the directions of the radii of curvature. Such is not 
the case: for since two infinitely near osculating planes do not meet 
except in the tangent of the curve, the two centres of curvature laid down 
on normals drawn in these osculating planes, do not necessarily approxi- 
mate to intersection at the centres of curvature. This point, however 
will require the following elucidations. 

The plane Ax+ By +Cz=H has for its perpendicular from the origin 
the line x: A=y:B=2z:C, meeting it in the points whose coordinates 
have numerators AH, BH, CH, and common denominator A*-+B?+ C. 
Hence the length of the perpendicular let fall from the origin is 
H:,/ (A?+ B?+C?*), and if H be changed into H,, giving a plane 
parallel to the former, the perpendicular distance of the two planes is 
(H—H,):. (A°?+B?+C’). Again, if a:P=y:Q=2:R be the equa- 
tions of a line parallel to the first plane, it follows that AP+ BQ+CR=0. 
If, then, there be two straight lines, 

PP Yd LTr, BTP LH aN, 


PO QO R? P Q R? 
a plane (A, B, C) parallel to both is found by taking the proportions 
of A, B, C from the equations AP + BQ+CR=0, AP,+ BQ,+CR,=0. ` 


But if this plane be to pass through the first of the lines, it must take 
the form A(x—p)+B (y—q) +C (z—r)=0; and if it pass through 
the second, it takes the form A (x-p) +B (y—q)4+C€ —7)=0. 
' Hence the perpendicular distance between the two parallel planes drawn 


or ee 
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through the given straight lines, that is, the shortest distance between 
the two lines, is 


{A (p—p) +B (q—q) +C (r—r,)} : f(AP + B+C); 


and the equations for determining the proportions of A, B, and C are 
satisfied by 


A=QR,—RQ,, B=RP,—PR, C=PQ,—QP,, 


which must be substituted in the preceding. 

Two lines are said ultimately to intersect when the shortest distance 
between them diminishes without limit as compared with the line to the 
diminution of which the appropinquation of the straight lines 1s 
owing. Thus if we take two tangents to a curve, at the points (a, y, 2), 
(x+ dz, y+dy, z+dz), the equations of these tangents are made by 
equating (¢—2):2', &c. with each other, and (¢— pon: (a! +da), 
&c. with each ster. For dz, da’, &c. write adv, adv, &c., and we 
have, for comparison with the preceding equations, 


p=a+a'dv, pa, Pa’ +oa"dv, Pye’ 
gq=ytydy n=y, Q=yt+y"de, Q =y 
Sed), gee, Reseda, Res; 


and substitution will show that the shortest distance between the two 
infinitely near tangents is —(2,2'+y,y'+2,2') dvi (a ty tA, 
which is =0. This means that if we had written Ax for dx, and used 
the expansion of Az, &c., we should have found for the preceding shortest 
distance a quantity depending only on squares and higher powers of Av. 

The locus of all the centres of circular curvature is not made by the 
perpetual intersection of normals infinitely near, drawn in the osculating 
planes; so that this locus is not an evolute to the curve. Let us now 
further consider the polar surface, made by eliminating v from the 
two equations of the polar line, the intersection of two normal planes. 
These equations are 


af E—x)4+ &.=0 (N); a” (E—2) t &e. =a" + y? +2? = 5"? (N'N. 


= If we now differentiate each of these with respect to v, reasoning as 
in page 403, we find only one more new equation, and the three jointly 
belong to the intersection of two infinitely near polar lines, or a 
point of the connecting curve of the polar lines. This new equation is ; 


ae (E—ax) + &c. = 3wa" + 3y'y EBE sll =— Bohs A] CN); 


Solving these three equations, we find for ae n— t and —z, three 
fractions pame the numerators 3mp ss” = a's”, Byalya 
3z; ss" —z' s”, and the common denominator z, Eyy" Hzn gi 


where 
FIs, i", la lel, ZI yhy 


E T as ry Ya". 

If we E S, or - arc of the curve, for v, we find for ,/{(é—2)? 

+ (y—y)° +(f—z)'}, considered independently of sign, the following 
expression, (s being =1, and s”=0), ; 


“I (a! ESTEET 2) or J (cl yl ME (gl? ty" 4209" ; 
cy Ley, yf Ee, aye ae Xi mE yyy Hry" 


WW 


} 
! 
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The preceding equations (N), (N’), and (N”) are such as would be 
derived from the equation of a sphere, (E~a)?+ (y—b)’+ (2 -c0 =re, 
by three differentiations with respect to the common variable contained 
in &, n, č, if after differentiation we made tab, =o, -&¢.. The 
only difference then would be, that where we had £, n, and & we should 
now have a, b, and c. That is to say, é, n, and ¢, as last found, are the 
coordinates of the centre of a sphere which passes through the point 
(r, y, 2), and has with the curve at that point a contact of the third order. 
Or if such a sphere be drawn, the curve runs so near its surface before 
and after contact that the deflection of the curve from the surface has 
always a finite ratio to the fourth power of the departure from the point 
of contact. 
The connecting curve of all the polar lines is then the locus of all the 
centres of spherical curvature: it is not an evolute of the given curve, 
| because all its tangents are on the polar surface. I shall now proceed 
| to the consideration of the two flexures from which a curve of double 
curvature derives its name. 
_  Ifwe begin with a straight line, we have a line whose osculating 
surface 18 indeterminate, since an infinite number of planes can pass 
through it: and all its consecutive normal planes are parallel and make 
no angle. Turn the straight line into a plane curve, and its osculating 
| planes are all in one plane, which is the osculating surface. But the 
/ normal planes make angles depending on the flexure of the different 
| points; these infinitely small angles it has been customary to call angles 
of contingence. ‘The normal planes being all perpendicular to the 
single osculating plane, the polar lines are the same, and the polar 
surface is cylindrical, having the evolute for a base. Now let the curve 
become one which is not all in one plane, and the successive osculating 
planes make infinitely small angles which may be called angles of 
_fiecure. The two planes (A,B,C) and (A,, B,,C,) make an angle, 
the cosine of which is (AA,+BB,+CC,) divided by the product of 
A (A°+B?+C?) and J(Ai+B?+C?), or the (sine)? of which is 
—(AB,—BA,)?+ (BC,—CB,)’+ (CA, — AC,)? divided by the square of the 
preceding denominator. Hence, if O be the infinitely small angle made 


by (A, B,C) and (A+dA, B+dB, C+dC), we have 
 @={ (AdB — BdA)? + (BdC—CdA)?+ (CdA- AdC)*} : (A24 B?+C%)2, 


| . If we apply this to two consecutive normal planes, in which A=7, 
_dA=x'"dv, &c, we find for the angle of contingence dv y(r; ty; 
+2z,):s°; and if the arc ds or s'dv be taken to subtend this angle, we 
have s3:'\/(7,7+&c.) for the requisite radius, which is precisely the 
radius of circular curvature above determined. But if we consider two 
' successive osculating planes, in which A=2,, dA=2z',, dv, &c., we have 
_ for the angle of flexure 


/ f \2 st pa INe A , wl 2l. 2 Silas ? 
Bl (EY TYE EYE T E YEE TEE a) Seu Fy tn) 
2 R 2 2 ~w BN 
or du (2? byte) (rye py y" Hru”): y Fey) 5 
_the first two factors of which being =ds, we have (s p+y +z e): 
(aye +y, y” 42,2) for what we may call the radius of flexure. 
We have not yet found an evolute of the curve, or a second curve 
_ whose tangents are normals of the first. The two loci of circular and 
' spherical curvature are not of this character. If any evolutes exist they 


F 
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must lie on the polar surface, and not elsewhere, for all normals lie in 
nermal planes, whence the intersection of two consecutive normals must 
lie in the intersection of two consecutive normal planes, or on a polar 
line; that is, on the polar surface. And we can ‘obviously make an 
infinite number of evolutes on the polar surface: thus, let P,Q, R,S 
be consecutive points of the curve, infinitely near, through which draw 


normal planes giving 14V part of the polar surface: join P with any 
point l of its polar line, draw Q1 and produce it to meet the succeeding 
polar line in 2, and so on. We have then as many small arcs of an 
evolute, 1, 2, 3,4, as we can take points in the first polar line to join 
with P. Or, througk every point of the polar surface one evolute passes, 
and only one. The question of finding an evolute is, therefore, reduced 
to that of drawing a curve on the polar surface, whose tangent shall always 
pass through the given curve. But since every tangent plane of the 
polar surface cuts the curve somewhere, one condition is satisfied by the 
mere circumstance of the curve lying on the polar surface, which makes 
its tangent lie in a plane cutting the curve. If one only of the equations 
of this tangent be then that of a line passing through the curve another 
condition is satisfied; and but two are necessary. As, however, this 
reasoning (which is that of Monge) may be rather too refined, we will 
suppose the evolute drawn, and the coordinates of a point in it expressed 
in terms of v, the same variable as that in which the coordinates of the 
corresponding point of the curve are expressed. Let X, Y, and Z be 
the coordinates of an arbitrary point in the tangent of the evolute, whence 
(X—£):2=(Y—n) :n'=(Z—L): ¿are the equations of the tangent: 
which being to pass through the point (2,y,2) of the curve, we have 
(c—£):%=(y—n):7 =(2—2):2'. But since the point (é, n, ¢) is on! 
the polar line of (2, y, 2), we have (E—2) 2’ + &c.=0, (E= r)a! pa.. J 
=s”, so that we have four equations between é, n, Z, and v, which we 
can immediately show to be reducible to three. For if we differentiate 
the equation of the normal plane generally, or pass to a point of a con= 
tiguous normal plane without considering whether (7,2) is on the’ 
polar line or not, we have T 


Ex An y Hi lA e) a" + Cy) y+ Eae) = s0; 


or, if the point be on the polar surface during the differentiation, 
E an y'i 2/=0. This is true whether the line drawn on the polar. 
surface pass through the curve or not, so is (=r) a!+(n— y) yi 
+(—z)2'=0. But these last two equations with the equations to the 
tangent of the evolute at (x, y, z) are not four distinct equations, but 
only three, for the latter equations with (~2) a/ +&e.=0 give k 


| 
4 
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(E—x) x +y (@—5) a Os (t=) 2 = 0, cor ay! ye 0: 
is 


If, then, we take the equations (N) and (N’), and one of the equations 
of the tangent, say the first, and eliminate v, we have two equations 
which we may so obtain that one of them, from (N) and (N’), belonging 
to the polar surface, shall be of the form @(&,7,4)=0, and the other 
W (En, č) .U=x (En, é) en’. Substitute in the second the value of Z 
from the first, and we have, remembering that y : {’=dy: dë, a common 
diff. equ., the integral of which, and @(&,7,2)=0 are the equations 
of the curve required, the arbitrary constant of the differential equation 
giving the multiplicity of evolutes which have been shown to exist. 

Let R be the distance between (x,y,z) and its corresponding point 
(£,n,¢) on an evolute. Then R°’=(€—xr)?+&c. and RR’=(¢—2z) 
(E'— x) + &c., of which (E—x)'a’+ &c.=0, so that (E—2) + &.= RR. 
Substitute in the last values of »—y and ¢—z from the equations 
(E—2) :&'=(n—-y) :n'=(%—2) : 2’, which gives 


; ERR 7’ RR’ 7 RR 
6 ae 1 Y= ae o 2 Fee ph? 
ia tae ey ae P eae 


the sum of the squares of &— «v, &c. equated to R? gives RP= +n" 
+ ¿P= o, where o is the length of the are of the evolute. Consequently 
R’=o', or dR=do, and reasoning as in page 364, we find that the 
difference between any two values of R is the arc of the evolute inter- 
cepted between them. 

Exampie. Among curves of double curvature, the screw has that 
priority which the circle has among plane curves. The straight line may 
be described by making any length of it take a motion of translation in 
the direction of the line: no point of the length mentioned will ever be 
off the straight line. The circle may be equally described by giving any 
-arc of it a motion of rotation about its centre, and in its plane. The 
‘screw may also be described by giving any arc a motion both of translation 
and rotation, provided the two velocities remain uniform, or else always 
vary in the same ratio. Let the axis of 2 meet the screw, and let that 
of z be the axis of its cylinder. The screw is then the intersection of 
the cylinder, whose equation is a®--y?=a*, with an helicoidal sur- 
face (page 396), whose equation is z=6tan“'(y:c). We may 
(reduce these two equations to three, expressive of s, y, and x, in 
terms of v, as follows, 


yama cos t; Yg siut ze ov, 


where v is the angle of revolution of the describing point about the axis 
tof z. We have then 


r= acosv s'= —asinv | «/=—acosv 
y= asiny y'= acosv | y”=—asinv 
i ee by [a aas O ete O . 
"= asinv | z; absinv| 2',=abcosv 
y'= —acosv | yy=—ab cosv | y/,,=absinv 
! zig) U 2 (ae aw 20 2 


a ee E E EE 
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we! + yy! +22z'= bv TL), + yy), + zz, =b | =a +d? 
2 9 27,2 9 , oll Mi y Han? M a 
Uy by He Ed (a+b) i ea yy" Hr mab | 0, 


The equations of the tangent are (— a cos v) : ~ a sin v= (n — a sin v) : 
acos v={č— bv) : b, from which it would be practicable to eliminate v, 
and to get the equation of the osculating surface. This surface, then, 
is found by eliminating v from 


(£ —a cos v) b= — (č —bv)asin v, (n—a sin v) b=(č—bv)acosv. ` 


But if ¢=0, or we ask for the curve in which the osculating surface 
cuts the plane of ry, we find for this curve the involute of the circular 
base, defined by =a cos v+avsinv, n=a sin v—av cosv (page 366). 
And it 1s obvious that the cylinder is the polar 

IN surface of the involute of the circle. In fact, 
| |; the other evolutes (besides the circle) of the in- 
| volute of a circle are all the screws which can be 
i described upon a right cylinder having that 

circle for its base, and which meet the involute. 


The equation of the normal plane, and the 
) ame differentiated with respect to v, are 
| 
h 


SS | —ġa sin v+ na cos v + bbn, 


—Eacosu—na sin v= b. 


WS These equations jointly belong to the polar line: 


to find a point in the connecting curve of the 
polar lines we must annex the equation fasin v—nacosv=0, or 
n: é=tan v, whence the preceding equations become —a,/(é-+ 7*)=b?, 
C=byv, or +n mbt: a, C=btan'(y:%). So that the locus of the 
centres of spherical curvature is another screw, generated by the same 
helicoidal surface, but having a cylinder whose radius is 6%: a. The 
two screws, however, are in opposite positions; for if in the first two 
equations we make ¢=0, thereby obtaining the equations of the curve 
in which the polar surface cuts the plane of (ry), we find that ¿ and n 
are the values of the coordinates of the involute of the circle whose 


radius is 6°: a, with their signs changed. The polar surface is then the ` 


osculating surface of this new screw: and if b=a, the osculating and 
polar surfaces of the given screw are the same, the latter having only 
made a half revolution about the axis of z. 

For the coordinates of the centre of circular curvature, we ‘find 
ZY — yz = — ab’ cosv— aè cos v, y'x,—a'y,,=0, d'z — 2/0 = —a* sine 
—ab*sinv, whence if X, Y, Z be the coordinates of this centre, we 
have 

2 b? 
X — 4a COS v= — A COS V= COS V, Y—asinv=—asin ar sin v, 


LZ—bv=0; 


giving the equations of the same screw which is the locus of the centres of 
spherical curvature. Looking now to the coordinates of the latter, we 
find s’=0, and — 2!) s*=—ad (a°+b°) cosv, —y', s? = —ab (a+b) 
sinv, —2',,s’==0, giving for the values of X,, Y,, Z, the coordinates of 
the centre of spherical curvature, precisely the same as for the coordinates 
of the centre of circular curvature. And the radius of spherical curva- 
ture is found to be a+b°:a, and the radius of circular curvature the 
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same. The radius of flexure is b+a°:b. To find the evolutes of 
a screw, we must eliminate v between three of the four equations 


(acoso —§) : §'= (a sinv= n) +4’ = (bv—Z) : ¢' 


—a smv. +a cosv. y+ bč=bv, —acosv.č— asin v. n= b?" 


r 


The following may be a useful exercise for the student, though it does 
not give a result simple enough to be of much use. Eliminate v between 
the first and fourth equations by finding sinv and cosv, and expressing 
sin? v+ cos? v=1: the result is 


a (mti y = (En — ni F(E Hn + 26°) 4-b: ER’). 


Let r and 6 be the polar coordinates of (, y) on the plane of xy, the 
preceding then becomes, by the equations in page 345, 


(a° r° — b+) P= (r° + br )?0"”, or AE a 


~_— 
aS 


dr Hor ` 
Let r=l:u, and the last result becomes 


dð J (@— buwe) a’ +b? b? 
du 140 ut (LPW) yeb) SES 
Let b'u=—a cos A, and we have 
dð a° + b? ” (+b) d.2) 


Ao a ee ar T e A a T ET = dN, 
dÀ bpa? O a 267+ a?+ a’ cos 2A r 


Integrate by the formula in page 289, and we have 


oe OY ii 24. (2b?-+- a’) cos 2A 
eg er is ali cos”? See 
25 26°-+ a°*+a® cos 20 
b Jle) 2 (W4) a 
= cecos™ — — = cos™ | Mt 
ar 2b a (r+ b*) 


which is the polar equation of the projection of the evolute of a screw 


- upon the plane of ay. If we take the cosine of both sides we can 


mmy 


give the equation the form cos (90+ C)=¢ġr, where dr is a finite and 
rational algebraical function only when y («7+ 0*) : 20 is a whole number 
or when œ= (4m?— 1) 0, m being integer. 

I now proceed to extensions of the theory of curved surfaces. That of 
curved lines has been made to precede, as containing functions of one 
variable only. If we take the various ways in which the equation of a 
surface may be conveniently expressed, we have 

l. z=o(2r,y). The diff. co, of z may be expressed by p, 9.7, $, 
and ¢, as explained in page 388. Higher diff. co. than the second are 
useless in this inquiry. | 

2. (4,y,2)=0. If we look at page 268, No. 73, where the diff. 
co. of z are expressed in terms of p, we shall see that it is useless to 
investigate formule deduced from this form, unless we contrive a more 
simple notation for the diff. co. of ¢ Let U=0 be the equation 
$ (x, y,2)=0, and let partial diff. co. of U be denoted by simply writing 
the characteristic letters of the differentiatious as subscript indices ; 
thus dU :dz=U,, &c., and the diff. co. which we shall have occasion to 
use are Us Uy Use Uas Us, Ua Uys Ua Une Let ee denoted 

2 i 
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as usual; thus U? signifies the square of dU: dz, &c. We have, then, 
yy the article cited, 


dz dz _ 
ULE, or Up=-Us ULF, or Usg=—Uy 
U55 or Ujr=:—(U? U,,—2U, U, Un. + Uz Ux) 
Us d me or y: s=—= U. (U, U, + U, U me (U; U,,+U, U, Ua) 


US or U2 t= —(U? U,, —2U, U, Uy + U2 Un); 


whence it follows (page 268, No. 74) that if we make 

XU, UU, Yu, Ur- Uz BAM Ue Us: 
xet- UU Ls VEU, U, =U. Ue ZHU, vu, se Us 
U; @t—s?) =XU2+ YUS4 ZU; OX U, UFV U UTZ U,U,; 


expressions, the symmetry* of which makes their use both less difficult 
and more safe. 

3. Leta, y,and z be severally expressed as functions of v and w: 
our method will then be analogous to that pursued in treating of curves. 
The expression of the second diff. co. of z in this system 18 80 extremely 
complicated, that I shall confine myself to using it in those cases only in 

which first diff. co. are sufficient. 

4. Let z=(a,y,0), Y (x, y,a)=0, where y is the diff. co. of @ 
with respect to a, or Pa. We have then, the notation being as before, 
and a, meaning da: dz derived from the second equation, 


p=, +Pu l= Py; q=py +PP =P; 
PED FH Dra Bry s= Pyt Dray Pry t Pay ay 
t= Pyy F Pay Ay: 


Now d, =0 gives Par + Paa Ar= 0, Pay 7 Pua dy= 03 substitute the values 
of a, and a,, thence obtained, and we have 


Daa PED ri Dui pia aa $ = Paa Pary E Dar Pays Paa i= Paa Pyy ES Diy 
Paa (ri—s*) = Pan (Par D oa Pry) — aa O Pay — 2hry Paz Pay a Pyy Pas) : 


Much depends in the theory of surfaces on a knowledge of the pro- 
perties of the expression a@zv?-+ by?+ cz?+ 2a, yz + 2b, zx + 2¢, ry, 
which may be always positive or always negative, or sometimes one and 
sometimes the other. We know that an expression of the form 
Av’+2Bvw+Cu? is of one sign, whatever v and w may be, when 
AC — B* is positive, and then only. Writing the preceding expression 
in the form axv’+2(b\z+c,y) + by? +2a,yz+cz,, we infer that it 
always retains one sign (that of a) when a (6y?+ &c.)— (bz +o} 18 
always positive, or when 


* Tn all general problems, then, expressions must be carefully written in a sym- 
metrical form. The risk of error in complex operations, whether of alteration, 
omission, or redundance, is materially lessened, since each error must either be 
made three times in exactly the same way, or the operator is warned of the exist- 
ence of an error by the want of symmetry in the results, 
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(ab — c:) y° +2 (aa, —b,c,) yz + (ac—),)? 2 is always positive. 


Hence ab—c; must be positive, and (ab—ci) (ac—bj})—(aa,—b,¢,)” 
must be positive; that is 


a (abc + 2a,b,c,— aa} — bb} —cc?) must be positive. 


Hence, since the expression can be arranged in powers of y or z, and 
similar results obtained, we find that az?-+&c. is always of one sign 
(that of a, b, and c), when ab—c®, bc—a®, and ca—b? are all positive, 
and abc+ 2a,b,c,— aa? — bb?— cc? has the common sign of a, b, and c. 

The equation of the tangent plane of a surface, the point of contact 
being (x,y,z), has been exhibited in the forms 


6—c=p (S—2z)4+q(n—-y), U, (E-2)+U, (n—y) +U, (6-2) =0: 


U=0 being the equation of the surface. The sign of the deflection 
from the tangent plane, called positive when the ordinate z of the surface 
increases (algebraically) faster than that of the plane, has been shown 
to be the sign of r (Ar) +2s Ax Ay+t (Ay). There are, then, three 
distinct modes of contact between a curve and its tangent plane, which 
we shall call (for reasons afterwards to appear) the elliptic, hyper- 
bolic, and parabolic contacts. The following diagrams will give an idea 
of them. 


l. Let rt—s°* be positive. Then the deflection always has the same 
sign: or in the immediate neighbourhood of the point of contact the 
surface is entirely on one side of the tangent plane. This is the elliptic 
contact, and is shown in the manner in which a sphere or an ellipsoid 
meets its tangent plane. 

2. Let ré—s’*=0; then r(Ar)’+&c. is a perfect square, or one 
taken negatively, and the deflection is always of one sign, except when 
Ay: Ar=—s:¢t, in which case the terms of the second order are col- 
lectively =O. In this case, then, there appears no obvious difference 
between the contact and that last described, except that in one particular 
line the contact is of a closer order than elsewhere. But, as we shall 
presently see, if the tangent plane meet the surface in a curve, (as, for 
Instance, a table meets a ring laid upon it in a circle,) all the points of 
that curve have a contact of this species with the tangent plane. 

3. Let rt—s* be negative. If Ay: Ar=tan 6, thatis, if the direction 
in the plane of xy in which we pass under a new point of the surface 
make an angle € with the axis of x, the sign of the deflection at the new 
point depends on that of r+2s tan €+¢tan’6, which is of the same 
sign as r, except when ¢tan€ lies between —s-+,/(s’—rt) and 
—s+,/(s?’—rt). There are, then, two opposite angles in which the 
deflection has one sign, having the other in the two adjacent angles. 
But when ¢.tan6 is equal to either of the above-mentioned quantities, 
| i 2 E2 
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the approach to the tangent plane is of a closer order. This contact is 
such as takes place at every point of a single hyperboloid. 

When a surface is described as the locus of all the points of a family 
of curves, made by giving different values to a constant, the two equa- 
tions of the curve, which jointly, and for one value of a, represent one 
single curve, belong to all the curves, or to the surface, if a be considered 
as having any value: and the elimination of a actually gives the equa- 
tion of the surface. Conversely, we can at pleasure subject any given 
surface to an infinite number of modes of generation, by introducing a 
new variable. Thus «?+ y?++-2°=c’, the equation of a sphere, is obtained 
by eliminating a between 2°+y?=a’, and z=+/(c?—a’*), which 
answers to generating the sphere by circles parallel to a given plane, or 
considering it as the locus of all the circles which are perpendicular to a 
given line. Again 2’ —y’=a’, 2y’+ 2?=c’?—a’® shows that the sphere is 
the locus of a family of curves formed by the intersection of hyperbolic 
cylinders, generated by lines parallel to the axis of z, with elliptic cylin- 
ders generated by lines parallel to the axis of x. We shall now con- 
sider a wide class of surfaces, namely, of those generated by the motion 
of a straight line, as well for the exercise of the student in general con- 
siderations as to show the connexion of the theory of surfaces with that 
of partial diff. equ. 

Let a straight line move so as always to be upon three given curves. 
That we have here conditions no more than sufficient to make the line 
describe one implicitly given surface may be thus shown. Ifa cone be 
taken which has its vertex in the first curve, and the secend curve for its 
base, this indefinitely extended surface can meet the third curve only in 
determined points: unless it should happen that the third curve lies 
entirely in the cone. If, taking every point of the first curve in succes- 
sion, we describe cones on the second curve as directrix, we shall have 
an infinite number of cones, with an infinite number* of points, in which 
they cut the third curve. Our results contain, 1. An infinite number of 
consecutive positions of a straight line upon the three curves, made from 
consecutive cones, and forming the surface required. 2. All the cones, 
if any, in which either of the curves is entirely upon a cone which has a 
point upon another for its vertex, and the third fur the directrix. If our 
resulting equation contain distinct factors, (page 347), should it be, for 
instance, of the form PQR=0, we may be sure beforehand that of the 
three equations P=0, Q=0, R=0, which satisfy it, two belong to 
cones. 

Let the coordinates of the several curves be expressed as functions of 
Vi, Vz, aNd v3. Let the joining line, being a line of the required surface, 
have in one of its positions the equations r=az+a, y=bz+8. Then 
since some one point of this line is on each curve, if r=, ti, YEY, Vy 
*=x, v, be the equations of the first curve, we have, by substitution, two 
equations between a, a, b, 8, and the value of v, belonging to the point 
in which the line meets the first curve. These two equations, by elimi- 
nating V, give a relation between a, a,b, 8, and the same thing being 
true of the other two curves, we have three equations between these four 
quantities, and can therefore express any three of them as functions of 


* It might sv happen that the third curve was placed in such a manner as never 
to come near any cone described with a point in the first as a vertex, and the second 
as a directrix, If so, we shall be reasoning on a problem, the final equations of 
which will be incongruous, or else will contain impossible quantities. — 
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the fourth: or we can express all four as functions of some one quantity, 
say ve We have, then, for every value of v which gives possible values 
to a, &c., the equations of one position of the straight line, in the form 


and the elimination of v will give the equation of the required surface. 

If such a surface were approximately described, by constructing the 
positions of its straight lines answering to .... v=—2A, v= —A, 
v=0, v= A, v= 2A, &c., A being so small that any two consecutive lines 
should be very near each other at their shortest distance, we should form 
as good a notion of a surface from the collection as we do of a curve line 
from a polygon of a large number of small sides. And on this surface 
we should be able to draw a line, at and near which the generating lines 
seem to come Closer together, each to its neighbours, than in other parts, 
and from which they appear to diverge. If we now suppose A to 
diminish without limit, this line, which is the limit of all the lines pass- 
ing through the poimts of nearest approach, may be called the curve of 
greatest density. When the surface is developable, that is, when the 
shortest distance of consecutive lines diminishes without limit compared 
with A, this curve of greatest density is the connecting curve of con- 
secutive lines. 

If for v we write v-+Av, we have the equation of a consecutive line: it 
remains now to find the coordinates of the point of the first which is 
nearest to the second. 

Resuming the problem in page 411, let there be two straight lines 
whose equations are (r—p) : P=(y—q) : Q== (z—1): R and (r—p,): P, 
=&c. Introduce two new variables w and w,, and write these equa- 
tions in the form 


a=ptuP, y=qtwQ, z=r+wR; x=p 4w, P, yoke. 


Every value of w belongs to one point of the first line, and of w, to 
one point of the second line. Let w and w, belong to the extremiiies of 
the shortest distance between the two lines, so that the equation of the 
line joining these two points is 


bee poe ee eG) en bir) 
Deu ,—(ptwP) gatwQ—@tuk) rmt+wk,-(r+wk) 

If these denominators be A, B, and C, we know that AP+BQ+CR 
=0, and AP} + BQ,+CR,=0; form and reduce these equations, which 
gives for the determination of w and U, 


P(r -PFQMHU-DER mr) + (PP AAR 4+ RR) w, 
— (P+ QR?) w=0, 
Pn —p) +Q la — a) + Rrr) + (PRR) w 
— (PP,4+QQ,+RR,) w=0. 

Let P, = QR,— RQ, Q,=RP,—PR, R,=TQ,:—QP,, and we have 
w= 1 (Q R,— R Q,) (p —p) +(h E P R) (1—4) + (PQ,—Q P,,) 
(rir): (PP +Q,7 +R); 

KES ((Q,R,,—RiQ,,)( pip) = CRP) PR) a—-@ T PQ, -= QP) 
(7,—7r)} (P,7-+Q,/+ Rij) 
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If these belong to consecutive lines, so that p =p+ dp, P, =P + dP, &c., 
we find 


P,=QdR—RdQ, Q,=RdP—PdR, R,=PdQ—QuP; 


and Q,R,—R,Q,, differs only by a quantity of the second order from 
QR,,— RQ, &c. If we now take the case before us, in which the 
equations have the form (omitting v) (x — &) : ¢=(y—W) >Ww=(2z—-0):1, 
we have p=, q=¥, r=0, P=¢, Q=yw, R=1, P = —y4'dv, 
Q, =p'dv, R =(d'— wd’) dv, and 


pP UP HPP) HY) pD — +8") yh 
WE d+ (py YDF i 


and €=@-++- wd, =F +ww, =w, are the coordinates of a point in the 
curve of greatest density. And the equations (A), when the proper 
values of w and w, are substituted (not neglecting their difference) will, 
multiplied by dv, give two equations, from which, by eliminating v, may 
be obtained a new surface, described by the motion of the straight line 
in which the infinitely small perpendicular distance of two consecutive 
lines on the first surface is always found. 

The shortest distance of the consecutive lines, found in page 411 by 
an easier process, is (neglecting the sign) P, (p,—p) +&c. divided by 
(P+ :...); or, making the substitutions, dv(— w+ o/b’): 
VE +h? + (OY —v9')’). Consequently it is the condition of a deve- 
lopable surface that °¥’=y/6'; a result which we shall presently 
verify. 

If the reader ask for the particular use of the theory we are now upon, 
I should reply that the notions of space which the student can and must 
previously acquire will give a conception of the meaning of diff. equ. 
which could not otherwise be attained, and will also enable him to single 
out fron: the infinite mass of equations which might be proposed, those 
which admit of being most easily comprehended. These notions of 
space are difficult in themselves, and so are the diff. equ.; but the 
difficulties of each being first considered by themselves, the former by 
geometry and the latter by analysis, the juxta-position of the results 
throws light upon both. I shall now deduce some results connected 
with this class of ruled surfaces (page 401) from geometry, and shall 
then proceed to the consideration of the equations. 

if through a point (x,y,z) of a surface (S), two planes (A) and (B) 
be drawn, these planes will make two sections, (AS) and (BS). If at 
(xv, y, z) two tangent lines be drawn to (AS) and (BS), the plane of these 
tangents will be the tangent plane of (S) at (x,y,z). For we have 
shown, page 406, that the tangent plane is in every direction the plane 
of nearest approach to the surtace, and must, therefore, pass through the 
tangents of all sections; while two straight lines determine a plane. 
If, then, we can show that a plane passes through the tangents of two 
sections which meet in a given point, we show it to be the tangent plane 
to the surface at that point. 

Let all the generating lines (L) of a ruled surface (S) be pro- 
jected on a given plane (P). Then there is a curve (C) on (P) 
to which all these projections are tangents. On (C) as a base, with 
generating lines perpendicular to (P), draw a cylinder (K), which will, 
therefore, meet the surface in a curve (KS). And any tangent plane of 


PL 
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this cylinder will contain, passing through the point at which it meets 
the surface (S); 1. one of the lines (L); 2. one tangent of the curve 
(KS). Any tangent plane of the cylinder, therefore, is tangent to two 
sections of the surface passing through the same point; namely, through 
that point of (S) which is projected on (C) by a generating line of the 
cylinder; itis, therefore, a tangent plane of the surface. 

Next, any plane whatever (A) which passes through one of the lines 
(L) is the tangent plane of (S) at a point somewhere or other in that 
line (L). For, if a plane (P) be drawn perpendicular to (A), aud the 
process of the last paragraph be performed, the plane (A), being the 
projecting plane of (L) on (P), will be a tangent to (S) at the point 
where (KS) meets (A). Otherwise thus: every such plane (A) meets 
the surface not only in the generating line (L), but also in another line 
(M): for the plane (A) must somewhere or other meet the other gene- 
rating lines, except in these isolated cases in which a generating line 
happens to be parallel to (A). And at the point where (A) and (M) 
meet, the plane (A) contains tangents to two sections, and is therefore 
a tangent plane at that point. 

We shall now consider some of the preceding points analytically. 
Take the equations (S), implicitly considering v as a function of x 
and y obtained by eliminating z: let z and v be functions of the two 
independent variables x and y. For convenience’, let z, denote dz: da, 
&c. Then we have 


l=dv.z,+'v.20,+0'0.v,, O=Wo.2, + W'v.2v, + Pv .v,, 
O=—dv.z,+ pv. zv, ADV. v, EO a E E 8'v.0,. 


Eliminate v, and v,, and we have, (dropping v), and making z¢' + 0'=G, 
2y'+Y'=H, 3 


Z= E, zy Ener whence (—z==2,(E—2)+2,(n-y) 
becomes 

(f—2)(¢. H-w.G@=H (E—-$.2—-0)—G (n—w. 2x =Y), 
or H (E-¢@.6-0)=G(n—-.f—VP) ; 


which is the equation of the tangent plane at the point (a, y z), and it is 
obviously satisfied as long as (é,7,¢) is on the generating line which 
passes through (a, y,2). And if Ax-+By+Cz+H=0 be the equation 
of a plane, this plane is a tangent plane to the surface, if A and v can 
be so found that A=AH, B= —AG, C=A (Gw-Ho), E=A(GY- Ho), 
Let a plane be drawn passing through the generating line (L,), whose 
value of v is v,; whence v, is a fixed constant throughout this process. 
The equations of (L,) are, therefore, 6=¢¢,+,, »=¢v,+¥,, where 
P, means vı, &c. Then, because the plane passes through the line 
just described, its equation must have the form <A (é—Z¢,—®,) 
+B (n—č4y,— ¥,)=0, or At + Bn— (Ap + By) ¢— (A0, + BY,)=0. 
This, with the equation of the surface, obtained by eliminating v (the 
arbitrary quantity ) from the equations (S), gives the two equations to the \ 
intersection of the surface and the plane, one branch of which is of course 
the straight line (L,). If we were to make v=v,, the two equations 


* This will often be useful in mere operations: but the student should read z” as 
“d,z, by, d, x,” in the usual way. 
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(S) would jointly satisfy the equation of the plane; but if, instead of 
that, we make v approach without limit to v, we shall make the point for 
which the three equations are true approach nearer and nearer to the 
line (L,), and shall finally obtain that point in which the other branch of 
the intersection meets (L,). Obtain the ‘value of ¿č from the three 
equations 


E=lb4+ 0, n=l +, A+ Bn—(AG,+By,) 6—(AG,4+BY¥)=0, 
which gives = -{A($—@,) 4+ B(W—Y,)}  {A(O—G) +B (y= y4 )}. 


If vv, this takes the form 0:0, indicating that ¢ may have any 
value, as is the case, since all the line (L,) is part of the intersection 
required, Butif v approach without limit to v,, we find, dividing the 
numerator and denominator of the preceding by v—v,, and taking the 
limits, that the limit of Gis — { AP +BY}: {Api + Bw}, where ©, 
means @r,,&c. Let this value of ¢ be called z,; then A (¢’,\z,+ 8^) 
+B w'z,4+¥,)=0, and if from this we substitute the value of A: B 
in the first form of the equation to the plane, we find 

(Wi zı +") (E —pf—)=(9', ZT p) (y7—Ul—W). 
Compare this with the general equation of the tangent plane, and it is 
evident that we have before us the equation of the tangent plane at a 
point of contact on the generating line which has r=v,, and whose ver- 
tical ordinate is z. Thatis to say, if any plane be drawn intersecting 
the surface in a generating line (L,), and in another branch (M), that 
plane is a tangent plane to the surface, and the point of contact is the 
intersection of (L,) and (M). This is one of the theorems which has 
been proved by geometrical considerations. 

The preceding illustrations have been drawn from geometry, and 
applied to a partial diff. equ. of the first order. I shall now show (in 
the manner of Monge) how similar considerations not only explain the 
meaning of equations of higher orders, but furnish the readiest mode of 
obtaining them. If we look at the equations (S), we see, to all appear- 
ance, four arbitrary functions, $, Y, ®, and Y, and might therefore con- 
clude that the first partial diff. equ. which is free from these functions 
will be of the fourth order. This, however, would not be correct; for if 
pv be called V, we can thence find vin terms of V, and shali have in 
the equations the quantity V, (which will be eliminated between the 
‘equations in forming the equation of the surface,) and three arbitrary 
functions of it. There are then only three arbitrary functions in the 
general equations, and the partial diff. equ. is of the third order. 

To find the partial diff. equ. in the case before us, take any point 
(x, y, z) inthe surface, and a set of contiguous points made by increasing 
v, Y, and z, respectively by Az, Ay, and Az, atevery step. It is then the 
property of the surface that for one set of values of Az, Ay, and Az, 
or rather for one set of relative values, the points («+Ar, &c.) 
(r+ 247, &c.) all continue on the surface. If, then, x be the vertical 
ordinate, we have for values in a certain proportion (say Ar=mh, 
Ay=mk, Az=ml) the equation 


etml=2z+(2,.mhi+e2,mk) +8 (za m he 22m hk t- zym k) te... 


Jor all values ofm. Take z from both sides, divide by m, and make 
both sides identical, (which they must be since they are true for all 
values of m,) and we have 
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„i my a a tem AS „2 ~ o a2 
Oha e a hoe lh +e ak, RE 
Eliminate %, k, and lin the simplest manner from these, and we have 


the partial diff. equ. of the class of surfaces. This can be done from the 
second and third, for the second gives 


2 ~ ~ 
k _ ares Z ry T MO a) ° 
7 ne? ie eS this =— 
l ~ yy y x È yy 


yyy 


The third then gives 
mal a PAZ? a 2, on OM. sake 
~ yy ~ Iră + OAS, Saary -- SA “yy ~ryy +4 Na — ©.. o o (1 ) 


which is the partial dif. equ. required, and is of the third order, 

Again, since l: A= xz, + 2,h:h, and snce there is a relation (it 
matters not wha!) between /:h and È: Ah, because there is onlv one set 
of proportions of increments at a given point for which the preceding 
equations are true, l: must be, on any one swface, a function of 


kik, This gives 


a partial diff. equ. of the second order, which also belongs to the surface. 
It contains one arbitrary function. Returning to the equations r=vz 
+r, y=wr.z+¥v, (in which we write v for gv, since we have shown 
that one arbitrary function is superfluous,) we see that k: A is dy: da on 
the supposition that we pass from point to point on the generating line, 
v being constant. We have then k:h=wWv:v, which therefore =A: zy. 
Consequently v, v, wv, and Wy are all functions of A:z,,, or we have 
two more partial diff. equ. of the second order, 


A A 
LG (+).<+0(=), y=X (=).24x (+ gd): 
yy, «yy “yy Zi) 


N 


But these, though they belong to the class of surfaces, do not belong to 
that class only, since, when integrated, they would each have four arbi- 
trary functions. To transform them into others containing one only a 
piece, eliminate z between the first equations, which gives 


wv eWy—we by A A 
OS ee 9 or y— LE A pom ceee (£). 
V ~ 


V ~yy 


Also dz : dr==z,+z, dy : dr, or 1 :v=2,+2,yu:v; whence 


] by, A A : 
z= — r= —-— gives s-(ata =)= S EEE O 
v z “yy 


v yy. 


The equations (2), (4), and (5) are the first integrals of the equation 
(1); to make one more step, eliminate A: 2,, between each two of the 
three, and three equations are obtained, each containing z, and zy only, i 
but with two arbitrary functions. Finally, the pair (3) of diff. equ. 
of the second degree, and the elimination of A:2, between them, 
gives the primitive integral of (1) containing three distinct arbitrary 


functions. a . 
To verify all these results by actual elimination would be a tedious 


ll 
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process; I shall here confine myself to one of the same sort, which 
will verify the condition above obtained as that under which the ruled 
surface is developable. The condition of these surfaces being 
ey 2x Zy =0, We must obtain this function. We have (page 423) 

1 l K zo + p’ 

Lopyz ayt, zeit 
vy wy zY +Y 
Differentiate each with respect to x and y, and divide —z,,:22 by 
—z,,:2;, &c. This gives 


Cre (P —yZ) Va — WZ, 
Zay  (¢'-y'Z) a yy (y — pZ) vy tpz” Zy 
But when the surface is developable these are equal, or 


(P—W'Z) ve YZ _('— WZ) vp" Z, 


—— ee 


(PYZ) v»—WZ, — (@'—W'Z) v, — p2 Z, 
which gives (f'—W'Z) (&—OZ") (Z, vy—Z, v,)=0. 

Now if we equate the second factor to nothing, z, and z, will both 
be infinite. If we make the third factor vanish, this shows (page 187) 
that x and y only enter Z through v, whence z is a function of v, and z 
and y are functions of v. In the first case (page 193) x aud y must be 
constants, or it is not a surface, but a right line perpendicular to (ry) 
which satisfies the condition: in the second case, it is not a surface but a 
curve, which satisfies the condition. Consequently, ¢'— w'Z=0 is the 
only condition of a developable surface: this gives 


dete W 
Wiz tee so y” 


e 


R 


n -PZD v, 4-627 Ze 


Ra 


or Wp =Q'"F', as before. 


If upon any surface we draw a curve line, and through every point of 
that line draw a normal to the surface, all these normals will constitute a 
ruled surface: and since every tangent plane of the ruled surface passes 
through a normal of the surface, it is perpendicular to a tangent plane of 
the surface. The ruled surface may, therefore, be called a normal 
surface to the given surface; and it is obvious that the number of 
normal surfaces which a given surface admits of is infinite, since the 
number of curves which can be drawn upon the surface is infinite. 
Every normal surface of a sphere is a cone (or plane); in a right 
circular cylinder, the normal surface has the axis of the cylinder for its 
line of greatest density. And since a normal surface may or may not 
be developable, it will be a matter of interest to inquire whether any and 
what surface has developable normal surfaces, and how their directing 
curves are to be drawn. 

Let z= (x,y) be the equation of a surface, and let y=yx be the 
equation of the right cylinder which cuts off a curve from it. We have, 
then, at the point of contact (2, y, 2), ¢—z=p (k— x) +q (n—y) for the 


tangent plane, (€—2) : p =(n—y) :g=—(¢—z) for the normal. These 


last may be written 
b=—pi t pz+r, n=—qţ +q +y; 


in which z=ọ (z, y), y= Wz, imply that y and z, and therefore p and q, 
may be made functions of x. Let dy: de=y', and the condition of the 


APPLICATION TO GEOMETRY OF THREE DIMENSIONS. 497 


ruled surface whose equations (x taking the place of v, and £, &c. of q, 
&c.) have just been exhibited being developable, is 


d.p 
dx dx dx dg 
=C tsy) (se +tzy' tgp + Py! +y')= — ety) (retszy!+p?+pqy!+1) 
y? +g? s—pqt) -y +p t—14 qr) + (pqr—1 + ps) =0. 


If the roots of this equation be always possible, a developable normal 
surface, or rather two, can be drawn through each point of any surface: 
for if y’=A +,/B be the solution of the last, we find for y’ two functions 
of x, which being integrated give two forms of y=Wa, which, by the 
arbitrary constant, may be made to belong to curves passing through the 
projection of any point of the surface. Representing the preceding 
equation by Ry’”—Sy'+T=0, the possibility of the roots depends on 
the sign of S'—4RT. An artifice of an easy character will save us the 
investigation of this quantity in its present complicated form. Whatever 
may be the point of the surface under consideration, the possibility or 
impossibility of a developable normal surface passing through it dues not 
depend on the coordinate planes chosen: if one or the other case can be 
shown for any one set of axes, the question is solved. Let us, then, take 
a plane of zy parallel to the tangent plane at the point in question ; this 
gives p=0, q=0, and the values of r, s, and ¢, on the supposition made, 
being 7,, s$ and ¢,, we have 


sy —(4—-7)) y — 8,0, 


of which the roots are both possible, since the first and third terms have 
different signs. Again, the values of y' are tangents of the angles made 
by the tangent lines of the projections with the axis of x: let these be 6 
and €,, then it follows from the preceding that tan €.tan €,= — 1, or € 
and 6, differ by a right angle. But in the simplified case, the normal is 
the continuation of the ordinate z; and the normal planes drawn through 
the tangents of the curves make angles 6 and 6, with the plane of zz: 
that is, since É and 6, differ by a right angle, these normal planes are at 
right angles to one another. If, then, through any point of a surface 
the two curves be drawn, the normal surfaces of which are develop- 
able, the tangents of these curves are at right angles to one another, and 
‘also the normal planes drawn through those tangents. 

I defer further cousideration of these normal developable surfaces 
until after the establishment of their most important use, which arises 
Ut of their connection with the curvature of surfaces, 

We have already considered the contact of a tangent plane with the 
surface; we shall now pursue this subject a little further. It has been 
shown that when ré—s* is negative, the tangent plane cuts the surface. 
vonsequently, at any point so circumstanced, the tangent plane must 
neet the surface in a line: we now ask under what conditions does the 
angent plane not only meet the surface in a line, but continue to he the 
angent plane*™ at every point of that line (a table, for instance, 1s a tan- 
sent plane toa ring placed upon it at every point of the circle of coin- 
idence.) This obviously requires that we can, by going from point to 


* A solution of this problem, in an elegant and general form, may be found in 
volii. page 22, of the Cambridge Mathematical Journal, (Whittaker and Co.,) a 
ork which I strongly recommend to the student of analysis 
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point of the surface in a particular way, keep the equation ¢ — z= p (E-a) 
+q (4—y) representing the same plane; or p,g, and z—px —qy must 
remain the same. Taking a point (x, y, z) on the curve of intersection, 
let (v+dx, &c.) be the contiguous point, and let y= We be the equation 
of the projection of the curve on (wy). Then it is the condition of the 
curve that p and q remain unaltered as long as dy=wW'a.dr. But, 


dp=rdzx+sdy, dq=sdr-+tdy ; 


whence O=rdr4+ sy'z dr, O=sdx+ty'x dr, or rt—s’=0, which, 7, s, 
and ¢ being functions of x and y, gives a relation of the form y=wa, 
which is the equation of the projection of the curve, if such a curve 
there be. Again, dz=pdzx-+qdy, and if p and q can be made constant, 
we have x=px-+-qy+C, whenever y is taken such a function of z as 
makes p and q constant. ‘The only question remaining is, does it follow 
conversely that p and q are constant when y is so taken in terms of x that 
rt—s*=(0? Assume this last, and add together the squares of dp and 
dq as above obtained, putting rt for s$? wherever it occurs. This gives 


dp’ + dg = (r4 t) {rd +2s dxdy+tdy’. 


Now this must be =0, for going in the direction required, there is no 
deflection from the tangent plane, and the terms of the deflection which 
are of any given order, must collectively be =0, and rdz*+ 2s da dy 
+tdy* among the rest. Hence dp?+dq’=0, which requires dp=0, 
dq=0, or else shows that the curve is impossible. Consequently, when 
ri—s*=0 gives y=Wx in such a way that there is a real intersection, 
that intersection is a plane curve, and its plane is the tangent plane to 
the surface at every point of the curve. Accordingly, we see that in 
developable surfaces, the tangent plane is everywhere tangent at all the 
points in which it meets the surface. 

We might next ask, by analogy, what is the closest sphere which can 
be drawn to the surface at a given point: but here we shall immediately 
see that though we can find-an infinite number of spheres having a con- 
tact of the first order, it can only be at certain points, if ever, that a 
sphere can be made to have a complete contact of the second order. 
For there are but four constants in the equation of the sphere, while up 
to the second order inclusive there are five diff. co. If, therefore, we 
dispose our constants so as to make the sphere pass through a given 
point, and to make p, q, and r the same in both surface and sphere, we 
shall have no arbitrary quantities left to which to assign values which 
shall make sand ¢ the same in both. There must then at least be six 
constants in the equation of any surface which can certainly be made to 
have a contact of the second order with any point of a given surface. 

Abandoning, therefore, the idea of estimating the curvature of a 
surface at any one point entirely by that of another surface, let a normal 
be drawn through the point in question, and let a plane revolve about 
this normal as an axis. This plane will make with the surface an- 
infinite number of sections, one in each of its positions. Let these be 
called normal sections. We shall estimate the curvature of the surface 
by finding relations between the curvatures of the normal sections. And 
as our present object is to find absolute properties, independently of any 
position with respect to coordinates, let us take the point under examina- 
tion for the origin, and the tangent plane for the plane of ry. Let P, Q, 
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&c. be the values of p, q, &c. at the origin; then, because the tangent 
plane at the origin is that of ry, its equation (or f=r£+aQy) is €=0, 
or P=0, Q=0, whence the equation of the surface is 


i l , A 
= Re+ 28 ry + Ty) (terms with 2°, xy, &e.)+.... 


Let R, S, and T, &c. be finite, whence the terms of the third order 
diminish without limit compared with those of the second, as æ and Y 
diminish. Let O be the origin, OX, OY, and OZ the axes, OAPB a 
portion of the surface, OPM a plane passing through the normal OZ, 


and making an angle MOK =€ with the plane of xz. Let OP bea part of 
the normal section of this plane, OG, GM, and MP the coordinates of P, 
1 point in the section. If, then, OM be called 2,, we have, for the curve 
OP, =z, cos É, y=2,sin€, and substitution gives for an equation 
between 2, and z the coordinates of P in the plane ZOM, 


z= z (R cost 6+ 2S cos É sin 6+ T sin? €) «7+ At + Brt + &e., 


vhere A, B, &c. need not be calculated. Now if the equation of a curve 
e z= gz d+ ATi + o.n, we have at the origin 2/=0, "=a, whence 
he radius of curvature at the origin is l:a. This theorem is often 
proved by supposing OP to be au infinitely small arc of a circle, so that 
he rectangle of PM and the rest of the diameter is the square on OM, 
r the diameter is æf:z, when 2, is infinitely small, which is 2:4a. 
Whichever way we prove it, the radius of curvature of the section OP 
S l:a, or, calling it p, we have 
— l è 
P—R cos? 6+ 25 cos Ésin é+ T sin? €’ 

r the curvature, which is inversely as the radius of curvature, varies 
vith Rcos*6-+-&c. We shall use this latter phraseology, the student 
emembering that the greatest curvature has the least radius of curva- 
ure, and so on. And though we have drawn a figure corresponding to 
urvature in which all deflections from the tangent plane are made on 
ne side, yet it must be borne in mind that if the tangent plane cut the 
urface, z, and with it the radius of curvature, will be negative when the 
eflections are negative. 

The expression on which the curvature depends may be easily 
hanged into the form Acos?(€—«)-+B sin? (6—«): for if we expand 


b 
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cos (€—q) and sin (€— a), and develope their squares, we find that the 
result is made identical with R cos” é+ &c., by assuming - 


Acos¢+Bsin?a=R, (A -—B) cos g.sing=S, Asin? æ+ B cos a=T, 
which give R—T=(A—B) cos 2¢, and tan2a=28:(R—T). This 


gives for 2g two values differing by two right angles, and therefore for @ 
two values differing by a right angle, and one of these is less than a 
right angle; let it be the one chosen. Therefore sin 2a 2S: (-+,4/{4S* 
4+ (R—T)*!, which must be positive, since a<4z, or the denominator 
must be taken of the same sign as the numerator. Also cos 2a¢= 
(R—T): +,/(48°+ (R—T)’), in which the denominator must have the 
sion of S. Also A+B=R+T; and A—B=+,/{48’4+ (R-T)’}, 
whence Acos?(6 — a) + B sin? (E —a), or $(A +B)4+ 5(A—B) 
cos 2 (€—a), is | 


1 (R+T) th {4S4 (R—T)*}.cos2(6E—a@)......- (6), 


where + is to be taken of the same sign as S. This is the curvature 


(inverse of the radius of curvature) of a normal section which makes the 
angle € with the plane of rz. We also have | 


A=1 (R4+T)+4V[494+(R-T)*}, B=} (R+T) FEV 1494+ R-T)F, | 


where + means the sign of S, and =F the contrary sign. 

In the expression P+Qcos 6, the absolute maximum and minimum 
values are made by 0==0 and 0=7, giving P+Q and P—Q: in which 
if P and Q be both of one sign, P+Qis the numerical maximum, and 
P—Q the minimum; if P and Q differ in sign, vice versa. Without 
inquiring, then, into the particular conditions under which the maximum, 
as distinguished from the minimum, of the expression (€) is connected 
with O or 7, we see that (€) is a maximum or minimum when | 
2 (€—a)=0, or €=a, and a minimum or maximum when 2 (6—a)=7, 
or E=atsnr. There are then always two normal sections at right 
angles to one another, in which the maxima and minima curvatures are’ 
contained, and the radii of curvature in these sections are the reciprocals | 
of A and B above given, the first when 6=a, the second when} 
€=a+40. For any other section let E-a=6; then the reciprocal of 
its radius of curvature is A cos’04Bsin?6. This result may be thus 
most easily remembered: let the sections of the principal curvatures: 
have p, and p, for their radii, and let another section make an angle 0: 
with the plane of the first principal section, having a radius of curvature; 


o: then will | 


1 cos 9 a. _ cos? 0 f Pa tan a) 

P 4 Pu Pu pı 

Also p> and p,~* are the roots of the equation | 
v— (R+T) v+(RT—S*)=0; 


and if 0 be changed into 6+47, and the radius of the new section be o,: 
we have 
1  sin?6@  cos’ð ] l ] 1 
s = +- » or — +— =— 4-—-; 
o Pi Pi 4 G p; Pu 


that is, the sum of the curvatures of any two normal sections perpendi- 


' 
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cular to one another is constant. And 7! and o™ are the roots of the 
equation 


v —(R+T)v+RT—S*+ [482+ (R—T)*} cos?0 sin?6=0. 


From this we find the following theorems: 1. When RT — $S? is positive, 
the principal radii, and all intermediate ones, have the same sign, which 
is also the sign of R and T. 2. When RT—S?=0, either A or B is 
nothing, and either ọ, or p, is infinite. 3. If RT—S? be negative, 
either p, or p, is negative, and the other positive. Remembering what 
the negative curvature means, these theorems are what we might expect 
from page 419. 4. When p, and p, are of different signs, there are two 
values of 0, at which the intermediate curvature vanishes, corresponding 
to tand=+,/(—9,,:9,), the values of @ being supplemental. 5. Two 
opposite normal sections have the same curvature, (they are, in fact, 
parts of the same section). 6. The two principal curvatures are equal, 
and of the same sign, only when R=T and S=0, and in that case the 
curvature of all sections is the same, and a sphere may have a complete 
contact of the second order with the surface. 7. The difference between 
the curvatures of perpendicular sections varies as cos 20, and is greatest 
at the pricipal sections, and vanishes at the sections which are equally 


. Inclined to the principal sections. 


The student who is familiar with the general equation of the second 
degree will see that the preceding transformations are such as he has 
been accustomed to use with other meanings. I shall briefly explain 
the connexion, more with a view to propose the exercise of filling up 
the different steps than to any subsequent use of it. Let ò (in the last 


figure) be a very small value of z, so that z=) is the equation of a 


plane parallel to and very near the plane of xy. Consequently, 


2¢= Ra? +28 ry + Ty’ is the equation (or more nearly so the smaller x 
and y are taken) of the projection KHL of the section APB of the 
surface and plane (BL, PM, &c. being ò). But this is the equation of 
a curve of the second order, whose centre is at the origin; and if 25 be 
changed into 1, it will remain the equation of a curve similar in all 


respects, but larger in linear dimension in the proportion of /(20) to 1. 


Now if the axes of x and y revolve through an angle a, being the least of 


those determined by tan 2a= 2S : (R—T), the equation of the curve will 
then be 1 = A<?+ By’, where A and B are precisely as before. If, then, 


6 be the angle made by a radius vector r with the new axis of x, we 
shall have 1:7°=Acos*0+Bsin’@. The lines of the second degree 
which have a centre are the ellipse, hyperbola, and (not the parabola, 
but) that extreme variety of the parabola which consists of two parallel 
straight lines. Hence the following theorem: if at a given point of a 
surface a plane be drawn parallel to and very near the tangent plane, 
cutting the surface, the parts of the section closely contiguous to the 
point of contact will be very nearly parts of a small curve of the second 
degree, and the more nearly the closer the intersecting plane to the tan- 
gent plane. And if a curve of the same kind be drawn on the tangent 
plane about the point of contact as a centre, similar to the small curve, 
and similarly placed, but so much larger that ,/(20) in the smaller shall 
be 1 in the larger, the square of the radius vector on this curve 
(numerically considered) will be the radius of curvature of the normal 
section which is touched by that radius vector. Remember, that in the 
hyperbola, though the radius vector is impossible in one pair of opposite 


ee 
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asymptotal angles, its square is not impossible, but negative, and is the 
square of the radius vector of the conjugate hyperbola taken negatively. 
The following method of using this theorem will perhaps explain the 
theorem itself. Given the magnitude and sign of the principal radii of 
curvature, and their directions, required the radius of curvature in any 
other direction. First, if both be infinite, all radil are infinite, and 
the tangent plane has a complete contact of the second order with the 
surface. 


Next let OB and OA be the principal directions, and let the radius in 
the direction OB be infinite, that in OA being OA. Let OK=,/OA, 
take OL=OK, and through K and L draw lines parallel to OB. Ifthe 
curvature be finite in both directions, take OK and OM=,/OA and 
JOB, without reference to sign, and with OK and OM as principal 
axes describe an ellipse, if OA and OB agree in sign, and a pair of con- 
jugate byperbolas if they differ. Put these figures on the tangent plane, 
O at the point of contact, OA and OB in the principal directions of cur- 
vature. Then, for every point Z, the square of OZ is the radius of cur- 
vature of the normal section which cuts the tangent planein OZ. In the 
first figure this is to be taken of the same sign as OA, in the second of 
the same sign as OA or OB, and im the third it is to have the sign of 
OA or OB according as the hyperbola on which it is passes through 
(K, L) or (M,N). 

As yet we have only considered sections made by planes passing 
through the normal; we shall now suppose a section which declines from 
the normal by an angle yv. As the theorem we are now going to prove 
is isolated, I shall give a demonstration of it which assumes the infinitely 
small arcs of the sections to be parts of the circles of curvature, leaving 
the student to try if he can express the equations of the sections, and 
thence determine the curvatures in the usual manner. 

Let OX be a line in the tangent piane, and take it as the axis of x: 
let OM be the normal section passing through that tangent, and let PO 
be an oblique section in the plane PNOA, making with ZOMN an 
angle AOZ=y. Let OQ be the projection of the section OP on the 
plane of XY. Then, since the equation of the surface is 


22= Re? + 28 ry+Ty’+Ke. ; 


and since ON =x, we have 2NM = R -+ &c. (since y=0 for all points in 
y p 
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OM.) Again, since ON is tangent to OQ, NQ diminishes without 
limit compared with ON ; so that 2S ry and Ty? are of the third and 
fourth order, or 2PQ=Ra°?+.... Consequently the limit of PQ: MN 
is unity, or PQMN approaches without limit to the form of a rectangle. 
Taking OP and OM for small arcs of circles, their diameters are the 
limits of ON?: NP and ON®: NM, and diam. of OP: diam. of OM is 
limit of NM: NP, which as PMN approaches to a right angle, has 
cos PNM, or cosy for its limit. Hence, if OZ be the diameter of curva- 
ture of the normal section, and ZAO a circle with OZ for diameter, OA 
is the diameter of curvature of the oblique section. Or, all the sections 
made by planes drawn through one tangent have for their diameters of 
curvature the chords of a circle which has the diameter of the normal 
section of that tangent for its diameter. And if the given tangent be 
made the axis of x, and the circle be drawn in the plane of yz, any 
chord, with the common tangent, determines the plane of the section 
which has that chord for its diameter of curvature. 

I shall now show that the two normal sections, perpendicular to each 
other, of greatest and least curvature, are in those directions already 
obtained, in which the consecutive normals intersect the normal at O ; so 
that the principal normal planes are tangents to the developable normal 
surfaces which pass through the point O. Taking z=3$(Ra’+28 xy 
+Ty*)+&c., (remember that +&c. throughout refers to terms which 
diminish without limit as compared with those which precede,) we find 
for the equation to the normal at the point (a, y, 2), 


f—x 7 ny e r x) , 
Rr+ Sy+ &c. ~ Se+Ty+&e. (6—2); 
whence (Rr + Sy) n— (Sr++ Ty) €=S (y?—a*) + (R—T) ty, neglecting 
terms which have no effect on the limit, is the equation of the projection 
of this normal on the plane of zy. Here, then, are two straight lines, the 
axis of z, (=), and the new normal (7) projected on the plane of (ry) 
into (v,), of which the equation has just been found. Hence it may 
easily be shown that the perpendicular let fall from O upon (y,) is equal 
and parallel to the shortest distance between (y) and (z). But if 
ay —bxr=c he the equation of a straight line, the perpendicular let fall 
on it from the origin is c:,/(a°+ 02), giving 


{(R—T) ry- S (@—y?)} sf {Rr t Sy)*+ (Sat Ty)" 


2k 


a 
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for the shortest distance between (2) and (v). But if two consecutive 
normals, infinitely near to one another, are to meet, (page 412,) this 
shortest distance must diminish without limit as compared with 2 or y 
when the latter diminish without limit. Let the point (x,y) move 
towards the origin, and let y= «x tan É, whence the preceding expression 
becomes 


v{(R—T).tan €—S (1—tan?6)} : y1 (R+S tan €)°+ (S+T tan €)°}, 


which cannot diminish without limit in comparison with <, unless 
(R—T) tan €—S (1—tan?€)4+(the terms of a higher order neglected) 
diminishes without limit: and this cannot be unless (R—T) tan 6— 
S (1 —tan? €)=0, or tan2€=2S:(R—T). But this is the formula by 
which the angles of the principal sections of curvature were obtained ; 
whence the theorem above stated. 

It appears, then, that every surface may be traversed by an infinite 
number of curves, two of which pass through every poivt, indicating by 
their tangents the directions of least and greatest curvature. And it 3s 
the property of each of these Jines that normals to the surface drawn 
through the several points of any one of them, lie on a developable 
surface, and are tangents to a common connecting curve.” If a 
moving point were obliged to seek its course so as always to take the 
most or least bent track, it would move on one of these curves. With 
this general knowledge of the subject, we shall now look for the 
means of finding the curvatures, &c. with any origin and any axes. 

The equations of the normal at a point Cv, y, z) being 


(S—2) +p (6—-2)=0, (y—-y) + (6-2) =0; 
if we take an adjacent point, (v7+dz, &c.), at which the normal is m 


the same plane with the one just given, there will be a point of inter- 
section (X, Y, Z) which is on both normals, or will satisfy 


(X—a)+p(Z—2)=0, (Y—y)+9(Z—2)=0, 
(X—x—-—dx)+(n+dp)(Z—z2—dz)=0, 
(Y—y—dy) + (q+dq)(Z—z—dz)=9. 


Subtract the first set from the second, rejecting from the latter terms of 
the second order, and we have 


dp(Z—z)-—pdz—da=0, dg (Z—2z)—qdz—dy=0. 


The elimination of Z—z gives dp (qdz 4+dy) =dq (pdz+dz), an equa- 
tion already obtained, and which gave (page 427) 


dy? ——~ Fe | 
[a + spr- Ept- +g r) +pq.r—l+p?s=0. . TE 


and the first two equations may be written (dy: dx being 7’) 
y' {s(Z—2) ~ pq} +r (Z—z)—( +p") =0 
y {t(Z—-2z)—U+q)}+s5(Z—2z) —pq=0 


* One sound writer on this'subject (and perhaps more) has attempted to translate 
the words aréte de rebroussement into English by edge of regression, which seems to 
me a closer imitation of the words than of the meaning. Many words might be 
suggested, such as the ligature of the normals, or their osculatrix, or their omni- 
tangential curve. Also with reference to the developable surface, the aréte, &c. 
might be called the generatrix, or the curve of greatest density, &c. 


\ whence 
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1t (Z—z)= (1 +49} fr (Z—2) —(l+p*)}—{s (Z—z)— pq} =0, or 


a. (ri—s*)—Z, (l+¢°.r—2nq.s4+14+p?.0+(1 + p?-+-y")=0, 
where Zi =Z—z. If we make [+ p°=R, pg=S8, 1+¢@=T, the equa- 
tions which produce the above and their results, take the following 
symmetrical forms, 


syt+r Sy'+R 
ty! +s Tyt S 

(sT—tS) y? —(0R—=rT) y'4+(rS—sR)=0 

(ri—s*) Z?—(rT — 288+ IR) Z + (RT—S*)=0. 
Let V=p: J(1+p?+4°), W=q:J/(1+p? +2), then 
V= Vst V t= Hpg {(1+4%) s—pal}, &c.; 

whence (y’) becomes V, y?— (W,—V,) y’—W,=0, which when V and 
W are turned into functions of x and y by the substitution of the values 


of p and g, will be an easy form for calculation. Putting RT- $? 


for 1+p?+q’, we find 
V y (RT— S= (1+ q) r— pqs =Tr— Ss 
V,./(RT—S*)*= (1-+44°) = pgt=Ts—St 
Wa (RT — S= — pqr + (1+p°) s= —Sr+ Rs 
W, y (RT— S= —pqs 4 (1 +p’) t=—Ss+Rt; 
whence (RT—S*)°(V, W,—V, WJ=rt—s, 
Vy? —(W,—V,) y’—W,=0 
(V.Wy—V, W) ZP— (V+W) OHP. Z AAHH. 
If X—r=X,, Y—y=Y,, we have for the square of the radius of 


curvature X74 Y?4Z" or (rad.)’=Z? (1+ p?+q°) ; whence the values 
of this radius are determined from 


(V, W,—V, W,) (rad.)?— (V,+W,) (rad.)-+1=0. 
Hence 2V,y'=W,—V.+/(W,— V.+4V, W.) 
l 
2 ( VW y— VWa) 


E EEN E A E VH. 


rad. 


(rZ,—R)UZ,—T) = (sZ, — S) 


rad. ={W,+V.+/(W,—V.+4V,W,)} 


It is important to determine which signs are to be used together. 
Let Z, and Z, be the two values of Z, and y’, and y’ those of y’; then 


z RESY — (Sr— Rs) (ye) 
i gives Z, ae Yi ty) +3 y 7s 

In the denominator, substitute for yi ty’, and y'i y's their values 
(Wy—V.):V, and —W,:V,, and substitute for Wa» &c. their values. 
This will ke found to reduce the preceding fraction to (y'i y) Vy 
J(1+p?+¢°)2: (s%—rt). Now, dividing the expression for rad. by 

(1+ p*+q°) to give Z, and looking at the difference of the values, 
we see that we shall get by substitution yim y'= +H: V, and 
Zi— Z= +) (H)/ A ++ g)’: (s*—rt), so that (Z1 2): hy.) 


2 F3 


ee 
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is +,/(1+p°+ q°)* V, : (2—rt) the upper or lower sign being used accord- 
ing as y’ and Z, have radicals of the same or different signs. Con- 
sequently, since ,/(1-+p’?+q") was taken positively throughout, we can 
only make the latter form of the ratio agree with that directly deduced by 
giving the same signs to the radicals inthe corresponding values of Z,and y’. 

The most embarrassing part of this subject is the representation of the 
results to the eye: and I here digress to describe the best method of 
doing this. The perspective employed should be the orthographic, in 
which the eye is at an infinite distance from the plane of the picture ; 
or, to avoid the physically impossible character of this supposition, say at 
a very great distance compared with the linear dimensions of the picture. 
The properties of this projection are, 1. All lines or planes perpendicular 
to the plane of the picture are projected into points or lines. 2. All 
parallels are projected into parallels. 3. Equal lines, when in the same 
line or parallel, are projected into equal lines. 4. Equal lines, not 
parallel, are projected into lines proportional to the cosines of the angles 
they make with the plane of the picture, or the sines of the angles they 
make with lines drawn to the eye. If the line drawn through the eye 
make equal angles with the three axes, the projection is called ¢sometrt- 
cal:* it is inconvenient when there are any lines in the figure nearly 
equally inclined to the axes, and generally, the line drawn to the eye 
should not make small angles with any of the ‘principal lines of the 
figure. The following proposition will complete the theory of this 
perspective, so far as its application to rectangular coordinates is con- 
cerned. Let OA, OB, OC be the pro- 
jections of the three axes ; from any point D 
in OC produced draw EF perpendicular to 
CD, and draw FG perpendicular to EO 
produced; jom EG. Then will GEF be 
the projection of a triangle parallel to the 
plane of projection, so that EG, GF, FE 
are not altered by projection: and OE, 
OF, and OG will be the projections of 
lengths which are severally mean propor- 
- tionals between EO and EH, FO and FK, 
GO and GD. Equal lines, therefore,t can be readily laid down on the 
three axes, and thence lines in any proportion. 


* The isometrical perspective was first thought of as the most convenient mode of 
representing machinery, &c. by the late Professor Farish: there are now, I believe, 
several treatises on it. 

+ Ishould recommend those who wish to draw with tolerable correctness to have 
several cards or pieces of wood made as follows, to as many different species of pro- 

w c jection as may be wanted. The card or block 
COBVW admits ofthe three axes being immediately 
laid down by placing it on the paper and running a 
pencil along the edges CO, OB, and into the slit OA. 
Scales of parts answering to the projections of equal 
parts are laid down along the three axes, and repeatęd 
y Harts p oR the unoccupied sides. The position of a point 

whose coordinates are given is then immediately found 
by taking off the coordinates on the axes, and using a parallel ruler. The best way 
of laying down the different scales of equal parts is by observing that their units on 
OG, OE, and OF must be as the square roots of the sines of double the angles at 
G, E, and F: also the angle at G is the supplement of EOF, &c. See the Cam- 
bridge Mathematical Journal, vol. ii, p. 92. 


/ 
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The diagram before us represents in three positions the projection of 
the lines of curvature of an elliptic paraboloid, to which we shal] pre- 
sently come. Inthe middle figure, O (hidden by the solid) is the origin, 
and the line drawn to the eye is meant to make equal angles with OX 
and OY, and a much larger angle with OZ. This figure contains one 
quarter of the frustum of the paraboloid. On the right we see two 
quarters projected on the plane of ZX; the axis of y passes through the 
eye and is invisible, and the point Q of the last figure is now confounded 
with Z. Qn the left we also see two quarters projected on the plane of 
ZY, the axis of x is now invisible, and P and Z are confounded. 

Let 2z=ax’+ by? be the equation of the surface: that is, let it be an 
elliptic or hyperbolic paraboloid, according as @ and b have the same or 
different signs, the axis of z containing the foci of the principal parabolic 
sections (A. G. 422—500). We have then 


par, q=by, r=a, s=0, t=b, ri—s*=ab; 
whence the equation for determining y’ is 
ab? zy. y” + (b—a+a? ba — ab? 4°) y' — ab tys; 
or making (b—a) : ab°’=B, a : b=A, 
ry .y?—(y’—Az’—B) y — Arty=0...... (y’). 


This equation (and many others of a higher degree than the first) is 
most easily integrated by forming the diff. equ. of the next order: if this - 
last can then be completely integrated, it will have two new constants, 
between which an attempt to verify the given equation will give a 
relation which assigns one in terms of the other. Make a transforma- 
tion of the preceding equation, differentiate, and eliminate B as follows: 


(yy + Ax) (ay! — y) + By'=0, 
(yy! Fy? +A) (ry'—y) + (yy! FAz) ry" +By"=0, 
yyy" Fy? + A) (zy! —y) + yy! + Az) ry'y"—(yy'+A2) (ry —y) y"=0, 
or (YP TA) (ayy) y +ayy"5=0 5 
the first factor, y?+ A, being made =0, may give a real* singular solu- 
* It will be found, however, on examination, that y=,/(—A).2+,/B is the 


singular solution, and it will be readily seen that —A and B cannot be positive 
together. 
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tion, if A be negative: if we equate the second facior to 0, observing 
that it is the diff. co. of (zy'—y) y, we find (2y'—y) y= for a step in 
the solution, and if y:a=v, this is v’ a’y=C’, or vv’ a8 =C’. This 
gives vo=—Ca?-+C or = Cx?—C! for the complete solution. Hence 
yy'=Cz; substitute these in the given equation after multiplying it by y, 
and we have 


2 g— (Cx? — C’—Arr’—B) Cr — Ar (Ce — C) =0, 


which is identically true if CC’ +BC+AC'=0, or C’=—(BC) : (C+A). 
Hence 

(b—a)C 
ab’C+aeb 


is, for every value of C for which y can be real, the equation of the 
projection upon zy of a line of greatest or least curvature of the 
paraboloid: and it is generally the equation of an ellipse or hyperbola, 
according as C is negative or positive; but its meaning will réquire 
examination. 

First, we do not seem to have drawn any distinction between lines of 
one and the other curvature, since (y^) has been completely integrated in 
(C). But if we now require a curve (C) which shall pass through a 
given point (X, Y, za X’ + 1bY°), we find that C must be determined by 
an equation of the second degree, which, reduced, is 


ab? X? C+ (b—a+ a? b X8— ab? Y2) C— a? b V2=0......(C, X, Y). 


ys Crt s. (C) 


There are always two roots to this equation, one positive and the 
other negative, when @ and b have the same sign, and both positive or 
both negative, when a and b have different signs. Consequently, in the 
elliptic paraboloid, the projections of the lines of one sort of curvature are 
ellipses, and of the other sort hyperbolas; but in the hyperbolic para- 
boloid they are both hyperbolas. 

First, let a and b have the same sign, which may be positive, and let 
b>a, or let the parabola in the plane of zy have a greater curvature at 
the origin than that in zx. Now one value of C is =0 when Y=0; 
that is, the section of the surface with the plane of zx is itself one line of 
curvature. Again, C has one value infinite when XO; or the section 
in the plane of zy is a line of curvature. When C is negative, y, in (C) 
is impossible, unless ab? C +a°) be negative, or unless C be numerically 
greater than a:b. If from 22=ax°+ by? and (C) we form the equations 
of the projections of these curves upon zx and zy we have the parabolas 


,. (b-a)C a -b—a 
Jaa bC) x ————, 2z= pe ee 
(a+bC) 2 + Come z G a Pox ab 


We have, as already stated, only to consider the values of C from 0 
to o, and from —a:b to — œ. When C diminishes from œ to 0, 
remembering that C= œ gives x=0, Ca?=0, we see that the projections 
on zx vary in their equations from 22—=(b—a) : ab to 2z =ax*, indl- 
cating, as seen in the right-hand figure, évery sort of parabola between 
the linit UZ (which is a straight line) to OP itself. But on the plane 
of zy we sée that 22 = by" and? 2z=—(b—a): ab are:the limits, and in 
every parabola: z is negative when’ y is 0, giving; as in the ‘left-hand 
figure, all kinds of parabolas, drawn about vertices from z=0 td 
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z2=—(b—a):ab. And the projectionson zy area family of hyperbolas, 
of which we may get a good idea by imagining the ascending parabolas 
in the right-hand figure to be the bases of cylinders, which obviously 
cut the surface in curves which project on the plane of zy into pairs of 
curves with two infinite branches each. If we now suppose C to vary 
from — œ to —a:6, we find the equations of the projections on zr 
varying from 2z= — e.2°+(b—a):ab to 2z= cc, while the inter- 
mediate form is 2z= (neg. qu.) 2°-+(pos. qu.) We have, then, as in 
the right-hand figure, a succession ‘of parabolas turned the other way, 
having for one limit the line UO, and rising ad infinitum. On the 
plane of zy, the equation varies from 22=by? to 22= œ, and its inter- 
mediate forms are 2x= (pos. qu.) ¥°—({neg. qu.), belonging to parabolas 
turned upwards. We have, then, the other set of parabolas in the left- 
hand figure, beginning with Q’OQ. ‘The equations of the projection on 
the plane of ry now belong to ellipses, and if we were to form parabolic 
cylinders from the parabolas just described in the right, they would 
obviously cut the surface in curves which would project on the plane of 
ry into figures resembling ellipses. 

We shall now consider the case in which æ and b have different signs, 
or the hyperbolic paraboloid. Let 6 be negative; then the parabola OQ 
must be turned round the axis of y until it is below the plane of xy in the 
plane of zy, and a parabola equal to OQ moving parallel to the plane of 
zy with its vertex on OP, will describe the surface. If for b we write 
—b, the equations of the projections become 


eos 2z = (a — bC) a? — 


aPC — 


E ie 
=( bA ey 


(+a)C 


a—ab CC 


y= Ces 


If C be negative, the first equation is impossible: in fact, it will be 
seen from the equation (C, X, Y) that when @ is positive and b negative 
the values of C are both positive. As C varies from 0 to œ, a change 
takes place in the character of the projections when it “passes through 
a:b. When C<a:b, the hyperbolas of the first projection have their 
possible diameters on the axis of y, and the impossible ones on that of x ; 
also the parabolas of the second and third projections have their vertices 
below the plane of zy: all which is reversed when C>a:0. First, let 
C change from 0 to a:b; the equation of the second projection, then, 
varies from 2z=ax? to 2z=— œ, the intermediate form being 2z= 
(pos. qu.) 2°—(pos. qu.) ; while that of the third varies from 2:= 
cy2—(b+a):ab to 2z= œ, the intermediate form being 2z= 
(pos. qu.) y* -+ (meg. qu.). 

These parabolas are seen in the next diagram with their branches going 
upwards, though in the projection on ZOY, a part on each side of the 
vertex does not belong to the projection. When C varies from a: 6 
to œ, the projection on zg varies from 2z= œ to 2z=— H.a°+(h+a) 
:ab, the intermediate form being 2z= (neg. qu.) e°—(neg. qu.); while 
that on zy varies from 2z=cc to 2z= — b4’, the intermediate form being 
2z= (neg. qu.) y” + (pos. qu.) os 

We now pass to the consideration of the coordinates of the centres of 
curvature (X, Y, Z). We have, (page 434,) y’ being C; y, 
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rad.= 4! (l La’ xu? -t ab Cx”) a(l +a? x4 0” y) ; 


where the two values of C are to be determined from (C, X, Y) for each 
point. l 

Having drawn all the lines of curvature, we proceed to distinguish those 
of greatest and least curvature, which we shall do in the elliptic para- 
boloid, leaving the other to the student. Taking the projection upon the 
plane of zr, let it be remembered that for the ascending curves, C 1s 
positive, being nothing on OP, and infinite on UZ: while in the equa- 
tions of the descending curves C is negative, being infinite on UO, and 
continually diminishing (numerically) towards —a:b. And the co- 
ordinates of the point U are r=0, y=,/ {(6—a) : ab? z= (b—a) : 2ab. 
When a and b are both positive, the equation (C, X, Y) shows that C 
has one positive and one negative value: and the expression above given 
for the radius of curvature is the greater of the two when C is positive, 
and the less of the two when C is negative. Hence the projections just 
described as having positive values of C belong to the curves of least 
curvature, and the others to curves of the greatesé curvature. Hence the 
curve QUOU’Q’ (seen laterally in the figure on the left) is a line of 
greatest curvature from U to U’, and of least curvature everywhere else. 
Therefore the difference of the radii of curvature changes sign at U and 
U’, on the supposition that a point moves along the curve QOQ’: that 
is, this difference becomes nothing at U and U’, or the radii of curvature 
are then equal. A point of this kind, which is so situated upon a line 
of curvature that the arcs on the two sides of it are of different species of 
curvature, is called an umbilicus, or umbilical point: though it must be 
noted that the term is extended to every point at which the two curva- 
tures are equal. 

Since C is infinite at every point of the curve QUOU’Q’, and z is 
nothing, the term Cz’ in the expression of the radii is ambiguous. 
Return then to the equation by which Z—z, or Z, is determined, and 
we find 


ab Ze —1 014b y) a+1+ea*) db} Z40+e@ 2 +0'y’)=0. 


The values of Z, are the projections of the radii of curvature upon the 
axis of z, and will be equal when the radii are equal. Apply the test for 
equal roots to this equation, and it will be found, after reduction, that 
there are equal roots when 


{b6—a—ab (by +a) \?44ab (b ~a) ar°==0; 
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an equation which (bœa) can only be satisfied by 2=0, y=(b-a): ab? 


that is, only at the points U and U’. 


The following problems may be easily solved from the preceding 
equations, 

l. Neither radius of curvature is ever equal to nothing, unless at 
a point for which rf—s? is infinite, or infinite, unless at a point at which 
rt—s*=0. Andone of the radii of curvature is infinite, at every point 
of a developable surface, and the converse. 
_ 2. When the radii of curvature are equal in magnitude, but different 
in sign, 


(l-g) r—2pqs+ (1+p*) t=0; 


and this, when true at every point of a surface, is the equation of a 
surface at every point of which the radii are equal and contrary in sign. 
3. The last equation is satisfied by that of a plane: in what sense 
can this surface be said to have the property which it implies ? 
4. The points at which the radii of curvature are equal, and of the 
same sign, are determined by the equation 


{ (1+ r—2pqs+ (1+ p°) tV=4 (rt—s*)(1 + p+"), or 
{Tr —2Ss + Ri} = 4 (ri—s’) (RT—S"), or 


(Tr—Rt)’+ 4 (St—Ts)(Sr—Rs)=0; 


which is satisfied by R:r=S:s=T: t, and by nothing else.* 

I shall now briefly give the manner in which Monge shows that 
Rir==S:s=T:t, or Ts—St=0, Rs—Sr=0, can only belong to a 
sphere. From the equations in page 435, these give V,—0, W,=0, 
whence V can only be a function of x, and W of y; that is, 


p=or. JA+p +), q=. A++), 
or p=pail— (pr) -Oyy q=yy {1- (pr) - (way y 


But dp: dy=dq : dx, which it is found will require ọ'x=w'y to be 
true, independently of any relation between y and x. This cannot be 
unless ¢'x and w'y are both constants, giving ¢r=cr+h, Yy=cy+k, 


* Solve the preceding equation with respect to S, and a result will be found, the 
reality of which depends on that of 4/ (s’—rt). But from the equation preceding 
that which was solved, since RT—S? or l+p?+¢% is necessarily positive, it follows 
that 7¢—s? is positive or s*—77 is negative. Hence no real relation can exist except 
the pair of equations which make the given equation identical. 

There is in the Application, §c. of Monge (page 171, edition of 1807) one of the 
most curious chapters which ever appeared on the subject: the remarkable part 
being the manner in which he has allowed the gradual correction of a false impres- 
sion to appear, which most persons would have avoided by rewriting the whole 
section. He is obviously, up to the chapter in question, under the impression that 
there exist other surfaces besides the sphere of which all the points are uinbilical; 
as appear both from his previous allusions to the coming chapter, and from the 
manner in which he opens it. Setting out under this assumption, he proceeds to 
integrate the equation, in which he succeeds, but in a manner which gives two 
equations between x, y, and z, instead of one, from which he infers that the equation 
Only belongs to a curve, instead of a surface. This extraordinary result, as he calls 
it, still never looking to see whether the duplicity of the conditions was not implied 
in the fundamental equation.) he proceeds to verify, by attempting to construct a 
surface of the given kind in the form of a connecting surface of a family of spheres, 
The result of this investigation is that the radius of the moving sphere is always =0, 
which reduces the surface again to a curve. 
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Let these be substituted, and the method in page 197 followed, and it will 
be found that 


(cz +k F+ (cy +h, P+ erthyl, 


which is the equation of a sphere. 

I now give a professedly incomplete demonstration of the method of 
drawing the shortest line between two points of a given surface: that is 
to say, incomplete, inasmuch as the considerations here laid down 
must be much developed and made more rigorous in form, before 
conviction could be brought by them to the mind of a beginner. The 
subject will be more fully treated in the next chapter. 

First; if a tangent be drawn through a given point of a curve, and 
also a very small “chord, the plane of ‘the chord and tangent may be 
brought as near as we please to the osculating plane. For if the curve 
had not two curvatures (page 413) that plane would be the osculating 
plane itself; and the smaller the arc taken, the smaller is the effect of the 
second curvature, or the more nearly does the plane of the tangent and 
chord coincide with the osculating plane. 

Secondly ; ifa very small chord be drawn to a curve which lies ona 
given surface, the shortest line which can join the ends of that chord on 
the surface must be that which is nearest to the chord itself, the latter 
being the absolute least distance between the two points. The smaller 
the chord, the more nearly is* this line situated in a plane which passes 
through the normal of the surface. 

Thirdly ; if the shortest line be drawn from A to B on a surface, and 
if C and D be any intermediate points, however near, then CD must be 
the shortest line on the surface between C and D: forif a shorter line 
could be drawn between C and D, it is obvious that a shorter path could 
be made from A to B. 

Hence, if the arc CD be made infinitely small, the plane of its chord 
and tangent, which by the second consideration is normal to the surface, 
is by the first the osculating plane of the curve: or the osculating planes 
of the shortest line between two points are at all points perpendicular 
to the tangent planes of the surfaces drawn through those points. 

Thus much being admitted, the equations of the shortest line readily 
follow. Let s, the arc of the curve, be the variable in terms of which 
x, y, and z are expressed, so that w=dx:ds,&c. Let ® (a, y, z)=0 
be the equation of the surface, @,, &c. being the partial diff. co. oro. 
Then, since the curve is on the surface, we must have ®,. s +9,.y' 
-+,.2'=0, while the expression of the tangent plane of the surface at 
the point (z, y, x) being perpendicular to the osculating plane of the 
curve Is obviously Da2 tD, Yy +0, .2,—=0, (page 407 and 409, and 
A.G. p. 219), or 


(D, 27 — P, y") a’ + (@, 2 — 6, 2") y +d y" — o, x") z'=0. 


But since ®,.2’+&c.=0 and ae v + &c.=0, it follows that 2’, y’, and 
A are in the proportion of ®,2”—®, y”, &c. If, then, ®, z"o," 
=g, we must have ®, 4” — Ò, Pout and @®, y!'—@, æ” = a2’, whence 
the last.equation gives « CEEE z?) =0, or ax l=0, or æ —0. That 


is, the diff. equ. of the Sones line drawn from one point to another 


x Ihave introduced this here that the student may try to. see it: it is not demon- 
strated. 
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on the surface ® (rt, y,2)==0, exhibited in an unabbreviated form, are 
any two of the three 


db dz db dy dọ dx db dz db dy db der 
a fg a ae ee ee 
dy dè dz d® dz dë dx d® dx dè ~ dy dè? 


I say any two of the three, because either of the preceding is a necessary 
consequence of the other two. These may be reduced (if ®=0, give 
z= (x, y)) to the form 


When the surface is one of revolution about the axis of z, we have 
z=% ("+ y"), or py—gr=0: and substitution in the third equation 
gives 
dy d’x 
Tae TYE 


=0, or rdy —ydr=cds, or r°d0=cds ; 
s 


rand 0 being the polar coordinates, in the plane of zy, of the point 
(x,y). Hence, if the shortest line between two points on a surface of 
revolution about the axis of z be projected on the plane of ry, and if a 
point moving along it described equal arcs in equal times, the radius of 
the projection of that point would describe equal areas in equal times. 
Let the surface be a sphere, so that the shortest line between two points 
is an arc of a circle, and its projection is an arc of an ellipse concentric 
with the circle. Ijeave to the student to show irom what well known 
properties of the ellipse the preceding assertion may be verified.* He 
may also show that, in every surface of revolution, the angle made by 
the shortest path between two points with the generating curve has a 
sine which is always inversely as the radius of the projected point. 

I shall conclude this chapter with the consideration of the ex- 
pressions for the arc of a curve, the volume inclosed by a surface, and the 


area of a surface, for which we have employed the expressions (say s, V, 
and S) 


s= [d (d+ d +d), Ve] fade dy, S=] NAATP +7) dx dy. 


That some connecting axiom must intervene between our con- 
sideration of purely algebraical formulæ, and their application to space- 
magnitude, is sufficiently clear from the total difference of the subject- 
matters of arithmetic and geometry: but whether any new axioms 
are necessary to the application of the differential calculus, or whether 
those which are employed in the previous application of arithmetic and 
algebra will be sufficient, is now the real object of inquiry. Looking at 
Chapter VITI., we might be led to suppose that one or the other suppo- 
sition might prove correct, according to the nature of the question: thus 


* Very simple mechanical considerations would give a general verification. 
Granting that a material point, acted on by no forces but those which constrain it to 
Move on a given surface, must move uniformly, and must describe the shortest line 
between any two points in its‘¢ourse; then, the whole constraining pressure 
being nurmal, and the normal always passing through the axis of g, it follows that 
the coniponent of ‘the constraining force in the plane of xy always passes through 
the origin; or the projection of (x, 7, z) on the plane of ry describes equal areas in 
equal times. 


a s a eee 
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the consideration of area (page 141, 142) requires no new arithmetical 
relation of geometrical magnitudes to be assumed; while that of length 
(page .140) requires the assumption that the arc PQ (page 136) is. 
greater than the chord PQ, and less than the sum of PT and TQ. 
What is the reason of this difference in the character of the two investiga- 
tions ? 

Area (and also volume, or solid content) is a magnitude of such a kind 
that portions of it, even when curvilinear, can be taken, such as have been 
considered in elementary geometry. Thus the area of a curve (page 141) 
can be subdivided into a succession of rectangles, and another succession 
of curvilinear triangles each of which is as much unknown, so far as an 
algebraic expression for it 1s concerned, as the whole area itself. But 
by continuing the subdivision, the sum of all the curvilinear triangles 
diminishes without limit, while the sum of the rectangles does not. The 
rationale then of the method by which the difficulty is avoided is as 
follows: the result required is compounded of 2A, which can be attained, 
aud 2B, which cannot; it is in our power to make a supposition by 
which 2B diminishes without limit, consequently the limit of ZA is the 
result required. 

But when we come to consider the arc of a curve, or the area ofa 
curved surface, the case is entirely altered. No subdivision of either of 
these is of a mere simple kind than the whole: a small arc is still an are, 
as different in species from a straight line as a large arc; and the same 
of a small curved area with respect toa plane. A new axiom,* therefore, 
becomes requisite, and the following will be found sufficiently easy, and 
perfectly adequate. 

If two finite and variable lines or surfaces perpetually approach to 
coincidence, the lengths or areas perpetually approach to a ratio of 
equality. To understand what 1s meant by approach to coincidence,. 
through every point of each line or surface imagine a line drawn parallel 
to agiven plane and meeting the other. If, then, the lines or surfaces 
remain finite throughout the variation, perpetual approach to coincidence 
means that all the parts of these parallels intercepted between the lines 
or surfaces diminish without limit. Butif the lines or surfaces diminisl, 
without limit, approach to coincidence requires that the parts of the 
parallels should diminish without limit in their ratio to the lengths of the 
lines or the lengths of the boundaries of the figures. The plane to whicl 


* Some writers hasten forward to the actual investigation, with what looks like < 
feeling of unwillingness to state their axiom: some are explicit on the easier cases 
and abandon the harder ones with an “in the same manner it may be proved, &c.’ 
Others make assuinptions which require long trains of investigation to produce th 
most simple consequences. Others again consider that they remove the difficulty 
by adopting the language and hypotheses of the infinitesimal calculus, forgetting 
that such language is not admissible instead of axioms, but that on the contrary 
it is to the distinct conception of axioms and their consequences that the infinite! 
simal phraseology owes its title to be used in an accurate treatise. 

Jt would be invidious to produce instances of the first manner above mentioned 
for the second, compare Lagrange, Théorie des Fonctions, pp. 218 and 300: for thi 
third, see Lacroix, vol. ii. p. 198, (note): aud for the fourth, see the text of the samt 
note. 

It is not professed that the axiom proposed in the text contains less of assump 
tion than is involved in those of preceding works: its recommendation is the univer 
sality of its application and the distinctness with which the whole point assumed i: 
seen. Iapprehend that the same amount of assumption and no more will be foun 
in Newton’s first section. 
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he parallels are drawn need not be fixed, but may preserve a fixed 
elation to one of the lines or areas. 

The axiom is most undeniably true when the lines or figures remain 
Anite; its truth, of course, eludes the senses when the figures diminish 
without limit. But here it may be made perfectly clear that the defini- 
ion of approximate coincidence, as applied to diminishing lines or 
igures, is a necessary consequence of the same in the case of those which 
emain finite, provided we admit that, however small a figure may be, we 
an conceive figures of any size, perfectly similar in form. With such 
in admission, suppose that while ‘the lines or figures diminish without 
imit, other lines or figures are formed which, always remaining similar 
o the diminishing lines or figures, do not diminish without limit. If, 
hen, for example, p be the length of one of the lines (diminishing) and 
z one of the intercepts between the two lines, drawn as above, and if P 
ye the corresponding length in the finite picture of the diminishing 
ystem, and II the corresponding intercept, approach to coincidence, if 
t take place in the finite figures, requires that IL: P should diminish 
vithout limit. But by the similarity of the figures Il: P=% : p, whence 
7:p must diminish without limit. And in the notion of the similarity 
f the figures, distinctly conceived, it is implied that if the axiom be 
dmitted as to the finite, it must be admitted as to the diminishing, figures. 

From the preceding it immediately follows that the arc of a curve tends 
o a ratio of equality with its chord, even supposing that no arc of the 

curve, however small, is plane. Let AB be a small 
Q _c arc, AC a portion of its tangent at A, and BC a line 
drawn parallel to a given plane. ‘Through every point 
P of the curve draw a plane PQR parallel to that 
plane, meeting the tangent and cherd in Q and R. 
sy the way in which the tangent is drawn, both PQ and QR* may be 
iade as small as we please with respect to AR and to AB, by beginning 
ith an arc sufficiently small. Hence, when B approaches without 
mit to A, there is a continual approximation to coincidence between 
\B, the arc AB, and AC. If, then, we take g, so that the arc AB, As, 
aall be =ABx(l+a), we see that œ and AB diminish without limit 
gether, whence SAs or %,/(Az?+ Ay?+ Az’). (l+) has the same 
mit as 


|. R 


SAt Ay HA); or s= [ydr dy + d2’). 


Q Next, let P be a point in a surface, and PA and 
PB being parallel to the axes of x and y, let PA 
and PB be Arand Ay. Hence PRQS is the por- 
tion of the surface which stands over, and is pro- 
jected upon the rectangle on the plane of ay, whose 
area is Ar.Ay. The corresponding portion Prqs 
of the tangent plane obviously approaches to coin- 
cidence with PRQS; for if lines be drawn through 
every point of PRQS perpendicular to the plane of 
ry, the intercepted deflections (as they were called) 
as PA and PB diminish, diminish without limit as 


* This must be proved: that is, it must be shown that a line passing through the 
ints (x,y,z) and (4-+Az, y+Ay, =+Az) approaches without limt to the tan- 
nt as Ax, &c, are diminished without limit, 


g a a a 
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compared with PA or PB, and therewith with Prand Ps. If, then, we 
say, let PRQS=Prqs (1+), œ must diminish without’ limit, or 
È (PRQS) and È (prqs) have the same limit, the first being, when the 
summation is made between the given limits, the required area of the 
surface. Let 0 be the angle made by the tangent plane with that of ry; 
then, by a well known theorem, (A. G. p. 200,) Pars cos @=— PBCA 
=Av.Ay; and, the equation of the tangent plane being ¢—z=p (6—2) 


+q(n—y), we have cos 0= (1 +p°+ g?)7?, neglecting the sign. Hence 
Pors=/(1+p?+@). Az Ay; area required = ff/(1+p?£9°) de dy, 


the expression already used. 

The expression for the volume contained by a portion of the surface. 
the plane of zy, and all the planes which project the boundary of the 
former on the latter, has been already shown to be J Ve zdx dy. It may 
also be represented thus, T f [dx dy dz. Ifupon the elementary rect- 
angle Ar Ay we erect ordinates at the four corners, we have a figure 
which would be a prism if the upper surface were not curved. [fz be 
divided into any number of parts, each Az, we have in this prismati 
figure a number of right solids,* each having the content of Ar Ay A; 
cubic units, together with a figure which, as z diminishes without limit 
diminishes without limit as compared with the sum of the preceding 
Hence the expression above given for the solidity is derived. 

Previously to entering upon the application of our subject to mechanic 
it will be desirable to treat of the Calculus of Variations, to which : 
accordingly proceed. 


CHAPTER XVI, 
ON THE CALCULUS OF VARIATIONS. 


A CHAPTER on this subject must be introduced before anything like .. 
general view of the application of the differential calculus to mechanic 
can be given. It must be remembered that hitherto we have considere: 
only differentiations of one species. It is true that in functions of mor 
variables than one, we have treated together of differentiations made wit. 
respect to the different variables. Thus xlogy has two diff. co., log 
and x: y, according as we suppose æ or y to vary. But we have neve 
yet supposed two increments independently given to a, arising fror! 
different circumstances of variation, and requiring the simultaneous con 
sideration of diflerentials dx and ôr, essentially differing in the notion 
from which they are derived. If, indeed, we consider z as a function € 
two variables, vand w, and represent by dz and òx the differentials of. 
taken from the variation of v only in the first case and w in the secone 
we might make a science closely resembling the calculus of variations 
But the problems which will require consideration under this head a1 
those in which dv and $x are purely arbitrary, and independent of a 
functional connexion between < and other variables. 


* I use this term in preference to the longer one, rectangular parallelopiped. Sı 
PARALLELOPIPED, In the Penny Cyclopedia, 
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With regard to the term calculus of variations, it is obviously 
improper as distinctive of this particular branch of the subject, since all 
‘that has preceded is certainly æ calculus of variations. It is only when 
by variation we agree to understand a new and distinet sort of differ- 
ential, that the word is significantly introduced: and it would be more 
proper to say that the differential calculus is a calculus of variations, but 
that the particular part of it now under consideration is a calculus of 
essentially different and independent species of variations, in which the 
same quantity is considered as an independent variable in two or more 
distinct points of view. 

For example, in every problem of equilibrium there is no change of 
place consequent upon mere lapse of time; nevertheless such problems 
are solved by consideration of the variations which a system would 
undergo, if an infinitely small change of place were made, such as the 
connexion of the parts will allow. This small change of place need 
not be supposed to be made in time; it would do equally well if it were 
instantaneous: and if the impenetrability of matter did not forbid, it 
might be simply supposed that a second system, perfectly similar to the 
first, was placed infinitely near to it, without any notion of the one 
system moving into the place of the other. Again, in dynamics, the 
actual motion of a system is the subject-matter of the problem; that is 
tosay, the aggregate of actual successive infinitely small variations of 
place which occur in the successive lapses of infiuitely small portions of 
time, accumulated by the integral calculus. But every problem of 
motion, of which the circumstances are known, may be reduced, as we 
shall see, to one of equilibrium: that is to say, the properties of the 
actual variations which do take place may be investigated by means of 
the simple changes of place, without reference to time, which might be 
made ina system at rest. Here, then, enters a science of comparison 
of different species of variations, or a calculus of variations, technically so 
called. 

This calculus is essentially one of differentials,* not of differential 
coefficients. The latter do not change with the species of variation, as 
long as the connecting relation of the variables remains the same. If, 
for instance, y= 22, and it be convenient in one point of view to increase 
z by the infinitely small quantity dr, and in another point of view by 
ér,and if dy and òy be the corresponding infinitely small variations of 
Y; it follows that dy=2r dx and dSy=2yér, and dy: dr=ly:dx= 2x. 
Similarly, if a function of x}, £a, £, &c. be increased by P, dx, +P, dx, 
Teese, When 2, te, &c. become xa,-+dxy, at dra &c., it will be 
increased by P,ér,+P.édr+...., when 2, Ta &c. become x,+ ôt, 
y+ SL, &c. j 

To form a primary notion of the distinction between differentials and 
variations, let y=@r be a relation existing between y and v, and let the 
curve be drawn, of which it is the equation. If a increase, and if the 
continuance of this relation be the condition by which the corresponding 
increase of y is determined, the ratio of the changes of y and < is deter- 
mined by common differentiation ; or dy=o'r.dv. By an increase of 
x and y, then, we move from point to point of the curve whose equation 
is ox. Next, let us consider another species of change, in which, when 


* The most rigid opponents of differentials have never attempted to present 


the notation of the calculus of variations in a manner conformable to their own 
general principles. 
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x is increased by or, the value of y is altered by an infinitely small 
quantity dy which, though it be a function of x and ox, is not determined 
hy 6y=¢'x. dr, but by a totally different relation, in such a manner that 
x+oxc and y+cy must be coordinates of another given curve, infinitely 
near to that of y=¢u. 


Let. PC be the curve of yz, and 
Ve the last mentioned curve, and let p 
and q be the points of the second curve 
corresponding to P and Q of the first. 
We have, then, the following relations 
between the variations and the differ- 
entrals of x and y: 


PR=dr, PA=dr, QR=dy, Aq=cy. 


By ¢ dz is meant the change which dz 
undergoes when P and R are changed by variation to p and r: or 
pr--PR. And by d òr is meant the change produced in òr by changing 
the position of P on the curve y=@r; or QH—PA. But QH—PA 
=RB-—PA=AB—PR=pr—PR; or ddr=ddz. Similarly, ddy is 
gr —QR, and ddy 1s gH —pA, whence dSy=ody. And the same may 
be proved of any function of x which remains unaltered: thus dz 
=¢'r.cx, and dò dr=o"r.dxdx+¢'e.déx, and dpt=q'ax.ds, while 
ecdpe=p'eðxrdr+ o'x dr; whence òd pr=dò ga. 

It easily follows that S fydr= fð (ydv). Let Jy dr=z; whence 
yde=dz and d(ydr)=cdz=dez. Integrating both sides, we have 
Jè (ydr) =èz=3 f ydr. We have here but repeated theorems which 
we have already proved in pages 16] and 197. The whole of this 
subject may be connected with the calculus of several variables pre- 
viously explained in the following manner. Letr=e(é,v), y=A (é,v), - 
where «æ and £ are such functions as will, when v=a, give the required 
relation y=. by elimination of é, 

Thus, let r=a(é,a) give =a (x,a); it is required, then, that 
6 f{a-'(v,a),a} shall be identical with x. If & only vary, æ and y 
will therefore, when va, vary in such manner that dy=ġ'x.dx: but 
if v vary, and become a+da, x and y will vary in a totally different 
manner. To compare this view of the subject with the preceding, we 
have 


da se , SD oe es d dp 
Gee te dé; jr day (y=7 da 
da Pa 
ler —— | le F 
dex da dé dadi, Sdx dE da dé da, &c. 


This latter view of the subject, though instructive, is unnecessary in 
its details, partly because it is really but another way of expressing the | 
complete independence of dx and dz, and partly because the present 
state of the calculus of variations will require us only to consider the 
first orders of variation (ôx, cy, &c., and not òx, òy, &c.) There are, 
in truth, but two great problems in this subject, one general, the other 
mostly apphed in mechanics. We pass on to further details. 

Let it be required to express oy’, èy”, òy”, &c., y', y”, &c. being 
diff. co. of œ with respect to y. Let P bea function of x, and P’ its difi. 
co.; we have then 
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sp/— (E) dP dP.èdr d.òP dP dor 


du} drt de ` dr dr dr 
pnan d 5 P dP . ` 
gr C d” tye t ; 


or òP'—P"òr= D (èP —P’'òr), where D stands for the diff. co. of the 
function to which it is prefixed. Apply this successively to y’, y”, &e., 
and we have 

òy’ — y" ðr=D (y —y' dr) 

òy” — y" òr=D (dy! —y" òr) =D? (Cy—y'bxr) 

ôy” — yer =D (òy” — y" èx) = D? (cy—y'cx), &e.; 
from which dy’, dy, &c. may be easily expressed. We may thus find 
the variation of any function of the form P CP A) Lr by substi- 


tution in 
dp , dp . dp >, dH Ser 
) oa aa YT Ty tI cy Feee’ 3 


which may be made to depend upon 8z, éy—y'dx, which call w, and the 
diff. co. of w. It remains to express in the most simple form ò fp.dz, 
$ being such a function as that just described. 


è fp dr= fè (pdr)= f (òp dxr+pòdr) 
=f èp dt -- fo dòr=pòr+ f (èp dx—dd òr). 

Let $, which is a given function of x, y, yy”, &c. be completely 

. ae lp dp dj 
differentiated, and let the partial diff. co. - ec st &c. be X, Y, Y, 

dr dy dy 
Yj» &c.; then, remembering that the same* relation exists between the 

varlations as the ditterentials, we have 


dp=Xdx+ Ydy +Y, dy'+Y,dy"+Y,,dy"+.... 
ch=Xoxr + Yoy +Y, dy’ +Y òy" +Y,, OE 
op dr— do òr=Y (èy dr—dy 6x) + Y, (dy! dr—dy' òt)+.... 
But dy=y' dr, dy' =y" dx, &c., whence 
op dx — do òx=Y (Cy —y'dr) dx +Y, (dy'—y" 6x) dr+.... 
=(Yo+ Y,0'+Y,,0"+Y,,0"+....) Ax ; 
therefore òf ddx=gir+ f(Yot Y, w + Xj iy EN OE de. 

The expression remaining under the integral sign is now to be 
integrated as far as it is practicable, while the relation of y to x remains 
indeterminate. This may be facilitated by the following theorem, which 
follows immediately from successive integration by parts, and of which 


John Bernoulli’s theorem (page 168) is a limited case. Let v= vdr, 
v= fv, dr, &c., no constants being addedt in integration after v,, then 


“Os 


* That is, because the manner in which ø dependson a, y, &c. remains unaltered : 
but it must be carefully remembered that the manner in which y depends on 2, 
vand therefore the form of y’, y”, &c., undergoes an alteration, which gives infinitely 
small alterations of value. . 
t The student may endeavour to explain how all the constants would reaily be 
reduced to one only, if they were added. Ifu be a rational A v be s7, 
x 


a ll 
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fu dv=uv— fw vdr=uv -w v, + fu” v, dx 


=uv—wu v tu" va— fu" vo dx 
= uv—u' v pu" v — .... tu™ vat fuer? y, dv. 
Thus JY, w! dx=Yo— fY, ode 
TX; w'dr=Y,,0' — Y, w +Y,” wdx 
JY 0 de=Y 0" —Y,/0' +Y, v —f Y,” wdx 
ine w dx Y,, wo! — Y,,'o" + Y,,"0' + ¥,,/" w— f Yi wda ; 
and so on: in which it is to be understood that by Y,’, for instance, or 
dY,:dx is not meant a partial diff. co. of Y, but one formed on 
the implicit supposition that x enters both directly and through y. 
Substituting these, we have 
ò Jpde=¢ò1 +Y, — Y, +Y," — s...) w+ (Y, — Yn tY". TO 
4+(Y,,—Yi HY"... po HYY Ynnn) o" 
paesan +S OY, +Y," Y," + ... Jod. 


This we may denote as follows: 


ò fpder=pòr+ (Y) wdt+(Y), wt (Yh +(Y),0"7+.... 


If @ be also a function of z, 2’, 2”, &c., z being another function of 2, 
the consequence will be that terms s milar to those depending on y, y’, 
&c. will be added to the variation of fẹdx, so that if Zdz+Z,dz'+... 
be the terms introduced into dø, and 1f (Z),, &c. be formed from them 
in the same manner as (Y), &c. from y, we have, making =dz—z’éz, 


ò Jpdr=pòr+ | Y) wdr+f (Z), fdr +(V¥), 0 + (Z). 6406.65 


and in the same way for any number of functions. 

[Let* ġ, besides x, y, y’, &c. be a function of an integral v=f dz, 
where Ww is another function of a, y, y’, &c. If, then, dọ :dv=V, we 
have db=(its former value) + Vdv, whence ò f pdx receives the accession 
of the term J V (6vdr—dvér). But ðv or ò fydr=yort f (Cwde 
—dwor), and dv=wdr, whence the accession is [AVdaf (oy dx 
—di òr) y, or, integrating by parts, : 


JN dx. f (èy dx — dy òr) — f { [V dx. (du dr—dy òr) }. 


Lett dy = Pdy+P,dy'+P,,dy”+..... , and let f Vdzr.P=II, 
JN dr. P, =0, f V dr.P,=1H,, &c.: then, resuming the preceding 
process with each of the terms just written down, and forming (P),, (P),, 
&c., (ID)o (ID, &c., we have 


ò fpdr=qòðr +) (Y), odr} (Y) w+ (Y) t... 
+ fVdv.f(P),wdet+ f Vdr. (P) wtf Vdr. (Phot... 
— { (I), vdz— (T), wv- (ID) o —.... 


If yw itself contained another integral function, the process might be 


cos ar, SN az, &c., this theorem gives the readiest mode of actually performing the 
integration. 
* The student may omit the pages in brackets, at the first reading. 
mr a the term arising from dy: da, if there be one, since it does not appear in 
e result, 


aaa || 
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repeated : and the terms might easily be written down which arise from Y 
containing z, 2’ &ce. 

| he following may serve to throw light upon the general method, 
though in any complicated case the reductions required would be 
pract:cally impossible. 

Jn finding oU from U= fọ dr, we have presumed that U is the solu- 
tion of a diff. equ. dU : dr=¢ġ. Let us now suppose that U is connected 
with y and z by the more complicated diff. equ 


P,UM+P,., US M4 ....4+P,U' +B +o=0, 


P, &c. and d being functions of x, yY, y’, &e. If this be Y=0, we have 
cY =Q upon the supposition that the dependence of U upon y, 7, &c. 
remams unchanged. If we take one of the terms, for example, Po U”, 
we nore ô (P U") =U" èPa+ P òU”, or U” ÀP, +P, D? (6U—U' òr) 
FIS ° $ . ` 9 5S 
+P, U” èx; that is, one term contaming òU, namely P, D? òU, and 
: ERE > ` N 7 i ee Sy oS 
others containing ôr, 6P,, &c., but not òU. We may then exhibit òY in 
the following form, 


Pa D”. òU + P, D.U +... . +P, D.U +P, 3U += 0, 


$ not containing òU. Let the preceding be multiplied by A, a function 
of all but òU : then if we integrate, as in page 208, (a process which 
has been in fact already repeated,) we find 


S{AS+ AP)— APV + (AP,)" —....) U} de 
TAP — AP) + QP,)"—....) OU 
+ (AP,— APY +....) D.U +... . HAP, D?7.6U=0. 


Let X be so taken that AP,—(AP,)’+ &c.=0, a diff. equ. of the nth 
degree. If its complete integral can be exhibited, with n arbitrary 
constants, then n particular solutions can be formed, each containing 
one constant only, and each one a sufficient factor for the preceding 
purpose. We have then n results of the form 


An D’" 6U+A,_2.D* *6U+....+A, U+ fr® dr=0; 


from which the n—1 diff. co. can be eliminated, and òU found from the 
resulting equation, with the z arbitrary constants which it ought to have. 

For instance, let the diff. equ. be P, U'+P,U+9=0, of the first 
degree. We have then 


P, DU +P, èU +U’ (8P,—P, Dor) + UèP, -+= 0. 


To find A we have AP,—(AP,)/=0, which gives \=Py' 4", A being 
Py: P Multiplication and integration gives 


a SU S Prt 4% {U (6P,—P, Dox) + USP, + òp} dx=C ; 


which being reduced by the process already given will express ôU, 
though only by means of U itself. Ea 
We shall now proceed to express ôf fp dx dy, $ being a function 
of z and its diff. co., both with respect to vand y. Let the diff. co. 
of z be p and q of the first order, 7, s, and ¢ of the second, u, v, W, mM of 
the third, the following table showing what differentiations are made, and 
how often, in each. 


p| r| 22 AETA 
' 3 
gly ls | 5x?) 291 Thus w=- 
ti yy |) w| 2Y, Yy dx dy? 
Mi Y Ys Y 


Let > be a function of 2, Y, 3, P, q &c., and let dọ :dr=X, &c., 
so that 


dp=Xdzr+ Ydy+ Zdz + Pdp +Qdq + Rdr + Sds+ Tdt+.... 
Also dz=pdx+qdy, dp=rdx+ sdy, dq= sdx+ idy, 
dr=udx +rdy, ds=vdr+ wdy, dt=udr+mdy, &c. 
The development of of fp dz dy is made as follows : 
ò f fh dr dy =f è (pdx dy)= f f (6p dx dy +ọdy dix+ pdx doy) 


5 EN ‘d.o ` ` “d.o 
= LZ J HVC — aa i i i ` AS —. Ô d 
[feodady + /¢dyòðx {| P éxdxdy + foducy {| Ty òy dx dy 


e e ; E E 
= f¢ dy òz+ fp dx ay | | (2 T; ÒL T a ) dx dy. 


It is here assumed that dx depends on x only, and òy on y only, a 
supposition which will be sufficient for our purpose. To point out the 
method of performing one of the integrations, take f f pdy dòs, which is 


JayjJ pd Ou, OF 
dy SGdu—fardb}, or [ody dr— | BD ended 
dx J 


In d.d:de and d.d: dy remember the implicit supposition that @ 
is a function of x and y through z and its diff. co., as well as directly. 


Now from dq, as above given, 

d. d. 

= X+ Zp+Pr+ Qs+.... oP —y4Zq+Ps+Qt+ soe 

x dy 
p= Xr+ Yoy4+ Zoz + Pop + Qeq Porsa 
whence ¢P a ee òy = Z (6x —pdr—qeoy) + P (òp —ròr—sòy) 
dx dy 
+Q (q—sòðr—tõy) +R (òr — uðs — võy) +S (òs—vòr—wòy)t . 


Now let V be a function of x and y, and Va, Vy, &c. its diff. co. 


We have then 
dV ddV dV déx 


we e o e a 
oe dx dx dx ` dr 
d dV dV 
> V— V, ò: N Ò = > Y Ajj 
T oy IIA dx oe dx oy 3 


it being supposed that òy is not a function of x. This gives 


d 
OV — Vor 60 — Vay y= (OV—V, 6x — V, cy). 


| 
| 
| 
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Let czx—péx—qéy=w ; we have then, by reasoning similar to that in 
page 449, 


x < dw ” ` ~ dw 
ép—rex —sdy=— 0g— sox — toy = — 
dr dy 
7 z ` Cw ; i ` d?w & 
or — uUor— voy = — S— VOL — Wy = —— Coa 
I= r J drdy 


whence, by substitution, 


Cf fbdxedy=f¢ dx cyt fo dy òr+ f f b dx dy 


p= Zw+ P E E Os Pw Pw 
dx dy dr? 


To perform, as far as practicable, independently of a'l relation 
between z, zr, and y, the integrations in JS dx dy, let Vo” be the 
term* which contains dx” dy” in the denominator of a diff. co. of w: we 


have then (V’, V, V”, &c. being diff. co. of V) 

S Vor dy = Vorai — Viat N gUn abies INe FJV, w™ dy. 
Multiply each term by dz, and integrate with respect to x, which gives 
Jf Vordrdy=Vor2— Opa V O ee g EN eee FV", dx 

=V] whet V wr — Vl on. . EV oa TA V Ops dx 
+V, wri e oo + e > ° . . ° e e ° ° O . ° e e ° 
I Nasi WA EN s w” F ee EN W EIVA wdx 
ey Vaor = Vw LE wF [Vr wax; 
that is to say, J [Vor drdy is a collection of terms of the form 
ae, @ {or every possible combination of values of k and Z from 0 up 
to m and n, both inclusive, negative exponents reckoning as integrals 
of the whole terms; the sign + being applied when k+/ is even, and 
— when it is odd. To find Sf dxdy, let [m,n] stand for the 
coefficient of w% in ®: if then we wish to select the cvefticients of wP, 
we must in every allowable way make m—1—k=p, n — l — =q, or 
m—k=p+l and n—l=q-+1,and neither m nor n must be < 1l, nor 
k nor ¿<0. The admissible valuesof k and Z being 0, 1, 2, &c., we find 
p+1, p+2, &c. for those of m and q+1, g+2, &c. for those of n, and 
any value of m may be combined with any value of n. Hence the 
following expression is the coefficient of w?: 
[p+l, q+1),-[p+l, q+2]i+[p+1, q+3]:—[p +- l, q+ 4]; + +9: 0 "ee 
—Lp+2,9+1),+[p+2,9+2]i—[p+2,q4+3]:+ ..... 
+ pts; 94 PTa aces 
lp GEIR iicsicss 
The meaning of the symbol [a,b]2 may be described, from its origin, 
as follows: 


dzdy j dy? = 


tt b ~ 


[a, b] = diff. co. of @ with respect to da dy? 


* We here use exponents without brackets, for simplicity, to denote differentiations 
with respect to x. 
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[ ? ] da” dy” 
Hence ò SSD dx dy contains, 1. The integrals Sfo dx y+ [oP dy òr. 


2. Terms completely free of the integral sign, namely* 
{112—211 —12 +312 +22+132—.. -p o tH{215—31—22 +... bw, 
+{1%— 221—1304 ....} ot {315— 4l —321+.... to 
+122 —32— 23+.. ..} o1 +{135—23,— 14+... poot... 
3. Terms depending on single integrals, (p or q being —1,) it being 


remembered that the negative exponent of w denotes the integration of the 
whole term, 


{01°—11;,—021 +215 +121 +032— .. } wy'+ {023-19} —-03}4 ...}o7' 
+103 — 13—044... } oz + le He Bok ee e 
Aes VO) 200) 119 B02 01 1g Vata 90% 80 oe ah 
NSO AOS OI e a ee aoe aoe we ook ew OA ee 
4, One double integral term (p and q both —1). 
£00? — 105 —O1}-+- 205+ 11}+023—.... bw. 


The preceding may serve as an exercise in that adaptation of symbols 
by which complicated selections and arrangements are reduced to a 


d’*"Ta, b]?) implicitly ; [a, b]} containing x and y directly, and 
throweh 2.2525 232712 eee. 


mechanical process: for all useful applications it will be sufficient to, 


suppose that Ø is a function of x, y, 2, p, q, r, s, and t, including no diff. 
co. of a higher order than the second. If then we take db=Xdax-+ Ydy 
+ Zdz-+ Pdp+Qdq+Rdr+ Sds+Tdt, we have 


00;=Z, 10,=P, 01;=Q, 207=R, 113=S, 02°=T: 
all the rest being =0. ‘This gives for off ¢ dedy, w being dz — pdx 


— 90Y; ° 
Swtfodr dyt fp dy sx 


d.S d.T (œ aR dS 
+ (0-4 == dy Jode+ | (2-— ee = =) wdy 


> d 
if Ts dx + [R= dy 


(f7_¢-P dQ, ER P.S | &.T) 
+] j( dx al dx? = de dy ae 


We have not limited the result by proceeding as if òr were a function of 
x only, and òy of y only, for it might be shown that the wider suppo- 
sition of òr and ôy teing both functions of x and y would lead to pre- 
cisely the same result: but a complete elucidatiout of this point would 
be beyond an elementary work. ] 

The applications of the calculus of variations which are of most 
importance are 

1. Given any number of points (a, Yi, 21), (2a, Ye Z2), &c., and any 
number of equations V,=0, V,=0, &c. between their coordinates, 


* To save room I have omitted brackets and commas, thus 239 stands for [ 2, 3]9. 
+ The advanced s'udent should read on this point the Memoir of Poisson on 
the Calculus of Variations, in the twelfth volume of the Memoirs of the Institute. 
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required the relations which must exist between X,, Y,, Zo X,, Y,, Z 
&c. given functions of the coordinates, in order that the equation 


AT òr tY, ôy +Z, 627, + X,6r,+Y, Y + Ze C25 e o o o = 0 


may be true for every possible value which àr, òy, èz, &c. can have, 
consistently with V,=0, V,=0, &c. being true both of (2,, Yp 21), &c., 
and (r+ òr, YH ÖY 2, +62,), &c. 

2. Given any integral, in which the integration cannot be performed 
because it contains variables which are related to one another, but 
between which no relation is assigned, required that relation, or those 
relations, which being substituted, and the integral taken between given 
limits, the result is the greatest or least which is possible; that is, greater 
or Jess when the required relation obtains than it could be under any 
other possible relation. 

To give a simple instance of the first class of questions, suppose two 
points ina plane, (7, Yı) aud (£a Y2), which always preserve the same 
distance a: under what relations between q, &c. will the following 
equation be always true ? 


2? 


Ty en H Y, oy, ay Oxy +y, dy2=0......(1). 
The equation (tı — £F + (yi— Yo)" = @ gives 
(x, — te) (ôr, òr) + (Yı — Yo) (oyp) =0......(2). 


In the first substitute the value, say of èy, from the second; the 
result, cleared of fractions, 1s 


(x Yi— 22 Ye) 6x, + (yi— ys) ÖY, t (25 g= T Ya) Cra Og 


and this, which is to be true independently of òr, òy, and éx, 
requires that 


wy Yi— Ty Y =, yi Yo=— 9, By Yı — 2, Y=. soimaa) 


which are satisfied by y,=y,, V= La or by ¥,= — Yo, Lı=— Lt The 
first is inconsistent with (x, — 2)? + (y,—y2)*=a’, but the second is not, 
and gives dai+4yi=a’®. The answer then is that the two points may 
be the opposite extremities of any diameter of a circle whose centre is 
the origin, and whose radius is $a. 

The following method is particularly connected with this class of 
problems, as well as with some varieties of the other. ‘There is an 
equation between z, &c., ôx, &c., say U=0, which is not to be absolutely 
true, but only for such values of ôr, &c- as make V=0. This we can 
express by one equation,* U--AV=0, where A may be any function of 
x,y, &c. independent of ôr, &c. For the preceding equation expresses 
that U is or is not =0, according as V is or is nut =0. If then we 
make each coefficient in U+AU separately =0, we have one more 
equation than we had before, but at the same time we have one more 
undetermined quantity A. The elimination of A will reduce the number 
of equations by one, and will give precisely the results of the common 
mode of operation. If we multiply (2) by A, add it to (1), and then 
equate each coefficient to 0, we have 


~ 


; * Many other forms might be given, but all are either reducible to the one here 
| given. or else they introduce (3r)?, &c. while, since dr, &c. are all to be taken as 
diminishing without limit, these terms of the second, &c. orders are useless. 


Ea 


TO E eee 
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Li HAC- 2) = 0, ry-A(2,-2,)=9, yt+A(yi- Yo) =9, Ye- A(y,- Y2) =90, 
and elimination of A will give equations (3). 


To generalize the preceding process, let there be n points, and 3n 
coordinates, one equation U0, or X,é6x,+Y,cyt+-...=0, and p 
relations between z, y, &c., Vj=0, V.=0.... Then we have 6V,=0, 
which gives, say or, +n. cy+0,62,+....=05 also 6V,=0, or 
EM ex, +n", Oy, t....=0, and so on. And U+A,V, +A, Vet... 
expresses that U=0 when V,, Va &c. are each =0. Equate the co- 
efficients of dr,, &c. separately to 0, which gives 


Xi FAB FAL +. 0220, YHA ni + Agni +... 0, 
Z FAFA le Re vw | : 


and so on: giving 37 equations between 31+ p quantities. Elimination 
of A,, Aa &c. will reduce these to 3n—p equations between 3n 
quantities, and the p equations V,=0, &c. finally leave us with 3n 
equations between 3n quantities, unless it should happen, which it 
frequently will, that all the 3n fival equations are not independent, in 
which case the problem is not determinate.* 

[The following PROBLEM contains a most material portion of the 
purely mathematical part of the statics and dynamics of a rigid body. 
Let there be a number, 7”, of points (1%, Yis 21), (To Yos Z2), &C. IMMove~ 
ably connected with one another; that is, the distance between any two 
remains unchanged during variation. Supposing the whole system to 
undergo an infinitely small change of place, required the relations which 
must exist between P}, Qi, Ri, &c. and £, Y, 2,, &c., in order that for 
every such infinitely small displacement we may have 


P, dr, Pòrta +... . Q dy, + Qo cyt... +R, 62, +R, 02724... =0. 


Take a new origin of coordinates, (a, b,c,) and a new set of co- 
ordinate planes attached to the system of points just mentioned, and 
moving with it. Let &,, č be the coordinates of (x, y, z) with respect 
to the new planes, and (A.G., p. 224) let the new and old coordinates be 
so related that 

s=a tat + Bynt yë, y=b+ e't +B'n t yë, z=0 +a" E+B" + y's. 


Consequently, since é, n, Z, &c. do not vary with the system, (for the 
new coordinate planes move with it,) òr=ċða -+ éòæ + nòß + Coy, &c., and 
substitution obviously gives (ŽP meaning P,+P,+...., &c.) 


YP .da+t2PE.datYPn.dB+2Pl.6y+2Q.cb+ 2QE. 6a’ + LQn. 68’ 
+2QC.6y'+ ER .dc+ 2RE.Se"+ 2Ry. 687+ 2RZ.dy"=0. 
Now a, 6, &c. are connected together by six equations,T 
A ee ene f=) By + B'y' +b" y"=0 | A’ 
B| B+AP+B"=1  yatyd+y"d'=0 
C wey Fy] ab +a'B' +a" p" =0 


* The student may omit the part in brackets at the first reading. 

t It must be remembered that these are also equivalent to . 
a? HE +7 =] a! oll! +f! Bl Hy y= 0 
PB ty ala +BB yy =0 
a? 4 Byl u al +8 pi +y y = ; 


Lees Se, 


tk ig —— 
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Take the variations of these equations, and add them to the equation 
preceding, after multiplying them by the arbitrary multipliers written 
opposite to them. This gives 


SP.cattQ.sb+ ER. Ce 
+{SPE+ActCB+B'y} dat {FPy+ BB+ Ay +C'at òB 
+{2P6+Cy4+ B’atA‘p} dy+&e.=0; 


where, in the terms included under + &c., we must change P into Q, and 
write g’ for g, &c. for a second set, and change P into R, and write œ” fur 
œ, &c. for a third set. If we now equate each of the cveflicients to 0, we 
have 2P=0, 3Q=0, XR=O, and nine other equations, in which are 
the six muluplhiers and the nine quantities ¢, 3, &c.: but between these 
there are six equations; altogether. then, fifteen equations with fifteen 
arbitrary quantities, So that it should seem at first as if we might 
satisfy these fifteen equations by values given to the arbitrary quantities 
without any new relation between the data of the question, P,, Pp, r, as 
&c., and [ have introduced this example to show how little we must 
depend upon conclusions drawn from the mere number of equations to 
which a question can be reduced. without examination of their structure, 
The fact is that the fifteen equations cannot be rendered simultaneously 
true, unless three other equations between the data of the questiun only 
are satished. 

Let (òx) be the abbreviation of ‘ coefficient of è, in the preceding 
equation. From (čæ)=0, (p) =0, (òy)=0 deduce «' (¢z) +B’ (23) 
+y (cy) =), or 


È {P (w+ b+ yD} +Aad + BBB+ Cyy' +A‘ (yf +By’) 
+B (uy + ye) +C (Ba! + afi") = 0. 


a 


Now form g (ce’) +p (0) + y (0y) =0, and we shall have 
$ {Q (@+hntyZ)+ Aad +BBA'+....(as before)=0, 


in which last, the accented letters were in the coefficients, and the un- 
accented letters are from the multipliers. Consequently, 


SP les tey FYE) —2Q (of + y+ yf) =0, 
or ŽP (y-b) =2Q (x-a), or ZPy—b2P=1Qur-a2Q, or SPy=rQr; 


and similarly it may be shown that 3Qz= Ry, 2Rr= Pz. These 
sıx equations, SP=0, &., SPy= Qx, &c. are therefore necessary : it 
remalus to show that they are sufficient. 

For this purpose, remaik that r=a+aé+&c., &. give, by the aid of 
the equations of condition, 

E=a(r—a) +a (y—b)+a" (2z—c), =P (r—a)4+...., 
=y (x-a)... 

Form « (ca)+e’' (62) +a” (¢a2") =0, which gives, by aid of the 
equations of condition, A+22£(Pe+Qe¢4+R2")=0, whence A is 
obtained, and B’ and C’ can be also obtained from y(ca)+y’ (é¢’) 
+y” (é¢")=0 and (5 a) +&e.=0. By the three corresponding equa- 
tions 3 (cB) +&c.=0, y (è) +&c.=0, «(ch)+&e.=0, B, AS and C 
can be determined, and C, B’, and A’ from the three equations corre- 
sponding to (cy), &c. Thus A’, B’, and C’ are determined twice over ; 


ee ee EEE 
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the equations which give them are therefore incongruous unless the two 
values of A’ azree, and likewise.those of.B’ and of C. If for £, n, and 
c be substituted their values above, it will be found that the six equa- 

tions SP=0, &c., >Py==Qua, &c. will make these values agree, and 
that no other relations will do so, as long as the equations of ‘condition 
between g, a’, &C. exist. ] 

In order to explain the second class of problems, it will be advisable, 
dropping for a time the progress made in pages 449, 450, in finding the 
variations of integral forms, to take a simple question and go through the 
whole process from the beginning. Let the question be as follows: to 
draw the shortest line from one curve to another, without assuming that 
a straight line is the shortest distance between two points. 

When we consider the variation of analgebraical function, V, we know 
that its arithmetical minimum is 0, 1f any value of its variable can be 
found which makes V=0. But this is not necessarily an algebraical 
minimum, since, 1f the value of V, in passing through 0, change i its sign, 
it is Increasing or diminishing both before and after passing thr ough 0. 
Now it is to be borne in mind, throughout the following inv estigations, 
that the results sought are alge ebraical, and not arithmetical, maxima and 
minima. For example, let the two curves be as marked in the figure, 
the arrow points denoting that the branches there 
discontinued go on ad infinitum. Arithmeticaly 
speaking, there are absolute minima at P, Q, and 
R, and no maxima ; for between any two pots, 
one on each curve, a line of any length, however 
great, may be drawn, Algebraically speaking, 
P Q, and R are not minima: for if we agree to 
measure arcs of intercepted curves from, say PAQBR itself, then such 
lengths when they pass through P,Q, or R change their signs. The’ 
lower curves in the figure are so placed that certain straight lines AB 
and DC can be drawn, one of which would seem to be a minimum, while 
in the upper curves it may be made obvious that AC and BD are not 
minima. It may seem certain that CD, in the lower curves, is a minimum: 
that is, the points C and D being (however little) displaced on their. 
curves, no line, straight or curved, so short as CD, can be drawn between 
their new positions. 

The fact is that these problems of the calculus of variations: involve 
two questions; the first completely and satisfactorily answered, the 
second left in a very imperfect state. These questions are, as to the 
instance before us, 1. What is the character of the line which is the 
shortest distance between two curves, when there is such a shortest 
distance? Is it straight* or curved, and if the latter, what is its law of 
curvature ? 

2. Two curves being given, can sucha mininium distance be found? 
or can two points be found, one on each curve, such that the line whose 
character is shown when the first question is answered, being duly 
drawn from one of these points to the other, is really the algebraical 

minimum distance of the two. We now proceed to the ‘problem. 


* It is no coubt partly proved and partly assumed, long before the reader comes 
to this point of his studies, that the line in question is straight: but we will suppose 
that this is not proved. and has not been assumed, in order to avail ourselves of this 
very simple problem as an illustration. i 
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Let AB and CD be the two curves 
between which the shortest line is to be 
drawn. Draw a curve cutting the two, 
and let x and y be the coordinates of any 
pomlinits ACN let ga yay, at Ww 
leit eg = yond ery = War, Yj Yr, 
be the equations of AB and CD. We 
want then to find a relation between x and 
y, together with the position of V and W, 
so that VW may be the shortest line; or to make JJO +y”) dx from 
r= to =v, the least possible. Pass to a new curve, rw, by 
changing x and y for every point of VW into r+ér and ytcy. Let Q 
be the point corresponding to P; and let v’w! be a curve made by 
changing v and y into r—érand y— èy. Itis to be remembered that 
it the limiting curves we must have yot Cy = Wo (Tot òx) and y,+ oy; 
= pa (rit òT); also yy —cYo= Y, (Xo—ay) and yı — dy, = y, (x, — òr). 
Fhese last four equations are not compatible with each other, strictly 
speaking, on auy but a straight line; if, however, òrọ &c. be infinitely 
small, they are true together as far as small quantities of the first order. 
Let y become y'+ cy’, then substituting in /i/(1+y’%) da, it becomes, 
xy Taylor’s theorem, 


í "E o ae ee CD 
[ivaty ) + ae ag Wear 
e ee | (ity )3 


+... l (da-+d3x) - 


vhich, between the given limits, is the length of vw, and its excess over 
IW is, to terms of the second order, 


ffar epa eade Oye p, 
l Pey A TES 


nd dy=y'dx gives ðy'dr=dčy—y'dðr. Now, since VW is the least 
ossible, vw— VW must be positive, as must also vw! — VW, and v'w' is 
btained by changing the signs of òr and éy, and consequently of dé 
nd dey: whence ĉy'dòr and (6y’)? retain the same sign in both cases. 
Toreover, since every element in the first integral is of the same 
rder as dèr, and inthe second as ¢y'dér, the second integral must, when 
rand cy are diminished without limit, diminish without limit as com- 
ared with the first. If, then, the preceding be K,+K, for vw, it is 
-K +K, for v'w’: and since K, is greater m numerical magnitude than 
(a the latter must have different signs, Whereas they should be both 
ositive. The ouly way of avoiding this is by supposing that coefficients 
anish in Ix,, so as to make it identically =O, independently of éy and 
r. Both rw—VW and v’w'—VW then become =K,, and if this be 
ositive, when taken between the given limits, the required condition is 
tained. This reasoning, which applies in every case, is the ordinary 
asoning In problems of maxima and minima. 

Substitute as above for ĉy'dr, and K, becomes 


J TEE ee yrder \ 
ET TE ee = sO St 
fiw TY POE E ETDI 
E e 
J WAFS Jat 
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which, integrated by parts, gives 


er yy fart- d l 45 d yt ae 
=Tasy5 tVa+y) J ae aay) 7 ae Vas) 


gi 


_ èrtyòy f y 
JAF a) Gag 


which is to be taken from t=, to v=r. Let 0 +y®y 3=v, and let 
Y'a» To Yis o’, &C. denote the values of y’, o, &c. at the limits: we have, 
then finally for K, =0 


o, (òx Hy’ èY) — 0 (6X HY'o dyd t fay" (cy—y'ox) dr=0. 


The first terms depend only on the values of y’, dr, and dy, at the 
limits, but the integral depends among other things on the values of dy 
and òr at every point of VW, and contains in fact two arbitrary, though | 
infinitely small, functions of x and y; namely, or and cy. It is impos- 
sible, then, that the last term should a/ways (for all forms of òx and èy, for, 
the line required | is to be shorter than any other line) make the preceding, 
equation true: nor can this equation be true unless the arbitrary term is 

made to vanish by a supposition not affecting or or ôy. The only sup- 
position on which this condition is ful§lled is y'=0, which amounts to. 
supposing vw to be a straight lne, since it gives y=ar+b, y'=a, 


o= (l+) 7. We have then to satisfy 
CX, +acy,— (òro+Hady) =0. 


Before we proceed, however, it will be necessary to remember that our 
only reasou fur equating the terms of the first order to 0, by means ofl 
coefficients, is to prevent our having a term which, being the largest of: 
all, may be made to take either sign, whereas in the case of a minimum 
it must be always positive. ‘The uecessity of this Supp osition as to the 
indeterminate miegral is easily shown; for in /y'o* (dy—y òx) da 
there are the arbitrary functions cy and èr, which are altogether in our 
power except at the limits, so that the integral, if positive in one case, 
may be made negative m another. Nor can ae other terms prevent 
this term, if allowed to exist, making the tems of the first order some- 
times negative: for when the varied curve begins and ends at the original 
curve VW, (as 1 iv one of the dotted lines a the diagram,) we have OL. 
OY, SX, a cy,, each =O, so thatif y” have any finite value, we may 
make the whole of the terms of the first order, in certain cases, uegative. 
Hence y = 0 is a necessary condition. But if we look at the part 
o, (6r+y', 6y,)—&c., which becomes (y”=0, y/=a) 


(1+¢*) "2 f LON tady, — (dr +acy,)}, ! 


it is not obvious that this portion, unless made =0, may have any sigr 
we please, for òx, and oy are connected by an equation, and also dz, and 
fy,3 since (a+r, Yotcy,), &c. are two points each on a given curve. 
All that is necessary, then, is that the preceding should be positive: 

and if we add K,, we find fr the complete variation as far as terms 0! 
the second order, | 


òr, + aoy,—(OI-+ acy) +f eo n (oa) dx l; | 
+a?) a JO +a’) 2 (1+a*)? 


, (òy — y'òx) dz; 
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where òa is constant or variable, according as vw isa straight line or a 
curve (VW being made a straight line, since 7/’=0), 

The preceding | must be positive. Now suppose that our axis of x had 
in the first instance been made parallel to the straight line we wish to 
consider, which can always be done. Then 108 and the preceding 
DECON 


rn — irti S2 CaF dr: 


where ôr, and òr, are independent, and / (èa)? dx independent of both. 
If ro <x, as we have supposed, the last term is essentially positive, and 
the whole will be positive if 6.9 must be negative and èr, positive. The 
only cases in which this is true are represented in the following diagram, 
in Which the straight line drawn being parallel to the 


3 / 
Wey ee ee es Nee ae 
A r al erie war) 
4 = IN 7 a V W 


axis of r, and w being measured positively towards the right, we see that, 
Tos Yo) being V, aT (r, y) being W, òro must be negative if we pass 
o an adjacent point, and òr, must “be positive. Consequently, a line is a 
ninimum distance between two curves when two perpendiculars being 
lrawn at its extremities, neither perpendicular passes through its curve 
0 as to have the curve on both sides of it. Another case (answering to 
JD, p. 458) need not be discussed: the object being merely to show the 
neta cue of the common method, and also its tendency to redundancy. 

The application of the preceding reasoning generally to òf pdr is 
endered extremely difficult by the complexity of the terms of the second 
rder. The only cases in which we can easily proceed are those in 
vhich we know beforehand that there is a maximum aud no minimum, 
ra minimum and no maximum. ‘Then, taking 


Sfodr=pirt f (XY), odrt+ (Y) 0+ (Y),0+(Y),0"4+.... 


+ terms of second order+...., 


re may make (Y),==0, for a reason similar to that shown in the last 
roblem, and we then know from the nature of the case of what sign the 
rms of the second order must be. It remains to ascertain how the line 
etermined by (Y),=0 must be placed, in order that the value of the 
itegrated part of the expression taken between the limits, or 


1— Po OL, + (Y) wW (CY) Jo Wo + (CY) 2 Ww —((Y2))o ) Oe ee 


lay always have the same sign consistently with every variation which 
ie conditions at the limits will admit, and that sign belunging to the 


aximum or minimum, as required. 
Before proceeding to some examples, let us examine the equation 


Y)o=0, or 

—Y/ +Y "—...=0, where dp=Xdr+Ydy +Y, dy +Y dy" +... 
If X=0, or a function of x; that is, if either do not contain < at 
l, or in site) a manner that it has the form @ (y, y ..ee) Wr; then, 
ige 208, it is obvious that Y=Y/— Y,” +.... is precisely the con- 


tion necessary, in order that E S c. OF (Adr Yy’ +4 
y Aa as) dx shall be integrable per se, so that we have 


ae ee ee eS ee 
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so that the diff. equ. (Y),=0 admis of one integration. For example, 
let p contain only y and y', then X, Y,, Y,,,, &c. are severally =0, and 
we have Y—Y/=0, for (Y),=0; or, by the preceding, o=C+Y,y. 
Now, Y, containing yf, Y; contains y”, and Y— Y /=0 is of the second ` 
order; but 9 = C Y: y n of the first. 

Let @ contain y, y’, y”, and y”, with v in an independent term. 
Then 


gef. Xdx+(¥,—¥,/+ Yl + yen) tay" 


Let it be required to find the curve on which a material point, acted on 
by gravity, and descending freely, shall fall in the shortest time from a 
given point to a given curve. if x be horizontal, and y vertical, this’ 
amounis, by the pr inciples of mechanics, to making f IJA +y"): Je tdr, 
aminimum.* We have then 

| 


] 12 ji l j? ! ; 
N +y ay ‘= = Uei Se : 
Y / 2 yè en ) 


; (= 
=Y y! +C gives To 
p iY S =a t 
or j= ERA 
dt Y 
\ — + 7 l J =- 2 2 a 
T DA (a p x= ŁK vers KF ¢/(2Ky—y) +L: 


2K being 1: C?, and a new undetermined constant. Let us suppose 
the fixed point from which the descent begins to be the origin; then, 
since æ and y vanish together in the curve, L= 0, and we have the 
equation of a cycloid, whose cusp is at the origin O; 
r and the radius of whose generating circle, which rolls 
| on the axis of vz, is K. According as the upper or, 
lower sign is taken the cycloid is placed with its ordi- 


ye nates negative (as in OA) or positive (as in OB). 
m 


E We have also (Y)=Y,, (Y)o=0, &c., whence the 
Q, integrated part of éf¢dz is 
A y' . 
— > | ox + ——>—_ — (dy—y'dz). 
V y E YY 


Taking this between the limits, we have, x, and y, being coordinates 


of the required point in the given curve PQ at which the “descent i is tc 
end, and òr, and èy, being each =). 


Yı -E (1 +y)? (dx,+y! OY), 


oY yy? ayd (int, /— 2), v: ); 


putting for y’, its value in the last factor: it being remembered that y’ 
is to be taken as positive when the point comes in the first half of the 
i 


* From the nature of the problem, a maximum is impossible: by making th" 


curve sufficiently near to a level at its commencement, the time might be augmente 
without limit. 
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cycloid, and negative in the second. Let y,= wr, be the equation of 
the curve to which the cycloid is to be drawn : the sign of the preceding 
then depends on (+y Wri) èr, so that in every case In which òr 
can be either positive or negative, we must have 1+ y', y'r z0, or the 
cycloid must cut the curve at right angles. But if there bea Cusp SO 
situated that dx, and dy, are necessarily positive, and that the cycloid 
drawn from the origin to the cusp meets the cusp in a point of its first 
half, that cvcloid is a line of shortest descent: and also if it be so 
situated that dx, is positive and cy, negative, and that the cycloid meets 
the cusp in its second half. 

Sometimes a further integration mav be made in (p): thus, if pd 
contain only y‘ and y”, we have Y; — Y,” =0 gives Y—Y /= const. =C, 
whence, if X=0, (p) becomes 


p=c+Cy' +Y y". 
For example,* let @=(1+y”)?: y”, the limits being two fixed points 


in the axis of z, and one of them the origin. We have then 


» /2\9 I d a,/zN2 /2Ņ 2 
C ey?) a U Dae RT T 
ee e + Cy — 777 = 0, or ——*— =c+ Cy’: 
/ if J 3 
yY Y Y 
in which, since c and C are arbitrary, 2 may be struck out. Let 
y' =tan B, y" dx =(1+ta? B) d8, and we have 
dr= (c cos? B +C cos £ sin 8) dB, dy= (c cos p sin B-4-C sin? 8) dB 
4v=2cB -+-csin 28—Ccos28+K 

| 4y =2C8 —Csin28—c cos 268 +L: 
which may be shown to belung to a cycloid. The integrated part of 
the variation is 

por+(Y,—Y,/)w+Y,,', which gives Y,ow.2—Y,, wh, 
since ôr and w or cy —yer vanish at both limits. And w'=éy!—y" da 
vives Yp èY'a— Y 1 ôy’ for the above. If £, and therefore y’, be given 
at the limits, this vanishes of itself, and the arbitrary character of the 
constants ¢, C, K, and L, is no more than sufficient to enable us to make 


the cycluid pass through the given points with given tangents at those 
points. But if y’ be undetermined at the limits, we have 


a? i Tir iD neh PEETUD S 
Ye cif s— Yj, i= eres (l+y’', a a (1 +y") of, > 
J2 J 


in which the power of giving different signs can only be avoided by 
making the coetlicients of ¢8, and cf, severally =G. hat is, the radii 
Í curvature at the extreme points are both =0; which in the cycloid 
mly happens at the cusps. Hence if A and B be the given points, 
: p=. every such figure as that in the diagram gives an 
BONE ye algebraical minimum: that is to say, any slight 
= variation of the upper curves with a corresponding 

variation of the lower evolutes would increase the arca contained. 


—, yor oom! 
a, 


* Let the student show that this answers to the following problem: between 
Wo given points to draw a curve which with its extreme radi of curvature, and 
heir intercepted are of the evolute, contains the least area. And let him show 
hat the problem may be susceptible of a minimum, but not of a maximum. 


en ee E E EEEE ESEA ERE EE 
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There is no absolute arithmetical minimum; for by sufficiently in- 
creasing the number of revolutions of the generating circle we might 
diminish the whole area without limit. 

Let it be required to draw on a surface the shortest line from one 
curve to another, both curves being on the given surface. 

Let dz=pdx+qdy be the differentiated equation of the curve 
surface; the function to be made a minimum is then 


o= fyl +y +p)? de= fġdzx; 
p and q being both functions of w and y. We have then 
Ane IETU) gE EE: ae ) HW) <0 
p dz y 
Make o itself the independent variable, and for na write (dz: do), 
x (do: dr), remembering that da:dxr=q. We have then 
dz do / dx. (a) = d [2 dz\ do 
de deN do dof we AS SUI Un 


¥—Y/=0, 


dz / dx ,dy\_ @y dz, dz n 
eat poate —(s— +t 
do \ et ie do) de 1 do? do \ = 
dy, d?z ; “dx dz 
or p o as in page 443, and aa tP : 


might be deduced by combining this with the equation of the surface, ; 
or else by altering fodx into f (+1 +(px+q) ‘V2 dy, and repeating: 


the process. on the supposition that x is a function of y. The integrated, 
part, Por + Y,w. is subject to the remarks already made in the pro- 
blem of page 459. If z, y, and z be expressed as functions of v, the! 
preceding equations (page 158) become (2 being dx: dv, &c.) | 
ay / / } 

ol (y+ 42")—2" Yt qs=0, 0 "+ pa")—ol" (2+ pz) =0, | 

or (y" +92"): Ca" + pea tgz): pr); | 


which is nothing more than the expression of the property that the 
osculating plane of the curve must be everywhere perpendicular to the 
tangent plane of the surface, partly proved in page 442. 

Hitherto we have not supposed the function ġ to contain the limits of’ 
Integration directly, as constants. If this be the case, and if To, Zis Yos 
Yo Ya Yr, &C. be the values of 2, y, y’, &c. at the limits, we shall have 
to add to the variation of Jpdz the series of terms 

: A 

KE. OX i ak Or, +... Nae, or ÒL ( Li dr+èòn | EO ira E” 

\dto dr J ) dXo aX, 
remembering that oro, ôr, &c. are constant throughout the integration. 
The general form of (Y),=0O is, therefore, not affected, and the only 
change which is required is the consideration of the new terms annexed, 
to the integrated part. Also if the quantity to be made a maximum or 
minimum were of the form K-+/ 9dr, K being a function of limiting 

values, the only alteration requisite would be the addition of èK to the 
integrated part. 

Thus, if in the question of the brachystochron, or line of quickest 
descent, page 462, we suppose the line is required to be drawn from one 
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curve (Yo, Ta) to another (Yı Tı), the velocity at any point depends upon 
the height of the point on the first curve from which it fell, and the 
expression to be minimized is 


Ee Ve tS 23 
pe) dx, instead of | ar ag: 
a i= des Y j 
in which, as it happens, d®:dyy= — dọ: dy =—Y=— Y;/, since 


Y—Y/=0. Hence cy f (do : dy) de= Y , dys, or —(Y,,— Yo) OYo 


between the limits. Consequently the integrated part is now 
a a CY + Pi òrı1— Po òro +Y, (cy; =y, Cry) = ¥ 5 (d4%o— Yo cag): 
But since p= Y,y'+C at all points, the preceding becomes 

Cori— Còro—Y a cy + Y, cy. 


If y=Y, 2, and y=, T, be the equations of the curves; substitution 
gives 


(C + ber We Tı) Òr, — (C +Y, Wo Lo) 02, > 


and assuming each coefficient =0, we deduce W, ri =W to or the 
points at which the cycloid passes through the curves have their 
tangents ‘parallel; while from the former process it appears that the 
cycloid has its cusp on the higher curve, and cuts the lower one at right 
angles.* A cusp on one of the curves might offer an exception, as before. 
Let it now be proposed to find, not the independent maximum or 
minimum of an integral, f¢dx, but that which exists under the con- 
. dition that fydr shall remain constant, as in the following question : 
Of all curves of a given length, what is the curve of quickest descent 
' from one given point to another? In this case we do not require 
éf pd to be always positive, or always negative, but only in such cases 
as also satisfy 6/wdr—0. Let dy=Zdx+Udy+ul,dy'+... , and, 
consequently, as in page 450, 


ôf pdx= hex +f CY), wodt+(Y),o+...., 
6fvdr=wix+f (1), edr+(H),o+....; 


whence the following conditions: 1. (I1),=0 must make(Y),=0. 2. 
) Yi Or, — Yo OXQ+....=0 must make g, òr, — Po dot... . MONS in the 
| Case Of a maximum: 

To satisfy the first condition, it is sufficient that there should be any 
one constant quantity a, such that of (p+ay) dr=0; for then, since 
Sf¢dx+aé/wdr=0, éfwdr=0 gives ò fjpdr=0. To satisfy the 
second condition it is sufficient that for the same quantity @ we should 
have $,Cx,— Py Oto +o. Ha (Wy, ri — Wy Ory +...) always positive 
or always negative. Hence it follows that if we proceed as m making 

(p+ay) dx a maximum or minimum, and then determine 4, so that 
Jdx may have a given value c, we shall give Jodx the greatest or 
least value which it can have consistently with the condition /ydr=c, 


* Having in the first three questions taken notice of the limitations and excep- 
tions which sometimes occur, I shall, in the remaining problems, simply ascertain 
the conditions under which the variation of the integral As nothing. But the 
student must remember that the results reqnire further examination, except when a 
maximum or minimum resembling that indicated by the result 1s known to exist 
k priori. 


2 H 
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For example, it is required, on a given line AB=A, with ACB a curve 
of given length to inclose the greatest possible 
C area: here the maximum obviously exists, and 
ee there is no minimum. Here S *ydx is to be 
N maximized, while fiy (+y) dr =c, or we 
» must proceed as in making 


Styt+a/Q +y°)} dr= f pdr, a maximum. 
We have then =Y, y'4+ C, which gives 


vy? 7 
yt += tt or (y4 —CW G +y°)= -@, 


Lo dr y—C : e 
a oe eee 

or the curve is circular. By properly assuming the three constants, we 
may find the circular are which passes through A and B, and has the 
length c: this arc is the curve required. The integrated part vanishes 
of itself, since the limits are fixed. 

A curve of given length is to be drawn between two given curves in 
such a way that its centre of gravity may be at the least possible dis- 
tance from the axis of a. This distance is fyds:S, S or fds being the 
whole length: consequently | fyds is to be a minimum, fe ds being 
constant, or we must proceed as in making S (y+a) ds a minimum ; 
or 


fods=f (y+aWN Aty’) dx, V,=(y+a)y' : a/-y”) 
p=Y, y +C gives y+a=C4(1 +4) Y= Cy" 


dx C 
OF ep KK = Clog (ya 2_(? 
atk 2t+k 


2 (y+a) =s © +0 e Cc, 


the equation of a catenary, or of the curve in which the string would 
hang if the axis of x were horizontal. Now take the integrated part, 
derived from por tY,w, or (P—-Y,y') òr +Y,6y, or Cox--Y, òy, 
which gives 


Còr, +Cy', dy, — Càr, — Cy’ Yo ; | 


and this is to be always positive, or nothing. Substituting ñy, = W’, 7, 62, 
and Y= Y'o Lo OX, we find, to make the preceding =O independently 
of òr, and 6x», the equations | 


Lty W220, Lyo yoron; 


or the catenary must be perpendicular to both curves. But (C being 

positive) let there be a pair of cusps, one in each curve, so that òr, must 

be positive, 6x, negative, and y’, dy, positive, and y’, dy, negative, as in 

the figure. There will then be the minimum 

required, if the string hang in a catenary from these 
points. 

If the distance were required to be a maximum, | 

the process would appear to be the same, and to 

__ determine the same curve. But it must be re- 
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membered that K is arbitrary, and that by so assuming it that 
K:C=L:C+72,/(—1), the equation of the catenary takes the form 


z+ z+L 


2(ytay=—eC -CE E, 


I have placed the curve downwards in the diagram, as the problem 
obviously requires, and it would have been placed the other way, if the 
maximum had been required. Such circumstances as these must be 
determined by the apparent necessity of each case, until the integrals 
answering to K, m page 459 can be satisfactorily examined. This has 
not yet been done in any manner which is sufficiently complete and 
elementary for the learner.* 

I shall now give some examples of the more extensive methods in 
pages 450, &c. ‘The following was solved by James Bernoulli, in the 

early days of the ditlerential calculus. On 
a a given line AB to draw a curve of given 
length ACB, in such manner that NP, the 
ordinate of another curve, being a given 
function of the arc AS, the area APB shall 
be the greatest possible. 

Let AN=x, NS=y, AS=v, let PN=S 
(a function of v), and SSdz is to be a 
maximum, while /,/(1+y”) dz is constant, 
between the fixed limits. We have then (page 465) 


/{odr=f (StafUt+y”)) da, Jydr= fJ +y”) dr=v, 
(page 450) P=0, P=y +y, Y=0, Y,=ay (+y È, 
dS 
dy’ 


i ) EE 


V= He Vde.y! +y") 2, 


/ 


: T : E ay! f l ay 
J pi=giz+ | ( Jay) Ot Ty)” 


/ 


if 7 y l y' 
Vd ~ ———*  )wdr+——2— =o 
ap Te ( VETOI oO +) “| 


y' A7 y’ 
— — Vdr. ETT dx — Vde. —— -e 
J (ove gai) a" 


` from the formula in page 450, which gives (Y)»=Y—Y/=—Y/, &c. 
Taking all the integrated part between the fixed limits, all those terms 
disappear which contain oz or w free of the integral sign. Also f Vda 
is, relatively to the integration of arbitrary variations, an undetermined 
constant, which we may call H. We have then 


fea JA- gets) Gim) 
(Viga) 


* The student who requires more problems may consult Woodhouse’s most 
valuable treatise on Isoperimetrical Problems, which is, in fact, a richly exemplified 
and referenced history of this calculus from the time of the Zsoperimetrical pro- 
blems, as they were called, to our own. Also the tract by Mr. Airy, in his Mathe- 
matical Tracts, and Mr. Abbatt’s Treatise on the Calculus of Variations. 


2H2 


el 
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and, equating the coefficient of wde to 0, and integrating, we have 


ay! +(H—fVdr) y'=C 41 +y”)... (H) 


Cy” 
H— f Vde=Cy JA +y), —V=— 
A E es y/A+y") 
dS Cy" dx C = C 
Vdv, or g du= J” TE Y'= Z5 
Cdv (K—S) dv 


dy= Pome aR 


fron which y and x are to be found in terms of S, and by elimination y 
in terms of x. There are four arbitrary constants, C, K, and the two 
introduced in integration; three are expended in making the curve 
ACB of the given length, and passing through the given points A and B. 
But the fourth constant is undetermined, a circumstance to be explained 
as follows. The curve APB would remain a maximum if all its ordi- 
nates were lengthened by Ag, as in apb: that is, no curve of the same 
length (ending ata and 6) can inclose so great an area as AapbB. 
Hence the problem is so far indefinite that the function S and S—K 
(K being any constant) must give the same form of the required curve. 
The preceding result expresses the degree of indeterminateness which is 
thus admissible into the function S, by presenting S always accom- 
panied by an arbitrary constant. The given conditions must then be 
satisfied by the three remaining constants, and K allowed to remain: 
the resulting curve APB will make / (S—K) dr a maximum. 

Before exemplifying the remaining method (page 451), it may be 


shown, in the manner of Lagrange, that all the unconnected methods | 


given in this chapter may be reduced to one only. Let @ be a function 
of £, Y, Y5 Y”, &e., 2, 2’, 2”, &e., &. We bave then as before (w being 
òy —y'ox and č being 6z— z'ðr), 
bfpde=dger+f (Y o+(Z), 0} det (Y)o+(Z)iZ 
ae (Y): w! + (Z): es s.. 

In order that òfọdx may be always of one sign, we must have, as 
already explained, (Y) w+ (Z)o¢=0; and if y and z be independent, 
(Y) =0, (Z) =0. But if y and z be connected by an equation, say 
L=0, we find that it is sufficient that there should be any one function 
A, for which ò fpde+ òf Laz is always of one sign, since then the 


condition L=0, JrLdx= const., ò (const.)=0, shows that the per- 
manence of sign of òf pdx is only simultaneous with L=0. If, then, 


AL be a function of the same quantities, and if Y, Ys Z, Z; &c. denote 


its partial diff. co. with respect to y, 7, &c., z, 2’, &c., and if (Yo, (Z)o 
represent abbreviations similar to (Y), (Z),, &c., we have 


of (DEAL) da=(P+AL) Or $f" {(VY)o+(Y)o} odz 
+f {(Z)o+ (Z)o$ Cdxr-+- {(Y),+(¥):} w -+ {(Z),+ (Z),} ge Ee 


If, then, we eliminate X between 


(Y)ot+(¥)o=0, (Z)o+(Z)o=0, 
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(which are necessary, since w and Z are now independent), we have an 
equation between y, z, and z, which with L=0 will determine both 
y and z in terms of x, if the integration can be effected. 

But the preceding process may be materially simplified by showing 
that the ultimate use of L=0 will allow us to proceed as if X were 
a function of x only, and not of Y, yY y", &. For we have 


èfALdr= f (LA der tr.cL.drv+L.ay, dx) 
= LAr S (òLdr—dLòr) AtS (cAdx—d)dx) L; 


of which the first term finally becomes nothing, and the third constant, 
when L=0. So far as the integral part is concerned, L=0, and 
òðdr—dòðr=0, produce the same effect on the result, but the latter 
would happen identically if A were a function of z alone. 

In the simple case in which Lis a function of x, Y, and z only, we 


have Y,=0, Z,=0, &e., so that (Y),=AY, (Z), =AZ, and (Y) +AY=0, 
(Z) +AZ=0, give*ř 


naon — dL |, dL 
CY )) Z—(Z) (CY )=0, or — (Y),—— (Z) =0. 
dz dy 


Let z= / ydr, wv being a function of x, y, y', &c.; or let the equa- 
tion L be z'—w=0, whence AL=Az/—Aw. Consequently Z=0, 
i=, Z,=0, &c., and Y, Y,, &c. are all derived from —Aw. Hence 
(Z=. Again, if > be a function of z only, and not of 2’, 2”, &c., 
(which is the case in page 450,} we have (Z),=Z, whence (Z) + (Z) 
=0 becomes Z—N =0, or N= f Zde—H, H being a constant. Sub- 
stitute this in (Y) + (Y= 0, which then becomes 


Y-Y/+.... + (H—/ Zdr) P—{(H— fZdr) P\+.... =0; 


a form similar to which might be deduced from page 450, in the 
manner of the example in page 467 ; dw being Pdy +P, dy/+.... 

The following problem will illustrate every part of the preceding 
method. 

Required the curve of quickest descent, from one given limiting curve 
to another, in a resisting medium, the resistance being R, a function of 
the velocity. Let x be measured positively downwards in the direction 
of the action of gravity, we have then, by the principles of mechanics, 
v being the velocity, f JU+y”) „dx: v to be minimized, and 

dv ds 
v = =e—R 7 o w+ 2R/CU+y)—-29=0, 
where z=v? and R, being a function of v, is a function of z. Here, 
then, 


12 
w=, / =H ) AL=Az’+ QAR J/(1+y")—2Qre....e (1), 
aut 1 ] -L-2/” 
VSO) Vee Vet ae, Ge I ga ae, 
Mee l+y ) 2 z2 


* Let the student deduce from these equations that of the shortest line between 
two points on a given surface. 
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— =  2ARy’ 
J-a +yPyY 
ZARN (+y), Z=, Z,=0, &e. 
Here R’ stands for dR:dz. We have then 


Y,=0, &c., 


oe —y' 2QRy' V 
Y 0 Y E T ee A IN — 0 e ooo o o 2 
CEE J.e(1+y”) ier, (2) 
PDN l 4? & 
(Z)o+(Z)o= OHO ARSAN =. seal); 


from which three equations, A, z, and y, must be obtained in terms 
of x. 


Now (2) gives 2734 2\R= Ay’ (1 +y2)2, and (dR: dr=R’z') 
is zÈ AR} 2? 2RN = — Ay"y (1y)? ; 
or (3), (1), NA +y")? (2g—2R (1 +y?) +2RX' 
=—Ay"y +y”); 
or Qed! (+y P= — Ay" y L Hy) 3, or 2gN= — Ayy’; 
A+B / A l 12 

SARN pe e EOE (4). 

EY y 


From this equation, R being a function of z, z can be obtained in 
terms of y', say z—=fy’. Then (1) gives 
f'y y! +2RJ/(l+y%)—2g=0...... D 
a diff. equ. from which y is to be found in terms of 2. If there be no 
resistance, or R=0, the equation of the cycloid (page 462) can easily be 


found. 
As to the equations at the limits, we have 


(P+AL) oz, or pòr (since L= 0)=z2 (+y). òr 
=y Ay, ASAR Aty, (Z)=0, (Z); 
whence the part to be taken between the limits is 
z2 (1 +y”)? òL + (272 +2R) y’ (l--y?)? (dy—y’ox) +r (Cz — 2/62) 5 
or 2 2(1+y'2)3 ér+A(sy—y'dxz)+rdz — { 24g—2AR (1 +y?)2} ox; 
or Ay’ (1+y°) òx + Ady—Ay' dz +z — 2Agéxr ; 
or (Ay! — 2g) ðr + Ady + roz. 


There are four arbitrary constants, A, B, and the two introduced in 
integration of (5). Two of these are expended in making the curve 
pass through the proper points of the limiting curves; by a third we 
may make the initial velocity what we please, say a given function F of 
the coordinates of the limiting curve at the commencement; but the 
fourth seems superfluous.* We shail, however, find that it is deter- 


whence 2g\=>Ay'*+ B, and Pane 


* Many problems in this calculus present more constants than can at first sight 
be made determinate by the conditions, and until the theory is generalized (which 
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mined by the following circumstance. At the first limit, èz, is F’éz, 
+F, éy, F' and F, being partial diff. co.; but at the second, éz, must 
s š P Ae Nee Ee, n E A 7 

be determined from a= fy giving oz =f yiye Now òy’ is in- 
determinate, since it depends on the alteration of the angle at which the 
curve cuts the second limiting curve, an alteration which in no way 
depends on the variation of the coordinates at the limits. Hence ¢z, is 
indeterminate, and therefore when the whole is made =0, independently 
of variations, we have \;=0, or Ay + B=0, whence 22d 
=A (y —'—yT'), and ene arbitrary constant is lost. Let yp= Yo ao, 
and y= y, 2, be the equations of the limiting curves; we have then, 
Da —1 11 B N 

writiug Ay for Ay "=N and writing for dx, Cti, &c., and dz, 
their values, the following conditions necessary to the complete vanish- 
ing of the variation, independently of òr, and òx, 


Ay FAV tot ào (CF +E, Yh vy) = 0 
Ay'T'+ Aw’ an=. 


The second shows that the curve must cut the second limit at right 
angles. If y=®(z,A,B,C,,C,) be the integral of (5), we have the 
two equations just obtained, with 


Wo Xo OP (ep AWC), Yor O (ay, A, &c.); 
why AtByop AVU) 


Bes —— R= —— 
Yo Yo 
five in all, to determine £o 2, A, C,, and C,; while B is already 
determined in terms of A. 

Let us suppose a given velocity at the outset, independent of the 
position at starting: we have then F=const., F’=0, F,=0, and 
yy +) %=0; from which, and y'y'+w',2,—0, we deduce Wo To 
=W, x,, or the tangents of the limiting curves at the extremities of the 
line of quickest descent are parallel. But if we suppose that the initial 
velocity is, whatever the point of starting may be, to be that acquired in 
falling from a given height, say from the axis of y, we have x=2gu, 
=F, whence F'=2g, F=0; and 

Ay FAW, M+ 2g .=0, or AW a +Ay,'=0; 


0 


whence the curve also cuts the first limiting curve at right angles. All 
these conditions are independent of the law of resistance, and are true 
if R=0; we have already seen some of them in this case, (page 462.) 

I shall now take an instance in which there are two independent 
variables. Looking back to the formula in page 454 we may see that 
if 8 fpdxdy is to preserve the same sign independently of w, the 
coeflicient inside the double integral sign f/f must vanish : for in every 
other part of the expression an integration has been made, either with 
respect to x or y; those other parts are therefore to be taken between 
limits, and w, dw: dr, &c., have only the restricted values derived from 


it never will be until great progress 1s made in the solution of diff. equ.) the meaning 
of the superfluous constants must be collected from the circumstances of each pro- 
blem. Lagrange merely says that dc! is indeterminate, but does not give any 
reason ; if he meant that it may be made indeterminate because another condition will 
be thereby introduced to determine the fourth constant, his reasoning 1s not sound. 
It is remarkable, that Woodhouse and Lacroix both omit this part of the problem 
in silence. 
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the conditions of the limits. But the term with the double sign f/f 
depends upon all the values of w intermediate to the limits, and may be 
made to change its sign by changing the sign of w, as in page 459. 
The nature of the function which makes of odr dy=0, dp being 
Xdr+YVdy+ Zdz + Pdp+Qdq+ Rdr + Sds +Tdt, is to satisfy the 


diff. equ. 
dP  d.Q 2K @- @5 d?.T 


Ax dy F dx” Pale dy dy — 
z being implicitly a function of x and y. But the conditions relative to 
the limits have had no progress* made in their solution which it would 
be worth while to present. 

What is the nature of the surface which under a given volume con- 
tains the least possible superficial content, the volume being contained 
by the surface itself, by cylinders whose projections are given on the 
plane of ay, and by the plane of zy, in the same manner as in pages 
390, &c. We have then to make SING +p?+q°) dx dy a minimum, 
on the supposition that ez dx dy remains constant. Hence we must 
proceed as in minimizing 


Sf (J +p? +g) +4+az) dx dy= ff pda dy, 
Z=a, P=pQt+pte)*, Q= +p)”, R=0, &., 


—p (pr+qs) (l +p*+ gy, 


2 


d. P 
E AARP Eg) 


AT 
d.Q 


ee 2 2 
ae dee 


whence Z —(d.P:dz)—(d.Q: dy)=0 gives 
CDAPH) -rpg H =a ApH g 
or GE) r—2pqs+U +p") ta HPH. 


Substitute this value of (1+4 r+&c. in the equation (page 435) 
by which the radii of curvature of the surface are determined, and then, 
p being one of these radii, we have, 


(mi-e) oP -a +p +e) ptU tp + gy=o. 


Let p, and p, be the radii of curvature, derived from the preceding 
equation, we have then p,+p,—=dp,p,, or im every surface which 
under a given volume contains the least area, the sum of the radii of 
curvature is in a constant ratio to their product, or the sum of the 
curvatures is constant. This property is evidently true of the sphere. 
Again, if rt—s°=0, or if the surface be developable, (that is, if p, be 
infinite,) we find —ao,+1=0, or ọ, is constant: so that the common 
circular cylinder is another surface which satisfies the equation. 

If we make the conditions independent of a given volume; that is, if 
we ask for the surface which under a given contour contains the least 
possible area, we simply minimize [J /(1+p?+ 9°) drdy, or make 
a=0 in the preceding. We find then the equations 


aL 
2 


= 
2 


—q (ps +48) A +p +P)”; 


* The paper of Poisson already cited may be referred to on this point; but 
after all, it is very little which has been done. 


* 
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(1 +g) r—2pqs+(1 +p?) t=0, (ri— 8°) P + (1472+ 92)2=0. 
Consequently the surface of least area must have its radii of curvature 
equal in length and of contrary signs, except only in the case of a plane 
in which the equation is satisfied by r, s, and ¢ severally vanishing. 

The following method will frequently integrate an equation of the 
preceding form Rr+Ss+Tt=0, where R, S, and T are functions of p 
and q. Assume a and y to be each a function of two new variables v 
and w. We have then (z, meaning dz: dv, &c.) 

Zo =P F Ys ZwW=PLy tH Iye; 
or if p=—X:Z, q=—Y :Z, these become 
Xs, + Vy, + A 0, XI, + Y y/o Lz,,.=0 ; 
which are satisfied by 
A Sih 0 Yw Zo Y= Ry Vy A Zo Yos Z =T, Yow Ly Your 

Again Zm =(ra, +sy,) 2, +(sr, + CY») Yo FP Liv GY 

Zo = (MEF SYwo) Lo FS ALY re) Yo EPLvw + WY eu 

Zo (TL 7 SY) Lu F (SL + LY) Yw FEP got DY wipe 
Substitute —X:Z and —Y : Z for p and q, and let 
Xto + YY tZz~2(VV), Xayo+&e.= (VW), X2,,,+&c.= (WW), 


We have then 


TX, A252, Y + ty? SVV 
TEy Lo FS (Ly Yot Lo Yo) + lYy y= (VW). ZO 
T Lo F 2520 Yo + ty’, —(WW).Z". 
from which, by solution or verification, may be proved | 
r={ y (VV) — 2Yv Yo VW) + yf (WW)}.Z-? 
S84 Iu Ya (VV) — (2, Yo Fe Yo(VW) +2, y, (WW)}. Z= 
t=} a (VV)— 20,0 (VW)+ a (WW) Z=. 


These, substituted in Rr -+ Ss + T:=0, give 
{Ryo — Stue Yo + Trn} (VV) = {2Ry, YS (8, Yo + 2u Y) + Te, Zol (VW) 
+i Rys— Sx, y, + Tx?! (WW)=0. 

In this equation, something is left arbitrary, since an infinite number 
of ways can be assigned of producing any given relation between z, y, 
and z, from three equations of the form z=¢(v,w), x=f(v,w), 
y=} (v, w). Two of these, then, may be assumed in any manner which 
will simplify the resulting equation. Suppose, for example, as in the 
given equation, that R=1+4?, S= — 2pq, T=1+p”, or 

RZ?=Y¥°+Z?, SZ’=—2XY, TZ?=X?+Z% 
(Ryo — Sto Yot T42) Z= (Y yn + Xto) HZ (y2, + 2 
= Z? (o H Yot 2). 
Proceeding thus, and substituting in the preceding equation, we find 
(Tot Yo t zie) (VV)—2 (2, Lo H Yo Yio + o 2) (VW) 
+ (a8 y+ (WW)=0. 
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Now (VW)=0 is satisfied DY ta m= 0 YroT= 9, Z==9, OF 
L=PvtdeW, y= v4 ý f w, z=y VFX: W; 
and the remaining terms of the equation vanish identically 1f 
(Paw) (plow) (Xw) =0, GPA CHOP X: =O, 
OF X2 w= —1 fl(Gew +20) dw, yvev—1 MORE SED dv. 


But since ¥,v is a function of ¢,v, &c., we do not restrict our 
solution by writing v and w for Ø, v and paw, whence if 


xr=v+w, yow,v+y¥, w, it follows that 
eV —] fYA+tyiv) dv+v—1 f JA+yiw) dw, 


the elimination of v and w will give the equation of the surface required. * 


Since there are two arbitrary functions, this 1s the most general solution. 
From its form it would appear to be impossible; but it must be 
remembered that the elimination between equations involving /(—1) 
does not necessarily give that symbol in the result. The preceding 
equations are useful as showing the nature of the problem, namely, that 
it cannot be completely solved without elimination between equations 
containing indefinite results of integration. 

It is required to ascertain whether any surface of revolution can have 


the radii of curvature at every point equal, and contrary in sign. Let . 


the axis of z be that of revolution, and z= (a+ 4°) the equation of the 
surface; we have then 


p=2rp', q=2yP', ra 4a° p! +29, s=4ryp", t=4y p" +29. 

Substitute these in (1 +q r—2pqs + (1+ p°) t=0, and we find 
(+y) +o H2 ty) =. 

Write æ for z?+y’, y for ġ, and we have 


dy | dy (7 3 dx 1 dæ 
peat vee is Oy (ga SF ee 
"dx? eee Zy, = dy æ dy’ 


Changing the independent variable, as in page 153. Multiply by 
l : x, and let dx: rdy=v, which gives 


d x 
= , or 2dr= rdv, and v=, /(c-3) 
x) 


T 
dax 2 | 
oy (Gat —4ay Y= log (/(Cx—4) + /(Cz)) +0”. 


Subtract the constant (2:,/C) log../C, and make 2:,/C=a, 
y=alog (Y (r= a) +a) +C'; 
whence the only surface of revolution which satisfies the conditions is 
z=alog IA +y HAAN aH y) H OC. 
The equation of the generating curve is 


z=a log {x +4 (8—8) +C; 


R |N 
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which is that of the catenary, the axis of revolution being the well- 
known directrix, the property of which is that the abscissa of any point 


is the length of the chain whose weight represents the tension at that 
point. 


TO re te ee ee aa ee ae ma o aa oae -m aau 


CHaPrTER XVII. 
APPLICATION TO MECHANICS. 


Our object is here not to deduce any laws of matter from experiment, 
nor to inquire into the truth or falsehood of any propositions relating 
to material bodies, but only to show the mode of applying the prin- 
ciples of the differential calculus upon the supposition of laws previously 
established. 

The aim of the science of mechanics is the discovery of the relations 
which exist between motions and their preducing causes. These 
causes of motion might never have been considered separately from the 
motions themselves, except* in a purely mathematical point of view, if 
it had not happened that any cause of motion, prevented from pro- 
ducing its effect by direct human agency, gives to the individual agent 
the notion of pressure or resistance. Hence in pressure we have a cer- 
tain antecedent of motion, which will begin to take place the moment 
the opposition to the pressure is removed: and the pressure being one 
thing, and motion another and a distinct thing, the investigation of the 
manner in which the former produces or affects the latter is one science, 
under the name of dynamics; and the investigation of the method in 
which pressures may act upon a material system so as to counter- 
balance each other and produce no motion is another, under the name 
of statics. There is a real distinction between the two: for in the 
second it is not necessary to consider any laws of connexion between 
pressure and motion; whereas in the first, such connexion must be 
made, and its laws either laid down hypothetically for future verification, 
or deduced from actual experiments. 

Any one pressure may be caused or counterbalanced by the weight of 
a body: hence weight is made the measure of pressure ; and pressure, 
force, resistance, attraction, repulsion, tension, &c. are all terms of the 
same meaning, with differences expressive of the source from whence 
pressure is derived, or the manner in which it is communicated. And 
Whereas bodies of very different bulks are found to possess the same 
Weights, it is assumed that the bulk of the larger body is the con- 
sequence of a wider distribution of the actual matter contained in it, so 
that bodies of the same weight contain the same quantities of matter. 

The fundamental laws of motion are three in number, as follows :— 

1. A material point, moving with a certain velocity, will not change 
its velocity nor the direction of its motion, without seme cause external to 
itself. 

2. If two causes of motion act in two directions upon a material 
Joint, neither cause in any way alters effect of the other. That is, 


* That is to say, we probably should not, but for our sensations of pressure, 
lave considered ourselves as treating of cause and effect, in investigating the 
elations of ditt. co. and their functions: which is what we do in mechanics. 
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if the point A be acted upon by one pressure in 
the direction AB, such as would in a given 
time cause it to describe AB, and by another in 
the direction AC, which would in the same time 
cause it to describe AC, it will between the two 
be found at the end of the time in the position D, at the opposite corner 
of the parallelogram formed by AB and AC. 

3. Action and reaction are equal and contrary. Action is a relative 
term to be explained as follows. When pressure, continued for a cer-| 
tain time, produces a certain velocity in a mass of matter, it is found 
that, for the same mass, the velocity produced is greater or less in the 
same proportion as the pressure is greater or less: but the same pres- 
sure acting on different masses, produces velocities which are inversely, 
as the masses; that is, less or greater in the same proportion as the, 
masses are greater or less. If then P and P’, two pressures, acting for 
the same time upon masses M and M’, produce velocities v and v's, 
that 1s, if, upon the sudden discontinuance of the pressures at the end of, 
the time, the masses then proceed with the uniform velocities v and v’, 
‘we may prove that P: P’::Mv:M’v’, as follows. Since P’ acting on 
M’ produces the velocity v’, it would in the same time have produced 
in M the velocity v\M’: M, and P would produce a velocity which is to 
the preceding as P:P. But P produces v, whence v:(v'M’:M), 
7: P:P’ or vuM:v/M'::P:P’. Now vM is called the momentum of 
the mass M moving with the velocity v, and this word momentum is 
but a synonyme for action in the preceding principle, which may be 
thus stated: momentum is never produced in one mass by the action, 
of matter upon it, without the destruction elsewhere of as much mo-! 
mentum in that same direction, or the creation of as much in the cun- 
trary direction. | 

We may then write the equation P=cMv», where, as long as the: 
units of mass, velocity, and pressure, remain the same, c is a constant. 
The value of this fundamental constant is determined by measuring the 
motion produced by the species of pressure with which we are best 
acquainted, namely, weight. And since the mass of a body is pro- 
portional to its weight, we must have M=kW, W being the weight of 
the mass, and & a constant depending on the units employed. Hence 
P=ckWv; that is, if such a mass as at the earth would weigh W 
(pounds, ounces, or whatever the unit may be) were deprived of its’ 
weight, and subjected to the action of a pressure P, such as would, in a 
given time, produce init the velocity v, the equation P=ckWv would 
be true for certain values of c and &, which depend only on the units 
employed, and not on the numbers of units in P, v, and W. But if P 
be the weight itself, and if the number of feet per second measure the, 
velocity, and if one second be taken as the time during which the weight 
acts, it is found that v, the velocity produced, is 32°1908, which we 
call g. Hence W=ck Wg, or ck=1: g, whence P=Wo:¢.’ 

The: following, however, is the more usual mode of stating the 
equation. Let one given substance (usually pure water at a given’ 
temperature) be assumed as the standard, and let the density of every 
substance be the number of times or parts of times by which the weight 
of a cubic unit of it contains a cubic unit of water. Let the unit of 
mass be a cubic unit of water, then kis the mass of a cubic unit of the 
substance whose density is k, and if V be the volume or number of 
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/ 


cubic units in a mass, AV is the number of units of mass, or M=&kV. 
Hence P=chVv, where c depends upon the unit of P. Let the unit of 
pressure be that, which acting uniformly upon one cubic unit of the 
substance whose density is 1, would produce a velocity of one linear 
unit in one second. Then ]1=cx1x1xi, or c=1, and P=kVv, or 
Mv. This is the tacit supposition as to units, upon which the common 
equation P=Mbv must rest. If the pressure be the weight itself, we 
have W= Mg, but only upon a supposition similar to the preceding. 
The application of our science to mechanics does not consist in the 
solution of isolated problems,* but in the investigation of general 
methods. The most convenient foundation is the well-known pro- 
position of the parallelogram of forces, namely, that any two pressures 
acting upon a point, and represented in magnitude and direction by the 
sides of a parallelogram, are equivalent to a third pressure represented 
by the diagonal of that parallelogram, both in magnitude and direction. 
From which it is easily proved, in the usual way, that three pressures 
acting upon a point, represented in magnitude and direction by three 
straight lines not in the same plane, are equivalent to a pressure repre- 
sented in magnitude and direction by the diagonal of the parallelopiped 
constructed upon those straight lines. 

Let P represent a pressure exerted on a material point whose coor- 
dinates are x, y, z, and directed towards another point whose coordinates 
are a,b,c. Let the distance from (a, y,z) to (a, b,c), or y$ (xr—a)? 
+(y—6)°+(z—e)*}, be called p. Now pọ is the diagonal of a rect- 
angular parallelopiped whose sides are r—a, y—b, and z—c, con- 
sequently P is the equivalent (or resultant, as it is called) of three 
forces applied to the point (x, y, =), in the directions of the three AXES, 
and expressed by P(v—a):9, P(y—b):9, and P(z—c):9. And 
these formule will express the sign as well as magnitude of the com- 
ponents, if we agree that a pressure is to be considered as positive when 
it tends to move the point in ‘the direction in which the coordinates 
are measured positively, and the contrary. 

Again, the value of p gives 


do _x—a dp _y—b dp z—c 


ey 


—a 


dx p ` dy oo d ge 


d d d 
whence P ate P = and P ia are the components above deduced. I f, 
dx dy dz 


then, we suppose a number of forces P,, Pa, &c., applied to the point 
(x,y,z), and severally tending to the points (a, bi, ci), (42, bs, Co), &C. 
distant by p, pa &c. from (a, y, 2), it follows that all these forces 
together are equivalent to one whose components in the directions of 
rT, Y, and z are 


ea UETA P, ra Can Be. P,—- +P, ees 
dx dx dy dy is dz 

Call these X, Y, and Z. The resultant is then of the magnitude 

J(X?+¥°+Z?): andif Py, Pop &c. equilibrate each other, so that the 

resultant is =0, we must have X=0, Y=0, Z=0. Consequently 

Xdr+Ydy+Zdz=0, independently of the proportions of dz, dy, and 


dz. This gives 


do, 
aA 


+P: 


* No student who is totally ignorant of the common elements of mechanics 
Should attempt to read this chapter.’ 


! 


C 
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| d 
p(T det dy + 2 ds) +8e.=0, or P, de, + P: dpo + &e.=0. 
v dy 


m 
& 


This last equation expresses the simplest case of what is called the 
principle of virtual velocities. If, taking forces acting in one plane to 
simplify the figure, we suppose one of them to be directed towards A, 
and if the point P on which the force acts 
be removed to Q, the distance PA is 
shortened by PK, QK being an infinitely 
small arc of a circle, or a perpendicular let 
fall from Q upon AP. If PB be the 
direction of another force, BP is shortened 
by PL. Hence if PA=p,, PB=p», we. 
have do, = — PK, do, =-PL. Here if P be 
supposed to move to Q over PQ=ds in the time dé, and with a velocity 
ds:dt, then do,: dt is the velocity with which that part of the motion 
takes place which is directly towards A, and do.:dé the velocity with 
which the point begins to move towards B. As the point does not actually 
move, but a different position is taken for it, simply to examine geome- 
trical, not mechanical, consequences of the change, this motion 1s called 
virtual, and the velocity with which the pomt begins to move from or 
towards each point of direction of a force, is called the virtual velocity of 
the point with respect to that force; or, for abbreviation, the virtual 
velocity of the force. Again, P, being a force, and do: dé its virtual ų 
velocity, the product P, x (dp,: dé) is called the moment of that force. 
Each moment, according to our preceding equations, 1s positive when its 
virtual velocity is positive, or when the virtual velocity is opposed in direc- - 
tion to the force, and negative in the contrary case: but it would do equally 
well to make the moment positive when the force and its virtual velocity , 
conspire in direction, and the contrary. When the terms virtual 
velocity and moment are fully understood, the equation ! 

f 

P, do,+ Padpa+ .... =0, or P, dp. sp, dp» 

dt dt 
may be expressed as follows: if any number of forces applied to a 
point equilibrate one another, then for every possible small motion 
which can be given to the point, the sum of the moments of all the | 
forces 1s equal to nothing. 

Let us now suppose a second point, acted only by forces Q,, Qo, &e. 
in directions also tending towards fixed points, distant from the second 
point by ci, 2, &e. Moreover, let the distance between the first and 
second points be 7,2, and let a force Ti, be applied to the first point, 
tending towards the second, and let another of the same magnitude be 
applied to the second point tending towards the first. If these points: 
be both in equilibrio, we have the equations (2Pdp meaning P, do, 
+....) 

2 Pdo+ Ted. 72=0, 2LQdo+Ti oder, ; 


where by dı”, we mean such a variation of 1,,. as takes place when 
the first point only varies its position, and by d,7,,, the same when the 
second point only varies. If both vary together, we have dr, = d, Tia. 
+dfr,, a S0 that from the preceding equations we have 


ÈZ Pdo+ ÈQdo +T, drp2=0. 


+....=0 
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The same reasoning might be applied to any number of points, and the 
result is that if 2Pdp represent the sum of the moments of all the 
forces applied independently, and if Tm, n represent the action of the mth 
point upon the mth, (or of the nth upon the mth,) and 7,,,, the distance 
from the mth point to the mth, we have 


2Pdp + XT, „d1 


the second È referring to every combination of values of m and n which 
refer to points supposed to be connected. If the distances be invariable 
in the system, and if such motions only be supposed as are consistent 
with the invariability, we have dr,,,==0, in every case in which it 
appears in the equation, whence > Pda=0, or the sum of the moments of 
the forces of any invariable system is =0, whence we see that the 
principle of virtual velocities applies also in this case. 

It will be desirable to collect together the principal theorems by which 
the differential calculus is made useful in the application of this prin- 
ciple, whether to statics or dynamics. 

If L=0 be the equation of a surface, L being a function of v, y, and 
z, then if from a point (x,y,z) on the surface we pass to another point 
(r+òr, y+òy, 2+6z) infinitely near to the former, but not on the 
surface, the perpendicular distance from the new point to the surface will 
be 0L: /(Li+L5+1L%), L, being dL:dr, &c. The equation of the 
tangent plane being L, (E—2x)+ &c.=0, we employ the general theorem, 
that if to the plane Ar+By+Cz+H=0 we drop a perpendicular from 
the point (2, y', 2’), the length of that perpendicular is (Aa’+&c.) 
:/(A°+B’+C’). Applying this, knowing that at the given point 
f—x=cr, &c., we find (L,ér+-&c.): (L? + &c.), or 6L: y (L+ &e.). 
The perpendicular drawn on the tangent plane can only differ from 
that drawn to the surface by quantities of the second and higher orders. 

A rigid system makes an infinitely small rotation, òp, about an 
axis, of which the equations are (¢-—a): A=(y—b):B=(f—c):C. 
It is required to find the variations of the coordinates of the point 
(2, Y, 2). 

First, suppose the axis of rotation to pass through the origin, giving 
§:A=7:B=¢:C. Through (a, y, z) draw a plane perpendicular to 
this axis, the equation of which is A (€—-2)+B (n—y) +C (C—2)=0. 
This plane meets the axis in a point whose coordinates are determined 
' from 


. . 
mny 


£ o N Gc Art BYTO? 


— 
eal — eee aM 
—« 


A BC” B4B4C’ 
which gives (€—xr)(A®+ B?+C*)=A (By + Cz) —(B?+C’) 2, 


with similar equations for 7»—y and —z. Add the squares of these 
together, and let ọ be the perpendicular distance from (a, y,~) to the 
axis, or ./((E—x)?+ &c.), and, dividing by A?+ B?+C’, we have 


o° (A+ B+ C*?)=(Br— Ay)’+(Cy—Bz)?+ (Az—Cr)’. 


Let (x, y, z), in consequence of the rotation, come to (v+éz, y+ èy, 
z-+c¢z); whence since its second position is in the plane A (§ — 2) + &e. 
=0, we have Aéx+ Bey4+Coz=0: also the distance from the origin, 
or 7, remaining unaltered, we have ròr=0, or rx + yoy + 26z=0 : from 
which equations it follows that dx, ĉy, and èz are in the proportion of 
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Cy—Bz, Az—Czr, and Br—Ay. But the sum of the squares of òr, 
&c. is the square of the infinitely small arc of rotation, or p” òg”. From 
this it follows that 
(Cy— Bz) ò y — (Az— Cr) cp > (Br—Ay) òp 

DIEB SO SAFO V OABC 
Conversely, if òx, &c. be in the proportion of Cy— Bz, &c., the motion of 
(x, y, 7) is an infinitely small rotation about the axis whose equation is 
EAS Bac: 

If the axis do not pass through the origin, let its equations be 
(é—a): A=(n—b): B= (Z—c): C, then x—a, &c. must be substi- 
tuted for z, &c. throughout the preceding process, and €—a, &c. for é. 

Every infinitely small motion of a rigid system may be compounded 
of one motion of translation, in which all the points move through equal 
and parallel straight lines, and one motion of rotation about an axis. 
The axis of rotation may, by properly assuming the motion of translation, 
be made to pass through any given point of the system. Suppose, for 
instance, that the whole motion brings the points P, Q, &c. into the 
positions P’, Q’, &c. Assume that the axis of rotation shall pass through 
P; and first give the whole system the motion of translation PP’, so 
that all the motions shall be equal and parallel to that of P. Let P, Q, 
&c. thus be removed to P’, Q”, &c. Then there must be another 
motion by which, P’ remaining fixed, Q”, &c. may be simultaneously 
brought into the positions Q’, &c. Take the points Q” and R” into 
which Q and R are brought by the translation, and through the lines 
Q’Q’ and R‘R’ draw a pair of parallel planes. The axis of rotation 
must be perpendicular to these planes, and must pass through P’; 
hence a line drawn through P’ perpendicular to these planes is the axis, 
of rotation. As the conception of the theorem that every small motion | 
of a system in which there is one fixed point is a motion of rotation 
about an axis passing through that point, is not by any means easy to 
the beginner, the following mode of illustration is given. Let P’, the 
fixed pomt, be made the centre of a sphere, immoveably connected with 
the system. It follows then that we show the existence of an axis of 
rotation, if we show that for every possible motion of the sphere about 
its centre, there is one point of it, A, which does not move; for if P’ and 
A be both fixed, the Ime P’A is fixed. Let a small motion take place 

| which removes the circle BFC into the posi- 

Hoy tion DFE: either then F has remained fixed, 
: and P’F was an axis, or the circle BGC has 
slipped as well as revolved, so that G has 
come to F. This last supposition implies, 
that the sphere has had a motion of rotation 
about HK, the axis of BC, as well as about 
P'F. Let LM be the axis of DE: then since! 
GK moves into the position FM, the point A, 
M K does not move at all, or P'A is an axis of 

rotation. 

The existence and position of this axis of rotation may now be shown| 
algebraically, as follows. Let the original axes of coordinates be fixed 
in space, and let there be another set attached to the system, and moving 
with it. Let a, y, x and &, č be the coordinates of a point with 
respect to these systems; the latter being unaltered by the motion 


Ox 
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Let (X, Y, Z) be the origin of the new system, referred to the old one, 
and let 
we o+h yty ¿+N 
ya E+B n+ y “+Y (1) 
z=ą'ť Bey E 
where « is the cosine of the angle made by £ and x, &. We have 
also 
a + 6? +y” ==). iy a + pl pl bey! y = 
al? +8’ +y” = 1. ale +p" Hy”y —() (2) 
AR RA: yl, a a +)3 jo! +. y =—0 
Let the system move so that (X, Y, Z) becomes (X +èX, &c.), and 
a becomes g@+cda, &c.; in consequence, of which the point (x, y, z) 
becomes (r+ec.x, &c.). We have then 


cr= Eog + nè -4 boy +oX 
cy = Seq! Hne + g6y HY (3) 
oz = kog" -Hè + Coy" +Z 


Now, looking at the equations (2), which give 


N 


ata HREN H yy =L, val + Bop" Hy ey" = — (a Col HB B + yy" Sy’), 
&e., &c., let 
a 6a" + Bl ep! + oy = — (ada! HER + yoy! y= 
ata HBR + y"ey = — (a Ca! +B op + y y= 
ata +) 6p’ ty òy = —(al ba +f’ ep + y y aan. 
To express &, &c. in terms of (x— X), &c., we have 


ae i w, ; / A r~ 
=a (r—ăX) +e (y—Y)+e' (z -2 
P. 7 ! / 3 
n=P (@—-X) +B (y—Y) +E" (2—-Z) (4) 
ae ‘a / F If a T9 
=y (tA) +7 Y-Y) +7" @—Z) 
Substitute these in (3), and we shall have 
è (t—N)= 0 (2 —Z)—e"(y—Y) 
6 (y—Y)=n"(@ -X)—r (2—2) (5) 
ò (z —Z)=r (y—Y)—' (t—X) ; 
which show (page 480) that the real excess of the motion above the 
motions of translation èX, cY, èZ, common to all the points, is, for 
every point (x,y,z), a motion of rotation about an axis passing through 
(X, Y, Z), and inclined to the original axes at angles whose cosines are 
proportional to r, n'y K”. 

If we wish to find, in the most simple manner, the position of the 
axis of rotation with respect to &, n, ¢, we must remember that the points 
of this axis have only the motion of translation, or for every one of them, 
ox=cX, cy=cY, òr=ċZ. Hence equations (3) give 


ica+neBtley=0, Feel’ +&e.=0, Ee 4+&c.=0 (6). 


But between g, a’, &c., we have the equations 


ro 
— 
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Gea? te’? El, ap+ of B' +a" p" =0 


PE” ao = l, By + By + Bl y"=0 (7) 
Hyt =l,  yaty el +y"a"=0 


W hence xx +. wy! do! +g” 6a’ =0 
adB +o Of! +B" = — (Boat Boa + La", &c.) 
Assume Boy +f'dy! + B’by"= — (yeh +y'éh! + y" Ip") = — pdt 
viat y'oal +y" ða! = —(ady+taldy' + al oy" )= — qdt (8) 
ao —- al df! -} a" op" = —= (Boa+ B'dal + B' Òc") ——rill 


dt being the time in which the small motion is made. Multiply 
equations (6) by œ, a’, «', and add, which gives rn—q¢=0. Multiply 
by 8, &c., and by y, &c., and we thus have three equations, 


g&é—pn=0, rn—go=—d, po—re=—0; 


which are the equations of a straight line inclined to §, ņ, and ¢ at 
angles whose cosines are proportional to p, q, and r. 

The following equations may be deduced from (2), as in page 497 
following. 


a=Bly!—'B", a =Bly—y"B, a =By'—yB 
B = yal! —aly", p — y'a —al'y, B" — ya! — ary! (9). 


yaa’ B"—Bla", y=" p —L"a, y" =aß'— Pe. 
To the order of which the following is the key, 


C ie i s ? g (ab, Py, ya). 

Properly speaking, the preceding should be +a=f'y"—y‘b", &c., 
the sign depending on the manner of measuring €, &c. positively and 
negatively, with reference to the manner of measuring x. Take a point 
on the axis of &, so that 7=0, €=0. We have then, if both sets have 
the same origin, T= a&b, Y= d'E, z=¢@"é; so that, č being positive, a, a’, 
and «” must have the signs of a, y, and z. And it can be shown that, | 
according as œ is f’y’—y'B" or y'B"—f'y", so B is y'a!—a'y" or 
aly — y'a", and y is &B!'—B'e@" or Bla! —a' B”, &. Hence, by proper 
selection between the two ways of measuring é, 7, and ¢, the equations 
(9) may always be made true as above written. 

The quantities œ, œ’, &c. are nine in number, connected by six 
equations (for the set (7) is deducible from (2)). They can, there- 
fore, be expressed by means of three quantities only, and the most 
simple way of doing this is as follows. Through the origin of a, y, 2 
draw lines parallel to the axes of &, n, ¢. 
Draw a sphere with the origi as a centre, 
and let X, Y, Z and X’, Y’, Z’ be the 
points at which the several axes emerge 
from the sphere, and let N be the point at 
which the great circle in the plane of én 
cuts that in the plane of zy. Let MONG 
be each joined with X, Y, and Z, and let the 
angles subtended by ZZ’, NX, and NX’ at 
the centre be 6, w, and ©. Then, making arcs the symbols of angles 
subtended at the centre, and denoting by [u, b, c] the cosine of the third 
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side of a spherical triangle whose other two sides are a, 6, and their 
included angle c, we have (remembering that Z and’ Z’ are the poles of 


XY and X’Y’, whence <XNX’= 0) 
a =cos A/XN=[¢, y, O]=cos 6 sin ? sin Y- cos Q cos y 


: T ; ; 
8 =cos YX=| 4 + D UW, o | = cos O cos @ sin U—sin @ cos Ye 
r, > al es T . e 
y =cos X= E UW, ar |=sinosiny 


a! 


T | 
— / ee ata x ACs 7 g 
=cos XY =| BETS 0 = cos O sn ġ cos Y— cos h sin Y 


/ r r T T . x 
E =c Y'Y=| $42, Ys 0 |=cos 0 cos 4 00s Ysin Q gin Us 


: T T T | 
y=cosZ’/Y=| -, Ut, en O cos Us 
2 2? 2 | ' 
T 
/ >” ° . 
a'’=cos NZ=| o, > ar 9 [=—sino sin 


: E P F : 
B! = cos YZz= Ee 9? 540, |=—sin 0 cos p 
y” =cos Z'Z =. cosé. 


From these we easily get 


oa = p ÒD + al! Ow + a" sin W òb 


òb =~@ 66+" ow + B” sin w 60 
Ae y òk y” sin w 60 
6a = P'õp—a čka" cos w 80 
òb’ = —g' òp— B ou +B" cos y 60 
cy’ = =y ôW- y” cos W 6d 
òg” = Bp" dd — y” sin h 60 
CB" = = g òp — y" cos d 60 
oy = — sin 660 


Bey + Bly! + Biy" = (By'—yB' ow + {y!"(Bsints + L'cos Y) — B"sin 0430 
/ y a Bi i 
aèy taty + alley" = (ay — a'y) òp {y lasiny t cosy) — asino} 


Boat boa! Ey P" èg! = Cp + (Be ore B'a) ous 


IaB sin W- 6" cos Ww) — p” y" sin p} 0a. 


Write — pdt, qdt, and rdt for the first sides, and, after using equations 
(9), substitute the values of g”, j”, and y”, with those of £ sin y 


+6" cosy and g sin +a! cos y, which will bə found to be cos# cos ø 
and cos Osin. This gives, after reduction, 


| 
| 


pdt=sin @ sin 6 ĉ— cos p èð 
qdi=cos % sin 0 ò +sin dco 
ral cp—cos 0 ds 


The preceding results are of such fundamental importance in the 
wil 2 
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application of our subject to dynamics, that it will be worth our while to 
explain them at length. A simple rotatory motion is easily conceived ; 
an axis remains fixed, and all the invariably connected points describe 
circles about that axis, with an angular velocity which, however it may 
vary from moment to moment, is the same for all the points at any one 
moment, But any number of rotatory motions may be given to a system 
at once. Suppose A, B, the pivots of the first axis, to rest ina frame 
which is itself supported by another axis 
CD. If, then, the spheroid in the diagram 
be made to revolve about AB at the same 
time that the frame revolves about CD, the 
points of the spheroid will take a motion 
compounded of both rotations, the nature of 
which we have now to investigate. Again, 
if CD were attached to a frame, which 
itself was connected with a third axis, a 
third motion of rotation might be given, and 
so on. At the first instant, these rotations, however many, produce 
the effect of one rotation, if the axes all pass through the same point ; 
and the axis, or the instantaneous axis as it is called, may be found as 
follows. 

First, let two rotations be made round two axes which meet at O, as 
OA and OB. Then, both axes being in the plane of the paper, all 
points in that plane begin to move per- 
pendicular to it, from both rotations. 
Also, in one of the angles made by BO 
and BA, each point aforesaid will be 
elevated by both rotations, in the oppo- 
site angle they will be depressed by 
both, while in the remaining two angles 
they will be elevated by one and depressed by the other. Let BOA be 
one of this last pair of angles, and let the points in it be elevated by the 
rotation about OA, and depressed by the rotation about OB: also let a 
and £ be the angular velocities of these rotations. Then any point P, 
distant by PM and PN from OA and OB, would by'the several rota- 
tions be elevated by PM.adt, and depressed by PNAdf, in the first in- 
finitely small time dé of the motion. Take PM.g=PN.A, and the 
point P is therefore not moved at all, or the double rotation (O being 
also unmoved) produces one single rotation about OP as an axis. Take 
OA and OB proportional to the angular velocities œ and £, and describe 
the parallelogram OABC: it is then easily* proved that for any point 
P in the diagonal OC (or OC produced) PM.OA=PN.OB, or 
PM.a=PN.f. Again, since the point B (which is on the axis of 
one rotation, and therefore only affected by the other) only receives the 
elevation BQ. ade, let O be the angular velocity with which the system 
begins to revolve round OC; whence BQ.adi=Bh.6dt, or BQ.a@ 
—BR.0. But BQ.OA=BR.OC, whence @:0::OA:O0C, or OC 
represents the angular velocity about OC. That is to say; if upon two 
axes of rotation lines be laid down representing the angular velocities, 


* If with any point as a vertex, triangles be formed which have for their bases 
the conterminous sides and diagonal of a parallelogram, the greater of the three 
triangles is equal to the sum of the other two. When the point is on a side or on 
the diagonal, one triangle vanishes, and the remaining two become equal, 
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in such manner that the intervening points shall begin to move in 
contrary directions: the resulting motion, at the first instant, will be 
one of rotation about the diagonal line of the parallelogram formed 
on the first lines as an axis, with an angular velocity represented by 
the length of that diagonal. Moreover, the resulting rotation will be 
in such a direction that points intervening between the diagonal and the 
axis of elevating rotation will be depressed, and vice versâ. From this 
it may easily be proved, mm a manner similar to that employed in com- 
pounding motions of translation, that three such motions of rotation may be 
compounded into one, by laying down on the three axes lines propor- 
tional to the angular velocities, and finding the diagonal of the paral- 
lelopiped constructed on these three lines, which diagonal will be in 
the axis of the compound rotation, and will represent its angular velocity. 
Hence any rotation about a line drawn through the origin of z, Joes 
may be decomposed into three rotations, one about each axis. Let a 
positive rotation about the axis of x be that which tends to move the 
positive part of the axis of y towards that of z; similarly, let positive 
rotations about the axes of y and z be those which move the positive 
parts of z towards those of x, and of æ towards y: all which may be 
easily remembered by xyz, yzæ, zry. Then a rotation about the line 
which makes angles «, 8, y with the axes, the angular velocity being A, 
may be decomposed into A cosg, Acos, Acosy round the several 
axes of v, y, z, or else mto —A cosa, — A cos 8, —A cos y, according 

to the direction of the rotation A. 
Secondly; let the axes of rotation be parallel to one another, and per- 
pendicular to the plane of the paper, and let them pass through A and B. 
Let them be said to be in the same 


dis oes . . A 
eee direction when A and B begin to 
oe AT DE ae move i contrary directions, and 
A È vice versd. If then the rotations be 


of equal angular velocity, and contrary in direction, the result of the 
two motions of rotation will be one motion of translation, in the direction 
perpendicular to AB. For each of the points A and B only moves in 
virtue of the rotation round the other: but the angular velocities being 
equal, and the directions contrary, the mitial velocities of A and B are 
equal and in the same direction, whence AB is carried without change 
of direction in the direction perpendicular to AB. In any other case, 
take infinitely small lines described by A and B in the time dt, each of 
which is therefore proportional to the angular velocity round the other 


axis. Thus, let Aa=AB.Adt, Bb=BA.adt, whence a and b will 


h a 


O j 


represent the positions of A and B at the end of the time dé. The 
point O, which remains at rest, and is therefore a point in the axis of 
the compound rotation, is determined by OA: OB : AB Adi, AB ad, or 
OA.a=OB.A. 


ee 
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1. When the rotations are in contrary directions, that round A being 
the greater, the axis of compound rotation is on the side of A, and | 
OA.a@= (OA+AB)4, or OA=ABB: (a2—f£), OB=ABz: (a2—B). 
The angular velocity giv es the angle Aa: OA, or AB. fdé: (AB.8:(a—8)), 
or (a— B) dé in the time dé, and is a— Ê. 

2. By similar reasoning, ‘if the directions be contrary, that round B 
being the greater, we have OA=AB.8: (8—a), OB=AB.a: (b—a), 
and —g for the angular velocity. 

3. If the directions be the same, we have OA=ABB6:(a+68), 
OB=ABzg:(«-+8), and &+8 for the angular velocity. 

If three rotations be communicated round axes parallel to one 
another, two of them must be compounded by the preceding rules, and 
the result compounded with the third. 

Thirdly ; let the two axes of rotation neither meet nor be parallel, 
the result is a motion of translation and one of rotation combined. Let 
the axes be AK and BL, and let AK and BL be proportional to the 

angular velocities. Take any point O, and axes 
i L passing through it parallel to AK and BL. About 
OM impress two equal and opposite motions of rota- 
1E tion, of the same magnitude as that about AK: and 
re eae R about OP impress two others equal and opposite, and 
ie the same in magnitude as that about BL. The 
: motion of the system is not altered by this intro- 
Ò j duction of new motions which destroy each other. 
And the motion about AK with the equal and con- 
trary motion about OM produces a motion of translation only: as does 
that about BL combined with the contrary motion about OP. ‘the 
whole motion, then, is equivalent to two translations and two rotations 
about axes passing through O: of which cach pair may be compounded . 
into one of its kind. The same reasoning may be extended to cases of 
more rotations than two: and hence follows the theorem already alge- 
hraically proved, namely, that any` motions whatever, translations or 
rotations, how many soever, are at every instant equivalent to one motion 
of translation and one of rotation: also that the axis of rotation may be 
made to pass through any point. 

When a rotation is made round one of the coordinate axes, it is con- 
venient to call it positive or negative, as previously described ; but when 
the axis of rotation passes obliquely through the origin, though two 
rotations may be made round this axis, m opposite directions, and there- 
fore relatively to each other positive and negative, yet there is no reason 
for assigning + to either rather than to the other. This ambiguity pre- 
sents itself in formulæ by the appearance of a square root with an 
undetermined sign. 

If we now return to page 480, and call A, u, y the angles made with 
the axes by the line é: A=: B=Z:C., We have then 


M pP 


èr= (z cos p—y cosy) df, y= (e cos y—z cos X) ò$, 
èz = (y cos A—2 cos p) èq. 


The signs here are not the same as in page 480, being changed to suit 
the hypothesis as to positive and negative rotation laid down in page 
485. Thus, if the whole rotation were about the axis of z, we should 
have hohe, pdr, v=0, or br=— yòp, dy=xo9, s2==0, If cp, be 
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positive, or has the sign contrary to that of y, and òy has the sion of x. 
Hence, as may readily be seen, this positive value of ô% moves the posi- 
tive part of the axis of a towards that of y: which was required to be 
the case. 

Let © be the angular velocity of rotation, and a,, Dy, Ty the three 
rotations round the axes of x, y, and z, of which the rotation about the 
given axis may be compounded. We have then d6=adt, w, =. cos À, 
&c., whence 


6r=(0,.2-0,.y) dl, dy=(O,.t—w,.2) dt, ò= (D, Y —T,. 2) di. 

If the coordinates ¢, n, and ¢ had been employed, we should have 
obtained similar equations. In page 481, equations (6), suppose that 
„we consider a point which is not on the axis. We have then 


0 (t—X) =é tnb + Oy, &e. ; 
which equations, multiplied by a, «’, and g”, and added, give 
ao(a—XA)+e'0(y—Y)4 2" 0(z—Z)=(ql—rn) dt, &e. 


We have supposed the axes of é, », £ to move with the system.. But 
if we now suppose a set of axes, coinciding with these at the com- 
mencement, to remain immoveable, so that the coordinates of a point 
attached to this system vary, we shall have (page 481, equations 4) 
s= ad (1—X) +ò (y—Y) +ð (z—Z), whence the preceding equa- 


tions give 
C= (q6—7n) dt, én=(ré—p8) dt, 0¢= (pn—qé) dt, 


which, compared with the preceding, show us that p, q, and r are m, 
T, and w,, the angular velocities of the three rotations about the fixed 
axes of $, 7, 6, into which the single rotation of the system and its 
moving axes about the axis €:p=n:q=Z:7, may be resolved. 

The values of p, q, and r have (page 483) been deduced in terms of 
dp: dt, &c.: a geometrical confirmation of this connexion may easily be 
given, now that we know the most simple meaning of p, q, and 7, as follows. 
A change in œ only, or NX’, and w, or Z XNX’ and NX remaining the 
same, would obviously be nothing but a small 
ae rotation about the axis which emerges at Z’, 
or the axis of ¢. Hence d¢ is wholly a part 
of rdt. If 0 alone were increased by 66, X’ 


) \,,, and Y’ would move perpendicularly to NX’Y’ 
ee 9 through arcs, the angles of which are sin @.d@ 
yr, and sin ($746) 60, or sino 60 and coso òb. 


- 


These angles, since X'Y’ is a quadrant, belong 
to corresponding rotations about the axes of Y’ or 7, and of X’ or é; 
but the second must be called negative, since its effect is to move Y’ 
from Z' (page 485). Hence —cosøò90 and +sing@cé are the terms 
arising in pdt and qdé from the change of 0. Finally, let y be 
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increased by ow, and @ remaining the same; and let nz’y! be the new 
position of NYY: Then, since the angles XNX’ and Xnz’ are equal, 
the internal angles at n and N are together equal to two right angles: 
but this, when true of the angles of a spherical triangle, is true of their 
opposite sides; therefore NK + Kn is two right angles, or KN and Kn 
are both infinitely near to one right angle. Hence X'v=Nt. cos ò and 
y'w=Nésing are either true, or only erroneous by small quantities of 
the second order; it being remembered that since »xK=a2"y', we have 
Ky’=nx'=¢. Hence we see, 1. A rotation about Z’ of the magnitude 
nt, or cos 9.cw&, and negative, since Y’ ‘is moved towards X’. 2. The 
rotation X’v about Y’, which is Nf.cos œ, or cos sin 0 òw, and positive, 
since Z’ is brought towards X’. 3. A rotation wY’ round X’, which is 
Nésin gd, or sinsin ôy, and positive, since Y’ is moved towards Z’. 
Hence arise the terms of pdt, qdt, and rdt, which depend on òw. 

The preceding formule are adapted to one position of the figure, 
which is that adopted by all writers as the principal case. As in other 4 
problems, every modification of the figure requires modifications of the + 
signs of the letters whose values determine the relative positions of the 
parts. 

The preceding results relate entirely to what takes place at the first 
instant after the system has been abandoned to the effect of two or more 
rotations. Let us now suppose the combined rotations to continue, it 
being supposed that each axis takes the motion of rotation round the 
other axis. The axes themselves are, therefore, continually changing 
their positions; and the instantaneous axis of rotation, the position of . 
which 1s always given relatively to the other axes when the rotations 
are uniform, changes with them. It is difficult at first to see what can 
be meant by a line of resé which changes its place, but a description 
in other words will make it clear. ‘The motion of any system about a 
fixed point, however many the rotations of which it is compounded, 
must always have some one axis at rest fur the instant, and as the motion 
proceeds, one axis after another becomes quiescent, the quiescence not 
continuing any finite time.* And instead of saying that axis after axis 
is successively brought to a state of rest, we say that the axis of rest, or 
the instantaneous axis, changes its place. 

That the student may more clearly comprehend the necessity of there 
being always an axis at rest, I shall show that any change of place 
which a system can undergo, one point only remaining stationary, is 
capable of being made by one rotation about one axis: or that, for any 
given finite change of position whatsoever, some one point remaining at 
rest, some one axis mayt remain at rest. Or thus, one point remaining 
fixed, it 1s impossible to give change of place to all the lines of a system 
at once. This may be proved either geometrically or algebraically, as 
follows. About the fixed point as a centre, describe a sphere, and let 
the motion bring PQ, an arc ou this sphere, into the position P/Q’. 
Through V’ and V, the bisections of PP’ and QQ’, draw great circles 


* When a ball is thrown up into the air, there is an instant at which it can 
neither be said to be rising nor falling, and it is then said to be brought to rest; but 
it does not rest any finite time, however small. 

t Not must: the following proposition is a parallel. Any given change of place { 
of a point may be made by moving it along a straight line; but it may also be made «s 
along an infinite number of different curves. 
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; VR and V'R, perpendicular to QQ’ and PP’, meeting 
m R. Then we have RP=RP’ and RQ=RQ’, so 
that if the angles P’RP and Q'RQ be equal, a rota- 
tion round a diameter passing through R would bring 
PQ into the position P’Q’. But these angles are 
equal: for the triangles PRQ and P’RQ’,, having their 
sides severally equal, have their angles equal ; whence 
Z PRQ = ZPRQ. Add Q’RP to both, and ZP’'RP= ZQ’RQ. A 
similar proof may be given for every one of the varied alterations of 
position which the figure will admit of. Hence, since every change 
of place may involve a quiescent axis, every infinitely small change may 
be considered as actually doing so: but it does not follow that the 
quiescent axes of two successive infinitely small changes are the same. 

The algebraical proof of the proposition will be as follows. Let v, 
Y, 2, be coordinates fixed in space, aud é, , č, coordinates fixed in the 
system, and let r=AE+Bn+C¢, y=A'E+&c., &e. be the relations 
existing at the first position, and s=at+bņn+ cý, y=a’'t+&c, &e. 
those at the second position. If, then, there be a line of the system 
which belongs to both positions, v, y, and z will in that line remain 
unchanged when the system has been removed from one position to 
another. Consequently we shall have 


(A—a@)E+(B-—b) 74+ (C—c) f=0, (Al—a’) E+ &c.=9, 
(Al! —a") E4 8e. = 0. 
Eliminate 7:& and £:&, and we have 
(A— a)(B’—b’)(C"” — c") + (B—b)(C!—0')(A"— a!) 
+(C—c)(A/—a’)(B"—b") | 
(6-08 2000" =) a O E 
—(B—b)(A'—a')(C"—c") | 


which must be universally true, if the ‘proposition asserted be so. The 
terms resulting from these products may be classed as those which contain 
three capital letters, three small letters, one capital only, and one small 
letter only. Also (page 482) we have A=B’C”—C’'B”, &c., or A=C'B” 
—B’'C”, &c., the sign being indifferent, provided the proper order be ob- 
served. The terms of the first class give A (B'C’’-C’B")+B(C’A"— A'C”) 
+C (A'B”— B'A”), or A?-+B?+C?’, or 1: those of the second give 
—a(b'cl!—c'b") — b (la! —a'c")—e (a'b"—b’a"), or —a?—b?-c*, or 
—1: all these terms then disappear.* The terms containing A with two 
small letters, make A (b’c’—c' b”), or Aa; that containing a with two 
capital letters is — æ (B’C’—C’B”), or —Aa: these terms, therefore, 
destroy each other. Ina similar way the remaining terms of the third 
and fourth classes destroy each other, and the identity of the equation is 
proved.t 


* It may be asked, why not adopt the order AB, BC, CA, in expressing A, &e., 
in terms of the rest, and ba, ac, cb, in expressing a, &c., which may certainly be 
Jone, consistently with the equations of condition ? The answer is, that if this were 
done, it would be equivalent to supposing a, &c. after the change, to be the same as 
before, but with the signs changed, so that we should have (A+a)+&ce.=0, &c,, 
which would give the same results as in the text. 

+ The ease of this demonstration will illustrate the advantage of symmetry in 
nathematical processes. Euler, (Theor, Mot. Corp. Rigid.,) having proved the 


eee 
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We have shown, page 483, how to express «, 8, &c. in terms of three 
angles; the following method of determining six of them in terms of the 
remaining three is due to Monge,* and will give an easy method of deter- 
mining the axis of rotation Just shown to exist. 

Let the three data be the angles made by v and é, by y and ņ, and by 
z and č, or their cosines a, ° and y”. These being given, the 
position of the axes of &, 7, and ¢, with respect to x, y, and z, is also 


given. We have then 
yi |? — y'P?= 1|—o? — BY, or P+ By? y. 
<=] —o@?— (2+ y; whence B?-+-a?=1—e’— fh? + y". 
But y"“=aB'—Ga', or 2B =2ap"— 2y", whence we have 
(6+) = Uy" (BY, 
Bta=Jl+a- B—y").JU—atB'— 7"), 
(Bal = (1 +y") (a+b, 
B-d=fltot Bi +y). AA —a— p ty"): 


whence $ and o' are found in terms of the data. Proceed in this way, 
and the conclusions are as follows. Let 


T=l1 4e 4h y", t=l+æ-ß'-y", t'=1-atf'-y", (= 1~—a- Bl +y" 
B +a =N (H) a! yf Ut, y+ p'=/ Ut") 
B —a = (TI) al — y= (TH, =’ B= (TS) 5 


whence the remaining six are determined in terms of «œ, $’, and y". 
The ambiguity of the signs will always put a serious practical difficulty 
in the way of using these results for particular purposes. 

Let it be required to find the axis round which the system must 
revolve, so that the axes of x, y, z may come into the position of &, n, ¢. 
We have then r= é, &c. for every point in that axis, or t= ar + By+yz, 
&c. This givest 


(a—1)rt+fhytyz=0 
ae+(B'—1) y+7'z=0 
alot B'y--(y"—1) z=0, 


equations of which the coexistence has been proved. Taking the first 
pair, we find that x, y, and z, must be in the proportion of 


By —yP' +y, ye —ay'+y', and (a—1)(8!—1) — fal, 


or aly, BY +y, and 1+ y'—a—B’, or y (tt), f(t”), and t”, or st, 
Jt, and yt”. Hence there is this restriction upon the data, that t, t, 
and ¿’ must be all positive or all negative; but t+? +6”, or 3—a—f! 
— y" cannot be negative, whence «, 6’, and y” must be so taken that 
one more than either must be greater than the sum of the remaining 


property in question geometrically, professes himself unable to give an algebraical 
demonstration: Nemo facile stupendum hunc laborem in se suscipere volet are his 
words (as cited by Sr. Piola). In vol. xxii. of the Memoirs of the Italian Society 
of Modena, Sr. Gabrio Piola has conquered Euler’s difficulty in sixteen quarto 
pages of calculation and description: the whole difficuity arising from the loss of 
the view of general properties consequent upon preferring simplicity to symmetry. 

* Or rather the results to Monge and the demonstration to Lacroix. 

+ These are the unsymmetrical equations referred to in the preceding note.’ 
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ones. Hence the cosines of the angles made by the required axis of 
rotation with those of x, y, and z are 


Kaa da Hole 
be ee? e. V aar) 


Resuming the equations in pages 481, &c., let all the rotations which are 
to take place simultaneously be reduced to p, q, and v, round the axes of 
é, n, and ¢, which move with the system. However these rotations may 
vary, either as to amount or position of their axes, we have seen that 
their effects may at any one instant be confounded with those of an in- 
finitely small rotation round each fixed axis. 

Given the position of the system, and the values of p, q, and r ata 
given instant, required the velocities of a given point, parallel to the 
axes in space, and to the axes in the system. We must first express 
éa, 68, &c. in terms of p, q, and r. To do this we have (page 452) 


Beat Bea +L a =rdt, yeat&e.z—qdt, acaet&e.=0. 


Multiply by £, y, and g,and add, which gives (page 481, equations (2)) 
a=(rB—qy)di; multiply by 6, y’ and a’, and by BY, y,” a”, and we get 

similar expressions for dg’ and dg”. Proceeding in this wav with the 

other equations (7) and (8), (page 482), we find the following set : 


Ca cans (U6 —qy) dt, On = (76 _. qy’) dt, a" — (r8 —qy") dt 
dB=(py—ra) dt, Òb'=(py'—raæ) dt, ÒB" =(py" —ra") dt 
dy= (qa —pB) dt, òy = (qa — pp") dt, òy” = (qa! — pp") dt. 
dr da E dB dy dy _ dg, 


EA aed == — EHe, EC 
dh ak d ae E pee 


Again, ra 


] 


3 


Hence the velocities in the direction of x are expressed in terms of £, 
&c. To find them in terms of æ, &., substitute €=ar+ aly tal'z, &e., 
which will give, making use of a= f'y"—y'B", &c., (page 482), 


dv 


ap Pe FB try!) 2— (pal + gb" Ery yy 


di l 


dz , 
g (Pe +498 +ry )y— (pa +98! + ry!) 2; 
whence it appears (page 480) that rotations p, &c. round &, &c. are, 
for the instant, equivalent to pa+tgh+ry, &c. round a, &c.: a result 
which may easily be shown to agree with that in page 481. 

Lastly, to find the velocities in the momentary directions of &, &c., we 
must suppose œ, &c. to remain constant, and é, &c. to vary, which 
gives 

dg dx ,dy „dz dy mols 


——a 
meane 
emera 


dt |“ dt * dt < dt? dt * dt 
I1 


dé es dæ : ù , da! >, 1 da” z 
Ea a (Geet. +e (Kitee +a oT E+ Xe. 


+ &c., &c. 


dt 
== 06 — ry. 
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And thus we get 
dé dyn, d 


i ccm, aah Bi 
fee a pe ee. a ae 
As an instance, let us suppose p, q, and r to he constants. To find g, B 
and y we have to integrate the simultaneous equations 
da | dy 
—=rb—qy, —-=py—ra, == qa—pP. 
ee ge 
Differentiate the first, substituting from the second and third, and we, 
have 


3 


a) 


ad 


da _ 

ge Pry) (q? +7") a. 
a pda-+-qdB -+rdy==0, whence gB+ ry=K—pe. Let ptg?trs ke, 
an 


4 


p pK 
“a tax pK, a=acos kt- Asin kti 


y 


Similarly, B= b cos kt+B sin kt+ : 


4 y 


. rK 
y=r cos kt+ C sin eer ) 


Here are seven constants, where from the original equations it: 
appears that three only should enter. But Patgit+ry=K, and*' 
a +B’ =l, which will be found to require the five equations 


pa+g>s+tre=0, pA+qB+rC=0, aA+bB+cC=0, 
æ -+b P= AP4+ B+ C= 1 ——. 


These five equations between seven constants leave only two con- 
stants arbitrary; whereas the complete solution of the equations would 
require three. But it must be remembered that in assuming œ? +£? 
+y'=1, we have already obtained, and given a definitive value to, one 
of the constants; since a°-+6°+ y= L will equally satisfy the diff. equ., 
L being arbitrary. 

In a similar manner, we may find o/s a’ cos kt+ A’ sin kt-+ pK’: kè, 
&c., with similar relations between the constants. This shows how to 
express g, &c. as functions of the time: but since pe+qb+ry, &c. are 
constants, being K, &c., the preceding values of dx: dt, &c., with page 
491, show us that the system does nothing but revolve about an axis 
fixed in space, making angles with the fixed axes whose cosines are pro- 
portional to K, K’, and K”. 

There are, however, some important cautions to be given connected 
with the subject of rotation. If we suppose the system always to have the 
velocities of rotation p, q, 7, about axes which are perpetually varying 
in consequence of those motions, the effect is not the same in a given 
time as if we suppose the whole rotation belonging to that time first 
communicated about one axis, then about the second as it stands after 

* Let it be particularly noted that this is a consequence of the equations them- 
selves, which give ada--6dh+ ydy=0, and therefore a” + B?-+ .?=const. 
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the first, and then about the third as it stands after the second rotation. 
For the actual motion in space depends not only on the rotation but on 
the position of the axis, and the effect of an infinite number of infinitely 
small motions, made round an axis which changes its position at the end 
of each, is not the same as it would have been if the axis had preserved 
ts position. 

Again, if a motion of rotation round a fixed axis passing through the 
yrigin be continued for an infinitely small time dt, with an angular 
velocity P, a point at the distance o from the axis will describe an arc 
vhich belongs to the circular sector $o*Pdé. The rotation may be 
esolved into three others, round the axes of z, y, and z, and the area 
ust mentioned may be projected into three others, on the planes of yz, 
sx, d ry. But the projected areas are not necessarily the areas made 
əy the resolved rotations, and must not be confounded with them.* 

I now come to another subject, namely, the consideration of those 
ntegrals depending solely on the constitution and arrangement of the 
arts of a system, which are required in the investigation of its motion, 
Let the whole system be divided by planes parallel to the coordinate 
lanes, as follows: parallel to the plane of æy, and distant from each 
ther by dz, let an infinite number of planes be drawn, and the same 
varallel to the plane of yz, distant from each other by dx, and to the 
lane of zr, distant from each other by dy. The whole system is then 
vided into an infinite number of parallelopipeds, each having the 
‘olume da dy dz. If, then, p be the density at the point (2, y, z), which 
nay be a function of v, y, and z, the mass of an clement contiguous to 
x, y, 2) is pdx dy dz, and the whole mass is f f [pdx dy dz, taken over 
he whole extent of the solid. It is usual to write odr dy dz as dm, 
hus making the common symbol of a differential of the first dimension 
tand for one of the third: in this manner f.rdm is made to denote a 
riple integration, since it stands for ff fro dr dy dz. 

If the system were to consist of a finite number of material points,+ 
laving the masses Mi, Mo, Ma, &C., and if x, Yi 2, be the coordinates of 
he first, &c., the sum m,27,+m,a,+.... or Yrm must be substituted 
or fadm in all equations connected with the motion of the system. In 
act, Sem and fadm only differ in the supposition as to the distribution 
f the system, the first becoming the second when the number of masses 
s infinitely great, each being infinitely small, and the whole forming one 
ontinuous mass. 

If we change the coordinates, an integral of the form f ff P dr dy dz 
akes the form ff fu aédydé; and it is important to show that in the 
hange from rectangular to other rectangular coordinates no other ' 
hange is requisite except substituting in P for x, y, and z their values 
1 terms of é, 7, and ¢, and changing drdydz into ddn dg. Now 
rst observe thata complete change of coordinates may be made by three 
uccessive changes, at each of which one axis remains unchanged. 


* On the subject of rotation generally thee is an excellent pamphlet by 
[| Poinsot, of which the title is © Théorie Nouvelie de la Rotation des Corps,” 
aris, Bachelier, 1834. Nothing but the press of matter more closely connected! 
ith the application of the differential calculus has prevented my inserting the: 
hole of that pamphlet in the present chapter. 

+ The material point, a common supposition of physical writers, should rather be 
a infinitely small mass of matter: though there is no mathematical impropriety 
ı supposing a point ty be endowed with the weight of a given mass, or with any 
her property, the conception of which does not depend ou that of bulk. 


ee ee 
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First, let the axes of x and y revolve round the axis of z until the plane 
of zx includes the axis of ; in which case the axis of y becomes per- 
pendicular to that of é Secondly, the axis of y retaining its new 
position, let those of z and z revolve round it until the axis of x coin- 
cides with that of €: the axes of n, 2, y, and z will then be all in the 
same plane. Thirdly, the axis of x remaining in coincidence with that 
of &, let the axis of y revolve until it coincides with that of n, in which 
case the axis of z will also coincide with that of ¢. If, then, we can show 
that the theorem is true of one of these changes, it follows that it remains 
true after any number of them. 

Now the axis of z remaining fixed, let those of and y revolve 
through an angle @, and let 2", y’, and z’ be the coordinates of the point 
whose coordinates were s, y, and z. We have then z=2’, y= a! sin 6 
+y' cos 0, x= 2! cosd—y'sin ð. If we now write fff P dr dy dz in the 
form* fdz{ ff Pdwdy}, it being remembered that dz, dy, and dz are 
independent, and return to page 394, we see that 2! and y’ stand in 
place of w and v, and that to transpose ff Pdrdy into the form 
Jf P'dx' dy’, we must substitute for œ and y their values in P, while 
for dx dy we must write 


dy dx dy dx» l SEE 
2 TO - s i) dx’ dy', or + (sin? 6+ cos? 6) da’ dy', or dx’ dy, 


taking the positive sign. Hence ff P dedy= ff P da’ dy’, and put- 
ting de’ for dz, we have ff f P’ da! dy! dz’ for the integral expressed in 
terms of the new coordinates: no other changes being required than 
those expressed in the enunciation of the theorem. The same is still 
true after the second and third changes are made, which are requisite te 
bring the axes of x, y, z into coincidence with those of ë, n, 2. | 

There is a point in every system which takes the name of the centre 
of gravity, from the remarkable preperties which it possesses in con- 
nexion with the conditions of equilibrium, when the weight or gravity of 
the system is one of the acting forces. This point possesses properties 
as remarkable in connexion with the laws of motion of the system, inso- 
much that if it were allowable to attempt to disturb any established 
term, the present would be a most legitimate occasion for the use of 
such permission, Retaining however the established phrase, I proceed 
to point out the geometrical properties of this point, by means of which 
its mechanical properties are found. | 

Let there be points, n in number, (a, Yrs 21), (Loy Y2 72), &e. Take a 
point (X, Y, Z), whose distance from each of the coordinate planes is the 
mean distance of all the 2 points from such planes, or assume 


The point thus obtamed has the property that its distance from any 
other plane whatsoever is the mean distance of the points from that 
plane. Let the new plane, whatever it may be, be taken as a new 
plane of zy, so that the distances of the points from that plane are the 


* Yor actual integration this form would be useless unless the limits of z were the 
same for all values of x and y; but it must not be forgotten that a perfect con- 
ception of the summations of infinitely small] elements, in the order which the form 
given implies, is attainable in every case, j 
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new coordinates of x. Let the point (r, y, z) be (a’, y’ 2’) in the new 
system, and let (X, Y, Z) be (X', Y, Z’). If then e=a2!+ By! + yz", 
&c., we have *=yr+y'yty"z, &., and Z'=yX +y Y +y" Z. Con- 
sequently, the mean value of 2" or l 


Va Ver 2y Yow 

ha e — | mee (ff Amd te! r a 

BY TYG HY o TON 
YY y 7 a 


The preceding supposes that the new plane passes through the origin : 
f, however, it should subsequently move, remainimg parallel tu its first 
position, no alteration would be made in the truth of the theorem, since 
zach 2’ and also Z’ would alter by the same length: so that the altered 
value of Z would still be of the mean of the altered values of 2’. 

i the plane just supposed pass through the point (X, Y, Z), we have 
Z =0, or XZ=V, or the sum of the distances of the points on one side of 
he plane is the same as that on the other. 

Now let any number k, of those points be supposed to coincide at 
Zis Yip =), also Ay at (Tos Yo, 2), Kc. Then, counting (x, y, z) as a col- 
ection of k, points, &c., the centre of mean distances (n being Sk) has 
she coordinates Ska: dk, Dhy: Dk, and Shz: Sk. 

Next, let each of these points be supposed to have the mass u: then 
it the first point is collected the mass fA, u (=m), at the second 
keu (=M), &c. Multiply the numeyators and deneminators of the 
receding coordinates by u, and we have 


x mx y =my y Amz . 
Pa ee 3 5 PEH 3 — => 
zm zm Sm 


or the coordinates of the centre of mean distance, on the supposition 
hat each point counts for a number of points proportional to the mass 
here collected. The centre of mean distance, on this hypothesis, is 
what is called the centre of gravity. If the system be one of which 
he mass is continuous, we have 


E frdm yd yan z Jaon 
: fdm : fdm fdm í 


lm standing for odv dy dz. 
There are six other integrals, of which it will be necessary to consider 
he connexion; namely, 


fxdm, fy2dm, f2dm, fyzdm, fzxdm, jeydm; 
T es. Am Ame “2m EMED; Lays 


ccording as the system is continuous or discontinuous. Of these it 
nay be shown that the theory is so intimately connected with that of the 
llipsoid, that a competent knowledge of the properties of that surface 
hould* be an indispensable preliminary to the study of dynamics. 

etts it), Ses Wy is Yrs RCs Ry ely Ne ber tee Independent 
ets of quantities, positive or negative. Let 


œ, isolated, and inelegant investigations which 
sually fill up the chapters of works on dynamics which treat of rotatory motions 
aight be almost entirely avoided, if the student were supposed to have that know- 
dge of the ellipsoid which he is supposed to bave of the ellipse before he reads on 
ne theory of gravitation. 


i cn a 


* By this I mean that the long 
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Lemma l. The three quantities AB—C”, BC—A”, CA—B®, are 
necessarily positive. The first, AB—C” or 22°. 2y’—(2zy)", 1s the 
sum of every possible variety of terms of the form ah -Yn — (LY) m+ (LY )as 
where (ry), denotes x, Yp and m and n denote numbers of subscript 
accents. When m and n are equal, these terms destroy one another; 
and all the cases in which m and 2 are unequal can be collected in 
couples of the form 


ee, Ya — (LY) mn (ry), + xs i a (ry), (LY) ins or (Ln Yn Tn a: 


Hence AB— C”? being E (2, Yn Ln Ym) is necessarily positive ; and the 
same of the other two. 
Lemma 2. The expression following is necessarily positive : 


ABC +2A‘B'C’—AA?—BB?—CC” | 


This expression is a collection of all possible terms of the form l 


C Yno FYZ) mL) ry), — Ena YZ Ya Y2p — YZ) al Z2)y — aC LY Ja LY )p 


Each term in which m, 7, and p are equal vanishes; and so do the 
terms which, when two are equal, arise from the term above with the 
same accents varied in position. Thus 


22.8 : 2 2 9 : 2 2 0 as 
Tn Yn ent CIM Yee + Ge. $05 yf + &e.=0. 


But ifm, n, and p be all different, and if the term be called 
{mnpt, and if we collect the six terms answering to the preceding 
with the order of m, n, p varied, and nothing else; that is, if we form 


mnp; +inmp}+ i apm} - impr +4 pmnt + {pnm}, 
we shall find the result to be a perfect square, namely, 


$ ~ i Pa aw ‘ 1 . ° 
cam Un Yp Bim Zn Yt Cm Yu ep Im Yn Dy + Ym Snp — Ym In A 2 


whence the expression given is the sum of squares, and is positive. 

These results are equally true it for x we write ym. æ, for v,, Jm.2', 
&e., or if A=2ona*, &e, A'=Emyz, &c. And being independent of 
the number of quantities, and of the magnitude of m, they are still true 
if A= fa dm, &C., NS fyz dm, &c. 

I now proceed to point out the method of establishing those pro- 
perties of the ellipsoid* which will be required. The coordinates being 
rectangular, let the equation of a surface be 


Ax’ + By? C2°+2A'y24 2B'za-+2Clry=M...... (1). 


Retaining the origin, change the directions of the coordinates, and, if 
possible, let a, 6, &c. be so taken that A’, B’, and C’, in the new 
equation, shali vanish. Let this new equation be K&+-K’y?+ KZ? 
=M, and let = art y+ yz, n= d'2 + &ce., C=e"r+&c. Substituting 


* For the general treatment of the surface of the second degree, in the same 
manner, the advanced student may consult a memoir on the general equation of 
surfaces of the second degree, published in the fifth volume of the Transactions of 
the Cambridge Philosophical Society. 
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hese values in the last equation, and making the result identical with 
1), we have 


A= Kæ 4 K'e” HRK”, A= K8y + Kpy + KB y” 
B=Kf?+K'8?+K"A", B= Kya th’ yc +K” y e eaae, (2). 
| CERKPERK YAK Y", C=Kaep +K «B +Rep" 
fultiply the first by «æ, the last by £, and the last but one by y, which 
ives 
Aa+C’6+ B'y= Kg, or (A— K)a+C p+ By=0. 
ind by similar processes we obtain C’e+(B—K) 64+-A’y=0 
B’at+ A’s-- (C-K) y= 


The truth of these equations will remain unaltered if we accent all 
ne four, K, a, B, y, once, or twice. Eliminate B:a@ and y: a from these 
ree equations, and there results 


A-K)(B-K)(C-K)+2A’B'C'- (A-K) A?~(B—K) B?-(C-K)C?=0, 


rth 


hile the same equation, with K’ or K” substituted for K, would 
sult from eliminating £: æ, &c. or 8” : a” from the second and third 
t Just mentioned. Hence it follows that K, K’, and K” are the roots 
the equation 


K*—(A+B+C) K°+ (BC—A?+CA—B?4+ AB—C”) K (3) 
— (ABC + 2A’B'C’—AA”— BB? —CC”)=0 | 


The roots of this equation are all possible, as will be presently proved. 
1 the mean time, we may determine a, £, &c. in terms of K, K’, and 


“, as follows. The equations ac’ +A’ +yy'=0, ax" + BB" -+ yy =0 
iow us that «, B, and y are in the proportion of f’y"—y'B", ya” — ay", 
d Bp — p'a”. But &+A?+y'=1, and the sum of the squares of 
e last quantities will be found to be 


(a> HB? Hy (a? + B+ y?)—(da"4+ B B + yy" )*, or l. 


ence « is either Ey —yE” or yR”—B'y’, &c. It does not signify 
hich we now assume, as our present investigations will only contain 
juares or products of these quantities. By help of these theorems, 
e may obtain from (2), by actual calculation, the following equations, 


BC - A°=h’K"o? + Kh’ Ko? 4 KK'e” 
B+C=(K'4+K") æ +(K"+K) 2? +(K 4K) &” 
BC —AA=K'K"By + R’K EY + KK’ By” 
—A’=(K’+K") By + (K"+K) 8y +(K+B) By’; 
aich, with @@+e?+e¢7=1, By+h'y+f"y’=0, give 
, BC-—A?—(B+C)K+K°? BC —AA'+ AK 
=e Ko an ye) 


(KM —K')(K—hk") ” 


: ė , e 2 rv 19 
which «° and f’y' may be found by interchanging K and K, and « 
d B’y" by interchanging K and K”. By similar equations may also 
| found 


„_ CA—B?—(CHA) K+K? — _ C'A'—BB'+B'K 
PERRO A ARRA 
2K 


a — 
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_AB--C®—(A+B)K+K? | __ A'B'—CCO'+CK 
(KKK). 2 RRR) 


from which 8”, &c. may be found by similar interchanges. 

One of the roots of (3) must be possible, let it be K, and if it can be 
let K/ and K” be impossible; that is, of the forms X+ u /(—1) an 
A—p(—1). Then it will be found that æ is possible, while o’ and « 
are of the forms just written; whence @‘¢” is the sum of two square: 
It may be similarly proved that 8'8” and yy” are each the sum of tw 
squares: whence œa” +p'B"-+y'y” is the sum of six squares. But: 
is =0, which contradicts what has just followed necessarily from tw 
of the roots being impossible. Hence this last is not true, or all th 
roots are possible. | 

If, in (3), A+&c., BC—&c., and ABC+&c. be all positive, th 
three roots are obviously positive; and this, M being positive, shows th 
original equation to belong to an ellipsoid, since it can be reduced t 
K+ K%7?+K"2=M. Here M:K, M: K’, and M: K” arethe square 
of the semiaxes, which can be found from (3): and their position ca. 
be ascertained from the equations last given. . 

Let there now be a given system, continuous or discontinuous, so thi 
fx dm, &c., or Ema’, &c. are quantities, the value of which is dete: 
mined as soon as the position of the axes is given. Let A= fx dm, &c 
A’= fyz dm, &c., and let M=1. Let X, Y, and Z be the coordinate 
of any point in a surface determined by the following equation, 


fatdm. X?+ Jy dm. Y?+ f2dm.242fyzdm.YZ 
+2ferdm.ZX+2frydm.XY=1. 
Now with reference to any one fixed point of the surface jur 
described, the integration being made over the whole of the system fror 


which fe dm, &c. are obtained, we may treat X, Y, and Z as constant 
and the preceding obviously becomes 


f (@X +yY+2Zy dm=1. 


Q 


The surface must be by an ellipsoid, for A, B, C, are positive, whenc 
A+B+C is so, and the lemmas in page 496 establish that BC—A 
+&c. and ABC +2A’B’C’—&c. are positive. Let R and r be the di 
tances of the points (X, Y, Z) and (2, y, z) from the origin, and let 0 t 
the angle made by R and r: also let (Re), &c., (r£), &c. be the angle 
made by R and 7 with the axis of x, &c. We have then x=rcos (rz 
&e., X=RKReos Rr, &c., whence | 


tX+yY¥+2Z=rkR {cos (r£). cos (Rr) + &c.}=rR cos 0; 
whence fr R? cos? 6 dm=1, or R? i cos’ 0dm=1. 


This new integral f T” cos*0 dm is the sum of all the elements of th: 
mass, each multiplied by the square of rcos 6, the projection of its dis 
tance from the origin upon the line on which R is measured. If th. 
line were a new axis of x, this would be the new value of f x? dm, if 
were a new axis of y or z, it would be the new value of f y? dm ¢ 
f z’dm. And the equation f (r cos 0)? dm= R= expresses the follow 
mg remarkable theorem. If any system be given, and also a poll 
through which axes are drawn, and if any one axis whatsoever be calle 
the axis of p, (meaning of x, y, or z, as the case may be,) there mu: 
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lways exist, in a fixed position with respect to that system, an ellipsoid, 
hich has the property that fp? dm=R-*, R being the radius vector of 
ie ellipsoid drawn from the origin to the surface upon the line p. And 
1e magnitude and position of this ellipsoid, the latter with respect to 
iven axes, depends solely upon the values of the six integrals A, B, C, 
fyb Ce 

If in the equation f2°dm.X?+&c.=1 we substitute X=aX!'+alY’ 
-2'Z', ¥Y=BX'+&c., &c., we shall find that it is reduced to 


fia (ad! +a Y+" Z) +y (BX'+ &c.)+2 CX P&P =I, 
: f (art byt yz) dm.X?+ f (dree) dm. V+ &c., &.=1. 


Let x, y’, 2’ be the coordinates of the point (2, y,z) in the new 
stem: we have then t =ar+ By+yz, &c. Hence the last equation is 


fr? dm.X?-+ fy? dm. Y?+ &e.=1; 


‘the equation of the ellipsoid contains integrals of the same form in the 
me manner, whatever axes may be taken. 

The integrals fe dm, &c. are not so much used as others derived from 
em, which are called moments of inertia. By the moment of inertia 
any system with respect to an axis is meant fọ°dm, where p is the 
rpendicular distance of the element dm from that axis. If R be the 
dius vector of the ellipsoid measured on the axis, and r and 6 as before, 
2 have p*=7* sin? 6=r* — 7° cos’ 0, and f o dm= f 7 dm—R™>. Now 
r'dm is a given quantity, depending on the system only and the 
int chosen through which to draw axes, since the distance of a point 
ym the origin is independent of the position of the axes of coordinates. 
ence the moment of rotation with respect to any axis can be readily 
termined from the ellipsoid. 

It is obvious that if R be, for instance, on the axis of x, we have 
=y' +2" and f po dm= f (y?-+-2°) dm. Ifwe had started with the 
uations 


f (+2) dm.X?+ &e.+&c.—2 f yz dm. YZ—&c.—&c.=1, 
> should by the same reasoning have found 
f { (2Y —yX)+ (yZ—2:Y} + (2X — 12%} dm=1; 


d the same substitutions as before would have given f R?7*sin’@dm=1 
f dm=R~. It might also have been shown that in this case we 
ve an ellipsoid, having its principal axes in the same directions as 
se of the former one. But the first ellipsoid is more conveniently 
rived, and equally useful in the exposition of results.* I shail in 
ure call the first of the two the momental ellipsoid, as being that by 
‘ans of which we prefer to deduce the properties of moments of 
ttia, though the name would apply more directly to the second, if it 
re employed for the same purpose. . 

Let the axes in which the principal diameters of the momental ellip- 
d lie be called the principal axes. Let a, b, and c be the principal 


‘ The second ellipsoid may be geometrically deduced from the first by the follow- 

theorem. If there be two surfaces in which the sum of the reciprocals of 
squares of the radii drawn from a given point in the same direction 1s constant, 
if either be an ellipsoid, having its centre in the given point, the other is the 
ie, 


2K2 


500 DIFFERENTIAL AND INTEGRAL CALCULUS. 


semidiameters, whence, the principal axes being the axes of coordinate: 
we have for the equation, 

2 y. 7? . p | 
T —= 1, which, compared with fx? dm. X°+&e.=1, ', 


c? 


= 


| 


°C 


gives fyzdm=0, fzxdm=0, frydm=0. The disappearance of thes 
integrals, at the origin chosen, can only take place for this one set \ 
(rectangular) axes, since there is no other for which the equation of th 
ellipsoid assumes the preceding form. 
Let a be the greatest of the semiaxes, b the mean, and c the leas 
The moments of inertia for the three axes are fr dm—a~, [r dm — b- 
12 dm—c~, of which the first is the greatest, and the last the least, fc 
r? dm—R~ increases with R. And the axes of greatest and lea: 
moment of all those which pass through a given point are the princip: 
axes on which the greatest and least semiaxes of the ellipsoid a 
found. 
Let a new axis make with the principal axes angles œ, 8, and 
Then, R being the radius of the ellipsoid on this axis, and fr’dm being ( 


9 2 2 
cos a@ _cos'B | cos y l , 
a p? 4- TE =R? G (cos? g + cos’ 8 + cos? y)=G : 


and calling M,, Ma, M., and Mr the moments of the principal axes ar 
of the new axis, we have, by subtracting the first from the second, 


Mr =M, cos’ æ+ M, cos? 8 +M, cos’ y, 


which may easily be verified from M, = [(y*+2°)dm, &c. 

The locus of axes of equal moment passing through a given point is 
cone whose vertex is the given point, and whose generating lines pa” 
through the intersection of the ellipsoid with a sphere of which the give 
point is the centre, and the radius of which depends upon the value 
the moment common toall the axes. Ifthe momental ellipsoid be one | 
revolution, all axes equally inclined to the axis of revolution hav 
equal moments: if it be a sphere, all axes whatsoever have the san’ 
moments. 

Let us now consider the moments of two axes parallel to one anothe 
Let axes of a’, y’, z be taken parallel to those of a, y, z, having the 
origin in the point (g, h, k). Then r=a'+g, y=y +h, z=z + 
and we have 


f (a? +7’) dm= f +y) dm+2¢ fa'dm+ 2h fydm+ (gt? +h’) fan 
If (x, y’, z') be the centre of gravity, this is reduced to 
S @+y) dm= f (a? +y”) dmt (e41) fdm. 


Now the first integral is the moment of rotation about the axis of 
(which may stand for any axis;) the second is that about an ax 
parallel to it passing through the centre of gravity: and g?°+ A? is tl 
square of the distance between the two axes. Hence, of all axes parall 
to one another, that which passes through the centre of gravity has tl 
least moment, that of an axis distant from it by p, having a mome) 
greater by p° M, where M is the whole mass of the system. 7 

Having seen that every motion of a system is, for any one instan 
compounded of one motion of translation and one of rotation, it becom¢ 
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xpedient to ascertain in what manner the efficiency of a pressure is to 
e estimated, in causing one or the other species of motion. The former 
as been already done, (page 476,) and it appears that a pressure which 
nay be represented by a weight W acting upon a mass whicl 
pee. are ea ae 
> teet. S1¢ i atter, let there be a system 
hich, if it move at all, can only revolve about a fixed axis passing 
rough O, and perpendicular to the plane of the paper. Any pressure 
pplied to a point of this system is wholly ineffective in producing rota- 
on, if applied parallel to the axis, or in a line passing through the axis, 
foreover, if the point of application of the pressure be altered by a 
mple revolution about the axis, the line of direction of the pressure 
evolving also, no alteration is produced in the effect of the pressure. 
At the point A, distant by OA from the axis, let 
> the force AP=P be apphed perpendicularly to 
OA, and let OA=a. No difference in the effect 
of the force will be caused if we apply it at B 
instead of A, in the direction BP, B being any 
O JA pointin AP or AP produced. Let ZBOA=8, and 
applying P at B, decompose it into two forces, one 
P sin 8 in the direction BO, the other P cos 9 in the 
direction perpendicular to BO. Let the perpendicu- 
p lardrawn from O to the direction of a force be called 
the arm at which the force acts : then since the part 
the direction BO has no tendency to produce rotation, and since P sin 8 
id P cos 0 are together in all respects equivalent to P, we see that P 
ting at the arm @ is of the same rotatory power as P cos 0 at the arm 
B, or a:cos@. And since P x a=P cos 0 x (a : cos 8), we see that two 
rces arc of the same rotatory power when the productof the forces and 
ms are the same. The product of any force, and its arm of rotation, 
called the moment of rotation of the force. This investigation may 
rve to explain the manner in which the product just mentioned 
quires the importance which it 1s soon seen to possess in all problems 
nnected with rotation. 
The principle of virtual velocities, like all other fundamental theorems, 
s had no proof given of it in the admission of which all writers agree. 
om its universality and simplicity it may be supposed to be rather the 
pression of some axiomatic truth than the proper consequence of first 
inciples by means of a long course of regular deduction. 
I have here, however, only to suppose the truth of the principle, and 
show how to use it. In page 479, when it was proved in the case of 
igid system, we supposed every force to tend towards a point, and esti- 
ated the virtual velocity by means of the approach to or recess from 
at point, of the point to which the force is applied. This, however, 
not absolutely necessary, since if A, the point of application of a force 
in the direction AK, move to B, AC 


) belongs 


B may be considered as the part of the 

(ies motion which is in the direction of the 
oT force, as well as the differential of AK. 
a ar 


The principle may then be stated as 
lows: if any number of forces P,, Pe, &c. act upon a system, and if 
y infinitely small motion which can be given to the system (such as 
e connexion of its parts will allow) give to the points of application the 


ee 
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motions 6), 6p, &c., in the lines of direction of the forces, then if th 
system be in equilibrium, £Pcp=0, provided that dp be in ever 
case called positive or negative, according as it is in the direction of il 
force, or in the opposite direction. And conversely, if 2Pop=0 fc 
every possible small motion of the system, it must be in equilibrium. 

Let us first suppose a rigid system ; that is, one of which the distance 
any two points remains unaltered. [tis the characteristic of the motio 
of such a system, that it may always be reduced to one motion of tran: 
lation and one of rotation. Let a motion be given to the system, and | 
it amount to moving the point (X, Y, Z) to (X+òX, Y+oY, Z+06Z 
and at the same time giving a rotation ò about an axis which passt 
through (X, Y, Z), and makes angles A, u, and v with the axes. W 
have then for the motion of the point (x, y, z), asin page 481, 


dt= dX + {cos u (e<—Z)—cos v (y—Y)} dp 


òy =Y + {cos vy (@—X) —cos A (z—Z)} cP E 
dz=0Z + {cos A (y—Y) — cos u (1—X)} òp 
O > dp. ap dp . = inden 
For cp write re ee 8 òy +7 dz, aud Pòp becomes, when we put fi 
da, &c., their values ! 
d d; 
Pip=P Poxsp 2 sy4p Laz p | 
dx dy z 
dp dp 
60) a Pacis 
HoD Lm -DPE op. cosr 
7 dp d | 
He-zp Z- v—X)P OL ap. cos p 
| d d, 
slaap agn r n 
l ay axr) 


Whence, remembering that X, Y, and Z enter in the same manner i 
every term, we have, writing P,, P,, and P, for P CA ET f 
| 2P,-6X—(Y2P,—Z2P,) d¢ cos A+Ė (yP,—zP,) . òo cos 

2 (Pòp)=< + SP,.dY—(ZEP,—XZP.) eo cos p+ E(2P,—aP,) . dd cos 
+2P,.0Z2—(X2P,—Y2P,) 6¢ cosy +2 (eP,—yP,) . 6g cos 

Now in order that we may have > (Pép) =0, independently of 6? 


S J ; oN , ae No “ p ° ° . 
oY, and 04, öp cosà, òP cosu, and è cosy, which are six arbitrar 
quantities, we must obviously have 


2P,=0, 2Py=0, 2P,=0, È (yP,—zP5)=0, E(P, —xP,)=0, 
2 (aP; gP) = 0. 

If the direction of P make the angles g, 6, and y with the axes, v 
have, from page 477, P.=P cosg, P,=P cos 8, P, =P cos y, and tl 
preceding are the six well-known equations of equilibrium of a rig 
body. The full development of the meaning of these equations belong 


* Though cos a, cos, and cos» are connected by an equation, yet the multip 
cation by ò, which is arbitrary, gives three arbitrary products. 
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9 professed treatises on the subject. I shall here only give one instance 
f the manner in which conditions which restrict the motion of the 
ystem are shown to be equivalent to the introduction of other forces. 

Let oue point of the system be obliged to be always upon a point of a 
iven surface, which amounts to supposing that the surface can always 
xercise in either direction the force necessary to prevent the point from 
aving it either way. Let L=0 be the equation of the surface; whence 
vis only requisite that È (Pòp) should be =0 for such motions of the 
ystem as are consistent with 6L=0 being true of the changes of coordi- 
ates of the given point. This (page 455) is equivalent to the suppo- 
tion that for some one quantity T, which may be a function of all the 
anlables of the problem, we have ©Pcp+ToL=0, for any motion of the 
ystem, the given point being no longer restricted to move on the surface. 
or the preceding fully satisfies the condition that when dL=0, 
‘Pép=0. Let a small distance perpendicular to the given surface, 
mtained between the surface and the point whose coordinates are 
t+éx, &c., be cr; we have then (page 479) (L=/(12+L?+ 12). ôr, 
mı being dL: dx, &c., and we have 


, EPipt+TY(L2+ L2+12).3r=0. 


low this is precisely the equation which we should have, if, in addition 
i the other forces, we had a new force T./(L?+ &c.) acting perpendicu- 
rly (as pointed out by the direction of èr) to the surface, the com- 
ments in the directions of x, y, and z being TL,, TL, and TL,. 

The science of dynamics opens a wider field for the application of the 
ifferential calculus than that of statics. The first problem in it will 
e ;—given the motion of a system, that is, the curve described by every 
article, and the velocity of the particle at every point of its curve, 
‘quired the forces which will produce, and no more than produce, that 
lotion of the system,in such manner that every mass may be acted 
pon by the forces which are just sufficient to produce the motion, with- 
1t any communication to, or reception from, the other masses of the 
ystem. 

Let us consider one of the particles, at which say a mass 9 is 
lected. Let the equations of the curve which it describes be implied 
1 the expression of the three coordinates of any point in terms of a fourth 
aniable u: and let v, the velocity at any point, be known in terms of x, 
„and z; that is, in terms of u. Let (x, y, 2) be the pomt of the 
arve at which the moving point is found at the end of the time ¢ 
apsed from an arbitrary epoch, (usually the commencement of the 
iotion.) The reasoning of pages 143—46 may be thus briefly con- 
2nsed, using the language of infinitesimals. Looking at the motion 
i the direction of r, we see that at the end of the time ¢+dt, the 
scissa will be v+ dw, and at the end of a further time dt, or at the end 
“t+2dt, the abscissa will be 7+ 2dxr+d’r: the increments described 
ı the successive times dé and dt, are dz and dr + d?r, and the velocities 
ce dx: dt and dx: di+d?x:dé. There is then, in the second infinitely 
nall time df, another velocity than in the first, differing by d'z: dt; 
ad if this acceleration of velocity were to take place in every di 
iroughout a second, (if seconds be the units of time,) the whole acce- 
ration in a second would be d’x:di%. Let W be the weight of m, 
removed to the earth’s surface,) then (page 476), the pressure in the 
rection of x, which is actually applied to the mass m, at the moment at 


or 


——S 
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which we are speaking, is (W : g) X (d’x: dt?). To suppose any less pres 
sure is to suppose an effect without a cause: and any greater pressure 
a cause without an eflect.* Upon proper suppositions as to the units, w 
may make m itself the representative of W : g, and m (dx : dt?) that c 
the pressure in the direction of r. This supposes us to choose units c 
mass and pressure in such manner that a unit of pressure acting durin: 
one unit of time upon a unit of mass, would produce a unit of velocity 
(page 477). If, then, more pressure were actually applied in th 
system of which m is a part, the surplus must have been removed, b 
the connexion of the parts of the system, and carried to other masses 
if less, the mass in ‘question must have received pressure from othe 
masses. And m (P: di’) is called the effective force in the direction c 
x: being that from which, and noother, the motion actually taking plac 
is produced. Similarly, m(d?y: dé) and m (d’z: dt?) are called th 
effective forces in the directions of y and z, and d’e:dé*, &c., may b 
called the effected accelerations.t 

To find these effected accelerations when the motion is fully given 
remember that v, y, and x, as well as v (which is ds: dt) are expresse 
in terms of u; let dz:du=2', &c., whence 2’, a”, y’ y", &c. are give 
functions of u. We have then (s/=,/(2+ y”+2")) 


dx dx ds = dr _ vd 
dt ds dt ds s 


dr d fde\ ds _ d (dx\ ds v (FY 
dds’ TY a du i= 4 7) 
v? (Sa apos a ov? (sv —2's's”) vw 
S aca a va 
Change «into y or z, and we have the effected accelerations in thos 
directions. Each etfected acceleration is made up of two parts, th 
separate consideration of which will be worth while. The first tern 
obviously contains that part which is necessary to the mere maintenanc 
of v at its present value ; for if v were =O, that is, if v were constant 
it would be the only term. Now if the curve were a straight line, n 
pressure would be required to maintain v at its present value, since thi 
constitution of matter gives it the power (if it be right to call it a power, 
of maintaining its velocity in a straight line. It is then, we mus 
suppose, in the maintenance of the velocity in the curve that the part o! 
the effective force which produces this acceleration is expended, whict 
would make us suspect that it must depend for its value upon the 
curvature: and this will turn out to be the case. If for s* and s's” we 
write 2° y? +2" and g'z” + yyt zz”, we find for the three effected 
accelerations, (so far as they are now considered, ) 


v (zy, — yz) wrz zr) v(y'x,—vy,) 


eee eum o D 


3 3 


* The student must not take these words as a reason, but only as reminding 
him of a reason already proved by experiment, the results of which are enunciated 
in pages 475, &e. i 

ț It is usual to call md*x:dt? the moving force, and d?a: dt? the accelerating 
force. The word force, when used to signify both the pressure which produces 


acceleration, and the acceleration itself, has always been a stumbling-block to 
beginners. 
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row ro . . 7 i 
where r, =y z" — zy, &c., as in page 409. Now (page 410) if &, n, 
and č be the coordinates of the centre of curvature, and o the radius, we 
have 
13 


s7 (2Y, ao yz,) 


Cap Ne A — A \? aes : 
-r= — 5 SNC Cy Sn) (Ot) FA Se as 
a “ +y, + Z, i V(r ty tz *) 
, ! s w 
© whence zy, —y z, =— (—2), &c., and the effected accelerations here 
0)” 
f 3 
' considered are 
o P 
» 2 


5 y? Y . 
(5a); EA OS mes 
p p 


, which being proportional to €—a, &c. have a resultant in the direction 
of the radius of curvature, the value of which being the square root of 
the sums of the squares of the preceding, is v’:9. Hence the pressure 
mv? : p, directed towards the centre of curvature, is all that is necessary 
to the maintenance of uniform velocity in a curve: and is that force 
which is required to oppose the tendency of matter to maintain its 
velocity in a straight line. 

If we now look at the remaining parts of the effected accelerations, 
we see 

CULES; Toy ts, CO Te, 
proportional to a’, y’, 3 whence the pressure that is required to pro- 
duce them is in the direction of the tangent of the curve, and is the 
square root of the sum of the squares of the preceding, or VU is 
Now 
ds ds dv dv du ds _ tv 


=), — Sees a ee 

dé’ d@ dt duds dt” S` 

i Whence m (d?s:dl) is the effective pressure which produces the 

' requisite alteration in the velocity, depending upon the function which 

| the arc is of the time according to precisely the same law as if the arc 
were a straight line: the first considered force providing (if we may so 
speak) all that is necessary on account of the curvature. 

| If the system consist only of a single point P, at which the mass m 1s 
collected, the impressed pressures are altogether, effective in producing 
motion, since there is no other mass in connexion with the one to which 
they are applied. If, then, A, B, and C be the pressures applied in the 
direction of x, 7, and z, the accelerations produced m these several 
directions will be A:m, B:m, C:m, which, being wholly effective, 
we have (calling the latter X, Y, and Z) 


Cx d’y dz 
— = A SS Ja EA = Z e. o»oos oo’ l ) 
dt? > dë dl’ (1) 


three equations between T, ¥, 3, and ¢, from which, if they can be 
integrated, x, y, and = may be found in terms of t. This integration 
will introduce six constants, and so many are necessary to the complete 
determination of the problem. For one starting point must be given, 
and the three velocities at that point in the direction of the three axes: 
that is, at une given time, ©, y, =, dr: dt, dy: dt, and dz: dt must be 
known. The six constants are then expended in giving the required 
< values to these quantities for a given value of £ 


a 


K 
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The preceding equations give (v being the velocity) 


dx? dy? dz? 
Sees (oa h A ia Xd dy +-Zdz) ; 
ae a(g m ATA 


the first side of which is integrable, without reference to the depend- 
ence of v, y, and z on é. If, then, Xdx+Ydy+Zdz be integrable, 
(say =d. p (r, y, 2)), we can determine the velocity without knowing 
anything of the manner in which a, &c. are functions of t: and we have 


vi— V2=2¢ (x, y, 2) — 2 (a, b, C). oosa. (2); 


it being supposed known that at the point (a, b,c) the velocity is V. 
Hence it appears that, when Xde + Ydy-+ Zdz is integrable per se, and 
the velocity at the starting point is given, the velocity at any other point 
is a function of the initial and terminal coordinates only, and of the 
initial velocity, and does not depend at all upon the manner in which the 
point moves from one to the other, - But this is not necessarily the case 
when the preceding function is not integrable. 

If we substitute in (1) the values of d'r : dt’, &c. from page 504, we 
have three equations of the form 


vs? a” + ys (v's’— v8") ee =X, &e...... (3); 


and if these be multiplied by z,, Y, and z,, and added together, the result 
is (since s'r, +&c.=0, vx, + &c.=0, as in page 409) 


Xn + Yy, +Zz,=0.....-(4); 


whicn is one of the equations of the point’s path. Again, if we remem- 
her that the equation of the resultant of X, Y, and Zis (f£—wx):X 
=(n—y): Y=(6—2z): Z, and that the equation of the osculating plane 
is (€—v) x, +&c.=0, we may see that the preceding equation expresses 
the following theorem :—the resultant of all the forces at any point lies 
in the osculating plane of the curve at that point. Hence, since the 
osculating plane always passes through the tangent, we see that at 
every point of the motion, the osculating plane passes through the 
tangent, and the resultant of the forces acting at that point.” 

If Xdx+&c. be integrable, so that (2) can be obtained, 2” can be 
expressed as a function of v, y, and z, so that any two of the equations 
(3) will be two equations of the path of the curve. Four constants will 
be introduced in the integration ; a fifth, V, has already entered, and the 
sixth will appear in finding ¢ from df=ds:v. But if Xdxr+-&c. be not 
integrable, we must, from any two of the equations (3) find v? and vv’; 
then since the second is half the diff. co. of the first, we equate the value 
of 2vv to the diff. co. of the value of vè. This gives an equation of the 
third degree of differentiation ; and the last, and (4), are two equations 
to the path of the curve. Their integration introduces five constants ; 
and the sixth is found in integrating dt=ds: v. 

It thus appears that the elimination of ¢ between the three equations 


* Hence, if a point move upon a surface unacted on by any forces except the 
reaction of the surface, which is normal to it, the osculating plane must always pass 
through the normal of the surface. Consequently (page 442) the curve in which 
the point passes from one point to another is the shortest line which can be drawn 
on the surface between those two points, 
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(1) is always possible: but there are very few cases in which we can 
completely integrate the resulting dif. equ. I now show the process 
by which the equations most convenient for astronomical purposes are 
obtained. 

Let r and @ be the polar coordinates in the plane of ay of the pro- 
jection of (x, y, =) on that plane, and let v be the reciprocal of r. We 
have then x =r cos 0, y=rsm 0. Let the forces X and Y, which act in 
the plane of xy, be each decomposed into two, one directed towards the 
axis of z, and the second perpendicular to the first. If these forces be 
P aud T, we have (P and T being supposed positive when their effect is 
to increase 7 and 0) 


l dx ay 
P=X cos 0+ Ysind=- | r—- ` 
Y| cosG-+ Ysin : ar w) 
r X 9, 2 
; Y Ga l d'y ax 
d T= Y cos 90— Xsind=— | ty]; 
d?r de 
Page 345, equ. 20) P=——-—7 — 
aia i ) dë | de 


dt Cdt ldt) dt C at 
Let 7°d0 : di=H, then dH :dt=Tr and the preceding give 
HdH=T7° do, or H=h?+2f Tr do; 


h being the value of H at the commencement of the integral. Also 
d0 : dil =H : r= Hu’. 


(do. equ. 11) pel nan da ait ( 2 T) 


dr o l du 1 dé du du 
dt w dt «u? dt’ do do 
dro Ëu dð dH du Hey? Ëu T du 
de de dt dt’ da "d u d 
dr dë m ( du T du 
“e e e a a 
dt "dt oo de ! v) u dö 
P T du 
2 2 or 19 
or Tei a a ay (u): 
dé 


a diff. equation which is here exhibited in a useful form for approxima- 
tion when Tis small. Take the third of the equations (1), and let ø be 
the tangent of the angle which the line joining (2, y, z) withthe origin 
makes with its projection on the plane of ry; whence z=ro=o: 2. 
We have then 


dz l do dð s du wa ( do du 


— z=z— — sO — zll ote — oe — 
dt u dO dt u? dö dt dd do, 


dz daH do du Tha we wg tt \— | 
de de ae ae) a ee aa A 


a — 
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is patie E O E o p CU 
whence D227 To Oe Tot H u qg oe u JE 
2 , Tu T du y 27,3. P.e 
From (2), H“ u 7102 +- aT as H*w—P; 
d? d 
whence Hw eS o)4PotT pnt 
Po—Z T do 
do u’ t do 


or = Ce SO) (o). 
uk (x4 2 I 2 d) 
i u? 


If (u) and (c) can be integrated, exactly or approximately, we have 


ne means of determining two equations between z, y, and z from the 
L 


expressions of u and o in terms of 0: since u=(4 y) 7, tan0 =y: a, 
oaz (x? y%)7?. The path is thus determined, and the time at which 
the moving point is at (x, y, =) is found by integrating 


dé ea dé 
Hu? wJ/(W?+2f Tudo) cee 


Absolute velocities are rarely required for any astronomical purpose, 
and angular velocities supply their places. And d9: dt is Hi, while | 


ds do dé do 

— =—,— = H —. 

dt d0 dt dé 
All that precedes, excepting only the equation (2), page 506, is equally 
true, whether Xdr-+ Ydy-+ Zdz be an exact differential independently of 
relation between z, y, and z, or not. But in all problems of physics, 
the former is the case; and the consequence is that a great degree of 
simplification is introduced into the details of operation as far as regards 
the mode of expressing decompositions of the acting forces. The follow- 
ing investigations will show in what manner. 

Let Q be the function of x, y, and z, of which Xdx+ Ydy+ Zdz 1s the 
differential. Hence (dQ: dx being written Q,, &c.) we have Q,=X, 
Q,=Y,Q,=Z. Let a new set of axes be taken, such that r= ør + By 
+y2,y=ar+&c. &., and let R, the resultant of X, Y, and Z, make 
with the axes angles whose cosines are (æ), (a), and («”). Then the 
cosine of the angle made by R and sis (a«)-a+ (a) æ + (æ) „œ, which 
multiplied by R gives aX-+a Y+a’Z, which is the component of R in 
the direction of s. But 


pt (£). 


LIQ de „dQ dy dQ dz dQ 
de dx! dy dæ! dz dz ~~ dx” 


whence, if in Q be substituted for z, &c., their values in terms of a’, &c., 
and if the resulting functions of 2’, &c. be differentiated with respect to 
a’, the diff. co. Q, is the component of R in the direction of 2: and 
similarly of the other coordinates. And if (a, y, 2) change to (x+ dz, 
y+dy, z+ dz), the resulting differential dQ is the moment of the force 
R which is used in the principle of virtual velocities. 

Next, let rcos@ and rsin@ be substituted for x and y, r being the 


Xg + Ya + Zia 


APPLICATION TO MECHANICS. 509 


projected radius vector, and 6 the angle it makes with v. We have 
then 


dQ dQ dr dQ dy 
ie ea a aa N sin 8 
dr drv dr ‘ dy dr Q, cos 0+Q, sin 
dQ _ dQ dr dQ Uag 

dð ~ dx d0 dy do yt—-QLY. 


It will be found that if R be decomposed into three forces, one 
parallel to z, one perpendicular to z passing through the axis, and one 
perpendicular to the two former, (the Z, P, and T of the preceding 
problem) ; Q, 1s the second, and Q, the moment of the third to turn the 
system about the axis of z, or Tr. But if at the same time we put 
o:u for z, cos@:u for x, and sin@:u for y, we have 


dQ dQ dx dQ dy dQ dz 


du dx’ du dy du dz du 
cos dQ sin6 dQ çc dQ{ aa uw w? 
T  @ de wœ dy dz 


sin 0 cos T ] 7, 
Q=- Q. FU == =—, Qe=Q,— = 


u ul ul u u` 


P o T ] 
Hence aoe. Q-Q., Ta TA L=UQs ; 


u 


which, substituted in the equations (u), (e), and (¢), give 


Q Zut) Q 


— 


G +2 [>Q do) u? 
u 
l9 
dt= Le i Ht 
+2 


pee eee = , 
u? WAG —Q, do) 
u 


These are the equations used by Laplace in his theory of the moon: 
the function Q will be hereafter noticed. . 

I now come to the equations connected with the motion of a system. 
If the connexion of the parts of a system were given, with the curve 
described by each* of its points, together with the velocity at each point 
of each curve, and the time at which the system is in some one position, 
the whole motion would be completely given: and the accelerations 
actually taking place at each point, at any one moment of time, being 
calculated asin page 504, the pressures simply sufficient to produce such 


* The equations of the curves of three of its points would be sufficient if the 
system were rigid. 


ee 
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accelerations on the masses supposed to be collected at the different 
points might also be calculated. Thus what are called the effective 
forces might be found. But the forces impressed at the moment in 
question may be very different from the effective forces: for if to the 
latter we add any number of mutually destroying forces, which will pro- 
duce no effect, the combination of these with the effective forces may 
produce an infinite number of systems of forces, which being only the 
effective forces combined with other of no effect, may be the forces 
actually employed to produce the effect. Thus the problem, “ given the 
motion, to find the forces which produce it,” is altogether indeterminate ; 
though the following, “ given the motion, to find the forces which will 
just produce it, without any forces superfluous and mutually destructive 
of each other,” is determinate, and has been solved. It is to the inverse 
problem, “ given the forces impressed, required the motion produced,” 
that our attention is now to be turned. 

The system and the connexion of its parts being given, let the masses 
collected at A,, As, &c. be Mi, Ma &c., at which act such pressures, in 
the directions of x, y, and z, as would, if allowed to act uniformly for one 
second, produce velocities X,, Y,, Zo Xa Yo, Zə &c. in the several 
masses and in the three directions. Then m, is acted on by pressures 
which may be represented by m, X,, m, Yı, ™,, Zi on condition that the 
unit of pressure is in all cases that which would produce in the unit of 
mass a unit of velocity, if allowed to act uniformly for one second. The 
effected accelerations d*zx,: dt’, d'y, : dé, &c. are now unknown quan- 
tities, as are m, d’ a: diè, &c. the effective forces. This only is known, 
that the impressed forces may be resolved into 1. The effective forces. 
2. A system of forces which destroys itself, or would if applied alone 
to the system at rest not disturb the equilibrium. Any other supposition 
would lead to the result that the forces proper to produce a motion, 
being applied, do not produce that motion. For the effective forces are 
so called because, being deduced from the actual motion, they would of 
themselves produce that motion: if the remaining forces could produce 
any motion they would, so that the motion of the system would be that 
which it is, and that due to the forces just called remaining besides: 
which is absurd. Hence the impressed forces (I) may be resolved into 
the effective forces (E), and an equilibrating system (Q). 

If, then, the velocity of all the parts of the system were instantaneously 
destroyed, and at the same moment were applied systems (E^) and (Q^, 
consisting of forces severally equal and opposite to those of (E) and (Q), 
the state of rest thus arbitrarily created would continue: for (E) and 
(Q) balance (E^) and (Q), and (I) is equivalent to (E) and (Q). 
Hence (I) balances (E) and (Q): of which (Q^ balances itself, so that 
(I) balances (E): or, a system of forces composed of the impressed 
forces, and the effective forces with all their directions diametrically 
changed, must be in equilibrium. This is known by the name of 
D’ Alembert’s principle, and reduces every problem of motion to one of 
equilibrium (page 447). 

The force impressed on m, in the direction of x is m,X,, and the 
opposite of the effective furce is —m, (d*x,: dt”), and soon. Hence the 
forces applied to m, when (I) and (E) are applied are 


a x dy, d 2 
M, (x heed de ) Mı (x: — a. Mı (z, JFE i) &c. 


ti - 
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If, then, we give the system any small motion, (either the one which 
it was going to take when the velocity was destroyed, or any other 
which is consistent with the connexion of its parts,) and apply the 
principle of virtual velocities, we have, supposing that from the motion, 
whether actual or virtual,* x, becomes z, + ôt, &c., 


s {n(x ) sat + fm (T J -Y ) iy} +3 fm ~ -z) ich 


in which, for convenience, the sign of every term has been changed. In 
this, remember that d Beat, &c. are all supposed to be obtained from 
the actual motion. 

Let us now suppose the system to be rigid; the six equations deduced 
in page 502 become 


aL ek EP nak 
Em oe x)= 0, or >m qe ems &e, 
dèi 
2 (ns a -y )= (GR x )}=0, 
d? d 
or =m € a Y he 2m (rY —yX), &c. 


Let 2, Yo Zo be the coordinates of the centre of gravity, and let 
vr, Y» z, be the coordinates of (x, y, x) referred to the centre of gravity 
as an origin, and axes parallel to the former ones. We have then 


(page 495) 
Lo LMS mri; Yn SMS ly, 2.22 ie: 


ttti Y=Yo tY» sE T; 
, a dx 
The first set gives —~ ° >m== ym —, &c., whence we find 


dt?’ 
a” Lo oe d'Ys 2mY dzo _ mZ. 
de Ym’ dt? ym? de m’ 
or, the actual motion of the centre of gravity is that which a point would 


have, if all the masses were collected in it, and all the impressed nres- 
sures constantly applied to it. Again 


d’ Yı 

m(Lo+z,) (iF Te tnn TA + mor, TP 
d y Ëy 
+ mr, a Jos Md, Jr 


If these be summed, remembering which terms are common, we have, 
e ° 7 » 2 7 2 e 
writing for d hi : dË its Ea 
Se 2, 


SmY fC YN 
Ltr s(n ar) J+ ZME. Sm +2 (ma, =) 


But c=2,+2, gives Emr =x, m+ mr, and since 2mr=x, Lm, we 


Se 


* Actual, that which was about to take place; virtual, any other en we may 
require to be supposed in the application of the principle of virtual velocities. 


r 
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have Emr =0. Similarly, Emy =) and Em (dy: dt’)=0. The 
middle terms of the preceding, therefore, disappear, and if we Inter- 
change x and y, and subtract the result, we have, as before shown, an 


expression equal to 2m (1Y —yX), or 


d?a d x —— ree 
by as =e (rote) Y-yotyX), 


T ÈmY --y, 2m X-+ Dim € 


from which we get the first of the following equations, and correspond- 
ing processes give the others, 


d? dx 
J7 ak > > 
=m («, E a — j= Em (r, Y —y, X), 
c 


These are the equations which would be obtained, if the centre of 
gravity were a fixed point, so that its translation should be impossible : 
that is to say, the motion of the system about its centre of gravity is 
altogether independent of the motion of translation of that centre,* the 
forces which act being the same. 

Since any axes may be chosen, let us take, at the end of the time @, 
the system of axes of é, n, ¢, which moves with the system: but during 
each time dt, let a set of such axes remain in its position, while other 
axes move with the system, the angular velocities of rotation being p, q, 
and r. On this supposition, in page 487, we obtained 


dé : dy d 
— = —7N, ——ri— ne as Ss č eee 0 o 4 ° 
gh gah g png (A) 


In these equations we do not see dp, dq, or dr, because the motion of 
the system during the first dé is round an instantaneous axis of rotation, 
with velocities which change only by small quantities of the second 
order. But if we consider a second dé, this instantaneous axis under- 
goes an infinitely small change of position, generally speaking, and p, 
&c. become p+ dp, &c. Hence in forming d% :d?, &c., we must 
consider p, &c. as varying, as well as ë, &c. And ofall the axes which 
can pass through the given point the most convenient are the principal 
axes, for which Lmin=0, LmnG=0, Łmčř=0, using the symbol £ 
belonging to a discontinuous system. We have then 


* If the centre of the earth were suddenly to be fixed, this principle shows that 
the rotation would continue as before. But the precession of the equinoxes would 
not continue of the same magnitude, for the sun, &c. not acquiring the same posi- 
tions relatively to the earth which would have been acquired, the forces which cause 
the precession would not be the same as they would have been if the motion of 
the centre had continued, and different amounts of precession and nutation would 
te created in any given time. But if, when the centre of the earth was fixed, the 
actual motions of the heavenly bodies were altered, so that. relatively to the earth, 
they should move in the same manner as they do when the earth moves, all phe- 
nomena connected with the earth's rotation would be unaltered. This principle 
simplifies all problems connected with the motions of bodies about their centres 
of gravity, by requiring us only to consider the motion of translation so far as it 
aifects the magnitude of the impressed forces, 
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dh = dé di z dr dp 
de u Pu dt db 


5 „dr dp 

=qri +p — (p+r?) n+ E- — eh 

di cdt 
dn S i ; a (mas A a 
Fame ET =qr Èm E% + py Smt? — (PH: Son nta Smp xm ët 


: dro, 
=pq Sm ae Smi, 


Interchange ¥ and y, p and q, observing that the first two equations 
ÀA) are not then interchanged, unless p, q, and r be made to change 
ign, and we have 

J2¢ i 
oe Us E di 
Sm Ie qp 2m — 7; my? 


a) (the a EE ONE ay ad 
Èm € a —7 Ta )=e1 (2m? — Emn?) + 7 (IME Eme). 


Let Mz, Ma, M; be the moments of inertia (page 499) with respect 
o these principal axes, or 


M;=3m ti), M,=5m(2+2), M.= 3m (Etn?) ; 


md let Nz, Na, Nz be the values of Sm (EH —n 5E), &c., the impressed 
essures On the point (2, n, 2) being m2, ml, mZ, in the directions of 
he axes. We have then the first of the following equations, and the 
thers are obtained by similar processes. 


mee 


Ma4 (M; -My rp=NÑz...... (B). 


Py 


_ As the impressed forces can gencrally be made functions of, the 
hosition of the system, we may consider Nz, &c. as functions of œ, p, 
tc., or (page 482) of 0, p, and y. If we were to substitute from page 
t83 the values of p, q, and r, in terms of 0, &c., we should have here 
hree equations between 9, 6, Ww, and t, each of the second order: these 
eing integrated, the values of 8, p, and W are obtained in terms of ¢. 
ix arbitrary constants are introduced in integration ; three of which are 
pended in giving the system the initial position assigned to it by the 
onditions of the problem, and three more in giving it the initial motion 
elonging to three given initial values of p,q, and 7. Thus the problem 
f finding the motion of any system, acted on by any forces whatever, is 
educed to that of the integration of three simultaneous diff. equ.: but 
hese can seldom be completely integrated. 

It must be observed that all that precedes is both necessary and 
ufficient for the determination cf the motion of a rigid system, or one 
he position of which is given when that of three points not in the same 
ine is given: and necessary, but not sufficient, to the a of 

2L 
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the motion of any other system. For if a system be not rigid, the equi- 
librium of the counter-impressed and effective forces must still be true: 
and in applying the laws of equilibrium every virtual motion which is 
possible in a rigid system is possible in one which is not rigid, and 
other motions besides.” So that among the conditions which express that 
~Pop=O0 for every motion which a “system of variable form may take, 
must be found all those which express the same for every motion which 
the system could take without varying its form. 

The two most useful cases are the extremes; namely, a rigid system, 
in which variation of form is altogether impossible, and a system of 
separate masses, supposed to be collected in points, and wholly uncon- 
nected with each other, except by an attraction or repulsion existing 
between every pair, which either attract or repel each other with equal 
forces. If our object here were mechanical, and not mathematical, it 
would be easy to show that the first is an extreme case of the second: 
but it will now be sufficient to point out some common properties of the 
two systems. Let each of the two masses m, and mz, attract the other 
according to a law depending on 7,2, the‘ distance between the points at 
which they are supposed to be collected. Let the attraction of each on 
the other be as its mass, and let the two attractive pressures be equal. 
Then m, M rı Must represent the attractive pressure of each on the 
other, rı being that function of the distance on which the mutual 
attraction depends: for of no other function of m, and me 1s it true that 
any alteration of m, or m, would alter the function in the same propor- 
tion. ‘Now on the suppositions which make pressure=mass X accelera- 
tion (page 477), this pressure, allowed to act without alteration for one 
second upon 22, would produce the velocity m @7,,9, and upon me, the 
velocity mi, Pri: so that each mass would produce in the other, in a 
given time, a velocity altogether independent of the other mass, and 
dependent only upon its own. | 

If there be a system of such masses, each one acting on all the rest, 
and acted on by it, it is obvious that the impressed forces would be 
mutually destructive if the system were made rigid. Hence we have 
the following equations, which belong equally to the rigid system acted 
on by no forces, and to the system before us. 


dx d2 d2» 
Èm qe O =m 7450, =m de 0. 


dz Ëy dr de Py da 

a (y dt? Ee á > a(i dt? E "i Em (w dt? -y Ta- 

These equations might also be readily obtained by the formation of 
mmx, &c., Lm (ry —yX), &c., which would all be found to vanish. 
It appears from the ‘first three that the centre of gravity (To, Yor Zo) 
moves in a straight line, or is at rest: for they give d®x,:d@=20, &c., or 
r= at-+b, yordt+l, Zo =a" t+ b”, the equations of a straight line, or 
of a point, if a=0, a'=0, a"=0. To sec the meaning of the “second set 
of equations, let 7 bé the distance of (2, y, z) from eae origin, and let 7, 
be the projection of r upon the plane of zy. Let 0, be the angle made 
by this projection with the axis of 2, we have then (page 34 5) 


Cy dx d ( dy d d Ç dO, 


t -=y — =- | g y — | =— 
dt? SOP dt dt PT, dt dt 
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Substitute and integrate, and we have 
Ses og Eee. : 
Lm ie =C; 2 (mfr d6,)==Ci+-C’, 


and similar equations for the other planes. Now 7?d0,: dé represents 
the areal velocity; that is, the area which would be swept over by 7, in 
one second, at the rate at which the radius vector is proceeding, its 
length being taken into account. And rid@,:dé is to be reckoned as 
positive or negative, according as 0, is increasing or decreasing. Hence, 
since the preceding property is independent of the origin and coor- 


dinate planes, we have the principle, which is somewhat improperly 


i - 


called that of the conservation of areas, namely, that if any point be 
taken, and a plane passing through it, and if all the radii drawn from a 
point to the different moving points of the system be projected upon this 
plane throughout the motion, the sum of the areal velocities, each taken 
with its proper sign and multiphed by the mass of the moving point to 
which it belongs, will be always of the same value. 

Let the constants above described belonging to the planes of yz, zx, 
and ry be called A, B, and C. Take a new sct of coordinates &, 7, Z, 
with the same origin, (but also fixed in space,) and let r=ai + Pn + yć, 


‘y= it&c, &c. Calculate €dy—ndé, or 


(artealytea’z)(Bde+p'dy+b"dz)—(Brt+h'yt+h"2) (ade+a'dyt+a'dz) , 
which, by common development, is 

(a! —Ba')(ady — yda) + (By'— yB')(ydz—zdy) + (ya!- ay’) (2dx-adz). 
Whence (page 482) (édn—ndé): dt is æ A+ BB+ y'C. This is the 


value of the function &. (areal vel.) for the plane of &); those for the 
planes of n% and Z& are gA+6B+yC and e/A+//B+y'C. Now by 
assuming the latter two equal to nothing, we find that A, B, and C are 
in the proportion of By'—yA', ye'—ay’, and ¢f’—Ba’, or a", B” and 
y”, whence, since ¢’?+,’?+ y/?=1, we have 


i= A as pl B Pee I) ma MEERE PE 
IEB O JOEFB F 7 SEBO 
aA +B"B+y"C =V + B+C). 
And (aA + &c.) + (e/A+&c.)? (aA + &c.)? is always = A’+B?+C? 


If, then, we take for a new axis of z the line whose equations are 
z: A=y:B=z:C, the projected areal velocities on any plane passing 
through this line, always give Lm (areal vel.)=0, and they give 
J (A®+ B?+C?) for the plane perpendicular to this line. 

To dwell upon the numerous applications of these principles which 
are requisite for the complete elucidation of their physical bearings 
would be to write a treatise on mechanics: in the preceding, we see the 
manner in which the differential calculus is applied to general problems. 
I now go on to the general treatment of the furidamental equation in 
page 511, which was reduced to a system by Lagrange. One important 
step, lately supplied by Sir W. Hamilton,* renders ‘the theoretical ex- 
pression of a large class of dynamical problems i in terms of the differential 


Calculus perfectly complete, and leaves only purely mathematical diff- 


* In a paper headed “On a general method in Dynamics,” Phil, Trans, for 1834, 
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culties, namely, those involved in the determination of one particular 
function depending upon the data of the problem. 
The equation in page 511 may be thus written : 
dx d’y ae 
dm { — òrt- dy+ — bz |= 2.m (Xdx+ Yoy+Zoz).....+(1). 
de Tae Yap eee eres are 
In all the cases which occur in practice, the second side is a complete 
differential, say OU. If the variations dr, &c. be actual, or those which 
the motion of the system is itself about to produce (page 511) so that 
òr= dx, &c., the first side becomes 


N, 


d y i 2 
3m( d 7 be. or ySmd.( + &e, } or d. (42mv°); 


v being the actual velocity of the point (r, y, z). The second side is, 
dU, whence integration gives 


s2mv= U +H, and 42m? —4 Emt =U —U,.. e.e. (2); 


v, being the value of v at the beginning of the motion, and U, the value 
of U. This equation answers to (2) in page 506. 

The expression È .mv?, the sum of the products of each mass, and the 
square of its velocity, is called the vis viva,* or living force, of the 
system. If no forces act, that is, if X=0, Y=0, &c., we have 
U—U,=0, or Smv?=Zmr?; that is, the living force of the system 
always remains the same. This is called the principle of the conserva- 
tion of living force. 

In all physical problems, the values of X, Y, Z depend entirely upon 
the positions of the particles acted upon, and not upon the time at which 
those positions are attained. Hence U isa function of coordinates only, 
and not of the time; that is, not directly, but only through coordinates :. 
the coordinates themselves are, from the nature of the question, functions : 
of the time. From this it follows that >.mv, the living force at the 
expiration of the time £ from the commencement of the motion, is a 
function of the initial living force, and of the imitial and terminal coor- 
dinates of the system. If, then, any position be given to the system, 
such as, consistently with the connexion of its parts, it can occupy, the 
living force belonging to that position can be found, whether the system 
could ever arrive there or not, under the given circumstances. Tor, the 
initial position and velocities being given, U, and 2.mmvj are given, and 
for any other assigned ‘position (possible or not) U can be calculated: 
hence Zmv? or Emw? +2 (U—U,) can be found; being the living force 
which the system must have if it pass through the assigned position: 
and there is nothing in the preceding mode of calculating 2.mv? to 
point out whether the system can pass through the assigned position or 
not. Consistently with preceding nomenclature, the value of 2.muv" 
belonging to any position which the system does take, might be called 
the actual living force; that belonging to any other position, the virtual 
living force. This distinction must be remembered, whether it be con- 
veyed in words assigned to the purpose or not. 

If the living force mv? of the particle whose mass is m continue 


H 


* The meaning of this function, Dv’, is of the greatest importance in a 
mechanical point of view: here, however, we have only to consider it as a pure 
result of calculation, 
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uniform during the time ¿, the product mvé is called the action of the 
particle during that time. But if v vary, then mv’dé is the action 
during the time dt; and m fv’dt, taken between any limits, is the action 
during the interval between those limits; and ¥.m f v?dt is the action of 
the whole system during the same time. 

But it is more useful to consider the action over a given portion of the 
motion, without any but indirect reference to the time. For dé write 
ds:v, ds being the element of the path of the particle m, which gives 
Z.mfvds; and this, taken between any limiting positions, is the action 
of the system in passing from one position to the other. And if we dis- 
tinguish the path which the system does describe from any other, we 
may calculate the action in either, and distinguish the actual action from 
the virtual, in the same manner as we have distinguished the actual 
living force from the virtual. 

Let us now suppose the initial position of the system to be altered, 
and also the initial velocities, in the manner pursued in the calculus of 
variations. Let the final positions be altered in a similar manner, and 
let the intermediate path be varied, so that 2.mfvrds is altered by 
ò2.mfrds, or Z.méfvds. For each particle, éfvds is f(cv.ds+rdés), 
which, ds being vdt, and ds. dòs being dx déx+ &c., gives 


Make the integration by parts, take the integrated part between the 
limits, and, 2’, &c. being dx: dt, &c., let v^, &c. be the initial values of 
v, &c. Hence 


ofrds=a'dx + yoy + 202—2"', Ox, ~ y dy m 2,62; 
+ {(vdv— a! dx — y" Sy—2!02z) dt. 


Multiply by m, perform the same operations for every other particle, 
add the results, and observe that equation (2) gives 


Emvròv=Emv ðv, +dU—6U, ; whence 
L.méfvds=z.m (dat ydy +z èr) — E.m (aoa, t+ yey 2/1021) 
+ f{Imv,ev,—6U, +U — En (eda yy +z" dz) § dt. 


In the integral part the last two terms vanish by equation (1), and the 
‘preceding pair being independent of ż, we find that 8. Èm fvds is com- 
pletely integrated, as follows,* 


Ox .mfrvds=Z.m (sòrt &e.)—Z.m (aðr + &e.) 
+(2.mv,6v,—dU,).é......(3). 


One case of this equation has been long known; namely, that in 
which the virtual path of the system (or that supposed to be made by 
the variation) begins and ends in the same positions as the actual path, 


l 


* This equation was first noticed by Sir W. Hamilton, (in the paper cited,) who 
proposes to call the relation which it enunciates the /aw of varying action. He also 
calls Smfuds the characteristic function of the motion, and U the force-function. He 
has also altered the phrase “ principle of deas¢ action” into the more correct one 
“principle of stationary action :” and has used the English term “ living force” 
instead of the Latin “vis viva,” 
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the initial velocities being the same in both. This gives 6r==0, &c., 
62,220, &c., 6v,=0, &c., whence 6U,=0, and every term on the second | 
side disappears. Hence Oo. ÈN f vds=0, and this, which may indicate | 
that the real action between any two positions of the real path is a maxi- 
mum or minimum, was assumed always to indicate such a conclusion; an _ 
error* of generalization perfectly similar to those already considered in | 
pages 458, &c. Hence the result was called the principle of least 
action; a maximum being apparently impossible from the nature of the 
question. The true statement is, that if a path be made between two 
positions, varying infinitely little from the real path, and beginning and 
ending with the given positions, the variation of 2m feds will be an 
infinitely small quantity of a higher order than the variations of the 
coordinates. i 
The object of this chapter being to show the student how to gene- 
ralize those notions with which the study of elementary problems is pre- 
sumed to have made him familiar, I proceed to the general treatment of 
the fundamental equation (1). Let there be n distinct particles, having 
the masses Mi, Ma.. eM, and let the points at which the particles are 
at the end of the time £ from some fixed epoch be (4, Yn “1)-.-- 
(£a Yn Zn). And since the repetition of the same functions of x, y, and 
z`is unnecessary, let © stand for summation with respect to coordinates 
as well as masses: thus Emx means m, (m +Y, +2) + Me (tat Yot 22) 
+&c. The equation (1) then becomes 2m (2''—X) 640, which is. 
to be true, not fer every value of each ox, necessarily, but for every set 
of values which is consistent with the mutual connection of the parts of 
the system. Suppose, for instance, that m, is attached to a surface on 
which it moves freely, but which it cannot leave: let L=0 be the 
equation of this surface, whence L=O must be true of 2, Yi and zi, and 
L,, ôx + Ly, òy + La 5%,=0 must be true of ÒT, 6y,, and dz,.. Hence. 
dr, and dy, are arbitrary, if we please, provided dz, be made to depend 
upon them in the manner preceding. Substitute in (1) for 62, its value, ; 
and there will remain 32—1 variations of coordinates; and if for z, be’ 
substituted its value from L=0, there will be 3u—-1 coordinates remain- 
ing. If the coefficient of each variation be then made to vanish, we 
have 3n—1 diff. equ., each of the second order, to be mtegrated. If 
there had been p conditions, L,=0, L,=0....L,2=0, we might in the 
same way have eliminated p variations, leaving 3n—p distinct and 
arbitrary variations in the equation (1), and as many distinct coordinates 
in the coefficients. Hence, making each coefficient vanish, we have 
3n—p diff. equ. between 3n—p coordinates and ¢, by means of which, 
when integration is possible, these coordinates can be expressed in terms 


* The assumption that A is a maximum or minimum when dA=0 has occasioned 
many errors, and the greatest writers have their full share of them. Among other, 
things, it is frequently stated that a system acted on by gravity only, is never in 
equilibrium except when the centre of gravity is highest or lowest. This is not 
correct; it being sufficient to make any position one of equilibrium, that the ten- 
dency of the centre of gravity should be to move horizontally, or that the tangent of 
its path should þe horizontal. Thus a system of which the centre of gravity 
describes a curve which has a cusp or point of contrary flexure with a horizontal 
tangent, has a corresponding position of equilibrium. With regard to the point on 
which this note is written, it must be noted that in most, if not all, of the cases 
which actually occur, the value of the: integral between two positions of the system is 
really less, for the actual path, than for any other, 
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of ¿: and the same can be done with the remaining p coordinates,* by 
means of the p conditions, L,=0, L,=0, &c. 

If, however, we prefer the process described in pages 455, 456, we 
must alter the equation (1) into 


Ym (e"—X) dv+P, dL, +P, dly-+....-+P,dL,220....(4), 


which contains 3n arbitrary variations, and 32n-+p quantities to be deter- 
mined, namely, the 37 coordinates, and P,, P,....P,. The elimination 
of the p last-named quantities (the diff. co. of which do not occur) 
between the 37 equations leaves 3n —p diff. equ., from which, with the 
p conditions, L,=0, &c., the 3n coordinates can be determined in terms 
oft. In whichever way we take it, a system of n particles, moving 
under given forces, and subject to p conditions, leads to 83n—p diff. equ. 
of the second order, which introduce 2 (3n—p) arbitrary constants in 
integration. ‘The manner in which these constants are found for any 
particular case is as follows: since there are p conditions between 37 
coordinates, only 3n — p of them are independent; this number of them 
may, at the commencement of the motion, be made to have given values, 
and made to begin with given first diff. co. - 

It happens, however, for the most part, that the coordinates by means 
of which the fundamental equations are most readily expressed, are not 
those which it is desirable to use in the resulting equations. There must 
be 3n—p independent quantities; and it may be desirable that all the 
3n coordinates, or any functions of them, should be expressed in terms 
of 3n—p quantities, which may be either simple coordinates, or any 
other magnitudes determining positions. Of these it will be only neces- 
sary to specify one, say é: so that when we say that x, &c. are functions 
of., &c., it is meant that each of the 3n quantities x, Yis Ziy Cay Yos 225 
&c. is a function of one or more (it may be all) of the 3n—p quantities 
Su Éz &c. The following theorem will now be necessary. 

Let the function f(a, y, &., 2’, y’, &e., a”, y”, &c.), 2’, x”, &c. being 
diff. co. of x with respect to t, &c. be changed into œ (é, n, &c., &, 7, &c., 
E”, n”, &c.), by substituting for each of ~, y, &c. its value in terms of 
É, n, &c. Let dff.dé and 6f@.dt be found by the main process of the 
calculus of variations, between corresponding limits: that is to say, if 
r=w (E, &c.), and we find fodi from €=€, to =é, we then take 
ff-dt between v-=2z," and =r, x, being =4 (&, &c.), and 2, being 
y (č &c.). Let the results be L+/P .dt, and A+ {TI dt, abbrevia- 
tions of the results corresponding to those in page 450. Then the 
theorem in question is that L=A and P=TII, subject to the relations 
between «q, &, &c. That is to say, P would become identically =H if 
W (S, &c.), were substituted for a, &c. 

It is certain that L+ fPdt=A+ fide ort f(P—T) di=A—L: 
the second side of this last, as far as variations are concerned, depends 
only on limiting values, while the first side also depends on the manner 
in which dz, o£, &c. are connected with ¢, a, & &c. between the limits. 
Consequently, the value at the limits, and therefore, the second side, 
remaining of one value, the value of the first can be altered ad hbilum. 


* It is necessary that the p conditions should contain more than p coordinates: 
for otherwise they would either be contradictory, or else sufficient to determine 
some coordinates absolutely, without reference to the rest. 

+ In these equations suppose for a, &c. their values in terms of 2, &e to be sub- 
stituted: they must then become identically true. 


~ 
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The equation last written, then, cannot be true if P—IT and L—A 
have any values: but it must be true; therefore A=L and P=U. 
Let the function to which this is to be applied be 


1 2 a ees J: s 
T=4m, (+y Tpi Hm, (xat yat) +&c.= Eim”, 


© denoting summation both with respect to coordinates and particles. 
In page 449, if p=}my”, we have, using the notation there explained, 
X=0, Y=0, Y =m’, Y, =0, &c., whence the indeterminate part of 
fpdz is f (O—(my')’) wdz, where w= oy —y'dxr. To adapt this to the 
present case, we must write x for y and ¿ for æ, and (since £ 1s not 
varied, or 5¢==0) dx for we The preceding then becomes f (—mz"òx)dt, 
and by applying the same reasoning to every term of Zmz”, we find 
that the indeterminate integral part of òf 4m2". dé is — f Ema" òx .dt, 
or f Pdt. But if we now consider x, &c. as functions of ë, &c., then 2”, 
&e. will become functiens of £, &c. and &’, &c.; so that the indeterminate 
integral part of fX4mz2".dé will consist of as many parts as there are 
quantities in the set €, &c. Let 24ma"=T, after the substitutions; 
we have then for the indeterminate integral part 


“(/dT d aA ey ( dT d a) 0 l 
ben e À Al —- —— — Ò o. oo dt, 8 Ide. 
| ($e dt ee "Ades di di set á J 


2 


Equating P and M, 


See 


Paes ee es 
ae ead (5, ler ~ de )° 


The equation (1) then becomes, after substitution in U, 


E EE 
N 


dt dé dé dé 


If, then, we suppose &, &, &c. to be independent of each other, we have 
the equations 


d dt aT daU d dv dT aU : 
ran “yep oe, eee oT — == 3 are Jer eo St — -z =0, Kersen (0) 5 
dt dé, dé dé, dt dé’, dés dé. 


as many in number as there are independent coordinates. 

For example, let there be one particle, moving freely, acted on by 
forces X, Y, and Z in the directions of the three coordinates. Jet the 
mass be unity, and let Xér-+ Yoy+ Zdz=0U. Let the transformatior 
required be as follows: z remaining the same, a and y are to be ex: 
pressed in terms of r and @, as in page 507; we have then t=rcos@ 
y=rsin 0; d -+d + dz? =dr +4 r° d+ dz’; whence 


T=} (1° +y? +z} (r? 47° 924z’) 


dT _ dT dT dT dT dT 
—— ar! — 70”, er O —— = 0, —— ee’, — 
dy’ "dr do’ dg da He j 
l lU AT 

Os da . COS pi .sin@=X cos 0+ Y sin 0 

dr dx dy 
dU l . lU Í . 

—— = ae rsin 6+ ag cos 0=r (Y cos 0—X sin 0). 

dé dx dy 


+ 
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These last results were P and rT in page 507. The final equations are 
(dr’: dt being 7”, &c., and T having the meaning of page 507,) 


r'—r0?—P=0, (7°0)'—Tr=0, z"—Z=0, 
as in page 507. 


This method of deducing the equations (5) and (6) is the second of 
those given by Lagrange, and is the most general mode of treating the 
question. The following, the first of the two, is more simple in prin- 
ciple, as avoiding the formal calculus of variations. 

It readily appears that 


d 
x" ort yty + L (L'òrt yòy + 2'dz) — LÒ (x? Hy? +2”), 


If the transformation into terms of, say £, y, &c. give dv=Adé+ Bdy 
+&c., &., we have d'= Ai +BY + &c., and r= AdE+ Boy + &c. 
Again, since x'dx+ &c. is symmetrical with respect to dx and dx, &c., 
the equivalent of this function must take the form 


EtG (Piy t yo) +H your + &.=P, 


and changing 6 into d, and dividing by 2dt, we change a’Sv-+&c., int 
4 (v7”+&c.) This last then is 


SPE" + GE y+ SHY? 4+ &.=Q. 
If we now form òQ and P’, we shall have 
LF E74 Fi5e' + GEOL + Gw'dd + 6G. ey’ 4+ 30H WY? + &e.=6Q 
(FE OE + ESE! + (GE) Ou + GEO! + (Gw')'cé + God’ 4+ &e. =P". 
The first subtracted from the second gives o'r +y" y+ z" òz = 
(FEN 'SE— ZF. E24 (GEN Sy — SG. Ew! GUV 0E—30H we? + &e, ; 


in which F, G, &c. being functions of č, &c., and not of &, &c., it 
follows that dé, &c. do not appear in oF, &c. Now the last result 
may be obtained from òQ, as appears from observation 1. By changing 
the sign of every term of 5Q in which ò precedes unaccented letters. 2. 
By obliterating the accent wherever ò precedes an accented letter, and 

differentiating all the rest of the term with respect to ¢, or accenting it. 

l Thus in $Q we see 36F.£?, and in P'— èQ we see —$0F.2”; in the 
former we see Fé/6é’, and (Fé)’0é in the latter. But 


d l l 
E E 


Mia —~, dus’ + &c. ; 
eo ga a age 


a 
i — 
uN —— 


make the changes just mentioned, and we have 


re the =f 2 #2 E E wey - &e. 
Pitkos dé as dé dy! dys on 


Multiply both sides by m, repeat the process for every term of T, and 
add the results, which shows that (5) follows from (1). 

It is thus shown that the expressions T and U, transformed into 
terms of any coordinates, may be immediately made to give those 
equations of motion of a system which depend upon the coordinates 


ee a 


522 DIFFERENTIAL AND INTEGRAL CALCULUS, 


used. This completes the theory of the mathematical expression of 
dynamical conditions; and the complete solution of every problem is 
reduced to that of diff. equ. of the second order. But it can also be 
shown* that the determination of È.m fvds from the beginning of the 
motion through any time ¢, in terms of the initial and final coordinates 
and of H, the initial value of T—U, leads to a complete solution of the 
equations. 

Let £, &c. be the independent coordinates, n in number, in terms of 
which a, &c. can be expressed. Let subscript units denote initial 
values, as before ; let 2m (a/Sx+&c.) be changed into È. m (Pò + &c.), 
and let 2 .m fvds be called V. The equation (3), page ,517 then 
becomes 

V= E.m (PSE+-&e.)—Z.m (Pig, 4 &e.) HI, 
In which each of P, &c. is a known function of €, &c, and &, &c., the 
relations between aw, &c. and é, &c. being known. If then V be given 
or determined in terms of é, &c., &, &c., and H, we have the equations 


: : l dop z do à dd 
at C Tr Cc TT a ee a ena G | enw ) > OENES e 


where dd: dé, &c., and dp: dH are given functions of é, &c., &, &e., 
and H, as obtained by differentiation. ‘The two values of òV must be 
identical, and we thus have 


d d ; 
n equations of each of the forms “P mP, a —mP,...(Aand A,), 
5 61 l 
d 
one equation more a enc B). 


Now we are to remember that © contains the initial values of £, &c., 
but not of &’, &c.; it has also been supposed that x, &c. can be expressed 
in terms of é, &c., without the initial values of &, &c.; which is but 
saying that the dependence of the coordinates on each other is wholly 
independent of time and velocity. Hence neither (A) nor (B) contain 
the initial values of &’, &c.; and if between these n-+1 equations we 
eliminate H, and remember that (B) introduces ¢, we have n equations 
between č, &c., č’, &c., and £, containing n constants č, &c.; which are n 
first integrals of the equations of motion. But if we eliminate H 
between (A,) and (B), remembering that the equations (A,) do not 
contain é’, &c., we get n equations between é, &c. and ¢, containing 21 
arbitrary constants ,, &c. and éh, &c. Hence each of é, &c. may he ex- 
pressed in terms of ¢ and constants, or the problem is completely solved ; 
the solution of a dynamical question being the expression of everything 
which varies with the time, in terms of the time and of constants depend- 
ing on initial position. Consequently the solution of the problem of the 
motion of a system under given forces is reduced to differentiation and 
elimination, as soon as V, or 2.m f vds, or what has been called the 
action of the system, is expressed in terms of initial coordinates, variable 
coordinates, and the initial value of the living force.t 

From what precedes it appears that the integration of simultancous 


* This is the step made by Sir W. Hamilton, alluded to in page 515. 
+ Since H=T,— U, and U, is a function of Z', &c., any function of %, &e., 21, &e., 
and II, is also a function of %, &c., p &c., and Tu 
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diff. equ. of the second order is the sole difficulty which we meet with in 
the solution of dynamical problems of which the data are known with 
accuracy. In many most interesting questions, the absolute solution of 
the equations has not been attained, and approximation must be had 
recourse to: fortunately it happens that most of the problems connected 
with the theory of the solar system have circumstances connected with 
them which facilitate approximation to the required integrations. The 
theory of this process has been generalized and methodized by Lagrange, 
and it is now my object to present the peculiar manner in which the 
resources of the differential calculus are apphed to the approximate 
development of the alterations which must be made in a solution, in 
consequence of certain minute alterations in the data of the question. 

l The principles on which we are to proceed have been already laid down 
in a particular case (page 155). As in page 189, œ (a,c), a function 
of x and c, may be changed into any function of æ and C, by substituting 
instead of c the proper function of x and C. If, then, y= (x, c) be 
the solution of any one diff. equ. (A), it may be changed by substitution 
into that of any other, (B). Itis always open to us, then, to solve (B) 
by investigating what substitution for one of the constants in the solu- 
tion of (A ) will give that of (B): and, in certain cases, as in page 155, 
this is the most direct road to a complete solution; in others, to an 
approximate solution. 

For instance, let there be a couple of simultaneous diff. equ. of the 
second order, U,=0, U,=0, between v, y, and ¢. In the complete 
solution four arbitrary constants enter, say a, b, c, e; let the complete 
solution be væg (t, a, b,c,e), y=w (t,a,5,c,e). Let there be two 
other equations, U;=Q,, U,=Q,, U, and U, being the same as before, 
and Q, and Q, functions which are always small in value. If a,b, c, and 
e be made variable, we may, by taking proper values of them in terms of 
tand other constants (say their initial values) make a=@ (¢, a, &c.) and 
y= (t, a, &c.) become the solutions of U, =Q, and U,=Q,. Moreover, 
since the suppositions Q, =0, Q,==0 destroy the variable parts of a, &c., 
we may predict that a, &c. will vary slowly when Q, and Q, are small. 
That is, if A, &c. be the initial values of a, &e., and if 


a= A +e (t, A, B, &.), b=-B+86 (46A, B, &c.), &., 


the functions a, 8, &c. will vary slowly in comparison with £4 This 
circumstance is the main point of the approximation. | 

The object of investigation is now, ibe manner in which a, &c. must 
be made to depend upon ¿and initial values, in order that x = ġ (4 a, &c.), 
y= p (t,a,&c.), which satisfy U,=0, U,=0, when a, &e. are con- 
stant, may satisfy U,=Q,, U:= 9, when a, &c. are variable. From 


r= (t, a, &c.) we find 
de dp dp da dọ db | dp de 


— 


dp de 
det dt ‘da dt db dt ‘de dt de dé’ 


from which we might find dæ: dt?; and similarly we might find dy: dé 
and d?y:dt2. In these expressions da: dé, Pa: dl’, &c. are unknown, 
and dp: dt, db: da, &c. are known functions of ¢, a, &c., since U, =0 
and U,==0 are supposed to have been completely solved. Substitute 
the values of æ and y and their diff. co. in U, =Q, and U= Q, and we 
shall thus have fwo equations between four undetermined functions 
a, b, c, e and. the first two diff. co. of each. So far then it might seem 


Fe ee Oaa 
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as if we had made no progress, having merely converted a pair of 
simultaneous equations of the second order into another pair of the same 
kind. But since in the new pair we have four undetermined functions, 
with only two conditions to satisfy, we can choose any two others which 
may be most convenient: and thus we can reduce the question to the 
solution of four simultaneous equations of the first order. Let the 
additional conditions which we are at liberty to imtroduce be that the 
parts of dx: dé and dy: dé which arise from supposing a, &c. to vary, 
shall vanish by themselves. This gives 


dy da dy db 


aaa a Ci 


d dx d dy dẹ , nae 
“i oF =" and “a == in which it must be ob- 
served that since in do : dt and dw: dé, t varies without a, &c., the forms of 
dx:dt and dy:dt are precisely what they were in the solutions of 


U,=0 and U,=0. Again 


dc Pp Po da a db | @p de d'h € de 
de “de 'dtda dt ' didb'dt dtdc'dt ° dtde dt 


, dæ 
reducing T and 


with a similar equation for d'y: dè. Here d'ġ:d?, Ph: dtda, &c. 
are known functions, so that on substituting values of v and y and of their 
diff. co. in U, =Q, and U,=Q,, we have, with the equations marked 
(A), four equations between a, &c., their first diff. co., and ¢. It 1s also 
to be noted that if any other variable be more convenient than £, the 
same process may still be applied. 

In language borrowed from the planetary theory, to which this method 
was first applied, U;=0 and U,=0 are called the undisturbed equations, 
U, =, and U,=Q, the disturbed equations, and Q, and Q, the disturb- 
ing functions. Thus the results above obtained may be enuntiated by 
saying that the disturbed equations may be solved so as to allow both 
the coordinates and their first diff. co. to retain their undisturbed forms, 
provided that the elements (as the quantities a, .&c. are called) which 
are constant in the solution of the undisturbed equations, vary in that of 
the disturbed equations in such manner as to satisfy the four simulta- 
ieous diff. equ. above deduced. 

The preceding process is equalty a preparation for exact solution 
(when possible) or for approximation: in the latter the method of 
successive substitution alluded to in page 223 must be employed. I 
shall first give a simple example of this method, and then, after giving 
an example of the application of the whole method of variation of 
elements, shall proceed to Lagrange’s generalization of this method. 


2 
Let 


d'u 
equation (pages 155, 210) is w=C cos (/(1—p).0+ E), C and E being 


gp TYM, u being a small quantity. The solution of this 
arbitrary constants. But 


0 0 
VA—=p).04E=0+E- 7 Kg pe eve <éth—V, 


V being (4u+4e2+....)0. Again 
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Qe 


2 
C cos (0+ E— V)=C cos (0+E)(1—++ es .). 


4 T3 
+C sin (0+E) A — y we.) 


Expand the powers of V in powers of u, and we shall have 
u=Ccos(0+E)+3C ésin @+E).p+Apy?+Bu'+ ke. ; 


A, B, &c. being functions of 0, C, and E. Suppose™ now that we 
could not find the complete solution of the given equation, but that we 
knew it can be developed in a series of powers of u. Suppose also that 
we can integrate it completely when ~=0. Perform this last process, 
which gives u=C cos (9+E). If we substitute this value of u in the 
term uu on the second side of the equation, we leave out of u terms having 
H, H’, &c., or out of uu terms having p’, pè, &c. We can therefore 
make no error in terms of the first order by so doing. But (page 155) 
du 


gg t MKC cos (0+E) gives u=C'cos (0+ E) +u Csin 0 {cos 0 . cos 


(0+E) d9 — u C cos 0 f sin 0 cos (0 + E) dé =C’ cos (0 E) +} w C cos 
(0+ E)+45pCOsin (0+ E); where C'and E’ are new constants: but as 
two, C and E, have already been introduced, and no more are allowable, 
we must examine this result further. Taking the result 


u==C’ cos (0+ E') +4 pC cos (0+E)+3 CO sin (04E), 


which absolutely satisfies the equation whose second side is u C cos (0+ E), 
we have 
du : r ; ; 
18 +u — pu= p C cos (0-+-E)—p C cos (04E) 
—4 we C cos (6+ E —t we C 8 sin (0+ E). 


if then E=E', and if C be cither equal to C’, or differ from it by a 
quantity of the first order, so that uC—puC” is of the second order, the 
second side of the preceding is entirely of the second order, or the given 
equation is satisfied as far as terms of the first order inclusive. If 
C—C'=} uC, the preceding value of u becomes precisely the first two 
terms of the real value, as found by the exact solution. If we substitute 
this value of u, exact to terms of the first order, in pu, the error will be 
of the third order, and repeating the process of solution upon the 
equation 

du 

do? 


we shall get a result which is exact to terms of the second order inclu- 
sive. We may then repeat the process with the new value of v, and so 
on. It appears, however, that we must, at the end of every process, 
know independently how to determine the values of the new constants. 
Let the undisturbed state of a system be as’ follows: a particle of 
matter is attracted towards a fixed point by a force which varies inversely 
as the square of the distance from that point. Let the disturbance be a 


+u=C cos (0+E) +3? C9 sin (04E) 


* These are the conditions under which equations usually present themselves in 
our present subject, 
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small additional force directed towards the same centre. If it were not 
for this disturbing force, and if the particle were in the first instance 
projected in any direction except directly to or from the centre of 
attraction, it would describe a conic section. It is required to apply 
the preceding principles to the determination of its actual motion. 

It might easily be shown* that the particle must always move in the 
plane which contains its first direction of motion and the attracting 
centre; let the coordinates be taken in that plane, and let w be the 
reciprocal of the distance of the particle from the centre of attraction at 
the end of the time £ from the beginning of the motion, and let pu’ +I 
be the acceleration; belonging to the attraction at the distance 7, where, 
u being constant, pu” varies inversely as r?°, and II is the acceleration 
arising from the small disturbing force. Returning to page 507, we 
have here a particular case of the problem there proposed, in which 
T=0, P= — (uu? +I), since the force is supposed to be directed 
towards the centre, o=0, z=0, since the moving particle is always in 
the plane of zy. The equations of motion become then 


2. 
H=A, oe uy £ n on 


! a ee ee — i. Ô 
de” he Pu” hu?’ 
and («), page 508, is satisfied identically. The second of these equations 
can be integrated when M=0, and gives 3 


w= +B cos (8—f) ; 


B and £ being arbitrary constants introduced in integration, and depend- 
ing upon the initial position and velocity of the particle. Again, since 
rdo:diazh, the constant h is determined by the initial value of 
rdo:dt. The equation last obtained is that of a conic section, the 
centre of attraction being the focus; and if we suppose it to be an 
ellipse, of which a is the semiaxis major, and e the eccentricity, we 
have , 


i 1 e EH 


—— — ee 
— es 


h? ~a(l—ey a —e’) h®? 


and £ is the value of @ when the particle is at its least distance from the 
focus. We are nowt to apply these results to the integration of the 
disturbed equation i 


d'u jå II 
mt ua 
do” hè hu? 


f \ 
s.e. oo(II)3 


the disturbing function being H: 4 w”. 
The integral of the undisturbed equation being 


* This might be shown directly from the theorem relative to the osculating plane 
in page 506, 

+ Meaning, that if the attraction, such as it is at the distance r, were to act 
without alteration upon the particle during one second, at the beginning of which it 
was at rest, it would at the end of that second be moving at the rate of uu?+T per 
second. 

t The greater part of the preceding paragraph is a recapitulation of results with 
which the student is supposed to be familiar from the ordinary elements of analyti- 
cal dynamics which he is presumed to have read, 
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yor a cos (0—ß)...... (u); 


h 


in which e and £ are constants, let e and 8 now be such functions of 6 
as will make the preceding satisfy the disturbed equation. We have 
then 


du eye, p Ce. Ci, dp 
— = —— sin (0— — cos (0— 8) — +- sin (0—8) — ; 

dé |? U= AN li =n) ug oe) do’ 
in which, there being two new indeterminate functions e and £, with 
only one condition to be satisfied by them, we may (page 524) create 
another condition by supposing the part of dw:d0 which arises from 
the variation of e and £, to vanish by itself. This gives 


de dp du Cu. 
- eee = aes oe ee H — 
cos (0-8). Jot e sin (9— $) To 0, 70 ip sin (O — £) 
Pu Che } ae de ei df 
= —pb)— -— — p )— — C 0— pb) —. 
dQ? hr? E B) he eran) do i h? Coss BR) do) 
A ep PE. H oi PTa 
For Ja COS (90 — L) write mea whence (II) gives 


de dp H 
— sin (@—8) 70 --ecos (@—6) To = ; 


which, with the condition previously created, gives 


de 
dO 


If TI be a known function of u and 0, substitution of the value of v 
from (w) in the preceding will give two equations between e, A, and 0, 
from which, if by integration e and £ can be determined in terms of 0, 
the substitution of e and 8 in (u) will give an equation between u and 6 
which is that of the path of the particle. The equation (u) 1s that of a 
conic section when e and £ are constant; that is to say, pairs of values 
of u and @ which satisfy the equation are all coordinates of points in the 
same conic section. And even if e and £ should be functions of 0, it is 
still true that every point of the curve is a point of a conic section deter- 
mined by (w), though two different points are not on the same conic 
section: thus, if e=@ and S==6?, the equation w=1 +0 cos (0 —6°) 1s not 
that of a conic section ; but if @=aand u=b satisfy it, the point (a, b) is 
one of the points of the conic section whose equation is u= l +a cos 
(0—a’). We may then say that the path of the particle is such as 
would be traced out by a point moving on a conic section, which conic 
section itself changes its dimensions, varying its eccentricity and the 
place of its vertex in the manner indicated by the functions which e and 
B are of 0, and its semiaxis major in the manner indicated by a (1 —e’) 
= 

It is only in this sense that planets and satellites can be said to move 
in ellipses about their primaries; that is to say, the ellipse must be con- 
sidered as coutinually varying its form and position, At any one 
moment it is called the instantaneous ellipse. 

The advantage of this supposition will be more clearly scen by a com- 


Ii. Il 
= —— sin (0—8), e— =— cos (0— £). 
pu pu 


ET 
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cor 


parison with a more simple case. When a point moves in a curve, we 
talk of the different directions of its motion, as if it could at each moment 
be said to be moving in a straight line. The straight line chosen is the 
tangent of the curve, in which, however, the point can never be said to 


move, unless this tangent move also, and vary its point of contact with ¢ 


the curve. Any other line passing through the particle might be chosen, 
and the particle might be said to move on that line, if the line itself be 


also supposed to change its position. The geometrical advantage of y 


choosing the tangent in preference to any other line is shown in 


page 136: the mechanical advantage lies in this, that the tangent at 


any point is the line in which the particle would continue to move, if 
all the forces were instantaneously withdrawn when the particle reaches 


that point. This amounts to considering the tangent as the line of. 
undisturbed motion, and all the forces as disturbing forces:* and the 


tangent might be called the instantaneous straight line. 

In the preceding problem we have a similar geometrical and me- 
chanical advantage which arises from the introduction of the mstan- 
taneous ellipse. Since first diff. co. are the same in both the ellipse 
and the curve, the former is always a tangent to the latter, and since 
velocities depend only on first diff. co., the actual velocity possessed by the 
particle at any one point of its path is exactly that which it would have if it 
had come to that point in revolving round the instantaneous ellipse. If 
at the point we speak of, the disturbing forces were instantly removed, 
the particle would continue its course, not in the disturbed orbit, but in 
the instantaneous ellipse, allowed to remain as it was at the moment 
when the disturbing forces were removed. The mathematical advantages 
of this use of the instantaneous ellipse are increased by the circumstance 
of the disturbing forces being always small, the consequence of which is 
that the elements of the instantaneous ellipse vary very slowly, so that 
the supposition of the orbits of planets and satellites being absolute 
ellipses is not far from the truth. 

To take a particular case of the example last discussed, let the dis- 
turbing force vary as the inverse cube of the distance, and let the whole 
force be — (uu? -Hku?). We have then 

I ku k 

we = a cos (0—£)}=l4{1+e cos (0 - 8)} ; 
k: h being called 2. Let it also be supposed that J is less than unity. 
The path of the particle, on these suppositions, can easily be determined 
by direct integration; for which purpose I have chosen it as an 
exercise in the method of the variation of elements. Let 0A—S=¢; we 
have then l 


* Let Y and X be the accelerations in the directions of y and a, so that s”=X, 
y!=Y. The integrals of the undisturbed equations a”=0, y”=0 are y=at+b, 
y==Ai+B, from which / being eliminated, we have the equation of a straight line. 
Treat this by the general method in page 524, and we find for the diff. equ. of the 
disturbed motion, 


di+U=0, AN+B/=0, d=X, ATHY; 


X and Y being each a given function of af+4 and A#+B. If these four equations 
can be integrated, we find how a, A, b, and B, the elements of the straight line of 
undisturbed motion, must vary, in order that w=at+b, y=At-+B may be the 
equations of the line of disturbed motion, or of the line to what the straight line of 
undisturbed motion is always tangent. 
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de __ l - dp \ _ 
n lsm @ (1+e cos ø), (1B) =teos$ (1 ecosg). 


Eliminate d9, which gives 


de —lesind(l+ecos h) i 
do ~e—Leos p (1-Fe cos)’ or ede=l (l -+e cos p) d.e cos QP; 


whence e=. (14+ecos¢)?+L. Let ecos p=z, whence 


de f gr e de ee 
74/15} (1+2), TE D N e 


dz dz 
= NIL (12—22 z AlS ee 
= dO vi TE) t j V(i+L+ 2lz —(1-1) 2y 


2 (1— z—21 
V{4P+ (LED — 1} Pese 287). 


For /{4?+4(L4+1) (l—2)!, which, L being arbitrary, is merely 
an arbitrary constant, write 2M (1—2), which gives 


6/(1—)+C=cos 


se — +M Cos {9/(1--1)+C}. 


In u or (p: h?)(1 +2) write the value Just obtained for x, and for Z 
put back its value Æ: 2, which gives 


= thy +E cos | ae 
rs cos ar/( a) +0 À 


or the equation of the particle’s path. This may be easily obtained by 
ommon methods from the substitution of kuë for H in (I), page 528, 
ind integration.* 

When w has been found in terms of 0, the time of describing any 
ingle is found by integrating df=d0:hu*. It is also to be noticed that 
n the preceding example we might express the infinitely small variations 
f the elements in terms of dt, by substitution. Thus 


) 
ME Hsin (0—£), e a a g cos (0 — p), a SNU 
di p dt p dt 
3 a system of three equations, the integration of which will give 0, e, P, 
nd thence v, in terms of ¢. 

From page 518 I have been endeavouring to give notions preliminary 
) the introduction of the method of Lagrange for the variation of 
lements, to which I now proceed, taking up the subject from the deter- 
nation of the equations (6) in page 520? . 

To avoid indices let b, W, p, &c. be the independent coordinates, 


* This is the problem of the ninth section of the Principia. The result is that 
te path described is that obtained by making the particle revolve n a given ellipse 
hile that ellipse revolves about the focus with an angular velocity which always 
"ars a given ratio to the angular velocity of the particle in the ellipse. It may be 
arth while to remind the readers of the Principia, that the ellipse of the ninth 
ction is not the instantaneous ellipse of the orbit. 
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instead of £,, &, &c., and let T+U=Z. Remember that T is a function 
both of coordinates and their diff. co., while U is a function of coor- 
dinates only. Hence Z and T have the same diff. co. with respect to 
i, uw’, &c., whence the equations (6) become 


d dZ dZ_,. d dZ _dZ_ 
dt dë! dé” dt’ dy dy 


When we integrate these equations, we express £, y, &c. each in 
terms of ¢ and a number of arbitrary constants (elements, as they are 
frequently called) a, b,c, &c. twice as many in number as there are 
equations. Now Z and its diff. co. are all known functions of &, &, &c., 
and only unknown in the same sense as, and so long as, é, &’, &c. are un- 
known in terms of t. If, after the integration, we substitute for é, 2, 
&c., their (now) known values, then dZ:di, &c. and dZ: dé, &e. 
become known, the first can be explicitly differentiated with respect to, 
t, and the preceding equations then become identically true, and in- 
dependently of the values of the elements a, b, &c. If, then, these 
elements be changed into a+ Aa, b+ Ad, &c., the equations still remain 
true, and if we denote by Ag, Aé’, A(dZ: dé), &c. the changes which 
take place in consequence of the variations of these elements, we have 


d dZ dZ d / ,dZ dZ 
= =< a Ta = — |—A —_= 
dt ( dé! = dé P dt G dy j a dus oye 


If other variations be made, by which a, b, &c. are changed into 
a+da, b+ 6b, &c., equations of the same form may be made by changing 
A into ò Multiply the -equations by Ag, Ay, &c., and the A-equa- 
tions by dé, ‘dy, &c., subtract the second results from the first, and 
add all the results together, which gives . 


d {.dZ d dZ dZ A 
aa aee ean La A, ese ee 
sfa (355) GS (a 5) Aea EHDA E f=0; 
> referring to aggregation of the same functions of different coordinates. 
Now , 
af.aLy a dZ dë . aZ 
f—-( 0-—— |=— | Ab.0 = J—A a0 aa 
a dt (3 dé ) dt ( hee P) p dt i d” w 


Form similar results by interchanging A and ò, and substitute, which 
gives 


d dZ dZ\) 
Š is (a. "E de) 


dZ „n AZ o dL a sam : 

z fat. g tA a faza A r =O 
which, for a moment, we call S,—S,+8, If Aa, &c., da, &c. be 
infinitely small variations, each of the terms is of the second order ; bu! 
it may be shown that in —S,+S, all the terms of the second orde 
vanish, leaving, as a differential equation, S,=0. To show this 
observe that (using our abbreviated notation for partial differentiation, 
we have, Z; and Zy, Z, and Zy, &c., being each a function of every om 
of the sets £, Y, &e., é, Y, &c., 


~ 
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OL, = Lye 08 + Ly Oe &c. + Lig ÒE! -4 Ley OY +&e. 
OZ, = Zy 0E+Z,, dw + &e, + Ly ðt +Zyy OW +&e. &e. 
Ly = Liye ÒE + Lo òy + & 0. + Le dk! + Ley OYs' + &e, 
Ly = Ly db + ZO + &e. + Zyydk! + Lyyo'+&e. &e. 
Hence S, is entirely composed of terms of the followin g forms: 


Zee AEE, Zu (AW SEL AE RW), Zy (AE DWH AW ae"), 

in fact, Sẹ is made by putting together all such functions of single 
coordinates as are shown in the first and last of the preceding terms, 
and all such functions of every combination of two coordinates as are 
shown in the intermediate terms. But in no one of these terms would 
any change be made by using ô for A, and A for 0; now S, is converted 
into S; by this change; whence S,—= Ss; or S=0. But S, is a diff. co. 
‘with respect to ¢; the quantity differentiated is therefore independent of 
t, or 


2 (aia ik F) is independent of t. (A, ò). 


This conclusion is one which it may be worth while to verify in a 
particular case. Let there be a particle moving in a given plane, acted 
on by pressures in the directions of x and y, the accelerations of which 
are y and x. We have then 

dU=yda+ady, U=ay, T=} (+49, Z=T+U, 
dZ , aZ 


meee = ny i I igo 
Wen? ay and æ” =y, y"=x 


are the equations of motion, (a result we might have looked for) which 
give "=x, y"=y, or (page 211) 
x=As'+Be*+Ccost+Esint 
y=Ae'+ Be“—Ccost—Esiné 
Ar=AA.e'4+AB.e*+ AC. cost+AE.sin t ; òr = dA.e+ &c. 
_ r= oA.e— 3B.e“— òC .sin t+ dE. cos £ ; Av =AA.e'+ &c. 
d 
And we want Az Fe — òr A a or Ar òr —òr Ax’; form this by actual 
T X 
multiplication from the preceding, and we shall get 
Az òr’ —òr Ar’ =2 (6A AB—AA òB) -+ (AC 6E—6C AE) 
+ (dA AC—AA òC) (cos t+sin £) &+(AA ðE- AAE) (cos t-sin t) E, 
+ (ABòE - òBAE) (cos t+sin Het (A BC- BAC) (cos é-sin DE~. 
Now observe that to change z into y we have only to alter the signs of 
€ and E, which will change ‘those of AC, &c. If this be done, and the 


esult added to the preceding, we find that all the portion depending on 
‘disappears, and part of the independent portion, giving 


Ar dx! — dx Ax'+ Ay dy! — dy Ay'= 4 (A AB — AA OB) ; 


t result independent of ¢, which verifies the theorem. 
2M 2 


ee ee eR EEEE 
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This very remarkable result, which is perhaps the most characteristic 
specimen of the genius of Lagrange which could be given, is the most 
general theorem which has yet been attained in the mathematics of 
mechanics, not excepting the principle of virtual velocities, or that of 
D’Alembert ;* for while the former gives a relation between the effects of 
one virtual alteration only, this theorem of Lagrange assigns a relation 
between the effects of two distinct and independent virtual alterations. 

Returning to the equations (6)’, page 530, let us now suppose such 
disturbing forces to be introduced as add the disturbing function QO. to 
U, Q being, as shown, a function of & yw, &c., but not of Ew, &e. 
Hence dZ: dé’, &c. remain as before, but dZ: dé, &c. must be increased 
by dQ : dé, &c.; so that allowing Z to represent T+ U as in the undis- 
turbed question, the equations of the disturbed motion are found by 
writing Z+Q for Z, which gives 


d dZ dZ dQ d dZ dZ _dQ (2) 
dt’ dé dë Td’? dt dy’ dy dw 

Let us, moreover, suppose that the formule for the disturbed motion 
are to be those of the undisturbed motion, except that the arbitrary con- 
stants become functions of the time, and let o£, &c., which are variations 
arising from variations of elements only, be those variations which 
actually take place in the time dé; while Aé, &c. arise from arbitrary 
and virtual variations. The theorem of Lagrange still remains true, but 


not in the words hitherto used; for (A,3) (page 531) now becomes a | 


function of the time; but this is only through the elements which it 
contains, which were the arbitrary constants of the undisturbed motion ; 
and (A, 6) is now to be said to be not a function of the time, except 


through these elements. Moreover, as previously explained, the number 


of elements by proper determination of which we make the undisturbed 
formule represent the disturbed motion being double of the number of 


equations to be satisfied, leaves it in our power to make it a condition of 


this determination that dé, dw, &c. shall all vanish, the effect of which 
fh a sie POS 
upon (A, 6) being observed, we now see that 2 (45 à TE) is independent 


of the time, except through the elements. 

Again, if we examine the first of equations (Q), or d. Za — Z. dt 
= Q,.dt, it is plain that d. Zy must consist of two parts: first, that 
which arises from making ¢ vary where it enters explicitly ; secondly, 
that arising from making the elements (formerly arbitrary constants) 
vary so as to make the whole satisfy the disturbed equation. But the 
first is the d. Zy of the undisturbed question, and, therefore, page 530, 
equations (6)’, is equal to Z;.dt: the second must, from the hypothesis" 
above made as to the meaning of ò, be denoted by oZ,. Hence the pre-' 


* The principle of D’Alembert is perhaps rather of a metaphysical than a 
mechanical character; by which I mean that its evidence depends rather on our 
general notion of cause and effect, than on any conception particularly derived from 
the cause which we call force, or its effect, velocity, or the counteraction of effects 
called equilibrium. Assuming that a cause must produce its effect unless hindered 
by the effect of some different cause, it follows that if a set of causes A produce only" 
the effect of another set of causes B, A and B can only differ in that A contains 
besides B, a set of causes the effects of which neutralize each other: these being 
removed, all that is left of A is B. 
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ceding equation becomes 6Z,=Q,.d/, or, in common notation, and 
extending the same reasoning, we have 


dZ dQ dZ dQ 
to ——— tt, Ò e ar a ETET vlog $ e T 
dë! dE dys' dy a (1) 
dZ do dQ 
Ač Be one es = een, Ie 7 ; oe g ° 
z( 5 0 =) (5 ae Ay &e. d AQ dt; 


whence AQ.dé is a function which is independent of t, except as t 
enters through the now variable elements. Or rathery.if in the expres- 
sion > (AE ò Z,—di A Zo), which is certainly independent of t, we intro- . 
duce the conditions c€=0, ow=0, &c., we then find an equivalent to 
AQ dt, which is, therefore, independent of t. But we are* not to 
suppose that 1f we were merely to find in the most direct manner, 
and thence AQ dé, that we should produce this function in the form in 
which it is independent of ¢. The theorem may be thus stated: the 
expression AQ di— È. òt AZ, may be made independent of ¢ directly, by 
substitution in AQ of the values of Q,, &c., furnished by the equations of 
motion, (this is the reversal of the last process,) and this form, which is 
. independent of ¢, is in value an equivalent to AQ dt, if the equations 
; 0&=0, òy =0, &c. be also satisfied by the variations of the elements. 
Let «, f,’&c. be the values of &,w, &c. when i=0,and A, p, &c. 
those of Z;n Zyn &c., in the undisturbed question. These quantities, 
- twice as many in number as the coordinates, may be taken as the con- 
stants of integration; since whatever constants integration may intro- 
duce, they may be determined in terms of «, &c. and A, &c. But since 
> (AE b6Zy,—SE SZ) is independent of t, it might, in the undisturbed 
question, be determined by making ¢=0, since the value which it then 
has, it must retain. But its initial value is > (Aaw.6A—déa SA), whence, 
remembering that the value of the preceding is also AQ.dt, and, 
substituting for č, W, &c. in Q their values in terms of t, œ, A, &c., we 
have 
dt (Fat AB+&c.+ — A+ fc, J= Aah -xN tA- Se, 
da dj3 dÀ 
in which Ag, 4G, &c. are altogether indeterminate. Hence, then, 
dQ, dQ, dQ, 


do. : 

=- saa — =— dt, dp=——— dt, &c. (8 
On da dt, oa T dt, òp FT pP pa (8), 

* For example, (At+B)a—(at+0) A is independent of ¢, unless as contained in 
A,a, &c. But should it happen that at+b=0, we do not become immediately 
cognizant of this theorem by looking at (A¢+B)a, though we may deduce it either 
by using the term (at+b)A, or by eliminating ¢ from (A¢+B)a by means of 
at+b=0. Thestudent who examines the Mécanique Analytique, pp. 333—337, will 
see that Lagrange, when he has proved the equation 

AQ dt== 2 (AE. OZ — 08 AZ), 

adds “On voit que /e second membre de Péquation précédente est la même fonction 
que nous avons vu devoir étre indépendente du tems t? But he does not venture to 
add that therefore the first side is independent of ¢, and he cautiously abstains from 
any use of that first side, except by means of the second. The fact 1s, that though 
it is possible to write Q in such a form that Add? shall be independent of t, yet, 
after the present step, he does not find it necessary fo use or refer to that form: 
and it is in fact never used in practice. The difficulty arises from the particulariza- 
tion of the meaning of 3 being made a little too early in the process, which is avoided 
in the second proof of the resulting equations presently given (page 535). 


S 
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and so on. And since 6A is supposed to arise frem a change of ¢ into 
t+dt, as soon as we pass to the disturbed question and suppose a, A, 
&c. functions* of é, it is not necessary to distinguish it further from dÀ, 
a differential relative to the time. We have thus a number of simulta- 
neous differential equations sufficient, if they can be integrated, to deter- 
mine a, A, &c. in terms of ¢. Neither is it necessary that ¢ should enter 
directly in these equations; for since AQ.dt may be exhibited in a 
form which does not contain ¢, and this absolutely independently of the 
values of Aa, &c., the same thing is true if all but Aæ vanish, in 
which case AQ dt is (dQ:de) Aadt, so that (dQ:da) dt will not 
contain £, if derived from the proper form of Q. 

The equations (8) are only particular cases of a more general form, 
from which it may be advisable to derive them. In the general equa- 
tion | 

> (AE 0Z,, — òE AZ) =È (Aa dA—da Ad), 
which merely expresses that the first side, not containing ¢ directly, has 
always its initial form, substitute for Ag, &c., AZy, &e. their developed 
values, the elements, by variation of which the variation A arises, being 
a, A, &c. We have then for the first side 


dë dé (aly, dZy i" 
2 (F atr AÀ +&c. ) Ly ÒE (= Aa+ a AX + &e.) ; 


equate this to the second side, then since the equation must be true for 
all values of Aa, &c., we have a set of equations of the form 


dé dus dL dZ,, 
ONE Ò Zy- da OZy + &c. ae ° o£ de òY — &c. 
_dé ` dus AL 1 A dZy 
= da= OLa+ ax. OL y+ S&C. o£ _ ad ow—K&e, 


Without making any particular supposition as to the derivation of ò, 
repeat the process by substituting for Zy, &c., their developed forms 
in terms of Oa, OA, &c., which must make the preceding equations 
identical. The consequence is, that if p and q represent any two 
whatever of the set a, B, A, p, &c., we find 


ae 

dp dq dq’ dp / 

to be either +1, —1, or 0; +1, if p and q be œ and à, or ĝ and p, 
&c.; —l if p and q be A and a, or u and p, &c.; 0, in every other 
case. 


But if in the preceding equations we take ò to arise from the simple 
change in ¢, and make oa, &c. so that df =0, dw~=0, &c., we then find as 


* In the undisturbed question «œ, a, &c. are found by making ¢e0. But the ' 
student must not therefore imagine that ¢=0 in them when they become functions © 
of ¢. In fact the question relative to them is this: the values of «æ, &c. are certain | 
functions of the elements of the undisturbed orbits; according to what law do these - 
functions change when the undisturbed orbit varies its dimensions perpetually, in | 
such manner that a body moving in the disturbed orbit may also be always in some 
point of the undisturbed orbit? And æ. a, &c. are those functions of the elements | 
which %, Zy, &c. are when t=0, altered subsequently to this supposition by making , 
the elements take their proper forms in terms of ¢. 
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before, from considering the fundamental equations, that òZp = 
(dQ: dé) dt, &c., whence 


t 
n=(” dQ dy dQ 


dQ 
da’ dé da T tee jdt dt, &c. ; 


aN 


„and thus we verify the equations (8). 


Next, let the arbitrary constants be, not œ, A, &c., but certain functions 
of any or all of them, namely, a, b, c, &c. We have then 


da da da da dÀ da dQ da T) 


—=— ee i eea E L 
a Aaa (F da dæ dr 


2 referring to the change of @ and À, into 6 and p, y and v, &. succes- 
sively. But this is 


da (dQ da dQ db da (dQ da dQ db l; 
ziz ta de +g, t 8: | -Z(E an tay athe | ; 


? 


' by development of which, and application of the same process to ò, c, 


— e 


R 


&c., we get the following result. Let p and q be any two whatsoever of 
the set a, b,c, &c., and let 


4 dq _ dp dq, ap ay _ ap dy 


= —. — —+&c.; 
(P. 9) dN de dæ dx dp dp dB T i 


4 ap do dQ dQ 
~ eet ats b dened: fn z . 
then will w” (p,a) cP -+ (p, b) 7 +p, c) 7c + &e.; 


in which for p we may write either æ, or b, or c, &c.: it being remem- 
bered, however, that dQ: dp does not appear in dp: dt, since (p, p) =0; 
and also that (p, q)=— (q, p). 

This is the generalization of the problem of which a particular case 
occurs in page 528, and we thus see that if the undisturbed question be 
solved, and the values of & &c. in terms of ¢ and constants be substi- 
tuted in Q, we can immediately form the differential equations by which 
these constants must depend on ¢, in order to make the undisturbed 
formula represent the solution of the disturbed question. Up to this 
point we have nothing but what is common to all dynamical problems, 
and the results, though exhibited in a manner which is most practically 
useful when Q is always small in value, are yet true whatever may be the 
nature of Q. To proceed further would require that we should propose 
a specific problem, and enter into its details, which it is not either within 
the scope or limits of this work to do. I have placed the student at the 
very threshold of the most important problems of the theory of gravita- 
tion: and each of these, as he is probably aware, is matter for a 
treatise, not for a portion of a chapter. I shall conclude the present 
chapter by treating some remarkable points connected with disturbing 
functions as they actually occur. a 

The gravitation of one particle of matter towards another is inversely 
as the square of the distance between them: that is, if m and m, be the 
masses or quantities of matter in two particles whose distance 1s r, the 
particle m exerts on m, an attractive force which would, were it allowed 
to act uniformly for one second, create the velocity cmr—, c being, as in 
page 476, a constant depending on the units employed. It is usually said 
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that this force is mr7%, but that is only on the supposition that if r were 
—1, the velocity created in one second would be m, which requires that 
such a unit of mass should be taken that the number of linear units in 
the rate of velocity created by the action of m continued uniformly for 
one unit of time such as it is at the distance of a unit, should be the 
same as the number of units of mass in m. In physical problems, it is 
only necessary to compare the ratios of different masses of the same 
kind, and this renders it absolutely indifferent what units are used, 
and makes it even unnecessary that they should be assigned. But the 
student cannot safely proceed without a precise notion as to the method 
of actually determining the force of attraction in any particular case if 
required; and this is done as follows. Suppose f=cmr-* to be the 
formula, as above described. Let the unit of length be a foot, that of 
time a second, that of mass may, as we shall see, be left indeterminate. 
Suppose the earth a sphere of the mass E, and of a radius of A feet: we 
know that the action of this sphere creates in one second on a mass at its 
surface a velocity of 32°1908 feet. But a sphere acts on a particle at 
its surface precisely as it would do if all the mass were removed to the 
centre, and there collected into one particle; which in this case would 
amount to a particle of the mass E acting at the distance A. Hence 
32°1908==cEA7~2%, from which c may be obtained, and this being sub- 
stituted in the preceding, gives 


== 32°1908 —.—; 
f E 
in which the existence of the ratios m: E and A :7 renders it indifferent 
what units of mass are employed, or of distance, provided it be remem- 
bered that the velocity which the result expresses is measured in feet per 
second. 


m A? 
r2? 


If we adapt the units so that f=mr~?, and if the coordinates of the | 


particle acted on be (x, y, z), and if the force tend towards a point at the 
distance r, whose coordinates are (a, b,c), we have 7?=(«—«a)’+(y—b)? 
+ (z—c)®, and the resolved accelerations in the directions of z, y, and z 
are 

m-a—x m b-y m c—z a—x 

— , — >= ; or m——, &c.; 

~~ F co a re g p: 


the condition under which all forces are represented being that they 
shall be called positive* when their effect is to increase the coordinates of 
their directions, and the contrary. But 


d ] 
dr J{(2—a)'+ Y—b) + (2—0) } 
wa _a—x 
Tee Sa ST or aed 
whence it appears that the above forces in the directions of z, y, and z 


are the diff. co. of mr! with respect to x, y, and z. If there be 


another particle m, placed at the point (an bis c1), and if r =y ( (2 — a) 
+&c.), in a similar manner the acceleration of m, on a particle at 


ner 


> Ce: 


* In page 477, x—a, &c, are inadvertently written for a—x, &c. 
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(2,4,2) has for its components the diff. co. of m,rz! with respect to 
z,y,2. Hence, if a number of particles so act, the whole accelerations 
on a particle placed at (x,y, z) are the diff. co. of X (mr). 

Suppose, then, that a continuous mass acts upon a particle at (a, y, z). 
At the point (a,b,c) let odadbdc be the element of the mass, as in 
page 493, and let this be called dm. If, then, we compute 


= dm 
=] EOT aP 


2 {ff _ pdadbde | 
J Vila) + yb) (2 = 0)?} 


throughout the whole extent of the attracting mass, the whole attraction 
of the mass upon the particle at (x,y,z) in the dircction of x is 
(dV: dv); and similarly for y and z. 

In the function 7? or (w—a)*+&c. preceding we have 


V 


dr x—a & d.ro! l dr r—a & 
dz” r’ Cs dt To ee de Pr? es 
d.ro! l x—a dr l (x—a)? 
TS +3 —. MaM 3 MIM, Ee. 
dx? 73 r* dx r? y5 : 


Ct or ae 3 g aY + G—b) + (ece) 


—(). 
r5 


This simple result may be easily proved to be true of each of the 
terms of Xmir~', how many soever; it is, therefore, true of the integral 
V above noticed, or we have 

dV oy CV 
d& dy? dz” 


a result which we are now to express when the variables are r, 0, aud ©, 
r being now the distance of (x,y, z) from the origin, 6 being the angle 
which r makes with v, and © being the angle made by the projection of 
r on the plane of yz with y; so that r=rcos 0, y=rsin 0 cos 5, 
s=rsin@.sinw. 

Using the abbreviated notation, we have 


Na =\. r+ V, 0+ Va O, . 
Na Ne ri z5 Vas 6: + Vos wi + 2V 6 Tz 0+ 2V ocs 0, Wr AN ese Wr f: 
zg V, Tzr + V, 0t Vo Wyr ; 
and similar formule for V, and V,,; the second side proceeding on the 


supposition that each of r, 0, and @ expressed as a function of r, y, 
and z; thus 


r=; (+y + :°), cosd= 


T z 
tan 5 = —, 


VEEVETJJ y 


Now let it be observed that z becomes y if ’@ become w+ }r, and 
that z becomes x if wœ become 4m and 0 become 0+4r at the same 
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time. Hence, by determining 7,, Tz &c., we can easily deduce* 7,, 7,,, 
Try &C. s 


dr z . , dr, r 

— +—=sin@sinw, —=sné@cosw, —=co0s8 

dz r dy dx 

"T do x dr L2 dé LR cos 0 sin © 
—sin@ == -— ~=; i l l 
dz r dz r? dz fr sin@ r i 
dO cos cos © dð — smo 
whence — =—; OS 
dy r AX r 
dts l cosw dw sin © dw 
—=C0S 0. S=— Ia al 
dz y rsm dy r sind dx 
ar. dw . d0 cos*@ — cos? @sin’a 
——=sin 6 cos w —-+cos 0 sin © — = 
dz? dz dz r r 
dr  sin?® | cos? 0 cos? w dr sin’ 0 
dy r r > d r 
do — cos@sinw dr cosôcosw dw sinOdsinw dé 
dz? TŽ dz r dz T dz 
2cosOsinO@sin?w cos 0 cos? w 
E T r? sin 0 
a6 2cosAsin@cos*w cos 8 sin? © 
dy” r? r? sin 0 
d8 2 cos 0 sin 0 
= dè r? 

das cosm dr sino dw coso do 


—— = Á — — — — — —— cos — 
dz? r?sinð dz rsin®9 dz r sin? @ dz 


cosSmsinw cosmsinw cos © sin w cos’ 0 


B r? ~ sinto r? sin? 9 
do cos w sino coso sino cossin w cos? 0 
Ta eae OO Pee 
day 
da? 


Hence, > referring to summation of results of rectangular coordinates, 
(as in Er, =r, tr, +r), we obtain 
l l 


2]. 5g——. 2 l 
Zr:=1l; 26= qo 20 = te 


2r,9,=0; 20,0,=0; 20,7,=0; 
cos 0 


2 
2s 20 0: 
r r“ sin 0 


* Though this is what is here done, it is desirable that the student should 
deduce all these differentia] coefficients independently of each other. 
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Substitute these in EV n= V, „ >727+V,, 20+ &c., obtained from the 
values of V,,, &c., and we have, since >V,,=0, 
dV i l æv ] dV 2dV _ cosd dV 
dr? r? dè ` 7? sin?6 dæ? r dr 'r?sine dd’ 
Multiply by 7°, and the first and fourth terms together then make 
rd? (rV) :dr?; also let cos 90= pu, which gives 


dV - . . av dV dV deV 
= —sn 9 —: = 


E PPE E. 
d0 du’ d9? rag Ls 


Substitute, and the second and fifth terms (after multiplication by 
T?) are 


2 


dV eV dV d i dV ' 
D aeaee Į ae Q ————w —— ee. aan < 2 — a 


whence the final equation (in the form employed by Laplace) is 


d fa Ta L ey EOV 7 
dy H du a dz? r dp? = bergas al ). 


. Ifthe attracting surface be a homogeneous sphere, or spherical shell 
of any thickness, with the origin for its centre, it is obvious a prior 
that the attraction is altogether independent of everything but r; whence 
if r be the whole attraction, (which must be towards the centre,) we 
have 


ey Sesh &c., or dV=—¢r.dr ; 
dx T 


whence V is a function of r only; so that dV: du and dY : dœ vanish, 
while dV :dr is the whole attraction. Hence the preceding equation 
gives 

d’ (rV B dV B 

a =0, or VoAt—, P a 
that is, the whole attraction of such a sphere or shell upon any external* 
particle is directed towards the centre, and is inversely as the square of 
the distance. Moreover, B is the mass of the sphere; for if the dis- 
tance r be very great compared with the radius of the sphere, the sphere 
must act nearly as an isolated particle, and the more nearly the greater 
ris. But B being a constant, cannot approximate to the mass of the 
sphere as r increases, and the preceding condition cannot be true unless 
B be the mass of the sphere itself. So that at all distances the attraction 
of the sphere is as its mass directly and the square of the distance 7 
inversely : or the sphere acts as if it were all collected+ at the centre. 

The equation (V), and another analogous to it, are employed by 


* If the particle attracted were within the limits of the sphere, the denominator 
in the function, which integrated gives V, would become infinite within the limits 
of integration, and could not be relied on. And, in fact, the laws of attraction are 
different for internal and external particles. l , 

+ If our object here were the particular discussion of this problem we should give 
a better proof of this for the beginner. 
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Laplace in the deduction of the properties of some very remarkable 
functions, which it is usual to call Laplace’s coefficients.* 

Let there now be any number of particles, attracted by and attracting 
each other, but otherwise moving freely. Let one of them, having the 
mass M, be the one to which all the others are referred, (the sunt in the 
case of a planet, the primary in the case of a satellite,) and let X, Y, Z 
be its coordinates. Let the other particles have the masses m, m,, Mp 
&c.; let their situations at the end of a time ¢ from the beginning of the 
motion be at the points (7,y, 2), (£, y,2,), &c., when the origin is 
(X,Y,Z): that is, let their actual coordinates in space be X+.2, Y+y, 
Z+z,X+a, &c. Let their distances from M be 7,7, 7,,, &c., and let 
r,, represent the distance between the particles ma and m, It is 
required to exhibit the diff. equ. by which <, Y, z, 2, &c. are to be 
determined. 

First, as to the motion of M, it is obvious that the accelerations with 
which it tends towards the several particles are mr~*, mr”, &c., which, 
decomposed in the directions of x, y, and z, give 


CVX mez GY -% my WZ mz 


> ie 


the signs of the second side being marked as positive: for m, for 
instance, can only draw M towards the origin when it is in the direction 
of x nearer to the plane of yz than M, that is, when X +v is less than 
X, or when x is negative. This will make mr:r° negative, which is 
according to the conditions Jaid down for estimating the signs of the 
accelerations. Again, since the effect of M upon m is contrary in 
direction to that of m upon M, the components of the latter are 
—Mz: r”, —My:7*, —Mz:r’, and, similarly, for m, &c. Also, the 
attraction of m, on m, in the direction of v is (as before explained) 


X,—2; l d mm, 


e a ee O -e 


See z; OF 
{ (Ta — Ta) + (Ya K Y) + (2 —2Z,)?}3 My dx, Ta, b 


Consequently, putting together all the accelerations on m, in the direction 
of x, we have 


1 d «mm, mm, m,m, ) 
= + ——- + WC.) aw . (ms), 
Mi dr, To, b Ti b re, b J 


which contains every value of @ except a=b. Suppose now we form 
the function A= È {m, M, (Ta, 5)~'}, in which every pair of masses enters 
in some one term: we have still : 


~~ i l dÀ 
Whole acceleration on m, in direction t=— —; 
m, Ax, 


* The English reader may find the discussion of these functions in Murphy on 
Electricity, Cambridge, 1833, and in O’Brien’s Mathematical Tracts, Cambridge, 
1840. 

+ The planets are spoken of and treated as particles ; being spheres, or very nearly 
so, they attract each other very nearly as if they had their masses collected at their 
centres. The small irregularities arising from their non-spherical forms are usually 
treated subsequently to the main case of the problem. 


, 
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for with regard to terms already in (m,) they are alsoin A: and the terms ` 
which are not in (m,) vanish from dA :ds, since they are not functions 
of x,. Thus æ, is not in the term which has m,m, and which only 
contains z, and z,. But since all the particles enter in the same way 
into the expression A, this function applies equally to the case of the 
action of any one particle on any other: and reasoning similar to the 
above shows it to apply also to the directions of y and z. 

Collecting the accelerations on the particle m in the direction of «x, 
and equating them to their effect, we have 


P (X+ 24) _ _ Mex T 1 dÀ dX mx 


— —, but — =F 


dt? 13 m dx dt? ps? 
Pr (M+m)-2 5 me 1 dà. 
whence Gp a ee 


; Mx mr me ME .. 
in which > — means —— +—— + &c., or all but —, this last term 
73 ps i : re? 


having been taken into the preceding. But this last is the diff. co. with 


respect to x of 
LL, YY, + 22 
5 (m ene), 
b 


in which m, is successively made m, m, &c. The terms containing y 
and z, which disappear in the differentiation, are introduced that the 
same function may apply to the accelerations in the directions of these 
coordinates. It will be remembered that r, contains,only a, Yy» and zs. 


If, then, we make 


R=> (m Tr +YY t =) a 
i m 
a function which, represented at length, is as follows, 
gx, +Hyy, #22, xxv + yy, + zz, LL, + &e. 
m reser ees 1 Tatey bes) E te 
l mm, 
ACOE 


4 mm, 

V2, E Y, HI) HE, dS 
the differential equations of the motion of m are (M-+ being u) 
ac pux dRo d’y py dRo dz pz dR 
d? rs de ? de ®© dy”) dë? r dz i 
which are the fundamental equations of the motion of a planet. These 
equations may be approximately solved either by the direct application 
of successive substitution, (after transformation somewhat resembling 
those in page 507,) or by the method of variation of clements, described 
in the preceding part of this chapter. But, as before observed, this 
solution would require a treatise of itself. 


+ &c. \ 


— 
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CuarrTER XVIII. 
ON INTERPOLATION AND SUMMATION. 


Tue present chapter is intended to exhibit some developments of the 
general methods derived from differences, which are useful in practice. 

By interpolation is ‘meant the insertion of intermediate values of a 
function, corresponding to intermediate values of the variable. If the 
function itself be given, any value may be calculated without reference. 
to other values; and the question of finding Øx for a given value of x 
is not one of interpolation. Let us then suppose that all we know of 
the function is that when z=a,, dx=A,, when r=a,, Pr=A,, &c. 
It is required to investigate, as far as that can be done, the function 
itself, so as to be able to find any values of it. 

The question proposed is indeterminate; that is, an infinite number 
of functions can be found, which satisfy the proposed conditions: For 
instance, suppose three values of the function to be given, Ao, Ay, Ag 
answering to three given values of 2, namely dp, a, do. 

Let A T, HoT, %ot, &c. be any functions which vanish when x=a,, and 
do not become infinite when 2 is a, or @3 also let Az, &c. and Agt, 
&c. be functions similarly related to z=a, and r=a;: and let wx be 
any function of 2 which vanishes when «=a, and also when x=a, or 
a,. Then 

NH AGL Hol « HoT Yol Via 


A +———— A 2 
Aj Ay Ago i pofi » H21 a ¥ A TY 
satisfies the conditions, and contains no less than seven arbitrary 
functions. If, for instance, =a), Yx vanishes, and also por and vof; 
whence the last three terms vanish, and the first obviously becomes 
A, If we want the most simple algebraical function which will satisfy 
the conditions, we must take Ap% = uot = &c.= T — ao and so on: also 
we=—0. This gives 
(x—a 1) (1—4, — a) A FE OOO) Ay) (£ — Ae) A (1—a) (x —a,) 
(ay — a) (@y— A) (dı — do) (4, — ae) i (a:—ao)(a2— a) 
If d, ai G2, &c. be themselves the values of a function of t correspond- 
ing to t=0, t=1, &c., and if wé be this function, and $x the required 
function of x, we have z= and @r=Gwt: whence A), A,, &c. are 
the values of pyt answering to t=0, t=1, &c. Consequently (page 
19) 


pwt=Ay-+idA, iy Mgt = = AA+ &e. 


satisfies the conditions ; iar since ars ere 
~ y 
pe=A piir. AA byte T Ata, + be. 


Thus, if it should happen that A, =1, AA, =2, A&A, =3, &c., or if Ao 
A, &c. be 1, 3, 8, 20, &c., we have (page 240, Ex. III.) 4 


pe=20 "€ (1+3 y'a). 
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But this is only one out of an infinite number of proper forms: for 
since sin rt vanishes when ¢ is any whole number, and also y (sin rt), 
provided that yz and x vanish together, we may add y (sin. 7t¥"'r) to 
the preceding value of x, without disturbing the values of gx when 
=A), or @ or a, &c. But this change would evidently alter the 
values of x corresponding to intermediate values of x. - 

Having said thus much to show the indeterminate character of the 
problem, we shall proceed to notice the particular cases upon which 
arithmetical interpolation is practically attainable; that is to say, in 
which we determine intermediate values by means of given values alone. 
I refer to the next chapter for an instance of another and very 
distinct sort of interpolation, which we may call interpolation of form. 

To simplify the mode of speaking, let us suppose that Aj, A,, &c. are 
the ordinates of a curve, to the abscissz a), a, &c. Through any two 
points we can draw a straight line y=p+qa; through any three a 
parabola y=p+qzrt+ra*; through any four a parabola of the third 
order, y=p+qrt+r2°+sx*: and so on. Again, if we take n points 
near one another, and having their abscisse in arithmetical progression, 
with a small, or at least not very large common difference, and their 
ordinates also not very unequal, as in the adjoining figure ; the parabola 
of the (n—1)th order which can be drawn through 
these 2 points will very nearly coincide with any 
regular curve of the same general appearance, at 
least between the extreme points. Leta, a+A, 
a+2h, &c. represent the values of æ to which 
those of y are Ay, A,, Ag, &c., then 


L-a t—-a—h , 
jo Ng ie eee 

will be the equation of the parabola which passes through all the points. 
If all the ditferences of A, vanish, from and after A”A,, it shows that a 
parabola of the mth order can pass through all the points, how many 
soever there may be. If, then, all the differences of A, diminish rapidly, 
so that from and after A"A, they are not worth taking into account in 
practice, it denotes that a parabola of the mth order will be a sufficient 
representation of the curve from =a until x becomes so much greater 
or less than a, that the coefficients of A”A,, &c. become large enough to 
make those terms of sensible value. If z=a+nh, we have n, 
n(n—1):2, &c. for these coefficients, from which it may without much 
difficulty be estimated, in any particular case, how many terms of the 
series will be wanted to insure a given amount of accuracy. ‘The pre- 
ceding is also, generally speaking, the most convenient form, though it 
does not differ essentially from the one proposed at the beginning of the 
chapter. Suppose, for example, that according as x is a, a+h, or 
a+2h, y is Ay, A or Ay. Let r=a+nh, then n is in these cases 
0, 1, or 2. By the first method of this chapter we have tor the 
simplest function which satisfies the condition 


(mane) y gena) nm(iu—l), | 
(0—1) 0—2) ° 10 —2) ` 2—1) ” 


for A, and A, write Ao +AA, and A,+2A4A,+A°A,, and the preceding 
may then easily be reduced to 


y=Ay+——— AAy+ 


———$—$<— 
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2 


Also it is to be observed that @(a-+-nh) and A+ nA +... . are 
identical if ¢a= Ao, ¢(a+A)=—A,, &c. This follows most easily by 
observing the laws of operation: the first expression is ¢”'™@a@ or 
(e>")"A., or (L+ A)"A,, which leads to the operations indicated in the 
second series. Andif in ¢a+9’a.nh+&c. we substituted for q’a, &c., 
their values in terms of ġa or A, and its differences, as found in 
Chapter XIII., the result would be found identical with Ay+n4A,+&c. 

As an example, suppose that we have the following values; according 
as cis 5, 7,9, 11, or 13, y is 672971, 553676, 456387, 376889, or 
311805. What is the value of ywhenvw=10? If #=5+2n, nis 24 
when t==10; also we have 


AS=672971, AA, = —119295, A2A,= 22006, AA, = - 4215, AtA, = 838, 


in which the differences ‘diminish with sufficient rapidity. The value 
required is 


A, tnAAy +n : A? A5. 


1'5 [aa 5 
672971 —2°5 x 119295 +2*5 x — x 22006 -2'5 = — xX4215 
o ise op sn 
Sie a 3 
+ ee n x 838 


= 612971 —29823 4+ 41261 —1317—33=414644.* 


Examples may be made at pleasure and verified from a table of 
logarithms ; as follows. Take out the logarithms of a, a+h, a+2h, &c., 
and difference them, as it is called; that is, take the successive differ- 
ences of loga until the differences become very small. Let it then be 
required to find the logarithm of a@+k, k bemg a whole number 
between ph and (p+1)h. Let x=a-+nh, whence, in the case required, 
nh=k, or n=k:h, a fraction between p and p+1. Then calculate 
loga+tnAloga+&c. as far as the differences have been taken, and 
verify the result by the tables. 

Suppose Ay. A,, &c. to represent a number of results of observation 
or calculation, for instance, the right ascensions of the moon at intervals 
of twelve hours from a given date; thus A, is that at noon, A, that at 
midnight, A, that at the next noon, and soon. If, then, we wish to 
calculate the right ascension at a time between the noon and midnight 
at which it is A, and A,, let n be the fraction of twelve hours which has 
elapsed, and we may compute the right ascension required by the for- 
mule A,-+nAA,+4n (n—1) AA+ &c. But we might also compute 
it by A,+(1+n)AA,+4 (147) nA?A,+ &., or by A+ (2+n) AA, 
+&c.,andso on. These results would be slightly different, owing to 
_ the necessary error of the process. And it is sufficiently obvious that 
most reliance is to be placed on that result in which the differences 
used’ come from the places which are nearest to the interval in which 
the required right ascension lies. Thus if we are to go only as far as 
fifth differences, which will require six right ascensions to be used, it is 


better that they should be Ay, As A,, An Ap A, than Ap Az, Ap Ap Aro 


* See this example in the Penny Cyclopedia, article INTERPOLATION, in which 
also some other methods may be found which are convenient in particular cases. 


aw fe wk eee eee oa ee da k ih 
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and A, the required interval lying between A, and A,. On this considera- 
tion it is generally thought desirable to use an odd number of differ- 
ences, and to let the values employed be distributed equally on one side 
and the other of the intervaljin which the result lies. Let it now be 
required to express A,, symmetrically, by means of A,, Ao, &c. following ` 
Ay, and A_,, Ae, &c., (which we write a, de, &c.) preceding it ;—thus, 


oof, Ay Gy hh G (a,or A.) A, A. A, A, AQ... 


ao 


On examining the manner in which differences are formed, we sec 
that Aao + Aa, involves a,, Ay, Aj, and is symmetrical; ASau, + Aĉa, in- 
volves from a, to Az; Ada + ôa, involves from a; to A, and so on: 
while Aa, involves @, Ay, Ai; A*a, involves from a, to A}; Ata, from ay 
to A,,and soon. If, then, we can expand A, in a series, evcry term of 
which is either of the form P (A***t'a,+ A**!@,.,) or PA’*a,, the object 
is gained as far as the symmetrical introduction of terms preceding and 
following a, is concerned. Now A, is (1 +A)’ Aj, and a, is (1+4)~7Ag, 
also 


| AT Aa, APT (LAF HA Ay 


A)/&\ | A? y 
— «< / ——- $ Å?” Pra A : 
(ô+ 1+A) Ga) Pee Os G tto 


whence (1+A)* is to be expanded in a formula involving powers of 
A’: (1+A). This is done by the method of generating functions, 
(page 337). The generating function of (1+ A)? is 

1—E? 
{—(E+E™) t+? 


——_—-————, or (1-+A being called E 
1—(14A)?0 er J ) 
But A: (14A) = E+E- 2, say =F, whence the preceding denomi- 
nator becomes (1—t)*—Ft. The reciprocal of this is 


l Fi Pee Fe 


a=58 AS Taare 


Now, x being greater than a, the coefficient of t in F*.t°—(1—1t)***? is 
that of (*~* in F*—(1—t)”*°, or 


| Fe (2a+2)(2a+3).... (24+ 2+4+0¢—a—1) or F4 [2a +2, ater+]] 
L we we Ep (r—a) : [r-a] 


Hence, successively making @=0, 1, 2, &c, and simplifying and 
summing the results, we have for the coefficient of é* in the above- 


named reciprocal, 


x(t+1)(a#4+2) PO) aces 
ree se tie a ee 


But z (e#4+2)=(r+1)?—1, (2—1)(e+3)=(#4+ 1)?-4, and so on; 
whence the preceding becomes 
. 5 r 

(arD Pel pp CTDIGtD* Gt 4 Ptge. 

Ke2 1.2.3.4.5 ° 
iCall this P,,,4+Q,.,F+&c. Now the coefficient of t” in Ee: TOR 
_~ Fé} is E™ multiplied by that of #77! in the simple reciprdcal : whence 
| 2N 


r+1+ 
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coeff. a 1—E Ut 
{£ in (1 —t)?— Ft 
and this coefficient we also know to be (14-A)? or EF. From this I 
- leave the student to deduce the following: | 


A, = Poi Aot Qon A+ Rea AtA ,+&c.—P, Aam Q A? A Ae., 
in which P, =x, Q= x (2—1): 1.2, R= (x2°—1) (2—4): [5], &c. 
This may sometimes be useful, but it has not the symmetrical form 
required : this form, as before seen, introduces a series of terms, not 
containing E~! F”, but {A+A (0 +A)7} F”, or (E—E™) F”. Taking 
the series obtained, 
E=P,,,+Q.4,F+&c.—-E' {P,+Q,F 4+ &e.}. | 
For x write ¢—1, and multiply by E, which gives 
E7=E {P,4+Q,F+é&e.} —{P,1+Q1F+&e. 5 | 
The sum of these expansions gives | 
2E =P, — Peat (Qui Qe-1) FH &e. + (E—E™) (Pa &e ) 
Taking the numerators of Pri: Pr- &e., we find 
(a+1)—(a—1)=2 
x (2n+1)(#4+2) —(@—2) (@—1) r= 2.3 x 
[e-1,a+3]-[¢-3,¢+]1]=(@—-l)e (x+1){ (v+2)(@+3)-C@- 2)(x-3)} 
= 2.5 x? (2*—1) | 
[r—2, 0+ 4]—[a—4,7 +2] =[2—2, t-+2]§ (w+3)(@+4)—(e—-3)(e- 4)} 
—2.7 x (a2—1)(a’—4), &e. . 


18 Papy ET Pet Qo F—Q, E F+ &c. > 


Substitute these results, and divide by 2; then perform upon Ay or 4, 
all the operations indicated on both sides of the equation, remembering 
as shown at the outset, that F” A, means Kon) LAJ” Ah or AA mn 
or Aap, and that (E—E™') F”A, means Ag Eas ale 
that E7A, means A,. ‘This gives the formula required, namely, 


hae 2 2 x 
x? (x — l) E (2—1) (2—4) 


Tig a £ 
A=ut+ y Anatz 2....6 Aida t ac, 
l l x (2—1 l 
+52 (Aa) + Aa)+5 - s =} Sane) 


lx (2—1) (2—4) 
5 aera oe (Aa; Aa) + Ac. 


Change x into +1, and form A — An or AA, This can easily b 
done with the coefficients in the second lne, which are, constani 
excepted, x, [x— 1, x+1], [x—2,27+2], &c., 


A [x—a, v+a]=[x— (a -— 1), x +a+l]—[x—a, s +a] 
—(2a+1) [z— (a— 1), x+ a], (as in p. 256). 


In the first line, the same coefficients, constants excepted, are mac, 
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by multiplying those of the second line by 2 Now, Ax beng 1, AvP 


is P+(v+1) AP, or 
A {a [r—a, v+a]}=[r—a, e+ a] + (2a+41)(¢41) [r—(a~—1),¢+a] 
=[£—(a—1), eta] | x—a+(2a+1)(£+ 1), or (a-+1)(2x+1)} 


na [r—az+a] [xr—(a—1),x+a] 
9 Teese ern ores 


[2a+1}] ~— [2a] 
v [r—a,x+a] =! Le~—(a—1),r+a](2x4+1) 
[2a+2] 2 [244-1] _ 


‘Substitute these values, and having thus found AA,, write B, for it. 
We have then A”A,=A”""'B,; also let B, B_., &c. be denoted by 
b bs, &e. 

l lL (2x 
B,==5 (27+ 1) Ab, + e A? b, 


l (2x+1)[xr—1, 4+2] 
anoe #1 Abp &e. 
2 1.2.3.4.5 e 


si l (x41) 

+5 ot by) v5 reti (A bid A*b,) 
1 [x—1,<+2] 
2 1.2.3.4 


in which it is to be observed that as the former formula was symmetri- 
cal with respect to values preceding and following Ag, so this one is the 
same with respect to intervals preceding and following that of b, and 6). 
Thus, wp to third differences inclusive, this formula will be found 
‘to require the use of b, bi, bo, or Bo, and B,, or of one interval on each 


side of b,, bo. 


o| 


(At bat At ba) t&C.: 


The method by which these formulæ are 


be Ab found is instructive, but they give nothing 
t b, A? bo 


s Asp, except the original formula in a different form. 
by or B, AB A? bd, * For instance, taking the set of terms written at 
|: a the side, let the origin be taken at b, instead of 


Bo whence c=v — 2, if v=0 give the term ba. 
(For æ write v— 2, for b, and b, write b,-+-2Ab,-+ A? b, and b: + Ady, &e. 
We then have, up to third differences, 

1 (Qv—3)(v—2) (v1) Ab, 

2 1.2.3 


l 
B, =5 (2v — 3) (Ab: + A b) + 
l ae) ama 
+5 OEA Abbt Ab) be POON (2At Ah) 
zl G 
2 3 


V 


2 
= b,-+vAb,+v - Ath, 


—1 
5 A? b,+v 


as will be found by actual reduction. 

In astronomical interpolations, when third differences are used, it is 
-ommon to proceed as follows. Let p, q, 7, s be the terms, the quantity 
to be interpolated lying between q andr. If v be the value of the 
variable, p being the origin, we have l 
š 2N2 
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v—l v—l v—2 
an x 3 


for the interpolated quantity. ‘This may easily be transformed into 


Ap 


p+uspt+ov 


) 


2O 


Urata), g v—2 
g+(o—1) Ag+ 1) —— 49+ 0-)D—— 


U3 5 
——— Ap: 
3 


by writing for p, Ap, and Atp, their values g—Agq+A*q— A’p. 
Agq—A’q+ óp, and A’g—A®p., It is usual, however, to write this ir 
the following form: 

y—2 A’g+A’p (v—2) 2v--3 


PO) se 


: Sy 
9 9 5 ree 


g+(v—l) Ag+ @-1) 


to which it may easily be reduced. ‘This formula may be more con- 
venient than the preceding when it is required to bisect the interval o; 
p and q, in which case v= l5, 2v—3=0, and the last term vanishes 
But in every other case the second involves more calculation than the 
first. As an example of its most advantageous application, let us finc 
the logarithm of 2°15 by means of those of 2°0, 2°71, 2'2, and 2'3 
We have then 


Si v=1l1}, v—l=4 
p= *3010300 -0211893 a 2 
g = ' 3222193 0909034. 7 °0003859 - 0000876 (v-1) gr 
ye 3424227 0193051 7 "0008953 Oop 28 x 
s 2° 3617278 (v—1)—-> 5 =( 


Hence the formula, when A’g alone is used, gives the first line, anc 
when 4 (A’p + A’), the second, 


+ 39221934 '0101017 + *0001123+4 *0000055 = ' 3324388 
°39921934 0101017 + ‘00011784 0= ‘3324388. 


Extensive interpolations may be facilitated by tables, not only of thi 
values of r, 42 (x — 1), &c., but also by multiplication tables, in whicl 
these values are the multipliers. But when an interpolation is oftel 
wanted, for the same fraction of an interval, it may be better to construc 
a formula in terms of the given values themselves than of their differ 
ences. Thus the following method, deduced from that in page 542, ma} 
be applied. 

Let c, b, a, A, B, C be values of a function answering to the followin; 
values of the variable, m, m-+1, m+2, &c.: it is required, using fifti 
differences inclusive, to interpose four values between a and A answerini 
to m+ 24, m+22, m+2%4, m+24. For symmetry, let m+ rt=m+ 2; 
+4v, which amounts to reckoning $v from the middle value of s 
between those of a and A. Hence v=2x—5, and the values at whicl 
the interpolation is to be made are v= — 4, or —}, or +3, OF +5. 

Again, if we represent the function required by 


re+gqb+pat PA+QB+RC, 


q, &c. being functions of v, and the whole a function of v of the fiftl 
degree, (which is implied when we speak of rejecting all difference 
after the fifth,) it is obvious that we satisfy one condition by supposin; 
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that when r=0 or r= — 5, we have r=l, q=0, p=0, &c.; or all but 
rare divisible byv+5. Similarly, all but q are divisible by v+3, all 
but p by v+ 1, all but P by v— 1, all but Q by v—3, and all but R bv 
v—9. These conditions are satisfied by " 


R=(v—3)(v —1)(v+1)(&+3)(v+5), 
Q= (v —5)(v —1)(v+ 1)(v+3)(+5), 
P=(e— 5) (v—3)(v+ 1)(v+3)(v+5) ; 
p= (v —5) (&—3)(v—1) (0+ 8)(v-+5), 
q= (t—5)(v—3) w@—1 (0 +1) (v+ 5), 
r= (v—5)(v—3)(v—1) (v +1) (v+3) ; 


and each of these must be divided by a coefficient, so that r may 


‚become 1 when v=—5, q when v=—38, &c. These coefficients are, 
then, 
For R, 2. 4.6.8.10 For p, — 6.-4.—-2. 2. 4 
Q, —2. 2.4.6. 8 -» g, — 8.—-6.—4,-2. 92 
P, —4.—2.2.4. 6 »» 7, —l0.—8. —-6.—4,—? 


whence the required function is 
oe UO) a C E a 


2,4.6.5.10 e ° 
(v — 1)(2°— 9) (x?— 25) 
~ 4.2.2.4.6 j 
P aa Ve =) E a a (0? —25) B 
| 6.4.2.2.4 8.6.4.2.2 


TOn DU o 
10.8.6.4.2 ? 
an expression which may be thus simplified : 
(1—2) (9—2) (25—2?) C C 5D 5B | 10a 10A 

2.4.6.8. 10 i 5—r 34v 3-0 > 


2 


5+v 5-—v 3+v 3—v lev l—v 
a form which exhibits the law of the result, and shows us that a change 
of sign in vis merely equivalent to an interchange of the large and 
small letters. Hence having calculated the coefficients for v= ++ and 
v= +4, we have immediately the same for v=—1andv=—4. The 
general theorem is as follows: If we take any even number 2n of 
terms z,y,....a,A.... Y,Z, and if the variable 4v be the independent 
variable of the function measured from the middle of the middle interval 
of the terms, and if 1, ¢....c, be the coefficients of the development of 
d+)” up to the first middle term inclusive, the function made by 


rejecting all differences after the (2n—1)th is 
(1—0 (9—2)... .(2n— 1°—r°) 
2. A ea (4n—2) 
l CA C,A Caib eB ani zoo + “A l 
lt+v l—v 3+v 3—v ƏIn— 1 +v 2r — l —v 


[o find the value of the function answering to the mean of the values 
which give a and A, we must make v= 0, and this gives 


eee 
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9(A+a)—(B+b) 150(A+a)—25 (B+))4+3 (C+c) Se 
16 i 256 eeg 
according as we stop at third, fifth, &c. differences. 

In the preceding process there is nothing which need necessarily 
confine the values of x to the form m, m+1, m+2, &c., and it may 
therefore be made to produce a more general result, though not so 
simple. But at the same time another and more elementary method 
may apply when the values of x are wholly unrelated to each other. 
Let A, B, C, &c. be the values of a function when < =a, b,c, &c., and 
suppose it required to interpolate for intermediate values on the 
hypothesis that ail differences (made from uniformly increasing values 
of x) after the fifth are to be neglected. That is, we suppose 
that within the limits of the observed values, the function may, with- 
out sensible inaccuracy, take the form L+Mzx+Na’-+ Pa*+ Qz*+ Ra’, 
Taking six of the observed values, we may then deduce six equations 
of the form A=L+Ma+Na’?+&c., from which the six quantities 
L, M, N, &c. may be determined. ‘This 1s, in fact, the fundamental 
method of all interpolation, nor is the common and easy case anything 
but an indirect method of obtaining the solutions of these equations. Te 
illustrate this, suppose three values only and second differences, and 
let the values of x be a, a+1, a+2, so that those of ¢ are 0, 1, 2. We 
have then (the function being L+Mt+N?) 


A=L, B=L+M+N, C=L+2M+4N; 


whence 9M=—4B—-3A—C, 2N=C—2B+A, 
and 

AB BAO? CH Hi 
Ap me —— P=A+t(B-A)-+t— (C—2B+A)s 


which is the common formula as far as second differences. This being 
the case, it is to be asked whether we cannot, by a similar formula 
methodize the solution of the above equations when the values of x di 
not increase in arithmetical progression. . | 

Let A, or Ay, &c. be the values corresponding to =Q, or Q, &e.} 
and assume for the required function the form : 


pe=Pot+P, (rt - ao) +P (1—40) (4— a) + P;(4—G) (4 — (1) (%— a) +&C 


This theorem requires the use of an extended method of taking differ 
ences, or rather divided differences, as follows: let the symbol o 
operation be 0, 


Ao 
A,— Ao 
6A, = ——— 
à diı— Qo _ OA, OA, 
5 Koh OO tty, A -PA 
P dye y PA= —— i 
A v2 1 62 A _ 9Ac—OA, A3—a, 6° A,—6* Ao 
Z = 
pa es G—h tA, OPA, ae on 
i d3 — Az T _ OAs — OAs A,— a, 
EN A, — A; = Ayi 
O a, — 
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wy 
pone 


and so on; the law of relation being 6*A, = (O"7'A,,,—@"71A,) : 
(@,4,—@,). From these we find 
A =A + (a, — ao) An As=A,+(t,—a,) OA, 
=A,+ (ai~ ao) 0A -+ (d2— a) 10A + (aa— lo) 0° Ao} 
= Å, + (de— 4o) 0A, + (a2 — A) (a2 — 40) OFA 
A, =A, + (az 2 a) OA, J- (3— Az) (A3— t) GPA, 
= Å+ (ai— dy) 0A + (a, — a) {OAy+ (aa2— a0) Ao} 
+ (@3— az) (a; —4,) {0A + (a; — ao) 0° Aot 
= Aot (d3 — ao)0 Aot (d3 — a1) (a3 — @y) O° Aot (3 — 42) (a;— a) (3 — a0) O° Ag 
and so on; whence we find for all the values of x specified, 
A, Ap + (1—0) 0A + (1 —a) (x — u) 0A, 
+ (£ — a) (x — a )(r— a) & Aot &ce. ; 
which may be used as an approximation to any value of the function. 
In observations of a comet, for example, which cannot be made at 
stated intervals, but must be taken when opportunity offers, this method 
or some other equivalent must be employed to interpolate, and also to 
find the required function in a series of powers of æ. If the preceding 
be called M,+M, x+M,2?+&c., we have 
M= Ay — a 0A; + dy a, 6? Ay — ay Ai Ay 0? Ay + &e. 
M, =0A,— (a0 t+ a) & Ao (ao di +4 dat a ao) 6° Ao— &e, 
M,=6? Ay— (do +a, +a) 8 Ag+ (a a + &c.) 6 A 
I leave it to the student to show how these formule are reducible to the 
common ones, on the supposition that do, a, &c. are in arithmetical pro- 
gression. The method is, in fact, an extended method of differences, 
rendered laborious by the number of symbols which occur. We may 
simplify it by writing (mn) to stand for a@,,—«,, and in actually working 
the foregoing theorem even the parentheses may be omitted, since there 
are no numbers with which mn will then be confounded. Thus 21 
may represent a@,—a,, and 10 may represent @;—d). This notation, 
like that for diff. co., described in page 388, and also that of page 454, 
is only for the actual process, and the result should be then written at 
length. Thus, proceeding one step further in the theorem, we find 
A,=A,+41 6A, 442.41 @A,+43,.42.41 PA, 
= A,+100A,+41 (0A,+206°A,)+42.41 (0°A,+3067A, ) 
+ 43.42.41 (A, +406*A,) 
= Ao+(10+41) 6A,4+ 41 (20442) OPA, 
4.42.41 (30+43) BA, + 43.42.41. 40 O*A,. 
But 10+41=40, 20+42—40, 30+4+43=40, 


A= A, + 409A,+40.41@A,+ 40.41. 4269A,+ 40.41.42. 436+A, ; 


and now, writing a,—a, for 40, &c., we have a new case of the 
theorem. By this simplification of notation, we may easily give a 
general proof of the theorem, showing that if 1t be true up to =d, it 
is true for r=a,,,. For if 
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A =A, +70 .0A,+70.n1 PA Hce., then Anp ZSA (ntl) 16A,4+ &e. 
A, +10.0A, 4+ (n+ 1) 1 {0A,+ 2067A,} 
+(n+l) 1.(n+1) 2 {FA + &c.} + &e. 4 
= A+ {10+ (n41) 1} 60A + (+1) 1.4204 (a+) 2} 6A.4 &e. 
But 10+(m4+]l) lL=(n+1) 0, 20+(n4+1) 2=(r+1) 0, &c, or 
Fs Ware as (n41— Ao) OA + (any — A) (any — 1) OPA +&c. 


The divided differences OA), 0?A,, &c. may be expressed in a manner 
which will throw some new hight on the binomial theorem. For we 
find 


$ 


AAA A 
10 #210 Ql 
A, A, No | 

2A = anio E AR 
e590 a t 10.12 t0L.02 | 


1 1 10—12 20 


Se ee, arly, | 
Mo Was et a | 
A A A A : 

eA ———-~ stele l 0 &e. | 

*= 30.31.32 | 20.21.93 ' 10.12.13 "01.02.03 “° | 


Now, if a0, ay 1, a= 2, &c., then 6"A,=A"A,—2.3... n, and © 
mn, as here used, means m—n; then, from what we know of the law of 
the coefficients of A”A,, it appears that the coefficient of a” in the 
development of (1 —z)” has the form 


Log Sk Oe eee SO). 4.2 tance 
(m—0)(m—1)(m—2)....(m—n+1)\(m—ny’ a eae ese 

I now proceed to some practical rules connected with the summation 
of series, a subject already considered in pages 82 and 311. ) 

We shall have to consider separately series in which all the terms are ` 
of one sign, and those in which the signs are alternate. Let the series 
for consideration be A,+A,+A,+....+A,+&c., and A,—A,+A, 
—....3 A, being agiven function of x, and the series being convergent. 
It is then to be remembered that A, and all its diff. co. diminish with- 
out limit as x 1s increased without limit. 

When the series is of the first class, and its analytical equivalent not 
known, the limit of the sum must be found either by actual summation, 
or by transformation of the series into another and more convenient one, 
if possible one of the second class, which is often easier than one 
of the first. If, for example, the series have the form 6,+5,+06,:2 
+6,:(2.3)+&c., we see (page 240) that 


oe 


2 2.3 


and the required transformation is made if the differences of b are, or 
finally become, alternately positive and negative. In the series 1-27" 
+3°-"+&c., we have, calling the limit S, n being >l, and s being 
l —2°"+4+3°"—&c., 


b, b Arb,  A% 
bot bt > tz gt hous (Dut Abo P +86. ); 


grm : 
S=s+ Qi 5, or Se a] S. 


r ns 
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i 2-1 


Ore 


Also 143-454 &.=S (1—2-") 


S. 


From page 311, the sum of all the terms up to a, inclusive, or Ba,+a,, 
which call Sæ., 1s 


] 3, i 
Sa, =C + farde +> a, 4 = ee eG: 
i i E E T 


where, making a little alteration in the notation of page 248, we mean 
by B,, Bs, &c., the numbers of Bernoulli, as follows: 


1 l 1 ] 5 
B=- Bo, B=, B=— B= && 
eG E Fe aot A age ee ee SE 


The constant C, which depends on the lower limit of the integral, 
may be made to represent the sum of the series ad infinitum, by sup- 
posing that fa, dx is made to vanish when z= œ: for {a dx 
must be finite when r= œ, if the series be convergent, and we 
may so take C that it shall then be =0. But a, and all its diff. co. 
vanish when r= œ ; so that, C being as above, we have only C left on 
the second side of the equation when w= œ, or Sa =C. ‘This is an 
important step in the summation of series, since we may now generally 
reduce infinite summation to the summation of a finite number of terms 
of the given series, and the approximation to a much more convergent 
series whose terms are alternately positive and negative: thus 


] B, 
C or Sa, =Sa, — fa, dz—= ar a’ tee, 
sand and 


it being remembered that the series $a,+ $B, a’,—&c. may be of the species 
discussed in page 226, as will appear in the next chapter. As an 
example, let it be required to sum 1+27°+37-?+4+&c. ad. inf. 
Let c=10, we have then, taking the reduced series from page 311, 
observing that J~ dx in its common form vanishes when t= @, 


Sep 25563 1 l A 2 2.3.4 a 

Ure TIO 200 ' 12000 72000000 i 
1-2— 1 : 00000000 (10)—= + 10000000 
9—2— 25000000 (6000)-'= + 00016667 
8—2— +]1111111 nce ee eae 
4~2?— *06250000 -10016667 
5-2— -04000000 
6-2?— 02777778 (200)-'= 00500000 


T~? 02040816 (3000000)7'= "00000033 
8—?= ‘01562500 — 
-?— *01234568 — 00500033 


aane ae 


16-*= 01000000 + 10016667 
S 10—= 1: 54976113 + °09516634 


+ 09516634 


Saemmearen aama an 


S(œ)? 1:64493407 


And this answer is correct to the last place, other methods giving 
1 '6449340668.... To obtain as correct a result by actual summa- 


eee 
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tion would require at least 10,000 terms of the series. 
table may either serve for exercise or reference : 
line must be collected from page 312. 


SS) 

n S(c)-” n 5< oe) 

1 | *57721 56649 015329-+log (cc) į 19 | 100000 19082 127166 
2 | 164493 40668 482264 20 1°00000 09539 620339 
3 | 1°20205 69031 595943 21 | 1°00000 04769 329868 
4 | 108232 32337 111382 22 | 1700000 02384 505027 
5 | 1103692 77551 433700 23 | 1:00000 01192 199260 
6 | 1:01734 30619 844491 24 | 1700000 00596 081891 
7 | 100834 92773 819227 25 | 1°00000 00298 035035- 
S | 100407 73561 979443 £26 | 1:00000 00149 015548 | 
Q | 1700200 83928 260822 27 1:00000 00074 507118! 
10 | 1°00099 45751 278180 28 | 1°00000 00037 253340 
11 | 1°00049 41886 041194 29 | 1:00000 00018 626597 
12 | 1°00024 60865 533080 30 | 1°60000 00009 313274 
13 | 1°00012 27133 475785 31 | 1:00000 C0004 656629 
14 | 1:00006 12481 350587 | 32) 1°00009 00002 328312 
15 | 1700003 05882 363070 33 | 1:00000 00001 164155 
16 | 1°00001 52822 594086 34 | 1°00000 09000 582077. 
17 | 1.00000 76371 9176379 35, 1°00000 00000 291038 | 
18 | 1:00000 38172 932650 | | 


The following 
the meaning of the first 
Let 1 +27°+37"+&c. 


| 


There is no other general method of any note or utility for the direct ab- 
breviation of the actualsummation: though recourse is frequently had to 
transformations, either into a finite algebraical quantity, or a definite 
integral, asin the next chapter. If, however, it should be found more 
convene to sum @)+4,+@,-+&c., the sum of a+4,+&c. may he 
found from the formula in page 318, making o= Yo, n= Yı &c. Then 
since a,, Vanishes when g is A and alee its differences, we have, 
making ao +a, + &c. ad. anf. fia, 


—] ne — l n?— l | 
are wor A 2 
Vag, a a OS 


data t Ke. T eas 


where Ado A?do &c. are taken for the series ao, @,, Gon, &c. Butit 
would rarely happen that this method 1s preferable to the preceding. 
We now pass to series whose terms are alternately ag and nega- 
tive, included under the general form a@—a, m The symbolic 
representation ofthis is {1—(1+A)+(1+A)2— p A or (2+4) a 


or (1 +°) a (pages 164, 248). Hence 
_Aa, Aa, Aa Ata, 
wateke =- = 4. D +&c. (see also p, 240) 
] alo ; al", ax 
betes ae 2 a aS as -eS Oa | 
=z% (2—1) B, 5 + (2'—1) Bs = (2°—1) Pea a Aa a 


The last follows from page 248, by the aian in pages 164, &C., 
altering the notation of Bernoull’s numbers as ubove: a, ay &c: 
standing for the values of the diff. co. of «a, when a=0. In using this 
last series it would be advisable in most cases to sum a few terms, anc 
then to make a, the first term not included in the summation. Thi 
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series might also be obtained from §172, p. 311, by making y infinite, 
or from $174, by making a= —1. 

Previously to using these series, [I set down both the series for 
pta,t&c., and a@—a,+Kc., with reduced coefficients.* Let 


ata, + Ac. = (at -- +4,) — f adr — $ a, — P, @'s + P; a”, — P; ay t&C. 


ly — A+ e= (ao «. Ea) +4a,+Q a, FQ, 0", EQ af F &c. 
l 
Ra TB Sa el 
Pe 12720 d [4] 
i 30 
P., = 1:30240 EN [6] 
| ° 42 
| P,= 1:1209600 ae [8] 
i 7 30 
P,= 1: 47900160 so 
66 
69 


| Q,= 1:4 =—x3:[21 

| Q= 1:48 =- x 15: [4] 

l 
Q= 1:480 =z X63: [6] 
Q, = 17:80640 = 55x 255: [8] 

| - Q, = 31:1451520 => x 1023: [10] 


691 
| = 691:3193344 =—— Xx 4095:[12 
Qu= 691:319334400 = 57° x 4095: [12] 


7 
Qis= 5461 : 24908083200 =— x 16383: [14], 


Let it be proposed to determine 1—27°+ 3-°— &c. ad. inf. Let the 
terms be first summed as far as +97?, whence, a, being (e+1)™, we 
have 
a= —2(241)3, a", =— [4] (1+1), a= [6] 41) KC. 

1 63 


] EE AO oe 
—9- 1. &e. = (1 - -9 9-8 1078-4 — 1075—— 10774 Ke. 
1-2? +.&e.=(1-... 497) —5 10 pO, ‘ 


O * Enough are here given, as I suppose, for every pupose o 7 more be 
required, they must be calculated from the numbers of Bernou 1. Pa iese, up to 
' B,,, will be found in the Penny Cyclopedia, article Numbers of Bernoulli. 


; | | 
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1~?=1:°0000 0000 0000 2 *2500 0000 0000 


3°°= '1111 1111 1111 4—*= +0625 0000 0000 

5~= +0400 0000 0000 67= +0277 T7717 7778 

7--= +0204 0816 3265 €= °0156 2500 0000 
9—*= °0123 4567 9012 

— °3559 0277 7778 

1:1838 6495 3388 +1°1838 6495 3388 


eee ED 


S 9= 8279 6217 5610 


10° —2= 0050 0000 0000 

107-° x 3+6= 0005 0000 0000 

107 x63—-42=:0000 0015 0000 

107" x 5 x 1023+66=°0000 0000 0775 
107" x x 16383—6=:0000 0060 0019 


er ee ae 


—°0055 0015 0794 
°8279 6217 5610 

10 x 15+30= °0000 0500 0000 

107° x 255—30=:0000 0000 8500 

107" x 691 x 4095—~-2730= 0000 0000 0104 


freee “ee 


+°8279 6718 4214 
—°0055 0015 0794 


°8224 6703 3420 


By the theorem in page 552, n being =2, it appears that 1-2°+ &c. | 


=|} (1+27*+ &c.) Halve the value given for 1+27’+&c. in the 


table, and we have * 822467033424, so that the preceding result is 
wrong only in the last place. This process is much less convergent | 


than that for a+a@,+&c., owing to the entrance of the multipliers 3, 
15, 63, &c. 

We shall now try the same series by the formula J3a,—iAa,-+ &c. 
(page 554). If we first sum the series up to +a., the remainder is 
then Fatit F Qe. Taking the series as summed up to 


+97”, we find by taking 107? and nine following terms, the results here — 


written: it 1s not worth while to write down the process. 


10° + 2=:'010000000000— 2=:-+005000000000 
—A10°+ 4=°001735537190+  4=:°000433884298 
“107+ 8=°000415518824— 8=-000051939853 
—A°107°— 16=-000122785139— 16=:000007674071 
A4107> 32=:°000042217188— 32= 000001319287 
—A5107°+ 64=:000016292396— 64—=:000000254569 
A6107*— 128= :000006890116-— 128= -000000053829 
—4A710>— 256= °000003139573—~ 256= -000000012263 
A°107%— 512= 000001522337 512= -000000002973 

— A9107?+-1024= *000000778115— 1024= + 000090000759 


— °005495141902 
Sum up to 9? . . e. . . 4+°827962175610 


Approximate sum ad infinitum *822467033708 


ee ee ee e o 
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The result is only true to eight places, and involves much more 
calculation than the preceding, which is true to eleven places: never- 
theless the second method will be found preferable to the first, when the 
differences diminish more rapidly than in the preceding instance. 

Dr. Hutton (Tracts, vol. i. p. 176) gave a remarkable method of 
exhibiting the results of the preceding process, and added a process by 
which its a is much increased. 

If we take the successive sums 0, @, @j—@,, @o— dad, + aa &e., and 


substitute values of @, Qa &c. by means of the differences of ap we 
shall find 


O, dy Ady wtadi tA a, —2Aa,—2Na,—A®%a,, &e. 


Leave out the symbol a for brevity, and take a succession of means 
between each of the consecutive pairs, and repeat the same process, 
which gives 


t Paes. BUSA DOS Mey), ice. 


AS, &e. 


1 1 3 
> qata — 4 3 &c. 


It thus appears that the first terms of the several rows are the successive 
approximations 


1 1 1 Y r 
Flos 3dy— TAQ, Say — iddo t g A Qos &C. 


If instead of means we take simple sums, neglecting the division Py 
2, we must divide the several first terms at the end of the process by 2 
4,8, &c., or rather we need only divide the one which is correct enough 
for the purpose: the following exhibits the process in a more ceneral 
form. 

Let the operation 1+A be called E; then the results of the sum- 
mations give the performance upon @, of the several operations following, 


Os. 33. ley; lei Ey. IBE kEm ces; 
1+E 1—E? 14E" I—E 
om Uva. Ses Sah. Gare 
| Ik 14h 14E 14h 


and these results are alternately less and greater than (1+ 1)~', the 
sum of the whole series. Omit the common inverse operation (1+ E)™, 
to be replaced at the end of the process; the first, second, third, &c. 
succession of sums are then, (1+ E being 2+), 
O44, 2-EA, 24+E2A, 2-EA, 2+E!A, &e. 
4—\? 44+ ERA, 4 RA? 445°’, &e. 
8+3 S—EA3, 8+ HA’, Ke. 
Consequently, when the rows have been divided by 2, 4, 8, &c., and 


(1+ E)~' is restored, the sth in the rth row is obtained from &, by an 
Operation signified by 


{J+ (—1)° Bet 2-7} (1 -E ' a, 
| or (l +E)! A+ (—] yF 9-r E! AS (1 afi EK)" ys 


: 
jd 
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The first term of this represents the whole sum in question, and 
JTA Es? (1 A E)7? “Gao x (ES! — e+ er .) lo 
—=2-" (A"a,_,—A’a, + Ac.) 


If, then, the terms and their differences diminish without limit, we thus 
approach without limit to the sum of the series, whether by increasing r 
or s, or both. And the same thing might happen, and be due solely to 
the diminution of 27. 

The results in each row are alternately greater and less than the sum. 
If the differences A, A’, &c. be all of one sign, then the first terms of 
the several rows give results alternately greater and less than the whole 
sum. But if the differences be alternately positive and negative, this is 
only the case with oblique columns taken in the other direction ; as, for 
instance, 2-++ E*A, 4+ E°A’, &c. And the errors of any such oblique 
column (the nth, for instance, 2—EA and 4— A’ being the first) 
depend upon E”A, E”"A?....A"™, which by the formula finally depend 
on 


` 


2" (Aa,— &c.), 27? (A2 dp — EC), o o. 2TCHD (A"™ ao — &c.) 


Now it may happen that these increase or decrease from the begin- 
ning to the end, or come to a maximum or minimum in the middle. 
This point can only be tested by the actual operation; the advantage of 
this method being that we can always find a set of results which are 
alternately greater and less than the truth, and the degree of approxima- 
tion of these results to each other determines, of course, a quantity greater 
than the error of either. 

This method succeeds very well when the series is not too convergent: 


for it is remarkable, that the easiest series of all to treat by it is one — 


which has no convergency whatever, or a@—d,—+a@—a+&c. This 
follows from the method representing the results of $a,—+4Aa,+ &c., 
which, if @==a@=ad, &c., is reduced to sa)... And by means of the 
property proved in page 226, it even ascertains, exactly or approximately, 


the algebraical equivalent of a divergent series: thus Dr. Hutton has | 


verified by it the known value of 1—1+4+1.2—1.2.3+&c. 
series converge too rapidly, this method will give approximations but 
slowly. All that has been said will be illustrated by applying it to the 
series already considered, 1—27?-++3-*—&c. The first column contains 


But if a | 


ee - 


the sums 1, 1—27, 1—2°°+37*, &c.: all the remaining columns- 


exhibit the sums of the several pairs, in the manner above described, the 
Roman numerals which mark the columns being followed by the figures 


common to every row in the column. 


Decimal points are omitted. 


IL-1 Il.—3 HI.—6 
1000000000000 "50000000000 l 
750000000000 361111111111 l 
611111111111 . saaa: 631944444444 
6611111111ll : 2710833333333 
| 659722222222 ) 56TTTTTTTITI 
798611111111 ; 296944444444 
637222229229 583611111111 
838611111111 286666666666 
"e 649444444444 k - | 578185941041 
810833333333 oni 291519274375 
re 642074829931] 580452097502 
831241496598 naastae | 285932823127 5 
; i 646857993196 pene 579369488531 
2 L fond \- 9 = 9) a = 


817962175610 


a aa ee ee ee 


ON 
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IV.—131 V.—263 VI.—526 VII.—1052 
99729999999 ff «. . | 
| 51111111111 
i SALO AR ig 
61797052152 | Se kes We OOOO] 135 
aS 20435090695 pres 72515747006 
59821586033 | 19130163396 | 37290387972 | “? $ 
59309177363 | 
VITI.—2105 IX.—4211 
70433830892 ey 
o neds 19434681141 


The differences being alternately positive and negative, the last 
numbers of the several columns, divided by 2, 4, 8, &c., will give a 
succession of results alternately greater and less than the truth, and it 
will be seen that the nearest approximation is in the middle of the set. 
If we had commenced with 1—2°+....—107”, and proceeded with 
the summations up to 19, not only would the approximation have 
been more rapid, but the final termination would have been the most 
correct result of all. 


1645924351220—- 2=>822962175610 


3289503023428 — 
6579939688832— 
13159309177363—~— 


4= 822379755857 
8 = 822499461104 
16= 822456823585 


26319130763396— 32= 822472836356 
52637590387972— 64=—822462349812 
105276485 103243— 128 = 8224725359869 
210549000850249-+ 256 = 822457034571 
421119434681 141~—512—=822498895862 


Of these the fifth is the nearest to the truth. 

If these results be taken, and used in the same manner as the original 
sums, a Close approximation will sometimes result, particularly when the 
original series was divergent. No rule, however, can be given as a 
guide when to expect additional advantage from carrying on the process. 

As a more simple instance, take 1 -4+3—...., beginning with the 

: sum of six terms, which is *744012, and taking means of the sums to 
show more clearly the degree of approximation. 


oh 4. 5 

390935 | 782474 | sssoa7 | 

os is76ol | J209" | 795339 | won. 

Meee | 783680 eo 785434 | 189387 | 785396 
B130T wea TEDITA aa TESO |, 
160459 | 180175 785522 | See | 
soso7s | 184209 ) : 


The result to six places of decimals is *785398, and the greater 
rapidity of approximation in this example, as compared with the last, arises 
from the slower convergency of the series treated. 

Any given result might be attained by one process, as follows. If 
So S &c. represent the several sums do, &o— d, &C., it is easily shown 
that the (m+ 1)th mean of the cth column is 


ee 
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bstitute the values of smy &c., and it will be seen that a,, enters all, 
4, all but the last, &c.: also the sum of all the coefficients is 2°. 


madi C,=2°—1, so 2, = LL; C,—=2°—1 —¢c—c ~ 


d the (m+ lth mean of the cth column is 
{Co (ao— a+ ass t Am) + C, ampi tC lm F ae +C, mte } Cos 


+a ae Cc; Omir Ce Ami T “eee +C, Cmte 
A— tee E at: Sal 
0 


I have confined myself in this chapter to purely arithmetical con- 
lerations, but in the next, and also in the one which follows, on 
‘finite integrals, the reasons of the marked difference which exists 
tween d+a,+&e. and a—a,+&c. will more fully appear. 


weer S 


CHAPTER XIX, 
ON THE TRANSFORMATION OF DIVERGENT DEVELOPMENTS. 


‘HE theory of series is intimately connected with that of definite in- 
sgvals, insomuch that previously to proceeding with the latter subject, 
may ‘be advisable to resume the former. We have hitherto considered 
aries, pages 222—244, with reference to the actual arithmetical sum of 
ninfinite number of terms, and have given, page 326, the test for distin- 
uishing between a convergent and divergent algebraical series. And 
hough we have deduced series which are sometimes diver gent, it has 
een hitherto a matter of trial mer ely: nor have we attempted to draw 
ny conclusions by means of divergent series. When, indeed, it happens 
hat the divergent series is known to arise from development of a given 
unction, we may safely use it, since we have the means of avoiding the 
livergency by using Lagrange’s theorem on the limits of Maclaurin’s 
n such case we may use the terms of the diverging series freely, since 
hose which we neglect might have been from the beginning expressed 
n a finite form (page 13). But when it happens that we do not know 
he original function from which a diverging series was produced, the 
ise of such a series has been considered unauthorized by many eminent 
nathematicians, whose opinions should be carefully weighed, whatever 
sonclusion may be adopted. 

In general, a series of the form o+ d, +d 2?+&c. is convergent for 
all values of w less than a certain value (page 222), and divergent for 
all greater values. And here a, is a function of n, which we may call 
gn, so that the series is ©(0)4+¢(1).7+¢(2).a?+.... Let us 
consider ourselves as led to this series by the performance of a number | 
of operations which obviously lead to terms having the law in question, 
though they end in a series which cannot be arithmetically summed: 
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and let us ask whether we might not, by putting the operations 
another form, have obtained a convergent series ? 

In the answer to this question there is a marked difference between t 
case m which Øn may become infinite for a finite value of n, and tk 
in which it cannot. Let us suppose the latter case; the transformati 
is then rendered very easy by representing the whole series as one 
operations performed on ap which gives 


Ata, t+... ={1+ (1+4) tH.. a= 
l l ] 
ey =a Maa @ Taye OTA lo— s... 
G5. < ilies 
cape TLE 2 i 


or as follows, 
P (0) +9 (1).t+6(2).a%+.... 
=—iP (—1).a +4 (—2).2° +¢ (—38) 24 gc}. 
The same result might be obtained by taking the series 
$(0)+6(1).a-+... =f rm ete , 
_ 90) | IOR 


x—~ 1 (1—1)? 


e %9 


developing the negative powers of z—1 in negative powers of x, an 
remembering that 6(—n)= (0) —n Ad (O) Fen (n+1) 4’ (0I)— & 
I shall call each of these series, (0)-+&c., and — p (—1). a7}, &e., th 


Inverted form of the other. If Ø (n).a"=wn, we have w(0)+¥ (1 


ee S -a 


SS Ar r 


NN eee A, 
CS ae ee 


+... — (-1)—wW (—2)—.... The most condensed form « 
the theorem is as follows: if wn be a function which does not becom 
infinite for any value of n, positive or negative, then, Zyn=0, > extend 
ing from n=— © tom=-+ œ. The theorem is to be understood in a 


entirely algebraical sense, as meaning that the same operations whic 


give w(O)+% (1)+.... would, differently conducted, have led t 
Shame ee 
For instance, let us take log (5 )=0(t +... 3; Here th 
term ¢ (n). a” is n™(1-— (—1)") 2", and 
L=(= 1" —(= 1)". log (— 1) 


—, when n==0, is =, or — log (—1), 
n l 


and w (1)+y (2)+.... = — Y (0)—% (—1)—...., or 


3 5 xš 


] L L Irpa 
log (T= =g (—1)+2 (1 +-— = +- +.. ) 


which may easily be verified. But if we had taken the general term o 

the series to be 2(2n-+1)7! 2*"t!, we should have — 2 (ot phy Oto. . 

for the inverted form, which is not true. But here observe, that in pass 

ing from n=O to n= —1J, we pass through a value of n, —¥, whicl 
20 
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makes the term infinite. As another instance, take tan“ #=z 


a. a 
— T a one form of the general term of which is 
(n+l)r at À T PE: 

—, , which = — - when n= — 1, giving 

2 ‘n+l 2 ane 

E 5 mo l l 1 

L — — mN Be è — ee ee oy ee ae ee Ò @ 
3 a 5 2 a tor o Á 


which holds in one case: for r—}<s?’+&c. is that value of tan™'s 
which lies between —łr and +427; in which case tan™'e -+ tan™! 27 
= — $7, if tana lie, between 0 and —$z. 

No great stress is to be laid on these examples, because the method of 
supplymg the function proper to make the even terms vanish, as 
1—(-—1)*, &c. is arbitrary, and might be varied: and though I have 
taken these instances to show that when the proper function is used, true 
results follow, yet the determination of that proper function is not at 
present always attainable, nor can a test be supplied for distinguishing 
it from others. 

But in the case in which ¢ (7) is always finite, the theorem may be 
freely used, as showing, without reference to the arithmetical value of a 
series, a variation of development which might have been given to its 
algebraic invelopment. For example, let the series be 


lrt 3a? 4- Tae iat +41954-9902°-+ 2... DA, 2"; 


of which the law of the cocfficients is that A,—=2A,_,+A,_., whence 
ATE = A — 2A, and Age Å n42 — Siaa giving Aas ao I; Ara 
A _ = —, and the rest of these coefficients are 17, —41, 99, &c. 
Hence the same series is 
7 17 41 99 
+ rites i ear ete Chae? = ea 


x xv 


Now the original series is the a a of (1—2): (1—2r—2"), 
and if e=v™~", this becomes (v—v*): (14+ 2v—v"), which developed by ~ 
common division gives v— 3v? + 7v3—&ce., which verifies the preceding. 

As another example, take 1+ x cos gag * cos 20 + &c., which, by the 
theorem = — q~ cos 0 — 17? cos 20—&c., which can be verified from 
page 242. 


If ¢ (n) be an even function, or if ¢ (—n)=ọ (n), we obviously have , 


1` 1 i 
Ay t+ A («+5 )4 aa( at -F rire), 7 
or ao + 2 cos 0 + Qa, cos 20+ &c.=0., 


making t+a7'=2cos0. Thus if pn=1, we have 1+2cos9+2 cos 20 
+....=0, a well known result. If  (n)=cos nê, we seem to have 


1+ 2 cos’ 0 +2 cos’ 26+ 2 cus? 304-....—0, 


a result which will require the following considerations. 

Divergent series are mostly developments, which though arithmeti- 
cally false, as presenting infinite arithmetical values for finite functions, 
yet present specific cases in which the function actually does become 


i 


TRANSFORMATION OF DIVERGENT DEVELOPMENTS. 063 


infinite as well as the series. Thus, though 1+2x+32°+...., or the 
development of (l—2)~, is divergent when œl, the invelopment is 
not therefore infinite: except only in the isolated case in which «=1, 
when (l—wv)~ and 142+3+4.... agree in arithmetical value. In 
this case we must guard ourselves from the fallacy of making an 
arithmetical infinite the subject of reasoning, and must stop at the first 
step in which it appears. This fallacy, in its broadest form, is as fol- 
lows: there are many cases in which infinity is equally positive and 
negative ; that is, ġa being = œ, P(a+h) is (h being small) great 
and positive, and Ø (a—h) is great and negative. If we then say that 
œ= — o, we have 2X oc=0, a result which isa sufficient caution against 
the use of œ, that is, infinite in value, in the manner in which rational 
considerations entitle us to use that which appears infinite in value by 
divergent or (as those who reject divergent series say) wrong develop- 
ment. 

All Į assert in the first instance is, that 1-++ cos’é.r7-+cos?29.22+ &e. 
is the development (whether right or wrong matters not here) of a 
function which may also be developed into — cus? 0. «~'—cos? 20.472-... 
Now the first series may be easily shown to arise from the develop- 
ment of 


ek x I cos 20.0%7—2? 
2 l—aw 2 1~2cos 20.742” 
i l l 20. x '— 1 
)Y Pou — |. — Bes ike See | 
2 =r" 2 #?°—2 cos 26. a H] 


Develope the second form in negative powers of x, and we have 
1—4 (+27 4+a7+....)—4 (1+ c0s 20.27 + cos 40. P+... ..), 
Y — cos? 0, x7 — cos? 26.47 — Ke. 


is asserted, [n the particular case r= 1, the original function becomes 
nfinite; consequently, though we may say that whenever we meet 
vith 1+cos?0+...., we might by a different process have obtained 
—cos* 6 — cos’? 20— &c., yet we may not say 1+2cvos?6+2 cos? 20 
t....2=0, for by so doing we really commit the fallacy “ c=— œ, 
herefore œ+ c=0.’? But the student must not imagine that it is any 
oint connected with serves that I have cautioned him upon: for the 
ame care should equally be taken with finite expressions, as to these 
articular cases in which they become infinite. ‘The real difficulty is, 
hat in using a general divergent series, aud passing to a particular case, 
re may light upon a divergent series which really represents infinity, 
nd we cannot as readily know whether this be the case or not as we 
ould if we had only finite expressions. 

If a, or ¢ (n) be an odd function, or if ¢(—n)==—¢ (n), we readily 
btain (since then a=0 or oc, and by hypothesis we are not speaking of 
re latter case) a, (2—7) +a, (2—7) +....=0, or asin 64 
2sin20-+....=0, And if E, and O, represent an even and an odd 
inction, and if (remembering that every function is the sum of 
n even and odd function, if O be included among functions) we make 


"=E, +0, we have 


ta, (+2) +a, (8 +a%)+..= O etar HO (+0) +... 


+a, (r — 2") +a, (ve? — 2") +. SE, tH, (waa) HEt- 
ZO2 


————————————————— 
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This sets in‘the clearest point of view the remark in page 327, that it 
is not allowable to make two series of the form Ya, (x" ta") identical 
because they are derived from the same function. 

The two forms of 6(0)+@(1).a+.... cannot generally be both 
couvergent, though both may be divergent. To prove this, let y (Q) 
+u(lj)+.... and —%(—1)—yw(—2)—.... be the two forms. 
The convergency or divergency depends in the first instance upon the 
values of —n (log wn)! and —n flog w (—n)}', when z is infinite. 

These are —ny'n:yn and ny’ (—n):%(—n), which have different 
signs whenever w'n : wn and y/(—n) :w(—n) have the same limit as n 
increases without limit. This is the case whenever yn is an algebraical 
function of n, or one multiplied by æ”; and since convergency requires 
that the function here treated should not be less than +-1, this necessary 
(though not sufficient) condition cannot be true for both forms, in any of . 
the cases specified. But it is possible that both may be divergent: for 
instance, in 144¢+7+9 a?+...., and its other development —2 
—4+zy-*—.... But extreme divergence in one form is frequently 
attended by as great convergence in the other; for instance, in 1+ 2° 
HPPH... o., and —a'—Q7? aw? — 3 xr F—.... 

Since we have @—a,¢ta@2—....ma_,x7'—a_ .u r+... we 
now see the confirmation of a fact which every algebraist observes, 
namely, that in every series the terms of which follow a law expressible 
by common methods, and in which the terms are alternately positive and 
negative, the function so developed diminishes without limit when 2 
increases without limit. This will yet more fully appear in the next 
chapter. 

qx? 


2 
When a series has the form dot di e+ a ri a5 + ...., where 


a_, can be assigned, the present theorem fails from our not being able 
to assign the value of the function from which 2.3....2 1s derived, in 
the case in which n is negative. It will, however, appear in the next 
chapter that these inverse values are not finite. In algebraical series, , 
the values of a, a@,, &c. being those of diff. co. generally contain J, 1.2, 
&c., in the numerators. But in several remarkable cases the theorem 
will not apply, owing to our ignorance of the method of inversion, in the 
development of (1+) for instance. There are, however, cases in 
which we may invert the process and infer negative values by means of 
independent developments. Thus, n being a whole number, 

n+ | 


9 


w+... =(—1)" {arna cee. E 


(1—2) "=l 4nr+n 


od 


hence, a, being the coefficient of a” in the first series, we may infer that 
a_,=0, 4..=0,...d 44,0, 4_,=—(— 1)", d..1=—(—- 1) a, &c. - 
I leave the following to the student: 


awe, 


a pa 


Ataata n n mda (l-a Ade (l-ar) HA adla) 


In most of the cases in which the general term of the series is of the 
form @, 2: (1.2.3....n), the denominator insures a high degree of 
convergency. To examine this point, remember that (page 293) 


ia . ; 
1.2.3... ¿n has always a finite ratio to 2”*? e7”, as n increases without 
limit, so that (page 234) we need only examine the convergency of the 


TRANSFORMATION OF DIVERGENT DEVELOPMENTS. 565 


. e L e 
series whose general term is a,a"s":n"'?, Let this be Un, and we 
have 


The only case in which this series can be divergent is that in which 
—na’,:a, is —c when n= œ, in such manner that the limit of the 
first two terms is at least as small as +4. If, for instance, a =n", 
which is a function increasing faster than 1.2.3....7, we have for the 
preceding 3—7 log (rs), whence the series 


2 3 
Ltr4 243° 4.44 Bios, ak 


aa 2484 
is convergent whenever œ is <~. 

The following methods will often convert a divergent series into a 
convergent one. 

Let pr=a ta, LAs i ae eee and let a,b, +a, b, Tabat? t... 
be the series in question: then, as in page 240, this series is obtained 
by a train of operations on b, of which the symbol is ¢ (zE).6,, where 
E stands for 1+A. Assume E=m-+F, which gives 

p' (mr). 
2 


ahta bist... =o (mr) .bi Hp (me). Fb + — A Fb, t... 


Now E=m +F means Eb,=mb,+Fb,, or Fb, =bn — Mb, which gives 
6.=b,—mb,, F2b,=b,.—2mb, Hm by &c.; 
the process obviously being an extension of the method of differences, 


by substitution of the operations 6,—7b,, be—mb, &c. for b,—b,, 


be—b,, &c. We thus get 
b,+ b, r+ eee me by (bı — mbo) X (b,—2mb,+m? by) aw 


~ l=mer (l—mr)? (l—mz)? | 


"72 2 
batb, +h Z4 i326 Sve fht mb) x+(b,—2mb,+m? bo) st ee I 


in which m may be any finite quantity, positive or negative. Let 
m= —1 in the first, and we have 


by (iba)  (ba+ 25, tb) 
b,+6,0-+.. ee a oe ena OF 


If b,, b, &c. be increasing, this series is convergent whenever 
b,+26,v+4b.v°+.... is convergent, v being g: (1+2). If bnp: bn 
=k when n=c, this last is convergent whenever v <(2k)™, or 
e<l:(2k-—1). If 2k= or <1, the second side is convergent for all 
positive values of x. 

If instead of E we write €?, by the theorem in page 307, we have 


b" 
abi tabir+..=pr.b +o La(1+4A)}.0.b toida} Po Es sets 


where b’ b'a &c. are written for Db, Db, &c. This, expanded, the 
table in page 253 being used, gives 


a ee 
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bY”. 
a,b, +a, biat =b, orl) pret (pæ.x to'x. 22) 
1/1 
tae (px. 43o" x. +o x.x?) 


b” 
WEF 
a result which might easily be verified from page 239 by help of page 
263. The remnant &, b, 0°+-a,,,5,./0"t'+.... may often be ren- 
dered more convergent by use of this form of development. 

This chapter may serve to throw some light on the character of 
divergent series. Further considerations will offer themselves in the 
next chapter, previous to which it is hardly right to invite the atten- 
tion of the student to any final opinion upon the use of divergent 
series. This much, however, may here be said: the history of algebra 
shows us that nothing is more unsound than the rejection of any method 
which naturally arises, on account of one or more apparently valid cases 
m which such method leads to erroneous results. Such cases should 
indeed teach caution, but not rejection: if the latter had been preferred 
to the former, negative quantities, and still more their square roots, 
would have been an effectual bar to the progress of algebra, which 
would have been confined to that universal arithmetic of which Newton 
wished it to bear the name: and those immense fields of analysis over 
which even the rejectors of divergent series now range without fear, 
would have been not so much as discovered, much less cultivated and 
settled. 


(gla. w- Toa. 22+ 692.02 + de.) + oe. 


CHAPTER XX. 


ON DEFINITE INTEGRALS. 


In commencing with a title which may induce the student to think that 
he is already master of the principles on which the following pages rest, 
a conclusion which would not be altogether correct, it will be necessary 
to pomt out the extension of views with which the subject must be 
looked at, before the objects of the present chapter can become intel- 
ligible. The subject of definite integrals becomes daily of more import- 
ance: and, to judge from appearances, any very decided increase of the 
power of the mathematical sciences can only arise from successful in- 
vestigation of the methods of obtaining their general properties, and 
computing their numerical values. 

A definite integral is distinguished from an indefinite one by the sup- 
position that both its limits are specified; and the consequence is, that 
the former is no longer a function of the variable, but only of the limits and 
of such constants as enter into the function integrated previous to in- 
tegration. If, therefore, all indefinite integration could be successfully 
performed, all definite integration would necessarily follow. Thus when 
we know that 27 is the dith co. of «°, we therefore know that (?2rdx 
is b'—a*, whatever 6 and a may be. But we know that indefinite 
integration cannot always be performed; and, as in pages 103—105, 
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| . . . 
{which the student should here review attentively,) we may see that the 


lifficulty arises from a deficiency of means of expression. To carry on 
rhe same mode of illustration, remember that geometrical recollections 
|ntroduced the circle and its properties into algebra before the differential 
calculus was invented. As algebra was applied to trigonometry, the 
sine, cosine, &c. of the latter science were made fundamental modes of 
pxpression in the former. The consequence was, that at last a broad 
jistinction was drawn between the two series 1—}a°+11ile'—&c.,, 
e—3 ta°+&c., and all others. The student finds, on his first intro- 
luction to these series, that he is already master of their properties by the 
qundred, is provided with tables to find their numerical values, and 
knows how to make them of continual use. But if he had been com- 
pelled to be a pure algebraist, without permission to draw suggestions 
rom any other science, he would have had no more occasion to investi- 
zate the properties of these series than those of many others of equal 
simplicity. And on the other hand, if the suggestions of geometry had 
veen more extensive,* he might have been familiar with many results 
which are now to be presented for the first time, and might have had 
common and well-known names for results of calculation which are now 
mly expressed by symbols, and have no distinct appellatives. In 
zeometry, the previous treatment of the curve y=,/(a?—a*®) made 
f/(a@—zx?) dx expressible in known functions as soon as fxdx: had 
"he same science directed attention to, and been made the means of 
developing the properties of, the curve y =6— 37, the integral fe~z’ dr, 
:o the consideration of which we shall come, would ‘perhaps have been 
already known, named, and tabulated. 

If all the cases of foe dx were written down, when x stands for a 
unction in common use, the greater number of these integrals would be 
nexpressible, except by infinite series. If all infinite series were con- 
vergent, the difficulty of computation would not be insuperable; and if 
she general properties of an infinite series, for which no finite equivalent 
‘s known, were as easily determined as those of a finite expression, we 
night satisfy the wants of any application of our science with compara- 
tive ease, though the labour of computation might be considerable. But 
tis not always readily practicable to reduce integrals to convergent series, 
and it frequently happens that the form of a series does not throw any 
dght upon its properties. Atthe same time, nothing is more certain than 
shat the results of most of the problems in which the higher mathematics 
are necessary, must from their nature require integration. Do we then 
ind in what precedes premises requiring a conclusion that most, or at 
least many, of such problems must remain insoluble ? 
| This question is to be answered in the negative, and the reason is as 
follows. Every particular case of an itegral can be found by common 
arithmetic, whatever the function may be. It may easily be that 
fior dx may not be expressible in terms of a and b, with such modes of 
axpression as we now have; but specify the values of a and b, say 
1=2 and b=3, and by the definition of the symbol the equation 


l i 2 nN) 
fiz Cn lo (2)+ọ (2+7) +o( 2+2) Hese +o(2+7)} 


* If the hyperbola had received as much attention as the circle, its area might 
have suggested the notion and properties of logarithms, and the attention thereby 
axcited might have led to the calculation of tables. 
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may be made as nearly true as we please, by taking n sufficiently great. 
This symbol, then, for an isolated and specified value of a and b, is 
merely the limit of a simple arithmetical conception, and every case of it 
may be calculated, quam proximé, by a person who knows only how to 
calculate the value of an algebraical expression in any particular case. 
The more artificial and rapid method of page 314 may be substituted : 
and it must be observed that in calling every definite integration practi- 
cable, we speak of possibility only. Should the actual computation of an 
integral occupy twenty computers for a year, it might well be a question 
(and one by no means always to be answered in the negative)whether it 
were worth while to employ them: but this does not affect my asser- 
tion. 

It is, then, admitted to be possible in every case to construct a table of 
the values of an integral which may be used like a table of logarithms, 
so that reference and interpolation shall give any value we please, with 
sufficient accuracy. Each integral so calculated is a fundamental table 
of reference, and the question is to choose such integrals as will admit 
of the largest number of uses, and to find out as many uses as possible 
for those which have heen calculated; previously using the shortest 
and most convenient method in the actual construction of the table. 

So much for the numerical attainment of results which can only 
be exhibited in an integral form: but this is by no means the only use 
of definite integrals. It frequently happens that one particular set of 
limits have an importance which distinguishes them from all others, and 
renders the çase in which they are used perhaps the only one which it is 
ofany usetoexamine. Thus, in the theory of probabilities, fear dr 
is of the most frequent occurrence, but only between the limits r=0 and 
x==1, and also between limits which he near the value of 2 which 
makes 2*(1—«)" a maximum: it would be only wasting time, so far _ 
as the most important cases which occur in that. science are concerned, to 
examine any other limits. In such a case, we learn to look upon the 
variable x, the most prominent symbol in the ordinary integration, as 
subordinate in importance tom and n; the first being necessary only 
in the conception of the manner of attaining a result which depends 
for its magnitude only upon m and n. It frequently also happens 
that the isolated cases which it is most important to examine are also 
those which can be most easily attained; and that we may thus arrive at 
a particular value of a function, the general form of which must be 
presumed to be an inexpressible transcendental. This happens, for 
example, in fg e—° dt, which, when a is infinite, is 4/2, (page 294) ; 
but cannot be finitely expressed in terms of a. Another important 
branch of the calculus of definite integrals is, then, the determinatior of 
useful isolated cases of general integral forms, of the complete solution 
of which no hope can be given. 

Again, an integral of the form {¢ (.r, a) dz, between specified limits, 
whether those limits be functions of a or not, is, generally speaking, a 
function of a, and of the limiting values of æ. If these limits be 
numerically specified, (say they are z=0 and e=1,) f} ¢ (r, a) dx isa 
function of a. Say that this integral can be found, and that it is wa. 
We have then a mode of expressing Wa, which may lead us to proper- 
ties of that function which would not othewise suggest themselves. 
There may be an infinite number of ways in which wa may be thrown 
into the form of a definite integral; and each of them may be the easiest 


- 
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mode of expression for some one particular purpose, or for the develop- 
ment of some one particular property. 

Lastly, by looking at a definite integral as the mode of using a variable 
x, between given limits, to obtain an expression for a function of a, we 
may not only learn new properties of this function of a, but may 
even extend our views beyond what would be possible when the 
function retains its usual form. Thus, if 1.2.3....22 be considered as 
a function of x, we can form no rational idea of its existence except when 
n is a whole number; but when we come to observe that 1, 1.2, 1.2.3, 
&c. are values of ni we~ dx answering to n=0,n=1, n=2, &c., we 
see no difficulty either in the conception or calculation of this integral 
when 7 is a fraction, and we have thus the means of interpolating values: 
between 1, 1.2, &c. answering to fractional values of n. 

The mode of obtaining a definite integral supposes that in [4** $a dz, 
pr must not become infinite between =a and x=a+A: not that the 
value of the integral is then necessarily infinite, but that we have no 
obvious means of testing whether it be so or not. The diminution of w 
(page 99) may more than compensate any increase of the terms of the 
sum, To the criterion for determining the result in this case we first 
turn our attention: say that ò is the value of x, intermediate between a 
and a+h, at which dx becomes infinite ; it is required to ascertain the 
conditions under which, in eS gx dx, or f: px da+ fit px dx, each of 
the two portions is finite. Since 


P px dr=ọġb.b— oa. a— f? xo'x dr=ġa (b—a)+b (¢b—a) - f? ro'xda 
= pa (b—a)+b f: ox da— f; xp'x dxr= pa (b—a) +f: (b—x) Ya da, 


whenever hb and Qa are finite, this last result is true when b is any quan- 
tity (however little) less than that which makes Øb infinite ; and supposing 
b to increase towards that value, it always remains true, and (page 22) 
is therefore true when z=b makes x infinite; ¢a, b, and a being 
supposed finite. Let y=@ax give z=@'y; then, since y=¢Ga and 
y= œ correspond to r=a and r=), we have 


faprdr=ġa (b—a) + fi (b — p™'y) dy. 


Now (page 325) the last integral is found to be finite or infinite, 
precisely in the manner which determines whether the series whose 
gencral term is b—@7"y is convergent or divergent; that is to say, let 
yy =b— py, and find 


WY! y (p'a : 
Yee YY LP 2Y and a, its value when y= œŒ : 


AFA Uy 2b oa 


according as a) >l, or <1, the integral is finite or infinite. But when 
a= 1, find a, the limit of log y.(Po—1) when y= œ, and the integral is 
finite or infinite, according as a, > or <1. But when a,=—1, find a, 
the limit of loglogy.(P,—1), &c. This seems to involve the necessity 
of inverting Øx, but it does not so in reality, for 


y=o pty gives y'= (Pty) (PYY. y, or ("YH 1: Pr; 


whence Pp= gr: ¢'r (6—2), and a is its limit when r=0. | . 
If it be =a which makes x infinite, the same result applies, substi- 


- amme 
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tuting a for b, since ie Hadr = -f rdr, and — fpa dx and jprdr 


are finite or infinite together. 
Example 1. fe (log adr:v). Here v=0 makes r= œ, and 


: px log x 
a eS =], when r= 0 (doubtful 
Be gix(0-a) logr-1l ” ( ) 
p=] log z` E log log c—log x ieoa i 
—log —]) = = = — 1 when r= 0; 
ee Tr Je i log r—1 ! 


whence, since —1<1, this integral is infinite, This may easily be 
verified, since the indefinite integral is 4 (log 2)?. 


xample 2. anedxr., P=- a=. 
ys | 0 (1+ tan” v)(4r—xry)’ 


So far, then, the result 1s doubtful, and this case is more easily solved 
by inversion. We have f2” tan e de= fo ydy:(1+y’), y being tanv, 
which falls under another rule. For the preceding rule does not apply 
when b= œ. It is obvious that Sfo py dy is infinite if Gy be finite when 

= œ. But here y:(1+y’)=0 when y=c, so that the rule to be 
applied is that which determines whether 2y:(1+y"*) is convergent or 
divergent. Here 


whence the required integral is infinite. 


Example 3. Ji e "a dv, nbeing positive. Pim (rru) naela. 


This integral is then finite when «<1, and infinite when tœ1l1. In 
the doubtful case, or when w==1, we have 
l \ 8 (a+log x) 


Pel Seg -e =: 
og ( av ) t+1 { til ye aal; 


or the integral is infinite. 


Example 4. foe pede. Here the method of Ex. 2 also applies, 
and P,=x (a—p'r: px). The integral is therefore finite whenever 
p'r: px diminishes without limit, or tends to any finite limit <@: for in 
such cases a, is +o. But when v:e has the limit a, then a, 
takes the form cc x0, and P,, &c. must be examined. 

Though I have given these examples at full length, in order to illus- 
trate the general rule, yet it must be remembered that anv factor which 
remains finite throughout the whole interval of integration may be 
rejected ; and the result, as concerns the simple question whether the 
integral be finite or infinite, may be obtained from the rest. Thus in 
foe x™ dx we might have rejected e~, and used ja" dz only. 

Resuming the general subject, it would seem at first sight that there 
can be no difficulty in any case in which the integration can actually be 
performed: thus, if fou Ct Ow: iE pe dz=p,b— pa, which is finite 
when #2 and p,a are finite, even though Øv be infinite between the limits. 
But we shall soon see reason to know that the difficulty which arises 
from the definition of a definite integral as the limit of a summation is 
not thus evaded. For instance, ) 
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fetdes—a, fia dr=a7—b, which is finite ; 


n l 2 
ee aPdr=+ea, fo dr= + eo, a dr= a 


The reason why we put the sign -- before œ in both cases is as follows. 
We find that 


l l l ] 
f ae OL ros See dr= vane 
m—h m m—-h nm 


Both these are positive when A<m, however little m—h may be: 
hence we call their limiting symbols positive when h=m. If, then, we 
construct the curve whose equation is y=a2~’, 
and if OA= —m, OB=-++m, we find the areas 
| PAOY.... and QOBY.... both positive and 
infinite, which agrees with all our notions 
derived from the theory of curves. Again, if 
_ os we attempt to find the area PYQB by sum- 
ming PAOY and YOQB, we find an infinite 
and positive result, which still is strictly intel- 
ligible. But if we want to find the area by integrating at once from P to 
Q, we find, as above, — (2 : m), a negative result for the sum of two positive 
infinite quantities. The integral then, y being infinite between the limits, 
takes an algebraic character, standing in much the same relation to the 
required arithmetical result which must have been observed in divergent 
series. Thus 1+2+4+&c. ad infinitum, is an algebraic representa- 
tive of —1, though it only gives the notion of infinity to any attempt to 
conceive its arithmetical value. Whatever may be finally discovered as 
to the interpretation of these results, I think there can be no doubt 
that the student’s first introduction to the subject of definite integrals 
should be kept clear of them and it: and I shall accordingly avoid them, 
at least till further notice; confining myself to those integrals which, 1f 
their subjects do become infinite, are not thereby rendered infinite. 
There still remains a peculiar class of definite integrals, in which the 
function integrated is periodic, and the integration is made over an 
infinite interval; such as fjsinz dz, fo cosa dx. Such integrals are 
obviously made up of a succession of elements of one sign, followed by 
a succession of another sign, ad infintum. Thus we have 


t ise) Ez 
2 
| cosa dr= eosed | 
0 Py, i 


fosin z de= I sin gz dx -+ f? sin x dx + e... = 2—2 42—24.. à’ 


v 
| 
’ 


ur! 


“Av A O B X 


Wito 
P) 


cos tdu-+...-scl—24+2—2+.... 


Wj 


Now, as explained in algebra, 2—2+2—....=1 and 1L—2+2— 
e.. = 1—1=0: are we then to assign O and 1 as values of these 
integrals? Examine the grounds of the algebraical assertion, and we 
shall find them to be as follows. The series &o—a, +4— . .. . =4ao 
—4Aa +.. +.: any supposition which diminishes Allos Ado, &c. without 
limit makes a,— a+. - .. rigorously approach the limit 3a), as long as 
l» a, &c. really diminish without limit. And thus in the extreme case, 
in which Aa,=20, A’ay=0, &c., or d= nE la &c., we see that ya, 
must be the substitute which a,—a@)+ta,—&c. ad infinitum requires. 
Similarly, let P be any function which =0 when r= œ, we have then 
fP cos tdx=P sin x— fP singdr, or fo Pcosrdr= — fo P’ sin g da. 


S 
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This is rigorously and arithmetically true as long as fẹ Pcos x dz is 
finite: any supposition, then, which makes P approach to a simple con- 
stant; that is, makes P vary more and more slowly whatever æ may be, 
or diminishes P’ without limit in all cases, also diminishes fj P’ sin x dz 
and fẹ Pcoswdx. Consequently, at the final limit, or when P is a con- 
stant, we must write [> Pcosrdr=0, or [fF cosrdr=0. Again, since 

P sin e dx = — P cos < +f P’cosada, we have fọ Psin 2 dx = (P) 
+ fo P’cosxdx, (P) being the value of P when c=0. By the same 
reasoning, any supposition which diminishes P’ without limit brings the 
truth nearer to re sing dx= (P). This is, then, the final limit when 
P is made constant, or P=(P); and it gives fjsinadr=1. For 
instance, (a being positive, ) 


sin T—a cos g? , a 
fe cos vdi= e" e s fe cordr= Fa 
a : a 
_costtasin x l 


JE” sin e dr=— E~" ; foe sin x dr=— 


lta 


For every positive value of a, however small, these equations are 
arithmetically true, and might be verified to any extent by actual sum- 
mation : when @=0, they become 0 and 1, and ¢~*” is reduced to a 
constant and =1. 

It may diminish any regret which the ambitious student may feel at 
being desired to lay aside, for the present, all idea of considering definite 
integrals in which the subject of integration becomes infinite between 
the limits, if we show explicitly that even those considerations on which 
we propose to enter necessarily require the algebra of discontinuous 
functions; and that those which we throw aside would probably intro- 
duce the same sort of difficulty in a more complicated form. Let 
fot‘ sin ax dx be proposed, which it should seem must be a function of 
a, and the more so, since it changes sign with a, on account of sin (ax) 
=—sin(—ar): and when a=0 it is obviously reduced to C—C or 
0: that is, it changes sign, passing through 0, when a changes sign. 
Nor is it one of the excluded integrals; for sinar:z is finite when 
w=0, being then =a. But 


D oe oO e (> o 
sin ax sin ax sin v 
—— dra | ——d(ar)= dv, 
5 & o ax > v 


since writing v for az does not alter the limits. The last result must be 
independent of a, so that we have a constant, not a function of a, which 
as 0 when a=0, and changes sign with a. Unless, then, this integral 
be always =0, itis a discontinuous constant. But it is not always =0, 
is will be afterwards shown. It must then be a discontinuous constant; 
and thus, even in such definite integrals ‘as we do consider, we cannot 
always procure general algebraical expressions of the results. 

Our sole restriction being that in før dz, hx must not become infinite 
between the limits, unless we can show, as in page 570, that the result 
is arithmetically finite, we are at liberty to substitute for x any function 
whatsoever which does not invade this restriction. Thus even if the 
function substituted should be impossible in form, the truth of the results 
is not affected. For example, take f tan-"@d@ from 6=0 to 6=37, n 
being positive. Here ¢ð= aœ when 0=0, and we therefore examine 


l +a? 
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p0—4'0 (0—9), or the more convenient form {(log 40)! (0 — 0) V5. 
This gives 


l+tan? 9 
(n0 -E 


=| 
ae } , Which =a, when 0=0: 
an 


so that the integral is finite when z is less than unity; this we must 
therefore suppose, the case of n=1 being left doubtful, as unnecessary for 
our present purpose (it gives the integral infinite). For tan7"0 write 


its value 
ae Jee -n 
=D T me) 7 
eo 


which is, say =(—1) 2(A,+A, Siege Oat hd ee 3 


and —1 being «*‘~', we find for integration 
(Ay eT ere TAL ace a Ny. e Cheney eee .) dé ; 


of which the impossible part must vanish by itself, since the required 
integral must be possible and finite. The possible part is 


{Ay cos ($4n) + A, cos (Srn+ 20) + Ay cos ($7n+40)+....$ do. 


Now f cos (c-+2h0) d0, from @=0 to O=4 gr, is (2k)7 {sin (c+hr) 
—sin,c}: whence this integral vanishes when & is even, and becomes 
—k-*sin c when nis odd. This gives for the integral required the 
serles 


As; AÀA 
iz Ay cos ($7) — sin (4n77) (Act = rae: TT J 
We might, however, obtain a finite result,* as follows. We have 
(—1)?f tan” 0 do= f (Aot A, ETH A e+...) dO, 


and (—1)? is cos¢ ru+,/(—1).sin}vn. Now integrate, and equate 
the possible parts on both sides to each other: the possible parts on the 
second side being all of the form A, {cos 2k0.d0, must vanish when 
taken from r=0 to r=4$7, and we find (A, being =1, as appears from 
the function to be developed) 


l Lr ] 
2” i 2 i FT 
cos $m { tan™ 6 d0= 4r, or | tan” 0 do = — 


‘ i ~- cos rn 
A further examination (or simple substitution of 4r — 0 for 0) will 
show that this integral is true for negative values of n also (if between 0 
and — 1). Let tan?@=.2”, m being a positive integer, which gives 


mM 
3 o (l-n) 
Ca m (x? dx dr 


| E @d0= = — (n>—l<+1). 
0 


ea Oe | 
a) ig. ME COS HT 


Let m (1—2)—l=r, or $r (1—n)=r(r+1):m, and cos (rn) 
=sin(r(r+1):m). Hence 


* For this proof, which is much shorter than the one usually given, I am indebted 
to a writer who signs S. S. in the Cambridge Mathematical Journal, (vol. i. p. 17.) 
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("adr x f. TT T 
| (See e raa t OO pe a —— -me 8 
Par a fsin( n J- (7r>—l<m—l1); 


It will, however, soon be observed that there is a liability to fallacy in 
an incautious use of the preceding method. If, having deduced 
A+B /(—)D)=P+Q/(—1), we infer A=B, P=Q, we are justi- 
fied only when we know A, B, P, and Q to be real. Now if either 
of these quantities be an infinite series, and divergent, it may represent 
an impossible quantity, as does r+3a°+.... when œl. And even 
if we have a series which is real before integration, it may become im- 
possible after it; thus 1+a¢+2°+.... is real when x>1, while its 
integral, beginning at æ =O, represents an impossible quantity. | 
We shall, therefore, add the common proof of this result, which, though 
employing impossible quantities, does in a manner free from the pre- 
ceding objection. 

If we denote the n roots of the equation x*+ 1 =0 by a, 6, &c., we 
find, as in page 276, (m<n— 1), 


na” gen ere na” da 
— mt +&c., or — | —— =at! log (w—a)+ &e. 
l n > \ n o 
+2 T= oO t—p l TA 


It would appear as if this must = œ when r= œ, but if it be 
remembered that 2a™*'=0 (page 319), and that log (r— a), log (x — 8), 
continually approach to log v as x increases, it also appears that the limit 
of the preceding is that of Sa"*t'.log x, which takes the form 0x œ 
when vis infinite. In fact, since log xr 3e"t! (m+1<n)is =0 for all 
finite values of v, add it to the integral as found, and we have 


mng” da ; L—a 2— \ 
J —= — gee log CoN par log p —&C., 
l-+waz a aa) 


which diminishes without limit in every term as x increases. The value, 
therefore, of the above form is 0 when x=cc, and the required integral 
from v=0 to x= œ is the value of the first form when r=0, with its 
sign Changed, or È {œ"t'log (—a)}. Lete stand for (~, and 9 for 
m:n; we know then that @=e’, B=”, &c., up to e”, and since 
e"= — l, these roots with their signs changed are e't”, et", &e. Con- 
sequently 


È {at log (—a)} = (0 +r} (—1) e4 (39r Wh- 1) erty, , 
+ l (2n — 1) O+? J/(—1) eCr+1)(m+1)9 3 


For e™+tD? write z, and On for m, whence the preceding, divided by 
O/(—1),is (n+1)z+ (n +3) 2+....+(n+2n—1) 2. We show 
generally how to find a+ (a+b) z+ (a+2h) 22+... 4(atnb—b) 2774 
This obviously consists of two parts, the first a (1+ ....+ 2"), 
or a(1—s"):1—2z; the second bz x diff. co. of (zz? +... 4-277), or 
bz x diff. co. of (@—2"):(1—z). Thus we have 


l=” pir" t (n—1) 2"t! 


a+t(atb)2e+...+(atnb-b) 2" "=a - ‘ 
L-z (l—z)? 


For z write 2°, multiply by z, let a=n+ 1, b=2, and 


(n+ 1) 2+ Gh a ty -+ (3n — 1) azn- 


. 
ean a RS 


ee ŮŘŮ 
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A tii — vr! n— a gents 
=(nt1)2—— 42 tU ; 
a=) 


In the instance before us, z= e™+D° and z”=e™tdD 2]; whence 
the first term vanishes, and fie second numerator becomes On Trh, 


while the whole becomes —2nz:(1—z”). Restore the factor 0/(—1), 
and we have 


Ti oe ee 
pL tx” 2] eerie em sin {nab 1) ae 
. de T 


n 
nsin i (m+ 1)) 
n 


a result of great importance. If we examine the limits within which it 
is true, we find that, as far as the lower limit 0 is concerned, m must be 
>—l, while, for the higher limit, m must be <n —1. 

The preceding, though it employs impossible quantities, 1s yet pre- 
cisely the same in its processes as the longer method which would be 
followed if 2” (1+ 2")! were integrated from the rational form found in 
page 276, § 89, by collecting the impossible factors of the preceding 
process in pairs, 

It would seem as if hitherto I had given nothing " cautions, and 
this I have purposely done to impress upon the student the idea of the 
very slippery character of the subject ; or, which is the same thing, of the 
very imperfect manner in which it is understood. Some further hints of 
this kind will still be necessary. 


Every integral of the form iP pæ dz may be thus expressed : 
Jo dv dr= fp prdr+ fagdrdet [2grdr+....ad infinitum; 


lo Qi, Gz, &C. being a series increasing without limit. Every such 
integral, then, is really an infinite series, of which it is found that 
the divergent case is not so well understood as that of ordinary divergent 
series. Let us divide series into four classes, simple divergent and 
convergent series, in which all the terms are positive, and alternately 
divergent or convergent series, in which the terms are alternately 
positive and negative. Besides these we have the intermediate series, 
of which the terms are or become of the form a+a+a+.... and 
a~—a+a—.... 

When the above infinite series of integrals is of the simple diver- 
gent kind, we have rejected the consideration of fọpr dx as being 
infinite ; though it might reasonably be asked why such a diverging 
series of integrals should be called infinite, when a diverging series 
of simple terms is only called at most a wrong development of a finite 
quantity. About converging series of either kind there is no question ; 
while diverging alternating series will be readily admitted, even by those 
who reject them, to stand upon a different footing from simple diverging 
series. But havi ing thus pointed out that integrals taken from 0 to œ 
must have a general resemblance to series in their properties, or at least 
a similar classification, I now show that there is decided danger of error 
in any attempt to apply these conclusions to series in general, which are 
demonstrated in algebra to be true of series of powers of the same variable. 


S aa 
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For example, take fcos z dr=0 froma=O0tor=cc. We see (page 572) 
from what this springs; if we write bx for v, which does not alter the 
limits, we have b {cos bx.dx=0, or f cos ba.dxr=0. Now it is a funda- 
mental property of any integral, that if the limits remain the same, 


d dP 
— D Z Care $ Oo 7 ee o’ P 3 
T f Pdp J3 .dp (page 197) (P) 


provided always that dP : dg does not become infinite between the limits, 
in which case the second side of the equation may not be within our 
present conventional boundary. This proposition is easily proved, 
independently of the page referred to: for since (returning to the 
definition in page 99) 


l | . 
kans ZPAP - Ap, for any number of terms, 
q 


the limiting proposition must be true, or (P) must be true. Take, then, 
fcosbr.dr=0, and differentiate twice with respect to b, which gives 
— fcos br.a?dr=0, or f cos br.atdx=0. We may readily find, as in 
page 572, that 


R C So: aie Zh d- ( mS 
Joe” cos bx dx =F foe “cos ba a dr= — ah Cec, 
which verifies the preceding when c=0 Also, if we differentiate twice 
with respect to c, we have a conclusion of the same kind, verifiable 
in the same manner. 

Differentiate again twice, and so on, which gives fẹ cos bx.2"dr=0, 
by making c=0. Various other methods coincide in the same result; 
surely, then, we should say 


fa cos be (l-wv+tat—....)dr=0, or | 


eo 
cos bx 
o 1+2? 


This result is, nevertheless, not true, and we may see that we have 


here made an assertion which need not necessarily be true, in saying that 
f cos bx dx+ fcos bxr.rdxr+ ....=0, because each ofits terms is so. If 
each of the terms fScosbxr.dzx, [%cosbx.2°dz, &c. diminish without 
limit when a increases without limit, it by no means follows that their 


sum ad infinitum does the same. If we assume this in the case of 


a+br-+cx’-+,..., it is because we never have to use such a series, 
unless as the development of a function; and this function may always 
have (as in page 73) all the terms after a given term expressed in a 
finite form, from which it easily follows that the series is comminuent 
with z. But if it ever should happen that we find a series such as 
a+bx-+.... always divergent, no matter how small x may be, and 
not having any assignable mode of invelopment, I then say that we have 
no right whatever to assume that such a series is comminuent with a. 
To prove the preceding assertion, assume 


 (cosbrdx œP “cos br. edr i a2). 
P= f LH’ z], l-pH 2? =— f cos bedz + P=P; 


whence P=Ce’+-C, ¢~”, 


f 


Now C=0, for otherwise this integral, which is always finite, being ’ 


necessarily not greater than fy (dv:(l-+.2°)), or $7, would increase 
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without limit with b And C, must he the value of the mtegral when 
b=0, or 7. Hence are deduced the following results, being the above 
and what arises from differentiation with respect to 6. 


> (“cosbade r <-> “sinbr.adr r, 
l De =-e ; ——— m Z E e 
o 142° 2 o l-e se 


-If we suppose the sign of b to change, cos (br) remains the same, 
and the integral, while its equivalent becomes 3ret’, The result is 
evidently not allowable, since it would be then C,, which is =0, and C 
which is =37. Consequently, this integral is represented by 37s 
when b is positive, and by dvs’ when b is negative. Similar circum- 
stances frequently occur, aud they arise from the difference of treatment 
of series and definite integrals. If we had rejected divergent series, we 
should have called tret... .(@>1), a mistake which is to be 
corrected by writing -1—a7'—7"—... Both series have the proper- 
ties of (1 —2x)~', An extended theory of definite integrals will, I con- 
fidently expect, at some future time contain the same distinction: ex- 
hibiting results in a form which points out numerical values when they 
exist, and algebraical equivalents when the numerical values are infinite: 
though I admit that there are some circumstances which appear to 
create a marked distinction between integrals and series. 

Many definite integrals of the form fe dvdv from v=0 to v= œ 
have received particular attention. The most celebrated of all is fe~” v”dv, 
which, being 1.2.3... .2 when x is a whole number, supplies an expres- 
sion which is intelligibie and calculable when 2 is a fraction; and is the 
same extension of the notion of 1.2.3....2, which a fractional expo- 
nent is of that of a whole one. This function fev” dv is generally 
denoted by F (x+1), or Tv fer v’'dv. This last integral is finite 
(page 570) whenever v is >0, and Tr (x+1)=<aTPrz is a functional equa- 
tion which its values satisfy. For 


JE de= =o +a fenu dy, 


which, taken from 0 to œ, gives  (w+1)= 212, since vë &™ vanishes at 
both limits. And it is perfectly possible that this equation may be true 
of fractional values, or any other of the same kind. Thus if dz stand 
fur x terms of the series 1-274 ....-+27", we have before us a 
function which, when z is a whole number, satisfies ġ(x+1)=¢ġxv 
+(v7+1)~*, and as to which the mode of derivation entirely fails when 
x is not a whole number. Nevertheless, there may be a continuous 
function which satisfies the above equation for all values of x Thus 
gr214+24+34+....42 gives o (0+ ]l)=—dr+ (2+ 1), and the deriva- 
tion is unintelligible when vz is a fraction; but dr=Sa (x+1) satisfies 
the equation for fractional and even negative and impossible values of x. 
Let us now take ga from f(O)+f(1)4+f(2)4+..-.. $f (x), which 
satishes @(r+1l)=dr+f(e+1): required, if possible, the expansion 
of dx in powers of x Let wr=f(r7+1)+f(e+2)4+.... ad inf. 
when z is a whole number, and let wx in all cases satisfy Yr — y (£+ 1) 
=f (x41). Then yr- or=y4 (ex+1)4+¢(e+1) or Wrt+¢z is con- 
stant. Now when z is a whole number, Yr+ pazis obviously the sum of 
the series f(0)-+-fCU1)+.... ad inf., say => 3 whence im all cases 
Witdr=>. We have then dr=T—wa, or 2—Y (0)— y (0).x-&c. 
But since wr f-(r+1) fO) + reer we have Yo 
2P 
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=fM(Dt+f ™(2)-+.... This equation is not derived from differentia- 
ting with respect tow a function in which x is a whole number only, 
but as follows: since Wa in all cases satisfies pr—¥ (t+ LD=f (r+), 
we have ¥Mr—WO(a+l=fO (et 1), or 


YOw=afO(r$ DASHA) +H B42) 
=f (eT +f (+2) +H (C43) FH (r4+3)4 &e. ; 
or WOr=fM(e@+]) ++... ad inf. +y ™( œ ) (as m page 228) ; 


and all the series being supposed convergent, we have w'( oc )=0. 
Hence if f(1) +&c.= 2%”, we have 
a) o & yo $ 
oO) S Opes O & oh ea 
a > bs au ee “3 2 "9 3 e... 
Observe, that it matters nothing if 2 be divergent, provided 2, &c. 
he convergent, since ]— 2 is simply ¢ (0). > 
To apply this, consider T (1+r)=4Tx; we have then log r (14+) 
=logæz+logTz, but since both 2 log and $~! are divergent, difler- 
entiate both sides, and let @x be the diff. co. of log I'x or Me P 
Required the development of b (1+7) in powers of x, having ġ (1+2) 
—a't+tor. Let yr= (r+ 1) (1+2) ° + c.. OF YTY (+1) 
=d (x+2)— (x+1), and ¢ (r+1)+wWa=const.; whence p(r+1) 
=e, Now wr= (at) +9 (+1) gives 
S SA) 2,3. n  2.3...2 


O ET ES i q, eee a eee 
Us T K (r+ jpn tY (c+1) _ (a+1)""" * (pay 


or W(0) 22.3... n= $1 2-4 BOTY HE ., ), which call S,415 
b (atl =o (1) 48:28, 27 +8, 8-20, 


a series which converges when <1. It only remains to find @ (1). 
Since $ (a+1)=a7'+r, we have ¢(1)=— 14+ o (2)= —] maT 
+p (3) =, or 


p 


E p Q)=17 2. nnn Im ITH +l) 
=— (1742... He — log r) +9 (£ +1) — loge. 


: 7 

If we take the series for T (x+1) in page 312, in which «x 1s a whole 
number, we see that this series is intelligible when « is fractional, and 
therefore* is in all cases the function required. We have then 


r (e+ =J@r0).(2) E}, 
or log T (x+ 1) =log y (2r) +4 log +r logs—e+ R; 


where R is a series which diminishes rapidly when 2x increases, ant 
its diff. co. diminish rapidly. Differentiate both sides of the last, ant 
subtract log a, which gives @ (x + 1)—loga = (2r)7'+ RB’, whence 
$ (x+1)—log x diminishes without limit as & increases. Consequently 
—q@(1) is the limit of 17*4+27'+....4+ xv~'—log x as x increases, whic! 
was shown in page 312 to be the constant, * 57172157, (more correctl: 
-5772156649015328606065,) which, being called y, we have 


+ye(x +2), 


* Another proof of this will subsequently be given. 


[i 
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IY (e+1): 0 (1r+1)=—y+ Set —S,a°+8,2—-.... 
log T (r+1)=—yr+} Ser? —d S; v2-+4 S, ri—., ee ey 


no constant being added, since log T (x+ 1) vanishes with a. This series 
is convergent from r= —] (exclusive) to v= +1 (inclusive); but we 
shall presently show that still more convergent ones may be used. 

Again, since I (v4+1])-= fev" dv, we have I (a+ P= fer 
log v dv, and I" (1)= fe~* log vdv, while r (1)=1. Consequently, the 
constant —*5772....,o0r —y, is the value of foe log v dv, and thus 
this (hitherto) pure result of computation obtains a symbolical expres- 


sion. The student may now try if he can make the preceding process 
suggest proof of the following. 


l l l 1 2 l 3 
l. ioe) gA. ray ES, — =S y — Kaia : o — a ie We ` ES 
f; E~” log (=) dios lA (Slog 5 )+( ghee SJG log 1) 


Prove, both from the nature of this series, and from page 326, that 


it is not only convergent, but ultimately as convergent as a~. , 
9 dlogr (1+1) 1l l l 
dx’ de E 2 (1l4+2r)(1+$2) 
] l 
+ -..+(page 166). 


S FAUN A 


3 1 i l ‘`o odl 1\ 1 ) 1 1\ 1 
A ( tps tat e =F 045) 3 H(t545) ate 
en a E E! 
dx (e+ 1)" (e+ 2)" ° (+83) 
n being >l. 

We can thus calculate logi (v+1), and thence logre, which is 
log r (1+1) — log x. The former function, which, since F(1)= 1, vanishes 
when <z=0, is what may be called the general function of log J +log 2+ 
e T log az, being the function of which log 1, log 1+ log 2, log 14 log 2 
+log 3, &c. “are the values when &=0, 1, 2,&c. We proceed to some 
properties of the function T (x+ 1), the general function of 1.2.3...2. 

Turning back to page 388, we see that J fov.yw.dv.dw, if the 


limits of each variable be independent of the other, is fv dvx few dw. 
Hence 


Perl) xPyt l= foe vide x foe urdw= fF f? e-e w dv dw. 


If we assume w=tv, we may perform this integration by first integrating 
with respect*to v from 0 to oc, and then with respect to £, also from O to 
œ. For, to change v and w into v, and vt, we have v=v,, w=», t, and 


dv dwe dv dw 


7 WP Tp z Elx xt=v, whence [F [7 eiin ts v dv, dt 
dv, di dt dv, n i ! JoJo i — 


is the integral above given; while 0 and œ are limiting values of v, and 


= t, answering to those of v and w. Now, integrating first with respect to 


= 


va we have 


r (7+y4+2 
fo oett dy = ( y ) 


: TEA Diya yp - 81 E T S 
appas since JET v'de=a*"" |e v dr, 
wd ‘F 


2P2 


———— 


580 DIFFERENTIAL AND INTEGRAL CALCULUS. 


and O and ce are the limits both of v, and v, (142). Multiplying by 
dé, and integrating, the original form compared with the transposed 
expression gives 


| tlt 
V(etl).FythH=h (vty +24 | ee 


a 


. {ft 7 1 Y dt) 
j e (a) Ga: 


Let zt (1-4), which gives 0 and 1 for the limits of z, and we 
have finally 


osie LEV EOD, 
a = U(vt+y+2) 


which requires, to be finite, that x and y should both be >—1l. Thus 
an extensive class of integrals is made to depend on the general factorial 
function, as Tæ is called. If «=—y, which requires y and 2 to be 
numerically <1, we have, T (2) being 1x TQ), er 1, 
P(x). rT (l—a)= fo (1—z) dz. 

Again, let t+y=—1, or, for y and 2, write —}+e md — $, 

which gives 
-ltr pane es ee 
foe GQ—2y aE (1+2). T (4-2). 
This integral admits of being found; for if z=sin? 0, it is reduced 
(page 573) to 2{ ie tan 0 dÀ or m : cos (mx); which may also be written 
thus, by writing 3-2 for v, 
, 7 
sin Tr 
ate EN ca , . ; a 

Let x=}, then T (4)=A7, a result found in page 294, though in a very 


different form. 
Iu the integral [{*e7- e dé, let =v, which does not alter the limits 


if n be positive We have then 


Ld 


] Ene 1 1 J 
7 
7 e=" dt=2 fE ev dvxz-T(-J=P|-+1 n> 0) ° 
2 Jo n Jc n\n a ve ) | 
foe-P di=aPr (4)=3,/7, as in page 294. 


Returning to the series in page 579, we have 


R) 
log r (l1—a)= yt+ ISe 


but rQ +2) T Qr). r (l—az)= rg : sin rx, whence 


> 


HL = ak 4 ; 
log( ara mme xd 4 w+ 55 Lêt. eee 


SIN TL, 
a) prom IF Y PELEN A Y } P n =e 3 R 
log FU+a7)=2 log rr— 3 log sin 72 — yx 2 SgP—H LS, Peace 


Now P(+2).V G—-YN=Gt2G—-2) F Gt. FG) 


sajen 
G ) COS Tz 
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and we can thus calculate F(L+$+z), or F(1+g)where x is >š} 
by means of F (14+4—z), or (1 +r) where e<h. When a<h the 
preceding series is very convergent. 


If we differentiate the last series but one, we have 
(2-'— F cot Tr) =2 (S,v+S8,274+5S, vt ....). 


Turn to the series for cot v in page 248, and we find (making the slight 
change of notation alluded* to in page 553, so that B, = 1 : 6, gs 1-230. 
Be,= 1:42, &c.) : 


L x a 
cor=x '—2B, -—2'B —— 2° D, i 
t l9 a Po 3.: RO a 5. M 3 
Lv r? 
7 y “y —] » d n dnne ~~ 2 2 so 4 : e 
whence e'r cotre= (27) B, zt (27) Bo aa TE A 
3 l p bm) Be 

whence Seg OP Lee oe aa eee 


— 92 | ee ee eran) he 


a result remarkable in itself, and useful as showing how to estimate the 
degree of convergency of series in which Bernoulli’s numbers are among 
the coeflicients. For since the first side of the equation has the limit 1 
as n increases, if we write for 1.2.3....2n its limiting form ./(27). 
(2 )"t a= “we find that B,,_, and 4n2"+4 qth gèn continually approxi- 
mate to equality as z is increased. Also we have 


Bai  CQn4+1)(2n+2) 2 
es Sy VETy early, dr =, 
Baisi An? ` T 


when x is very great. | 
A higher degree of convergency is given to the series fur log F (1 -+ e) 


by writing it as follows: 
TX 1,..(l+2 
—-— }—J los 
E & 5 
SIN FL l—z 


O= r=} SAD BHR AD Ome, 


log F (1+a2)= 4 log 


2n—? 


We now proceed to other properties of P(x). If lj a, &,....a 
be the roots of a" — 1=0, we know that g, œ, &c..... are the roots of 
v"+1=0,and 1, œ, ¢*, &c. are the roots of e—1=0. Hence we have 
(c—1)(v—)....(v-— a") =x*— l. For x write x, divide both 
sides by T.ga... a”, and 


e 9 2 n—IN 
7 l ) Ü ¢ ti Oo T _ ia \ f g” ae. a mien 
SENG ot 2 æj ai ) a” 


: aes : | EERE EOR 
Now gis —1: divide both sides by 2” {,/(—1) }"; make r= YOD, 
and for æ choose the value ¢"V~?, w being —7:n2. We have then 


r PT n— | Ladi, af 
sm 0 sin (047) sIn (2), 2. SIN (02 r)=2 sin 778 5 | 
n 


N 


and various other of Eulcer’s formule of the same kind may be proved 


* Or for B, in the page cited, write B, for - B, write Ba, for Bs write Bs. Ke. A 
list of the numbers of Beruoulli will be found in the article Nwndbers of Bernoulli in 
the Penny Cyclopedia. 
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in the same way. Now divide both sides by sin 0, and make 0=0, 
which gives 


or , Qe . Sr n=l IL 
sin —. sin —.sIn—.... SIN ma 
n n n n 2 


Now consider the function 


—] 
yrotr.F(242).T(e43).--, F (2+7 l 
n © n n 


Change æ into z+n7', and the second side becomes apa, whence 
y (4n) =xrye. This is satisfied by n-"* F (ng), which, when the 
change is made, becomes 


nO F (net), or n.n nal (n£), or ven ™ F (ne); 


and on the principles explained in page 229, there can be no other solu- 
tion unless it be the preceding multiplied by a periodic factor yz, such 
that y(a+])=x2x. This factor having been rejected when Fx was 
taken as the solution of w%(a-+1)=acyx, must be also rejected here: 
though a multiplier P, which is a function7of n, may be requisite. We 
have then wa==P.n-™ F (nz), and P may be determined by making 
ean, which gives z 


nF (1).P=F rG) eae (=) 
n n n 


Now F (n:n) =F (1) =1, and the remaining »—1 factors may be 
resolved into Fa™. F (l—n7"), F 2a™.F (—2n7).... with a middle 
term F (}) if n be even, and nove if n be odd. This gives 


E mee , m—l 
n= 2m | (Qm)™ paar Cu — sin —....S8In ——— 2) XT 


2m Im 2m 
l d ; 2 , mr 
2m 2M 2M 


Examine the value above given of 7: 2"7', and it will appear that it 
can be resolved in a similar manner into sin.rn7' sin(7#—7n~), or 
sin?.rn, sin. 2rn7 sin (w—2rn—"), or sin®.2rn", &c. with a middle 
factor sin 4r, or 1, when n is even, and none when 7 is odd. Hence 


a ee es git 2m 
n= 2m SIn“ — .sin® — s e e SIDN -—— TE n 
2m 2m 2m 2 
; T ; or MT In+ 1 
m=2m+4+ 1 | sin? ——— sn? —-——.... sin* —— =— 
Im + | 2m+ 1 2m-+ 1 one 


Extract the square roots of the last pair, and divide the preceding pair by 
them, which gives 


n=22m, Par" è, (2m; n=2m+1, P=r” 2" (Qn+1)'. 


Both are contained in P=(2r}}} .n?, whence 


op ae 2° a n—l = 
Fesi (2+5) (2+2). | (2+ : J=@n) 2 mr (nae). 


This equation is useful in reducing the calculation of P(1:7), 


—_ 
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r (2:n),.... F Ge—1:n) to the smallest number of applications of the 
series fur log fz. Suppose, for instance, we want to determine I-!,, 
F- e TH, which we call A,, As,....Ay. We first have Px F (1—2) 
=r : sm rg, which gives A, Ay, Az Ay, A Ap, A Ap A,A,, and Az. 
Making n=2 in the preceding, we have 


Fr F @@+4)= (27)? 2? 7 2x 
(A, A; A2) (Ag A, Ay) (A; A, As) (As Ato A;) (A; An Aio); 


and those quantities are bracketted together, between which equations 
are thus given. But only the two first are of any use, for A, 1s known, 
and A,X A, ; again, (A, Aw A) is only the same as CA, Az, Ay) in 
another form, &c. Again, make 2=3, and we have 


Pel (1+3). E (a 4+2)=27.3+” T 37, (A, A, A, As) (Ap A, Ais Ae)o es 


of which only the first is of use; thus (A; A, A, A,) is the same as, or 
may be reduced to, (A, A, Ay, As). Collect all the equations, and we 
have, 7: 12 being 0, 

E m` ae y 


A, A,,=——, Ag Ae 
, sin 0 


. 
SD e 
os 


- A. A,=—— Aq £ : 
sin 20 a sin 30° 8 sin 40 


7T 


M= 


2 
N= 
. 9 3 
sın 50 : 


A, A =(2m)?25A,, A A=(27)3 25 A, A, A; A= 20.3! A: 


nine equations between eleven quantities; so that all can be determined 
by means of two only. It might appear at first as if we might carr 
the main theorem one step further, and form an equation (A, A, A, Ay, 
A,); but if we do so, we should find that the new equation is really 
contained in the others. 

The importance of this function Fe can hardly be over-estimated, and 
the progress of the mathematical sciences will probably render its use as 
frequent as that of its particular case 1.2.3....(v—1) has been 
hitherto. Legendre has given a table of the values of com. log F (1+-2) 
for every thousand part of a unit from v=0 to x=1. This is all that is 
necessary, 1f the table be carried to a sufficient number of figures; for 
De= (2-1) P(e@—- 1) = (@-2)(@- DFP (e-2), &c., which can be continued 
until I (x—n) falls between 1 and 2; whence Iw can be found from 
F (x—n). Again, Pr=a27'P (14+), which gives Pa when v is less 
than unity. The table presently given is an abridgment of Legendre’s, and 
the last column will enable any one to reconstruct as much more of the 
original as he wants. 

The value of Fz, considered as fe” v”™! dv, is finite as long as r>0, 
but infinite for s= or <0. But if [e be considered as a solution of 
¢(2+1)=2x¢2, it does not become infinite when x is negative, except 
when v is a whole number. Thus 


l=T (1)=0.r0=0 (~1) PF C-D=0.(—1)(—2).T (—2), &c.; 
whence F (0). (—1), &c. must be infinite. But x being >0<1, 
Pr=(@ -1) F (x— 1) = — I (re — 2) r (ve —2) 
= (x — 1)(@—2)(.c—3) F (x--3), &c.: 
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so that IT (@a—1), T (r—2), &e. are not infinite. It must be remem- 
bered that many of the properties of Ta have been derived from the 
equation, not from the integral; and negative values given to 2, and 
used in the series for log I (1 +2) give results perfectly coinciding with 
the formule just given. This point requires further examination. 

Iv, the integral, satisfies (x +1)=xps, and so does éx. x, gx 
being any function which satisfies €(r+1)=éx; for instance, év may 
s=cos2rx. The series for log F (r-+1) was derived entirely from the 
equation; how then do we know that this series represents Pa, and nut 
cus 2ra. l'x, or any other solution of the equation ? 

We should answer this, if we remember that the condition Fa T (1—.x) 
=r : sin vx is derived from the integral alone, if we could show, 1. That no 
other solution of the equation will satisfy this condition; 2. That the 
scries obtained does satisfy this condition. 

If possible, let ve. Ux satisfy the condition; then since Fw also satis- 
fies it, we have x é (1—2)=1, an equation which can only be satisfied 
by the form P?~", where P is asymmetrical function of v and 1— a, or a 
function of a-+1l—zx and of r(1—2a), or of #(1—z) simply; so that 
changing x into 1—x«x does not alter P, and changes 2x—1 into 1— 2x. 
Let log Ped (x—a°); then since r=% (a+ 1), we have 


(Q2—1) @ (@—2*) = (24-+1) 6 (—xr— r). 


Change the signs, and both sides become integrable, giving Ø, (t—.t*) 
<=, (—x—a?), which, if it can be solved, determines hv, and thence 
gx, and thence (2e—1) 4 (x—2"), or log. P™—. The calculus of 
functions does not give any reason for supposing that this cquation 
cannot be solved, though no solution has been attained; and therefore, 
so far as we have yet gone, we fail in showing that the series for Tæ is 
that particular solution of p («+1) = adr, which Legendre and others 
have assumed it to be. ‘There are plenty of solutions which coincide 
with f e~*y*"dv, when x is a whole number, but not when @ is a 
fraction. For example, 


l] +- cos? ora 
[e 


—u n tæl 2 —v aral] 
—————  {s*v dar, (l—cos 2rr+ cos’ 27x) fe? v* dr, &e.3 
2+sin? Qqrx : ) J : i ? 


any one of which may, for anything to the contrary shown in the method 
quoted from Legendre, be the function whose values have been tabulated 
for those of f” v" dv. 

By the following method, however, I find that the series for log F (1 +r) 
may be deduced entirely from the integral, without any reference to the 
equation ọ (x+1)=x«ọr. Take P (r41) = fe vdv, (the limits 0 
and oc always understood,) and remember that v” is the limit to which 
(1—71): a" approaches when a is diminished without limit. If, then, 
we find fer (l—e~*)* dv, and then divide by a”, and diminish a with- 
out limit, we see I (x-1) in the limit attained. Let ey, which 
changes the limits to 0 and 1, giving (page 580) 


‘] 
ss rer (5) 
——} Gi 
a) 


, l 
ai al (24241) f 
al 


Let 1: a=b, whence F (x +1)=0° (£+ Ll), Poe's F Grtht+y)) is an 


© ’ N r 1 
fi E (lL —s7")' du=- f° C-y)*(—y 
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equation which approaches without limit to truth as b is increased without 
limit; or Vb.0°*': P (x+b+1) has the limit unity. If, then, b be a 
whole number, we have 


CHM @HL= DADA. 0+ ENE EHD kae the time ante. 
(b—1)(b—2).... 1.074! as the mit unity: 


or log UCI +2)=2 log b—log (1-42) —log (143) —log (1 +7) 6 ee ce 
aad 2 


continued ad infinitum. Use the logarithmic series, and we have 


ae oo 1 TA ay hos EN. 
log V(L-fa =| log b—1— 50 5 eh ol lbs. tag x 


provided b be increased without limit. This gives (y heing as in page 
= 
578) 


log T (1 r) =—yr +} Sya — t} S3 ennen a8 before. 


We also find, when b is considerable, the means of calculating ap- 
proximately (w+1)(v+2)....(v+0) for all values of x from >-—], 
by means of 

(+1) 


9 E E a es ee 
(v+1) Ww+2)....(44+=—) Pe) 


very nearly. 


It will be convenient here to introduce some theorems by which the 
preceding results will be confirmed. It is required to expand st- e? 
and ¢—s* into products of an infinite number of factors. Let wor: n 


> 
and it is known that 


2n— I 
a" pam fe ar. cos [Zo] 4-a) [Bo]. Bo]... A J 


r"a” = Sg —2aa [cos w] +a} [20]. [30]. . .. [n=1.w] x (2 — a’) ; 


where by [$w], [Sw], &c. we mean the repetition of the first factor with 
2w, $w, &c. instead of Sw, &c. For x write lṣ4-x: 2», and for a write 
l—r:2n, and we easily find 


a \2 x A EN 
Laa 2: aj Eo a eee 
(1 2 5) € +z] (1 2n, raw ( 2n 


~ cote} 
=2 (1—cos 0) ( 14 ) 


2 


. os ə j > ae ‘ Lara : £ 
remembering that (1+ cos 0):(l1—cos 0) =cot z0. For n write r: w, 
and we readily obtain 


. ecot?t¢d Pa : aes DR 
0=aw gives ——— =-—— 5; Where P= (lawy : (tan żaw). 
Ap” UT” 
, ey? . v2? o T 
And for 22—«a? write | 1+ — )— {1 ——], or? -- 
2n Zi 1 


Substitution gives 


fod 
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2n— 1. 
2” f1 -cos [4w] i [20] EDES | o | x 


i £ Qn € a ve. 
Yan) Tan) S pra Be] Pe | eet 
m?l 1? 3? 5 7 J (Qn—-1)2_] 


‘n which one factor of each set is written down, and the part which is 
altered in the other factors being in brackets, the alterations necessary 
to make the other factors are adjoined, also in brackets. This notation, 
with which I do not feel quite satisfied, is here used merely to show how 
much some such notation is wanted. We have also 


( PEN? we 9-1 $ ] —cos [w]} [20] ee 
+) a Sate] 2 PE] [eas] 
2n 2n 2> 1+5| 7 52 3 1°*| (aml) 


2n— 1 
Let c=0 in the first; 2=2" {1—cos [tw]! [So]... | o|. 


Divide the second by 2, and make r=0, which gives 
l 
leas 27"! $1 — cos [w]} [20] [8]... [r—L.w]. 


Substitute, which makes the first and second become 
4T Ge P P Pp, 
2 f te | P, | =| Py) [Pena 
d T | a 3° 5? (Qn—-1)° 
x a) Po P3 “Pas 
2 — | — = — |eeeel —— 
alee bal Ei Ei t= 


Increase 7!, and diminish w, without limit, and equate the limits of 
equal quantities which gives an infinite number of factors in both pro- 
ducts, and the results, restoring the common notation, are as follows : 


pE 2 (14%) il p i =) 1+ Ax 
a T? a 257) AQr? )* * 


N 7 


not tee tee a Vibe 
ene gee +75) TO uT 


For z write 2,/(—1), and we deduce 
4q? ANT 4q? 4r? 
= | 1—— —— =—— || |—-— J.. 
— ( a) ( a) ia Se) ( n 
, x x” x g? 
sin r=a(1 -=) € -#.) € = € -,). cee 5 


results which can be easily proved by the theory of equations, provided 
it be first shown that sinx and cos have no impossible roots, to intro- 
duce other factors. This can be readily shown, for if sin x had an im- 
possible root, £” — £77 would have either a possible root, (which, except 
x= 0, it cannot have,) or an impossible root of the form a+b J(-D 
which it cannot have, @ and b being finite. I know of no results better 


| 


mi d o 


i 
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calculated to establish confidence in widely extended chains of algebrai- 
cal deduction than these formulee, which can be verified to any extent by 
actual calculation. Take the logarithms of both sides, and expand by the 
common logarithmic series, which readily gives (s, being 1437+57” 


eens) 


| 


L Y 
log cos t= —2Z s, —— 2 s — 2 s, 
© Te 54 Ont ê 3775 8 478 


ny 
er oe 


2 xv x x! q’ 
os( 5-93 +S, -— +S tS E 


sin Tt Irt  f3re 


Write rx for x in the second series, which then agrees with that in page 
' 580, deduced from log F (1+): compare the first with page 253. 


The values of Uw are found from the following table : 


a, CommonlogV(1+a). A(—). A’(+). (C). 

‘00 | 000 000 000 000 | 250 324 559 |713 34311039] 841045084 
‘01 | 997 528 730 659 | 243 237 587 |703 070) 1014) 884285229 
"02 | 995 127 871 989 | 236 252 129 {693 065) 985) 327541762 
°03 | 992 796 420 889 | 229 365 528 |683 323) 961) 764805228 
‘04 | 990 533 400 409 | 222 575 220 |673 830| 935] 409732884 
°05 | 988 337 858 790 | 215 878 738 1664 580} S1I} 184228633 
°06 | 986 208 868 556 | 209 273 702 (655 562) 887) 860286311 
‘07 | 984 145 525 635 | 202 757 818 |646 770| 866) 531955216 
"08 | 982 146 948 534 | 196 328 874 |638 197; 848) 328963018 
"09 | 980 212 277 540 | 189 984 731 |629 829) 824) 249654297 
-10 | 978 340 673 962 | 183 723 330 |621 667) 806; 419954217 
‘11 | 976 531 319 409 | 177 542 679 {613 699 787 430985220 
"12 | 974 783 415 092 | 171 440 853 [605 919| 768| 634998532 
‘13 | 973 096 181 165 | 165 415 996 [998 322| 749) 973419865 
-14 | 971 468 856 086 | 159 466 309 {990 901| 732) 016644088 
-15 | 969 900 696 012 | 153 590 056 {583 652| 717) 251788331 
‘16 | 968 390 974 219 | 147 785 556 [976 567| 700) 874339984 
-17 | 966 938 980 539 | 142 051 183 |569 642| 684) 49087351 i 
‘18 | 965 544 020 828 | 136 385 362 |562 870 666| 055210976 
19 | 964 205 416 457 | 130 786 570 1556 249| 652; 428975520 
"20 | 962 922 503 814 | 125 253 332 |549 775) 642| 777250006 
-21 | 961 694 633 839 | 119 784 217 |543 439) 627) 514006862 
92 | 960 521 171 565 | 114 377 841 [537 240 613) 209675240 
"23 | 959 401 495 687 | 109 032 859 JO31 172 600| 876523199 
94 | 958 334 998 144 | 103 747 971 [525 232) 586) 653227176 
°25 | 957 321 083 716 98 52! 914 |519 417) 575) 522105863 


-96 | 956 359 169 640 | 93 353 463 1513 723| 563! 111778333 
97 | 955 448 685 234 | 88 241 427 |508 146| 554) 988955233 
-98 | 954 589 071 553 | 83 184 656 |502 680! 539) 988652429 


531) 868535038 


953 779 181 029 78 182 029 |497 328 | 
519. 983724129 


.30 | 953 020 277 150 | 73 232 457 |492 081 
| 
| 


ee 


.31 : 952 310 034 141 68 334 883 |456 937 508) 9645 1562398 
-399 ' 951 648 536 655 63 488 9283 |491 897! 501'775 732149 
-33 | 951 035 279 481 58 601 656 1476 951| 487 083844304 

480 689545349 


-34 | 950 469 767 254 | 53 944 033 |+72 102 
.35 | 949 951 514 LOL | 49 244 477 |467 349 
-36 | 949 480 043 811 | 44 592 065 |462 684 


472 060840540 
462| 299896544 


} 


| 
| 


1 
i 
I 
i 


Common log T (1+4). 


949 
945 
948 
948 
O47 


| O47 


O47 
O47 
947 
9-47 
947 
G47 
O47 
O47 
947 
947 
948 
9048 
948 
049 
949 
950 
659 
951 
951 
952 
952 
953 
954 
955 
955 
950 
957 
O58 
959 
960 


96i 


962 
963 
O64 
965 
966 
967 
969 
970 
O71 
912 
O74 
9753 
977 
g5 


DIFFERENTIAL AND INTEGRAL CALCULUS. 
A*(+). A*(-). 


054 
G79 
341 
052 
SUS 
608 
451 
338 
267 
239 
233 
309 
406 
544 
123 
942 
201 
499 
837 
213 
628 
082 
D13 
102 
668 
27] 
910 
D&G 
298 
0-416 
830 
649 
502 
39] 
314 
271 
262 
286 
349 
430 
560 
7.7 
907 
128 
382 
607 
984 


mor 
Oe 


712 
127 


50-4 


S88 
590 
O98 
rye 
375 
085 
483 
158 
107 
734 
850 
072 
823 
940 
653 
608 
453 
84-4 
Ad] 
910 


G23 


156 
292 
017 
024 
009 
675 
"2 

875 
835 
327 
073 
802 
245 
138 
221 
237 
932 
058 
369 
623 
580 
005 
666 
333 
731 
"87 
131 
596 


968 - 


030 


692 
220 
303 
41h 
789 
823 
542 
4714 


492 | 


430 
302 
726 
058 
683 
S62 
575 
875 
642 
447 
410 
O78 
259 
058 
4.50 
467 
938 
402 
102 
428 
112 
239 
596 
495 
692 
872 
596 
206 
741 
S14 
S18 
269 
322 
412 
241 


39 
33 


A(F) 


985 
425 
9U8 
436 
006 
619 
273 
967 
102 
470 
711 
&61 
974 
050 
090 
095 
065 
000 
903 
112 
608 
413 
186 
928 
639 
320 
972 
593 
189 
154 
292 


904 
131 
899 
388 
796 
343 
272 
844 
338 
052 
698 
580 
244 
324 
439 
193 
175 
961 
lil 
1713 
683 
165 
126 
068 
418 
830 
593 
221 
158 
S40 
693 
132 
569 
396 
007 
784 
099 


32N |: 
803 I3: 
901 | 
956 |: 
306 |: 


250 
201 


280 rs) 
146 © 


784 
DOS 
Sl 
920 
995 


|438 
453 
449 
44i 

440 


306 
(304 


106 
615 
205 
S78; 
630 
457 
360 
336 
382 
498 
682 
932 
244 
620 
057 
554 
109 
729 
386 
108 
881i 
705 
583 
507 
481 
501 
567 
678 


' 833 


O31 
271 
553 
S73 
234 
639 
070 
545 
056 
602 
182 
796 
443 
12-4 
836 
5S9 
354 
158 


T992 


856 
747 
667) 


4541201097945 
4471322209087 
436) 652522018 
429) 687543439 
421 287886544 
414 040918867 
407 443421009 
400, 858472532 
392| 000889575 
385 343201288 
378) 884654421 
374 000880666 
365| 543314829 
359| 978666453 
353| 249100987 
348) 756444511 
342! 209998776 
337| 464251221 
331| 728959674 
324| 336131229 
319| 007797657 
313| 445113209 
311| 078985763 
305! 354322110 
302| 981687874 
996) 546314320 
9911109161758 
987 | 665453432 
283| 292378297 


os 


—_ E e— -_———w. 


279| 078567354 | 


2714| 3331380399 


269| 199268758 ` 
266| 546155304 ` 


261| 020108097 
261! 640756556 
252| 614502311 
250| 018007878 
249| 450634634 
2:45) 233131101 
241| 990889787 
231| 576474445 
232| 342140111 
230} 005088978 
226| 857575364 
224| 343322212 
2211019009970 
217) 886694756 
21-1) 554433431 
914) 022119118 
210) 999759865 
2091 570550308 


aa. yee 


| 


! 
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a, Commontlog T (La). * A+). A’(+). A'(—). 
"88| 980 035 591 38S | 148 824 384 |302 612) 205] 334233121 


"89| 9S1 537 428 333 ° 151 S4L 355 [300 585) 203| 920001726 
"90| 983 069 344 086 | 154 838 173 |298 585} 201] 797968596 
Ol] 984 631 138 300 | 157 815 101 1296 608) 195! 755645453 
"92| 986 222 613 211 |7160 772 391 |294 659) 194| 334141222 
°O3| 987 843 573 586 | 163 710 296 |292 733! 189| 481108271 
"94| 989 493 826 676 | 166 629 061 |290 832| 187| 989868785 
"95! 991 173 182 172 | 169 528 926 |288 957; 187) 577554545 
96 992 8S1 452 156 | 172 410 131 |287 103) 184) 4343332929 
‘97, 994 GIS 451 063 | 175 272 906 |285 273 
°98 996 383 995 632 | 178 117 481 |283 464| 177) 271616069 
-99} 998 177 994 SGS | 180 944 079 ken 679| 177 

1°00! 000 000 000 000 | 183 752 920 |279 916, 175 


182; 203921811 


694956665 


a S SE E E 8 @ @ 


The explanation of this table is as foliows: it is an abbreviation of 
that of Legendre, in which the values of common-log F (1+4) are given 
for all values of a differing by *001 ofa unit from a= +000, through *001, 
"002, &c. up to 1°000. Out of this table every tenth value has been 
extracted, namely, those for +00, ‘Ol, &c., upto 1°005 and the deci- 
mals of the logarithms are given, omitting the characteristic, which is 
always — 1, or 9, if — 10 be understood. But the ditferences attached 
are those of the original table; significant figures only being retained, 
and twelve places understood. Thus, opposite to a='22 we find 
—' 000 114 377 S41, not log F (1°23) -log I (1:22), but log T (1+ 221) 
—log F (1°220). Since the fourth differences in Legendre’s* work 
(which is not very commonly met with) only differ iu the last places, the 
row of figures following the third differences has been added, which gives 
the last figures of the fourth differences for the omitted rows of the 
table. Thus opposite to +46 we have 385, say ‘000 000 000 385, for 
the fourth difference, followed by 3, 4, 3, 2, 0, 1. 2, 8, 8, which nieans 
that the nine fourth: differences next following 385 are 383, 384, 383, 
382, 380, 351, 382, 378, 378. Thus the decad which begms with *460 
may be reconstructed, as it is in Legendre, and the row which follows 
°46 in the preceding table verified, as follows : 


—385 | 420 498 | — 476 052 | 947 239 734 430 | °460 | 
383 | 420 113 | — °55 554 | 947 239 258 378 | +461 
B84 | 419 73 + 364 559 | 947 239 202 S24 | +402 
383 | 419 346 [8+ 289 | 947 239 507 388 | *465 
382 | 418 963 1 203 635 | 947 240 351 672 | *46-4 
380 | 415 581 1 622 598 | 947 241 555 307 | +465 
Ost | 418 201 2 041 179 | 947 243 177 905 | *466 
382 | 417 820 2 459 380 | 947 245 219 0S4 | °407 
318 | 417 438 2 877 200 | 947 247 O78 464 | *468 
3718 | 417 06V 3 294 638 | 947 250 555 664 | '499 


416 682 3 711 698 | 947 253 850 302 | °470 


* Traité des Fonctions Eliiptiques ct des Intégrales Mulcriennes, Paris, 1826 
Also Exercices de Calcul Intégral, Pans, 1817. 
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I have chosen this decad for reconstruction, as it contains the mini- 
mum value of T (+a), which answers to 1+a=1 ‘461° nearly, or 
te 1°4616321451105: the logarithm is 9°94723917439340. 

The values of Ta, when the denominator of a is 12, being frequently 
useful, their logarithms are here inserted, with those of (1 +a). 


a. log Ta. log T (1 +a). 
}-1]2th ‘06067 62454 1387 °98149 49993 6625 
2-1 2ths "74556 78577 5330 ‘O6741 66073 6966 
3-1 2ths "5593898 10750 4347 °95732 10837 1551 
4-12ths "49796 27493 1426 °-95084 14945 9460 


7-12ths "18432 48784 0648 "05024 16723 7311 
8-12ths °13165 64916 8402 "05556 52326 2834 
9-1 2ths ‘08828 37954 8265 °96334 50588 7435 
10-1 2ths ‘05261 20106 0482 | 9:97343 07645 5719 
11-12ths 02347 73967 1089 | 9°98568 88355 2149 


l 9 
0 9 
0 9 
0 9 
5-12ths | 0°32788 12161 8498 | 9:94766 99744 7338 
6-12ths | 0°24857 49363 4707 | 9°94754 49406 8309 
0 9 
0 9 
0 9 
O 
0) 


© When in the integral fe~” v" dv, the superior limit is not œ, but a, 
series or continued fractions must be had recourse to. The following 
series may be easily obtained from integration by parts: 


prob — i+ aoe aa 
0 o onl n+2 (n+2)(n+3) 


a? 


FGF eat) 
j gmn v du= a” ee li +- eoo TA leh eae e.o \ 


= a 


The first is always convergent, the second always divergent; but the 
convergency of the first is slow if a>1, and the terms of the second 
(which gives the integral in finite terms when n is a whole number) 
become alternately positive and negative if n be fractional; so that, if ¢ 
be great enough, the principle in page 226 may be applied. One 
method of reducing the latter integral to a continued fraction 1s as 
follows. 


Assume fo E v" disc v"V, i: eo" dv= (14n) — e v" V. 


Differentiation gives e” v= — ne? oe V +e Pot Ver" V', , 
or vV'=(v—n) V—v. , | 

2 : 
Consider the equation vV’=(v—a,) V—v+6,V*%, divide by V%, anc 
make 1: V=1+h, V,: v, which gives 


vV- V V i | 
say], = (va) (+4, YY oth (14k =): : 


b — a, 


or vV (v+ at 1) Vi—— vt k Vi. 
ti 


A 


Let k&=b,—a, b= k, aa=— (a +1), and we have 
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vVi=(v—a,) Vi ~v+ b V?, 


an equation resembling the preceding, in which if we make 1: V, 
= 1 -+ kVa: v, we shall get another equation of the same form by making 


k= by — Ag, b= hy, Q= —(a,4-1). Go on in this way, and it is obvious 
that we have 
y l 1 ko Ll kv" kv” k, vo 


Ipko Vv, r+ lhv V, IF l+ 1+ Ltée. 


using a recognised notation for the continued fraction; that which 
follows each + in any denominator being printed as a factor, to save 
room, To determine the law of kı, ka, &e., remember that a,=n, b,=0, 
whence we have 


l 2 3 4 5 6 7 8 &e. 
a n —(m+1) n —(r+1) n —(n+1) n —(n+1) Xc. 
b 0 —n l l—n 2 2—n 3 3—n &c. 
k | —n l l—n 2 2—n 3 3-7 4 &C. 

ee eT eee oa L not vot =n) on 
or 1E ~D dv= E™ v cn Ee U T+ ip “Taee? 

l+o7 
1+&e 


which converges rapidly when v is Jarge. 
I leave the following* to the student : 


e—a ] 2) 8 4 E 
f:e-° dt=-—— Sat I Al 2ed A Oe E 
2a 1+ 1+ 14+ 1+ l+&c. 2a? 

vT vy Qv7 Qv- 807!) By f 


e” fz E™ log v dv=log v+ 


Before proceeding further, I touch upon the general question which 
the consideration of Fr has raised, namely, that of the interpolation of 
form, as, according to the suggestion in page 543, it might be called. 
When any process is constructed by successive operations, n in number, 
the result is a function of n; that is, depends for its value on n, and 
changes value with n. Nevertheless, this function is not imaginable 
when 7 is fractional, for there is no such thing as going through a 
process more than n times, and fewer than n+ 1 times. Students, how- 
ever, are apt to confound going through a process with a fraction, and 
going through a fraction of a process: and many figures of speech favour 
the misunderstanding. Thus it would not bea violent use of language 
to speak of multiplication by 10 as being the operation of multiplication 
by 4 performed twice and a half; whereas three multiplications are 
performed, two of them using 4, and the third $ of 4; this third multi- 
plication is not the less a multiplication because its multiplier is one 
half of preceding ones; just as a house is not the less a house because it 
has only half the size of another. 


* The values of the first of these integrals, though all important in the theory of 
probabilities, are of little use for general purposes, They will be found (reprinted 
from Kramp) in my article on that subject in the Encyclopedia Metropolitana. 
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Let there he a function of x which is 1 when z=1, 1+2 when ¢=2, 
14+2+3 when #=3, and so on: what is it when x=3}4? Here x 
means, when æ is a whole number, the number of terms in a Series ; 
we have no right whatever to say„that 1 -+2 +3435 is the value of the 
function when #=34, for the additional term is not the less @ term 
because we make it 34 instead of 4. There is not then any direct 
mode of deciding upon the value of pæ when x isa fraction, because 
pr=1+2+3+....+xwhen 2 is a whole number. If, however, we 
write Le (x+ 1) for 1+243+4....+2, we see that the new form 1s 
intelligible when a is a fraction. The question now js, how far we are 
justified in asserting that pre=}r(x+1) must be true when x isa 
fraction, because it is true when g is an integer ? 

The sole condition necessary to determine pris o (vx+1)—p2+(e+1), 
nor even this universally, but only when vis integer. If, then, yr and 
yx be two functions the first of which is always unity and the second 
zero, Whenever z is integer, we have 


pate (x+1).wr+ Pye, 


where P may be any function whatsoever, provided that Pyx and yz 
vanish together. For instance, tx (x+ 1). cos Irx + P sin 27x satisfies 
every condition. Nor is this the most general form, for the following 
will do equally well: 


deaf (he (2+), 2), 
provided that f(z, x)=z when x is a whole number. For instance, 
pum f{hr(x+1) wet Px, 


where y is of the same kind as ww above described. 

Again, if pr=1—2+3—4+.... tr when g is a whole number, we 
have for one solution pe=+4 {1—(2x-+1) cos rx} =z, and for a general 
solution y=f(z,2), where f(z, 7)=2 when x is integer. The general 
problem of interpolation of form is therefore doubly indefinite, every 
solution involving two distinct sorts of arbitrary functions. 

The ends of mathematical analysis are best answered by selecting from 
among this mass of interpolated forms certain of them for particular 
consideration. The first limitation is made by requiring that the form 
selected shall not only satisfy the functional equation when æ is a whole 
number, but also when g is a fraction. This reduces the two arbitrary 
functions to one: thus, in the first example, taking 6(@#+1)=¢ (r) 
+x+1, and assuming dr—tr (#+1) +r, substitution gives Y (x+ 1) 
=yex as the sole condition for determining wx. The most general 
answer which the present state of algebra will allow of is Yr=/f(cos 272), 
where fx is any function of which the operations do not require the 
inversion of cos 2rx; any function, in fact, which remains periodic as 
long as its subject is periodic. It seems, then, that every solution of 
such an equation as p (@4-1)=¢r+ear, ar being a given function of 2, 
may be separated into two terms, one not generally periodic, the finding 


of which is the only difficulty, and the other periodic, its period being a 


unit: the latter may, without hurting the solution, be changed mto any 
other of the same land. ‘This non-periodic part of the solution is some- 
times treated as if it were the only solution; that is to say, all series or 
developments derived from the equation are considered as equivalent 
forms of the non-periodic solution, which may or may not be the case. 
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Let this non-pericdic solution be called the principal solution. It must, 
however, be remembered that this principal solution altered by any con- 
stant does not cease to be a principal solution; so that nothing but the 
accession of the variable and periodic term can deprive it of that 
character. If then P and Q can be shown independently to be principal 
solutions of @ (vx +1)—¢r+ az, we may not athrm that P=Q, but that 
P=Q+C, where C is a constant. 

The function «(l)+e(2)+....4+a(r—1), is S.ox (page 82) 
which may be considered as the general representation of the function 
which, when w is a whole number, and then only, represents the sum of 
the series above given: it is a principal solution of the equation 
P(t+]l)=dxr-+ar; and we consider Ze as a common functional 
symbol. Itis then easily shown that (2«)'v is a principal solution of 
$ (t#+1]l)=Gx+exr, and so on. Having shown then that rr= 

s~’ v”! dv is aprincipal solution of ¢ (v+1)=adzr, we now know that 
log Vx is a principal solution of Ø (w+-1)=¢2e+ log r, and must there- 
fore be the general form of X log (x). Similarly, log Te being written 
Ar, we find that A'r is the general form of Da7’, — A" of Se, SA 
of 22, and generally (—1)"" (Vn). A™x of Ez", "n being any 
positive whole number. 

Let us now consider S2x7' independently. It is easily proved by 
expansion and integration, that (x being a whole number) 


SA —_ yt 
0 i =W 
and the integral is intelligible when æ is fractional. This integral is a 


principal solution of p (r+1)=ġr4+a, and sois F'e:Fe or A'r, 
whence we have 


dv, 


> 
pi 


Hama te= | 


1] —y* 
e 0 


To determine C, make 20, which gives, by the series in page 580, 
A'(i) = — y, and the integral obviously becomes nothing, whence we have 


i a 
NQ+a) = | — du—y (y ='5712156649....); 
0 


which affords a ready mode of finding the last mentioned integral, since 

A’(l+.) can be found from the table by means of the differences; it 

being remembered, however, that as the logarithms of the table are 

summon ones, the result must be divided by the modulus *43429545... 
Integrate the last equation with respect to æ from r=0, 


Dfa a Ree, il 
A (l+) =| + —— l du—yx, 
0 


l-v l—v, log v 


Make v=1, and A (1+2)=log I (2)=0, whence 


ele 1 | 
= dv, 
{tm eer : 


t form frequently used. I leave the following to the student : 


1 x—l 1 a-—l 2-2 
NO +2)Sr—Zet—l- +52 ia a 
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Since A'(x) is a principal solution of ¢(@+1)=—¢2+27", it follows 
that —A”x, Alv:2, —Ax:2.3, &c. are principal solutions of 
p(r+l)=pr+a™ for n=2, n=3, n=4, &c. But È.” is a prin- 
cipal solution. of this equation; whence we find the general function 
Zr” by the equation 


AM 
Ser ( —_ Ly 


2.3...(n—1) 


Write 1+a for v, and for A(14+ 2) write its value —yrt+h S, x 

—1S,2°+&c., which gives 

n+l 
2 


~ 


Z (HoE Sp HNS on Sape +.. (n>1) 


Make r==0, then since È 10, we have C=S,, or — 


+1 5, n+l n+2 
2 ae 2 3 


Sna a e. osoo 


2 (1+ IJ" =NS,n x—n h 


Let r==1, which gives, 227” being I, 


n+l =~ n+l n? 
L= nS Spp HN 5 3 


Saya ore 


But 2-*=1—n-+ Jn (n+1)—&c., whence 
n+ 1 


2 


2 =n (Sram Ln (Spgoam Ll) 4+... 


These last two equations may be verified in various ways. From the 
integral form for A’( 1+) we also obtain 


! v” log vdv 
j de 


! y* (log v)? de 
l—v 


5 (1+) ”= + f ; Eta) 8-5 | 


0 
and so on. The series for A’(1+2), &c. may be verified in a par- 
ticular way, as follows. 7 

Let Sawa be the general form of the function which when « is a whole 
number becomes a@(2)+a(e+1)+&c. ad infinitum. This functior 
is then a principal solution of y (a+l)=yr—az; again, Lax being 
a solution of ġ (1+1)=ġpx+ar, we find that d6(a@+)+y¥@tl 
=px+ Wyr has Sax+Sur for one of its principal solutions. But this 
equation being of the form ë (x+ 1)=éa, can have no principal solutiot 
except a constant, all its variable solutions being periodic. We have 
then Sex+Sar=C, and C may be readily determined when gœ (0) + 
a(1)+.... is convergent, by making x any whole number; in whicl 
case Lar+Saxr becomes w(0)+a(1)+.... ad infinitum: so that 
representing this series by Sa (0), we have 


Lax+Sar=Sa (0). 


But when the series is not convergent, still Zar and Ser may be finit 
functions: thus when era, S«(0) may be the constant y (pag 
578) which occupies the place of l-+4+4-+.... ad infinitum, and look 
like a sort of algebraical equivalent of it. This point may be furthe 
elucidated as follows. Let us take 


` 
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] 1 
v+ l toro Pa a 
The arithmetical value of the second side is unquestionably infinite, 
whatever the value of x may be. Now let æ be less than unity, and 
expand each of the terms in powers of x, we have then 


S AFASI. ee e — 2 t +S, Lr, eee 


a 


S (1+2) = 


The first term of which is infinite, but all the others finite; and even 
(if 1< 1) forming a convergent series. Now since Sr- altered by any 
constant is still a solution of W (x+ 1)=YWa—a-, and since the value 
of that constant is altogether immaterial, strike off the constant 
1+3+...., and it appears that —S,7+S,a2—.... is alsoa solution, 
whence 


2 (l+2)"—S,7+8, 2? — Coors = GA 
And since X 1-'=0, we find by making x=0 that C=O, or 
= (1+) =S, g- S, v? S, r—, b. o 


If, however, we choose A’(1+2) for the principal solution of 
$ (1+ 1)=pr+ a, we have A’ +2)= 3x7 — y (page 593), whence 
we get , 


A’ (1l+2)+y—S,2+58,2°— e160, AT(1L4+x)+5S (l4xt=~y; 


in which, if the distinction between principal solutions differing by a 
constant be forgotten, we might imagine* we sce > (1+2)74+S(1+2)7 
=—y; that is, —y in the place of 1-5444... 


Let it now be required to generalize the function 


aby «a a+b  a4+26 a+b (x— 1l) 


—— ee a 


D eaa n EARE eee 2 
pg p p+q preg P+gq (1—1) 


supposed to vanish with z. This is obviously the integral of av?! 
(a+b) PE + ath (a—1)} vt?! from v=0 to v= 1. 
This last series being summed, gives for the function 


l 5 p—l |] =p” dv a 1 ppt tl piti) 
ean | (21) 
0 


v 
si a n Aa 


1—v* (1—v*)? 


0 
For v1 write v, which, q being positive, does not alter the Jimits, and we 
have, writing 6 for 1: q, 
“hy av + (s —1) vt 
(=o 


v~ dv. 


l x 
a9 Í S a | 
glet es 0 


ge 


Phe multiplier of dv in the second integral is easily found to be 
ox diff. co. of (v—v"):(1—v); integrate by parts, taking the in- 
‘egrated term between the limits, and we have 


* I think Legendre has very obviously fallen into this misconception ( Fonctions 
Elliptigues, vol. ii. p. 429), but it has led him to no false results. Indeed it is 
dbvious that confounding «A may be written for B’ with ‘A is equal to B; though 
t must affect the logic, may not affect the result, of a process. 3 

2 Q 


eee 
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‘1l—v 


| 10 (e—1) +00 | 1 


0 


ú “ve v* 
wm dy — bp? | —— or dv 
—vU >p = 


If we consider Za as a known function, we have | 


di y” — y” i1 tp" l Jp” m r 1 p g 1 : 
; dys} =—— dv— EN E SC“ 
» iv o bv 5 L=v n+l m+l 


Apply this, and the preceding becomes 


l l : 1 1l 
iat eee Sa an 
a (ar po e (z po+ x ai) 
For © (pd+1)~ write its value X (p0)7' + (po), which gives finally 


> 1 >) 
janan r 0 =b 0 i ea ye j 
bbc +0 (a—bpb) \2 pote 2 po) 


at bx 
prqet 


(There is a remark which it is here essential to make, to prevent the 
student from transforming expressions of the form Sar, generally con- 
sidered, in the same manner which he would have done when they stood for 
no more than simple summations. If we consider £. pr and p 22, we 
cee that both mean the same thing if È. pz merely stand for p.l+p- 2+ 
weeetp(a—l). In this case x is the index of the extent of summa- 
tion, and p a multiplier in each term. But if Z. px be a case of 22, and 
if px be a whole number, the symbol means 14+2+.... +(px—1), 
which is altogether a different thing. We might easily make them dis- 
tinct either by appending the index of the extent of summation to the 
symbol 2, which would make £, pe = p 2.2% evidently true, and 
Doe PL= pret evidently false, or else by putting the index of summation 
in parentheses. ‘Thus, 2 and a being whole numbers, 


Z 


1 l 1 1 1 1l - 
P Ta e Foel 7 (a+r) -l at A eee 
; 1 1 
i veg Seea 
which then gives 27 O ES) 2 (a) 


Both methods have inconveniences ; a third is to use a specific. 
symbol for each form of F, as we have done in making A (1+) or 
log I (i+) the representative of the generalized function of log 1 
+log2+...- +-log (x— 1). Thus Abel uses Læ to signify the func- 
tion which, when x is a whole number, becomes 12h.. Hlela 
We have, however, a symbol for this function in A’t—y.) 

If in the last equation we make a= 1, b=0, we have 


a ey Pya) oe x (2) 
m+y(t) q q gq wWvY 


When wa satisies 6 @+1)= pe--ar, it is obvious that fyrds 
satisfies @ (t+ l)=dat J e dr. Consequently, multiplying by 4, and 
iutegrating, we have 

“ : fp P p , 
X (log fp+q (j +O)=A4 ae — xA a 


-5 
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in which the second side is corrected for the supposition that the value 
of the general function may become C, when e=0. It may here appear 
dificult to see why the constant is retained on the first side, while the 
second is corrected; but remember that the last equation was not 
obtained from the preceding by integration only ; but that there are two 
distinct introductions of arbitrary constants. If we satisfy Ø (e+1) 
= ox + ax, then fy xda, thatis, ya r+C,, satisfies p (£+ l)=dr+a,2+C. 
Here C, may be determined without reference to C ; for it disappears 
entirely when w,r+ C, is substituted for px, while C remains dependent 
upon the manner in which w x and gx were obtained. Now, remem- 
bering that 2C in its most general form is C (x—1), the preceding 
gives for the function which becomes p (p-+q)++.(p+q(x—1)) when 
x is a whole number, the value 


C+C p (04E) DAG a ee? Tp: q+) 


PORD oo Cp i) 


For since the first is to be p when w==1, and p (p+q) when #2, 


Cy-y 2 p 7 
Ẹ 4 Lp, or C\—A P =log q 
q q 
C,-CHayF : 


P [p i 1 rp 
ae eae ] j= ile °C,—C—Q., —==O9 loo a: 
q ; eu ) P(Pptgq), or C—C \ ; log q; 


) ; 
whence C,4+-C=0, C+ ee — log q, from which the asserted result is 
( 


easily obtained. 
This conclusion might apparently have been obtained more easily, as 
follows. Let x be a whole number, then 


y v P pP P 
; ) ee r— l )p=g".— | Hel] ).... (= -1 ) 
pE) rg eee D AG ) (Ls 
pi P: qta) 
F (p:4) 


Why not then assume that the second side, which is always intelligible 
when æ is fractional, is the function which gives the first side when «z 
cis a whole number? With our present knowledge of the function I, 
and applying’ the doctrine of principal solutions to the equation 
P (tx+1)=P2x+ log (p+qr), I doubt if there would le any solid ob- 
jection against such a proceeding ; but I prefer, in the first instance, the 
actual deduction of a definite integral which represents the function 
required when x is a whole number, for I think the habit of making the 
passage from whole to fractional values a purely arbitrary process is 
likely to lead the beginner to do it when he should not. 

The most striking use of the interpolation of form is in its appli- 
cation to the symbol of differentiation. I do not intend to go fully 
mto this unsettled subject, but only to supply some gencral considera- 
tions which may be useful to the student of this work in reading the dis- 
cussions which have been written on the subject. 

Let an equation p (n+1, 1)=Do (n, 7) exist, where D means the 
operation of differentiation with respect to x, and let the cquation be 
true for all values of n. For instance, 


ee ge 0 OEE 
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T 


h (n, a@)=a e, h(n, @Ņ)=Fn.(—1)" 2, O(n, v)=Cos (« 4 z) 


Let n be a whole number; then œ (1,x) = Do (0,2), (2,2) 
= Do (1, z) = D°% (0, x), and so on; whence (n being integer) 
p(n, =D" (0,x), or $ (n,£) is nothing but the nth diff. co. of 
p (0, x) with respect to æ. Are we then to infer that it would be proper 
to define the solution of ¢ (2+1,2)=D¢ (n, x) to be for all values of 
x, the differential coefficient of @ (0, x); are we, for instance, to take 


1 1 ast 4 T 
D’ S=n e, D ‘cosr=cos (=; z) &e. ? 
72 

On the answer to this question there has been some difference of 
opinion, such as we have seen might arise if different solutions of the 
same functional equation were represented by one symbol. 

Let a, (n, £), e (n, £), &c. be solutions of Ø (n+1,x)=Dẹ (n, 2), 
and let én, én, &e. be periodic functions satisfying ¢ (2+ l)=én, and 
vanishing when 2 is a whole number (such as sin 277), Let y (n, æ) 
be another solution, and let Æn be a similar periodic function, which 
always becomes 1 when 7 is a whole number, such as cos2a7. If then 
we examine 


y (n, æ). Bint æ (n, £). é n+ Oy (n, 8) GoM sses (x), 


we readily see that a change of n into n+1 is equivalent to differentia- 
tion with respect to z, or the preceding satisfies the functional equation, 
Also, if n be a whole number, the preceding is always reduced to 
x(n, v), or D” x (0,2). Which of the infinite number of cases con- 
tained in the preceding solution is entitled to be called D” y (0, x) when 


| 


nis fractional? are all to have that title, or some only, or none? But | 
the preceding (x) may not even be the widest form of the solution, | 


though fettered by the condition that ¢ (0, x) is to bea given function | 
x (0,7). Let (2,7), one solution, have been found, and let it be | 
asked whether A,„ „x (7,2) cannot bea solution, where A,,, is a func- | 
tion of n and x, subject to the condition Ay, +=1 ; such, for instance, as | 


l+ zx. xn, where x (0)=0. We have then to solve 
Ware eee X (n+ 1, x)=D tA, 2X (n, a)i=A’, z X (n, x) + Ay, 2 X (n+ L, t); 
the accent meaning differentiation with respect to 2: whence 


— a 


X (n, z) 


A'n, s= (Antr, z™ Ag, z) 


an equation which in all probability has an infinite number of solutions, 
containing arbitrary functions and constants, the proper values of which 
may make Ay, -= L. 

The essential properties of the symbol D are D*.D"w=D”. D"u 
=D"""u, and D” (u+v)=D"u-+D"v, and these relations should be 
required to remain true for all values of the symbol n. It may happen 
that many solutions of the form (y) fulfil these conditions: and cer- 
tainly no function can be absolutely asserted to be the general diff. ' 
co. of x (n,«), unless it can be shown that no other solution of (x), 
whatsoever satisfies these conditions. 
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Several modes, reducible to two, have been proposed ;* the first pro- 
ceeding upon the fundamental properties of £”, the second upon those of 
vw", We shall take the second of these first in order. 

Let P (n) represent D” x” for all values of x; and since D’a"=:Mx"-" 
for all whole values of n, let us extend this to fractional values. If we 
perform the operation D”~* upon both sides (assuming for the present 
that D” M=0) we have D” c"=MD"-" 7", or M=P (m): P (m-n), 
whence 


p” q” a P (m) o i = T (m+ I) m—n 
~ " P(m—n)’ F (m—n+1)° 


The question then is, what is P (m). When m is a whole number it js 
m(m—1|)...3.2.1,say =F (m+1), ora solution of d (m+1)=mogm. 
Let it stand for this same solution when mm is fractional or negative, and 
let us choose the solution which contains no periodic function, which is 
found when m is positive by I (m)= {> ev" dv, and extended to the 
case where m is negative, as in page 583. We have then the second 
expression given above. 

The first mentioned mode is as follows. Since D” ¢"*==m"™e™ for 
every whole value of n, let this expression be generalized and made to 
hold good when n is fractional, as the definition of D” e”. Now when 
x is positive, we have 


foe vo" dv=a" Tm), or (-1)" foe oe" du=Fm D" an, 


Whenever 2 is a whole number. If this formula be generalized, we 
have 


ae D (m+n) , (—1)’'= I'm D” aa or p” ial 1) mE, poe 
I'm 

a formula which has been asserted+ to be universal, and demonstrated 
ina manner to which, on the assumptions laid down, I am not prepared 
to offer any objection. But according to the first system D” is 
P(—-m+1)a-"":T (—m—n+1). Now as both these expressions 
are certainly true when 7 is a whole number, the one becomes the other 
after multiplication by a factor similar to Æn (page 598) ; namely, 
which becomes unity when n is a whole number. Both these systems, 
then, may very possibly be parts of a more general system; but at 
‘present I incline (and incline only, in deference to the well-known 
ability of the supporters of the opponent systems) to the conclusion 
that neither system has any claim to be considered as giving the form of 
D” 2", though either may be a form. 

The following considerations may help to explain my meaning. In 
common numerical interpolation, we proceed without the introduction of 


* The subject has been mentioned by Leibnitz, Euler, &c., and has been system- 
atized by M. Liouville, in the Journal de ’ Ecole Polytechnique tor 1832, and after 
him by S. S., in the first and third numbers of the Cambridge Mathematical 
Journal: and still later by Professor Kelland, in vol. xiv. of the Transactions of the 
Royal Society of Edinburgh. Professor Peacock has propused another and a dis- 
tinct system in his well-known report on the state of analysis (Proceedings of the 
British Association, third meeting). To avoid perpetual reiteration of names, we 
may here state that the system of MM. Liouville, &c. takes : as the funda- 
mental function, and Dr. Peacock takes 2". 

' > By Mr. Kelland in the memoir cited. 


; 
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any periodic function (as represented in page 543). When we know 
that the given values are those of a given function, as log v, our reason 
for this is, that we absolutely know the function to be of a uniformly 
increasing or decreasing character, without the undulations of a periodic 
function. 

But if a question were to arise, in which, from the nature of the cuse, 
we could only make our first approach by limiting the value of z to a 
whole number, and if the result of this first approach always gave log a, 
we should have no assurance whatever that loge was the function 
required ; it might be log æ. cos Zmz, or log -sin 27x, or log x. cos 27x 
+sin 27x; all of which are reduced to loge whenever æ is a whole 
number. Those, therefore, who would prefer either of these to the 
others, or to all the rest of the infinite number of cases which might be 
cited, must show some very cogent and direct reason why they take the 
one which they prefer. 

Again, when we interpolate between values derived from observed 
phenomena, we exclude functions of intervening undulation, because we 
know in the first place that it must be impossible that times of observa- 
tion arbitrarily chosen should always fall precisely at the epochs of dis- 
appearance, &c. of the undulating terms. But even this must be taken 
with restriction. Suppose, for example, that a planet had been observed 
only at one place, and could only be observed when on the meridian, the 
gencral laws of planetary motion being unknown, It might be satis- 
factorily deduced that the planet always was in a great circle, or in- 
sensibly near to it, at those times, but it would not at all follow that it was 
in that great circle at intervening times. How would it be known but 
that the place of the planet was connected with the earth’s diurnal 


motion by a law which allows of periodic departures from the great 


circle on one side and the other, the whole period being the interval 
between two transits, and the time of coincidence with the great circle 
being precisely that of transit.* 


I now quit the subject of interpolation of form, and proceed to modes 


of determining the value of definite integrals by approximation. Among 


these one of the most celebrated is that of Laplace, which applies when: 


an integral contains a large number of factors or large exponents. 

Let Y be a function of 0, and @ a function of £, it is required to find 
the successive differential coefficients of V with respect to These 
might be easily expressed by means of the derivation in pages 331, Wc. ; 
hut by a direct process, denoting differentiation with respect to ¢ by 
accentuation, and with respeet to 0 by subscript numerals, we have 


v= o'V W= 9V, + O'N i V= 03V- 309" V-60” V, 
V= 0V, 60°0" V,+ (3024+400) Va 0 V; 


* The question of the interpolation of differential forms is embarrassed with con- 
siderations of a nature precisely similar to the preceding ones. Iam not willing 
positively to assert that there exists no reason for one system in preference to the 
other, nor even that such reason has not been shown by the assertors of one or the 
other system. I can only say for certain that I cannot see the reason in their 
writings; and l am sure that they themselves will admit that the doubt I have 
raised is one that requires solution. The reason why it shonld strike me more 
forcibly thau them is perhaps that L have written on the calculus of functions, and 
have had my attention particularly drawn to the wide character of the solutions ol 
even the most simple functional equations. 


æ 
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VO = OPV, + 1000" V+ (150'0"?-+ 10026") V4 (1090 500") Vi OV" 
V= oV +15096"V 5+ (459762 4 2060") V -+ (1563+ 60060” 
-H 15676") V+ (1506 + 100°2+ 66/0") Vo+ 6"'V;" 
VS OV +2100" V4 (1050"6? + 35070") V+ (105908 4-21 0070" 
++ 350'90") V + (1059020 +1000" +. 1050'00" + 21676") V, 
+ (3500 + 2106" + 70'0") V 48V.. i 


The law of this apparently complicated process (which should be per- 
formed by common differentiation, and verified as now explained) is as 
follows. Suppose we would form the coefficient of Va in V™. Investi- 
gate every way in which 7 can be subdivided into three parts; which 
will be found to be 1+1+5, 1+2+4, 14+3+3, 2+2+3. The 
terms in the required coefficient have then 6/0'6", 6/4"e", 660", and 
g’e"0"’, And the coefficient of each of these is the number of distinct 
ways in which seven counters differently marked can be so parcelled 
into (1, 1, and 5), (1, 2, and 4), &c., that all the parcels shall not 
be the same in any two modes. This coefficient is found as follows. 
Let m=atb+c+....3 then the number of ways in which m counters 
can be parcelled into a set of g,a set of b, &c. is 


2. e E ai hes Zeige ..m— l.m 
P a i i ee) 


Ifa, b, &e. be all different, then P=1: but if there he f parcels of 
one and the same number in each, g parcels of another, / of another, Xc., 
then P=(1.2 ..f) (1.2...g)0.2...4)... Thus 7 being 1434-2, 
the coefficient of 0'0” is 


| Cea E er es ee ee , 
: t or 70, as in the formula. 


1.2 (1.2.3) (1.2.3) (1) 


Given ?0=Ae-#, required the expansion of 6 in powers of £. This 
equation cannot exist unless %8 be a maximum when (=0; and we 
shall suppose that gO is =O (and not cc) im that case. Let us morc- 
over suppose that 0==0 at the maximum; whence @(O)=A, and 
p(O)=0. Let log¢O=V; then V— log A+ P?=0, V+ 2t= 0, 
VW" 49=0, V"=0, V"=0, &e, from which, as obtained by the pre- 
ceding process, we are to calculate the values of 6’, 0”, &c. for substitu- 


tion in 
3 


: (2 { 
6=(6)+(0').é+ (9) S) a a ee 3 
aod “v. Q 


parentheses denoting values when é=9. Let v, i, Ue, &c, be the values 
i l ; IIA. 
of V, V,, Va &e. when ¢=0, then r=log A, 7,==0, since Vi =p): p0, 
and g/0 vanishes with O; that is, with ¢. 
+ . \ fe ra i —] 
Ne = gives (3.0 2 0, or (0 ea Gee ae 


O E 
te 
3 


y= gIvesS 07 r4- 380 U Eee (0 J= 5 oo! 


» UE Bey ey c Me \ 
Vivo oe oy TR 5 | Oi es i ae Le, nhs Sete ° 
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and so on, Hence PO AE—* gives 


2 L 505 — 3V V, A Vo 
= / ee oh 3 Q p2 j wd oe eae ° 4 e.o’ = 
B ( Va, m 3 v a 18% 9 + ) 


where 2, Vs Va KC. are values (for 9=:0) of the second, third, fourth, 
&e. diff. co. of log p8 with respect to 0: the conditions being that $0 is 
a function which is a maximum when ~0= A, and that v is not =0. 
If y= 0, and generally if m diff. co. of log p0 vanish when 6=0, (and 
m must be an odd number, or there could not be then a maximum, ) we 
must use the equation P@= As—?"*" in the same manner. 

It would be a work of great labour to calculate as far as the sixth 
power of ¢ by the preceding method, and an expression of the general 
term of the series would be altogether out of the question. The powerful 
method of Arbogast, however, (pages 328—335), will enable us to give 
the general term with very little trouble, and to deduce more coefficients 
than those given above. | 

Having given t=,/(log A—V), where vlog A, v,=9, it is required 
to expand 0, of which V is a function, in powers of t. We have then, 
by Burmann’s theorem, page 305, the marks { } denoting that @, and 

0 


therefore 0, =0, 
af \ EF EREA ate | TE iets ad 
Fr G6 VE) 2 "lae 7 203° 9 we 


E a 7 Q i 1 
say =2B,, 2"; whence B= oo (+) X53, a 


Write a for —v,~-2, b for —%--2.3, &c., and we have 


0: t=0 : J (log A—V)=0: y (a0 +00 +... .„)=fa+b0 4.. ..} 7 | 
Develope (¢4+66+... jy? by Arbogast’s method into 2.P,, 6", which 
gives for P,,_, the following series of terms, m : 2 being 7, 


LD aa 0 gl, Dy 3, [n,n+-m—2] br 


gh ag eS gerhe eee (m—1] Greens AD. 


If (a+b0+....)~” be differentiated m—1 times, and @ be then 
made =:0, the result will be P,,; X1.2....(m—1), which, divided by 
2.3....m gives the mth part of the expression (A) for Bn the co- 
efficient of t” in the development required. We have then the following, 
the first of which is independently obtained (title, page 331): 


l b 1 Db 1 5 è at (5b?—4ac) 
B,=a?, B: =—- — =—- = +2. = = — 
EA 2 a ii 2a! 2 4 a*® Sat 
_1 jf 2D% , 3D 46°) 4b’— 6abc+ 2a’e 
Bag emg: eee ia eens 
a a a? 3 4a’ 
1f 5Db 57D% 579 DU 57911 %) | 
Bias 5 at tga wr 32s STE os Ss 
5 2 a 24 a 246 a 246 8 a. : 
_@§7.9.11b'—7.9.8.3ab’e+7.6.8a°(Qhe+c?) —4.6.8a%f} +i 


2.4.6.8 a’ 


ON DEFINITE INTEGRALS. 603 


= Write —t:2, —v,: 2.3, —71,:2.3.4, &c. for a, b, c, &e., and we 
1ave 


B a 2 B ol ae bug STIE HA Vy 
=a / (27) B= Ss, Bea. /(- 2 
Vs j 3 Vy 8v3 , 2 


By= — (4003 — 45v ta v, + 9030, )—2701} 


B, = - {385v5- 630v,v5v, +21 03(8rv, +50) - 24020, Wa /(-2) : 216023. 


The use of this method is as follows. Let it be required to develope 
f ydx between any given limits w=p, x=v, y being a function 
with factors having exponents of considerable magnitude, such as 
y=p" q”, where m and n are considerable, and p and q are functions of 
x. Let there be a value r=a which makes p” q” a maximum, and let 
pand v lie between two roots of y preceding and following the value of x 
which makes y a maximum. If, then, A be the maximum value of Y, 
and if we assume y= As—tť*, there are real values of ¢ for every 
value of x, from t=— œ, which gives r= the first root, to t== +- cc, 
which gives r= the second root; and when t=0, we have y=A, or 
aaa. Let r=), t= p, be the values for which y vanishes, so that À, 
H, v, p are in order of magnitude, A being the least. Let x= u and 
ay give t=q, t=); let r=a+6 and y=¢ġ(x). Then 8 and z 
vanish together, and ġ (a+ 0)=As-—}" gives 6=B,t+B,2+.... as 
just determined. From this find d0, which is dr, and we have 


fiyde=A {B, f2e—Pdt+2B, [2 e—Ptdt+ 3B, fie-P Cdt+....}. 


If we examine B,, Bo, &c., we shall find that if each of the set vs, vg, 


&c. had a large numerical multiplier x, these coefficients would severally 
ay 


o ai _3 | 
have the multipliers 22, n,n’, &C., which would make the series 

convergent enough for use if n were considerable. A further reduction 
may be made as follows. Let fer t di=G,, 


P~ od n—l 


e—t* 
2 = 2 


fett dt= — 


fe-. Crd, G= — 


2 


2 


te—t? 
2 


1 E-t? g=” 3l 3 
Go. — +5 Go» G,=— @+1), G=- (e 5 Go 


2 2 4 


Take limits, and substitute, which gives 
3 3.5 
fiydz=A Bi Bia Be ; 1.) flere dt 
2 262 
3 
tyer@ A [2B +a. 3B, + (a°+ 1) 4B o+ Sa) 5B.+ .. | 


3 
—5e- PA 2B, +8.3B,+ (6?+1) 1B,+(#°+58 ) 5B;+ ... L. 


If the limits be p and y, two valuesat which y vanishes, one preceding 
and the other succeeding that at which y is a maximum, (that is, if 
od v=o,) it follows that œ and /3 are — œ and + œ, these being 
the only values at which {Ae—# vanishes. But ft3e-” di=2f¢e-? di 

' (page 294)= 4/7 ; whence (as in this case, the two last lines vanish) 


————————— 
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3 
fo ydas Ayr (B45 Bita o B, -+ ee .} ; 


For instance, let it be required to find an approximate expression for 
1.2.3....n, where 2 is a large number, or generally for F (n+ 1), 


© -=E 


where n is a large number, whole or fractional. In f 6. a" dx, it will 
be observed that ¢7*2" vanishes when x is 0 or &, and that there is an 
intermediate value of g, namely w=n, at which 7 2” is a maximum. 
We have then 


n 


yore“ a, p=0, v=, a=, Ase" n", 


T L yn L ] A ] 1 0? 1 0 
ease fork yna) — 2 fy. ry — TI ee i I il Sas 
Velog(s-*a")=-(nt+0) +n log (n+ 9)=n logu—n 5 haa es 
pfs 5 nu, b=—} n~, c=} n”, e= —} nt, J= 6 n”, &c. 
l l l l ! 
B — Dn B — D m B. = S EE &e, ` 
— VAM, =O ny ~*~ 540 lan 


T (n+1)=,/(27n).E" wtp PR + Se sli i 


l2n 28Sn? 


m 


a result which may be made to agree, as far as it goes, with page 312. - 

The student is now prepared for the higher class of investigations 
connected with the theory of probabilities. The integrals which are of 
most importance in this science are F(2), already treated, { e—?? dt, and 
fa" (1—2)"dx. It will be worth while to make the calculations neces- 
sary in the latter case, m and n being considerable numbers. 

Here y=2" (1 — x)”, which vanishes when r=0 or 1, and is a maxi- 
mum when cm:(m+n), 1—a=n: (m+n): let the first be w and 
the second p. We have then 


log y=V =m log (w +6) +n log (0—0) 
mn I/M n l/m n 
PET COTE CETER 
a=} (mo +n ?), b= —} (mo —np >), c=} (notno), &e. 


k k 5 k i 
or «=> (0-H), b= T (w7 —p™>), o (a -+p-*), &e. ; 


od 


where m- n= k. Hence we find by actual reduction 


> 2w (1—5) 130—130 +1 
B,= — | Brn 
k 9/120 (1—w)k*} 
Im (1-0 
f; U2) dr = al ) Í 


ee 
| ee eae 
Ie ee lQa(1—a)k V 


very nearly: which might be verified by applying the value of F (a) 
just found to the result in page 580. 

When y has high exponents, but does not arrive at a maximum 
between the limits; or rather when it is not required that cither of the 
limits of integration should be near to that value of x which makes y a , 
maximum, the formula in page 290 will give a convergent series, and 
even for the indefinite integral. 
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ax, (yeas abs, d du d l d „£! | is 

cae — CL =" , EE E uU -— — — SU — EE rooe (6 
J dy” 4 4 l dx dx\ dr) dul dx\ dx 


For example, let y =<", or u=e:n. We have then 


q” +1 yt 1 l l l 


eS S ee. ws, which is easily verified. 
n+l n no n? t y 


The preceding is taken from «=U on both sides, but any limits may 
be taken in the usual way. Thus 


ASE E ee 2 243 P3865 
S dz=- | ——__-__. + ———_ — wie —— -+ e. oo 
Toa 2an (a+ n) (Ra+rn)t (Qa+n)s 
U l | 2` 8 56 
4 sinr A rea | —— +— ——-+ a “ 
ae eae) raf 2” nw w 1 
a —a n+l a EL 9 
e~a n n“ + Ona 
‘ N—C (n—a)}  (n—a) 


I now {proceed to the doctrine of periodic series, one of tle most 
important applications of definite integrals; the results are of a new 
and extraordinary character, on which account this part of the subject 
will be treated in detail, and by two distinct methods. 

From page 291, § 121, the following is easily proved: if @ and a’ he 
two whole numbers, and m and n two other whole numbers, positive or 
negative, 


nre nr - 
Í cos a0.cos a'0. d0, and f sin @@.sina@’0.d0 are =0 or (n—m)-: 
mr er 


bo! a 


namely, O when @ and a’ are unequal, 4 (n—m) r when a and a’ are 
equal. 

This property is applied to the expansion of ordinary algebraical 
quantities in series of periodic terms, a subject which will require a close 
examination of its first principles. 

If we take such a series as A, sin + A, sin 2r+Azsin3r+....ad 
infinitum, we see that, whatever its algebraical equivalent may be, it 
must go through a succession of values from æv =0 to c= 27, which suc- 
cession is repeated from v=2r to v= 4r, and soon. It might scem, 
then, as if we could affirm à prior that any function which admits the 
preceding development must itself be periodic and trigonometrical: but 
we should be mistaken if we drew any such conclusion; at least we can 
only drawn such a conclusion with some extension of the term trigono- 
metrical. 

‘ If we integrate both sides of (1-+a6*)—=1—aé@?+a? 6*—...., we 
ind 


1 cay i 0” Ur g 3 : 

-~ tan G/a.0)=C+0—— at — UW Ufone 5 

Ja f 3 5 7 

the first side of which is indefinite, since tan~* (a given quantity) has 
an infinite number of values; the second side is also indefinite, con- 
taning an arbitrary constant. Nor do we avoid this indefiniteness by 
Integrating from a given commencement, say from 0=0, which gives 
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faa Stan (Ya. 0) — tan 0} sy a+ - je a3 +- 
Ja C + =—— 3 5 4 i €. @ & 3 


for tan7! 0 is mmr, where m is any whole number positive or negative. 
For given values of 0 and a, the second side has one value only, the 
first side (but for restrictions imposed by the equation itself) has an 
‘nfnite number. Consequently, whatever value may be taken for 
tan7' (,/w.0), such a value of tan7!0 must be taken as will give that 
value of the first side which is equal to the second side. Let a=l, 
and let 0 be tan ¢, then one of the values of tan! (tan t) is ¢, whence 


t—tan7! (0)=tan t— 4 tanë t+ tanë ’—...- 


Now as we begin from tan ¢=0, let us choose mr for the correspond- 
ing angle. We must not then carry our series of integrations (of 
1x d.tan t, tan? ¿.dtan t, &c.) up to a limit higher than t=mr+ in, 
nor might we have begun before t=mr—}r, since tan¢ is infinite in 
both cases. But between mr+}r and mr— Hr the equality of the two 
sides is wnobjectionably deduced, and the answer to the question, what 
value of tan7!0 must be taken is, mr, whenever ¢ lies between 
mr+4r: so that tané—}tamt+..-. is, for a given value of tané, that 
one of the corresponding angles which lies betweer —lr and +47. 

Let us now consider the equations (pages 242, 243) 


l—z otis 
DE ee AS +x cos 04a” cos 20 + &c. 
1—2x cos 0+ q“ 
F ð o o (A). 
x sn 0 : ; : 
=g sin 0+’ sin 20+ Kc. | 


1—2zx cos 0+2? 


Here the periodic character of one side is a counterpart to that of the 
other, and when x<1, these equations are arithmetically true m all 
cases, When xl, we have the limiting equations 


P 1 sm0 ; ! 
z= 1+ cos 0+ cos 20+... 2 s ==sin 0+s1n 20+.... 
2 2 1—cos 0 


The series are no longer convergent, but are of that character the simplest | 
instance of which is seen in 1—1+1—1+.... Itis easily shown by 
the methods of Chapter VII., that 
cos 28—cos (n+1) 0 
2 (1—cos 0) 
sin 0+sin nO—sin (72-41) 0 
2 (1—cos 0) 


1-+cos 0+ cos 20+....-+C0S nu=5 -+ 


sin 8 +sin 20+... +sin n 0= 


Now we have fjsinadr=1—sin aq, fo cos rdx = cosa, and when 
a= œ these have been found to be 1 and 0, which makes it seem as if 
sin œ and cos œ should both be taken as =0. If we take this assump- 
tion, and make n infinite in the preceding, we find 4 and §sin0: 
(1—cos 0), being precisely what we have before found for the series 
continued ad infinitum. Many more instances occur in which 
sin oc=0, cos œ=0, give results which can be otherwise obtained ; 
but I am not aware of any proof that these are to be considered as 
universally true. 
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Let cos A=1 ; then the first equation becomes g=1+1+414+...., 
which is certainly false. This arises from omitting to notice an 
isolated conception to the truth of the general deduction. Our first step 
was to make x=1, our second to make cos 6-1. Invert the order of 
these steps, and we have first (l—2): Gd —2x)?=1+r+e°+...., and 
oc=l+1+1+...., whichistrue. If we write 


l— x cos 0 E E l] —x cos 0 
a eee te 1 re any ae 
l — 22 cos 0+. 2(1—2 cos 0)+(x#?— 1)’ 


we see that r=1 gives 4 in every case except that in which 1— 2x cos 8 
also =0, in which latter case the form $ is produced, and œ is the 
result. Consequently 1+cos0+cos20+... = in every case, unless 
O=2nm, in which case it is infinite, The second equation remains true 
when cosG=1; divide both sides by sin@, and it becomes œ=] 
+2+3+.... In both cases, however, there is a bar to integration 3 
no even multiple of + must lie between the limits. 
If we make z= —1, we find 


1 l sin@ ; 
z 1— cos 0+ cos 20—... 5 lito 0—sin 20-+sin 30—....: 


the excepted case similar to the preceding is when cos O= — 1, in which 
case the first series is infinite, and the second may be treated as before. 
There is here also a bar to integration: no odd multiple of 7 must lie 
between the limits. If we integrate the second and fourth series, deter- 
mining the constant by means of O= r and 6=0, we have 


cos20 cos30 — cos 46 


t e 9 @ 


z DAS 
log (2 sın 3 =cos 0+ 


3 4 
0 = cos20  cos30  cos48 
log( 2 cos 3 = cos t= -+ 3 as TTE 


series which happen to be true at the limits at which we could not be 
assured of their being true from the method. And it may be noted that 
such series will generally be universally true, when the periodic forin of 
the second side is accompanied by one as explicitly periodic on the first 
side. Also 


cos 30 = cos 59 
+- 


ji o 
5 108 cot po eet: a eee 


Take the expressions (A), change’ 2 into —a, subtract, divide both sides 
by 2z,"and then write æ for 2%. We shall®thus obtain 
cos 9. (1—x)? 
ìi — 2 cos 209.04 ia 
sm 0. (1+) 
1—2 cos 20 xF a? 


0= cos 0+ cos 38 +cos 50+... 0=sin 0—sin 390+ sin 50—.... 


= cos 0+ cos 30.7+ cos 50.24... 


=sin 0+sin 30.7+ sin 50.124... 


J 


l H a EEN 
——— = cos 0— cos 30 s50... — = sin 0+ sin 80+s8in 50 -Heres 
2 cos 8 ii pOpeeE Cons 2 sind re 


a en ee 
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In the first and fourth cos 20 must not =1, or 6 must not be any 
multiple of 7, or any even multiple of 47: m the second and third 
cos 29 must not =— 1, or Omust not be any odd multiple of $r. If we 
integrate the first pair, we have 


sin30 — sin 58 T cos39 cos 50 
»eee —=cos 9 ———— Ss as 


3 5 P 4 3 D 


d : 
—=sin 0 
mn + 


the constant being determined from 0=J- in the first, and from 6=0 in 
the second. These results are certainly true, the first from 6=0 to 
O=, both exclusive; the second from O= —}r to 0=+47 both 
exclusive. ‘This we may briefly express as follows: the restrictions of 
these series are 0 (6) r and —32 (9) 4x. 

If we suppose 0 to lie between + and 27 in the first, and between $r 
and 2m in the second, we must take the value of the constant after 
integration from 6=37, in the first, and from 0=7 in the second, 


which gives i 
i g sin 30 | sin dé T cos39 | cos 50 

' —- = sin ¢6-+—— +... —- zco b —-—— Hle’ 
4 3 D 4 3 D 


and so on; cach of these series being +łr or — ir, according as the 
value of 0 makes the first term positive or negative. 

All the series which we have yet had, which have their denominators 
increasing without limit, are really convergent, and arithmetically equal 
to the quantities found for them. And the discontinuity observable in 
their values is of a curious character, which admits of complete illustra- 
tion from geometry. If we take any finite number of terms of the 


first series, and draw the curve whose equation is y=æsin v4- sin 3x 
+tsind5r+...., or OPCQF, the greater the number of terms we take, 
the more nearly will the curve coincide with the succession of discon- 
tinuous straight lines sOABCDEFG, &c., to which the whole scries 
continued ad infinilum is therefore the equation; OA being +7 


i We now resume the equation 1—cos6+cus20—.....=4, or. 


1—~cos 0—cos20+...., which is true for all values of 0 except 


~~ 


(2m+1)7. Integrate, and determine the constant by 0=0, which 
gives 


0 m sin 29 sn30 7 
-ZS — eee Š Ps —w à 
ie in 5 3 T ( ) T 


Bat if we determine the constant by O=2r, we find 40— r for the 


preceding, with the restriction ~ (0) 37, and so on: whence the value 


of sin 8 —4 sin 39 +.... is $0— mr, the value of m being that which 


will make the preceding lic between —$rand +47. Inthe same way, 
we might prove from 5=1-+cos 0+cos 20+.... that 


| 


F 
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0 sin 20 In 3d 
—z75sin 0+ a tte. 0 (0) 2x. 


fund 


tol a 


It will, however, be noticed, that this is nothing but the preceding 
serles with ™—@ written for m, both in the equation and in its restriction. 

We shali now proceed with the results of the first series. Let So S15 S2 
&c. be particular values of s,=1"—2"+3-"—...., and let K, stand 
for sin 8—2" sin 26+ &c. when n is odd, and for cos 9—27~" cos 24+ Ke. 
when z is even. Continual integration with determination of the con- 
stants from 0=0, beginning with sps=K,, or 4==cos 9—cos20+.... 
will give the following results, with the restriction -r (9) r: 


: : 6° j g? ; 
SN. So he SZ ThE Ka S05 ge O= — k, 
0‘ 0? 95 0? 
ogg eg tB eyg e gg tIS E 


and soon: from which it readily follows that each of the divided powers 
of O can be expressed in terms of Kp K,, &c., whence ¢0, if it can be 
expanded in a series of whole powers of 0, can also be expressed in a 
series of the form A y+A,cosO+....+B,sinO+...., which shall 
hold good for all values of 0 from — r to +r, both exclusive. Having 
thus shown the possibility of this expansion, we shall presently arrive 
at a more convenient way of doing it. Inthe mean while, let us observe 
that we have thus fallen upon an elementary mode of determining the 
values of s} s &c. Thus, if in K, we make 0=4z, we find it becomes 
Sp 2”, whence we have 


r? S Te 
ng sng OF ETS 


a result which might be verified from pages 553 and 581. 

In the same way, by beginning with the proper value for Ky, 1t might 
be shown to be possible to make a similar expansion for %0, which 
should be true for any value of 0 lyi ing between (2m+1) rand (2m+3) r, 
m being any whole number positive or negative. 

We have seen that every function of x which is itself neither even nor 
odd (page 295) can be made the sum of an even and odd function. 
From the character of A,+A,cos0+.... and B,siné+c.,, it is the 
even part of the function which is developed into the former, and the odd 
part into ‘the latter. But we shall see that an odd function can be 
developed into cosines or an even one into sines, between given limits. 

Let there be a function @0, the development of which has the form 
B,sin6+B, sin 20+.... Multiply both sides of the latter by sin mð, 
and integrate from 06=0. This gives, from the term B, sin mð, the 
following pair of terms : 

0 sin 2m0 


2 m 9 , Om 2 


and from each of the other terms, a pair of the form following ; 


í B, /sin (m— k) 0 _ sin (m +k) 0 
from B,sin 40 comes — E= PEN ) 


2 
2 R 


o SS 


610 DIFFERENTIAL AND INTEGRAL CALCULUS. 


each of these terms vanishes when 6=7. Butwe have had warning 
against supposing an infinite series of such terms to vanish, or sup- 
posing the equivalent algebraical expression to vanish. If we make 
@—r—a, we have sin pO=tsinpa, according as p is odd or even; 
begin from k=m-+1, and we have for the whole series from and after 
the term B,,sin m0 the half of the following series: 


B sing sin(2m+1l)a sin2a@ sin (2m+2) « 
muy 2m+l oe ae Im+2 


& 


+...(B), 


neglecting the previous terms, which, being finite in number, vanish 
with a, leaving only B,, (t—«@). It would not be easy to give a direct 
proof of the comminuence of this series with æ, and another method 
must be had recourse to; if we could assume that comminuence, we 
should have, observing that 4 Bm0 is the only term which does not 
diminish as 0 approaches to 7, 


> 
2 


a result which may be established, though the preceding method is in- 
complete. 

Let it be required to find a function which agrees in value with %0, (a 
function which vanishes with 0,) when vis 0, m:n, 2r:m,...- up to 
(n—l)r :n. Assume for this purpose 


PO—k, sin 0+ ksin 20+k, sin 80+....+h,.8in (2-1) 0... (1); 


B=]; p8 .sin mO dé ; 


a function which fulfils the first condition, since it vanishes with 6. Let 
r: n=ry, then we must have 


dyazkysinv-...., P@HkSMA+eveey e 
$ (n—l) vk sin (n—1)y+.. 


Multiply successively by sin my, sin 2my,. . . sin (n—1) my, which | 
will give on the first side | 


dy .sin my +2y.sin Qmy--... +$ (n—1) v.sin (n—1) my, 
and on the second a set of terms of which the one containing k, is 
kf sin vy.sin my + sin 2wr . sin Qmy+...--sin (n—1) vx. sin (n—1) my}. 
The coefficient may be resolved into 
4 {cos (v—m) vt +4... 4+lLeos{n—lv—my} — cost (vm) vp— see 
—cos {n—1 vem.y. 


cos (n—1l) x—cosnr l 


Now costr+cos2r+...¢+cos(n—l) a= 5 (coe 2) 9 


If nx be a multiple of r, as in the preceding cases, we find for an odd 
multiple, 


—cos r+] l cos g— 1 


— or 0: and —————— — >; 
: ý 2(1-—cosr) 2 


ae or — 1 
2(1—cost) 2 i 
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for an even multiple. But when w=0, the series becomes »—1. Now 
when v-+m and v—m are unequal, they are either both even or both 
odd; so that (v—m) ny and (v+m) ny are (ny=7) both even or both 
odd multiples of x: in this case, then, the preceding coefficient is either 
4(0—0) or ${—1—(—1) t; that is, =0 in both cases. But when 
v=m, in which case v +m is even, it becomes 3 {n—1—(—1)}, or 4n. 
We have then 


= , a 
m= {dv.sin my-+P2v.sinQy+... +Q (n- 1) v.sin (n—1) mv}; 


from which the several coefficients in (1) may be found. If we increase 
n without limit, so as to make ¢@ and the series of periodic terms coin- 
cide at smaller and smaller intervals, and so as finally, at the limit, to 
make 9 and the series (which then becomes an infinite series) coincide 
altogether from 6=0 (inclusive) to 9= ~ (exclusive), we have 


poe yf dy.smmy+.... +6 (2—1)y7.sin (n—1) mv} 
T 


2 ; 
=- f p0 . sin mO dd, 
T 


as already suspected. 

We might now suppose, perhaps, that we are at liberty to infer that 
the series (B) does vanish with œ, since the immediate consequence of 
such supposition is true. But still we are to remember that we have 
not proved 


(fz p0.sin 0 d0) .sin O+(f7 po sin 20 d0). sin 20+.... 


to be the development of $0, subject to the restriction (0,0) +, but 
merely one of its developments, of which there may be any number. 
In fact we have shown (page 563), if O,, be any odd function of m which 
never becomes infinite, that O, sin @+O, sin 20+-....=0, provided that 
20,,2” be a continuous function. Consequently, the preceding deve- 
lopment B,sn@+.... is only one of the proper developments; an 
infinite number of others is included under (B,+ O,) sin @+(B,+0,) 
sin. 20+ ...., and it is not possible to affirm that there may not be 
Others. 

If we exclude the limit 0, in the preceding process, we find there is 
nothing in it which prevents our allowing %9 to be, not merely an odd 
function, but any function whatsoever which does not become infinite 
between 0=0 and 0=-7. Thus we find from f7 cos 2.sin mz dr=0 or 
2m : (m? — 1), according as m is odd or even, 


a) 


Ds 4 6 . 
a cos t=z sin 2x-+— sin 4r +H sin Grt... 0 (x) x, 
4 3 15 35 


and f o E7 sin mv drm (l— E" cos mr) : (œ +m?) gives 


sng  ?2smn?r sine  2sn2vzr 
-= TD came ite Ae ———— + ..6, +E" ——_—— = — 2. è o 
2 a+] a? + 4 w+) €+ 4 


Change a into —a, and subtract, which gives 


m Et — gaT _ sin eS bs 2 sin 22 3sin 3x r (x) T 
2s"—e* a@+l æ+ a9 
2R2 


a 
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The reason of the alteration of the restriction is, that £% — £7% is an 
odd function, so that the equation remains true when c=0, and both 


sides being odd functions, it is true from z= — r to r=0, because it is 
true from r= -+r to r2=0. I leave the following to the student: 
an l 4 9 


ee St = 
gare aæ@+l gtd a? 9 
Change x into r—a, and we have, by this and subsequent integration, 


g et(e-)__ ga) ging  2sin2r 3sin3sr 


De eeen — 4 ee O(xr) 27. 
en a -+l ata &+ 9 

poe ees) l cose | cos2u 0 (2) 2 
— Oe - 7 peas (i 7 AR eere X Be 
2a eo" — go" 20" a’? +1 a? +4 


The constant 1:2a? is determined by making =r, and using the last 
series but one, from which we find, after reduction, 


=a (1-1 4+1—....)=1: 2a’. 


In a similar way might be proved 


m ot te l cos t cos 2x 


-o ee et ee 


9a 6t—e-"™ Pa? apl +4 


~—wt ee ee — r(t) T 
Returning to the main result, let us now examine fz p9. sin mê. dô. 
: 0 9, l 
fpo .sin m6 dd = ate cos mope sin mO—— fp"9.sin mo dO; 
m m m” 


which taken from 0 to m gives 


i r. COS m paS, 0 l A 
f h? sın mo gan Ann =<. Í; p8. sin mo dd 
m m 


Pr. cos mx —- h0 Be sc A o'r.cosma—G"0 


m m? m5 ee 
nw prho rtp" | O* 7+G"0 dag 
a ae J? E ei 
pr—p0 p'r-p'0 p r-p"0 
ON PEE eo AE PE 
l ( 5 5 + ry ; ) sin A 0 (0) z 
0 1 "0 iv iv 0 : 
+ dal nen porte -.. _)sin 30 


which is convenient in the case of rational and integral functions. But 
if p9 be an odd funetion, so are P60, dO, &c., and p0=0, ¢'0=0, 
&c., whence the preceding becomes, with the restriction — r (0) 7, for 
reasons above given, 


H 3 
z= rpn i <) sino—(S -ET soo sin 26+. . 


If we require a periodic series which shall be equal to p0 with the 
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restriction 2mm (0)(2m+1) z, the shortest way is to put dO—= w (2m7+6), 
and to expand w (2mr +060) with the restriction 0 (0) x, as above. 

In the equation }rPO=2 { fi px sin mz dxr.sin mO} write ġ'0 for dd, 
and integrate, which gives 


l ; cos 20 
z tP0=C— fi p'e sin æ dx. cos 0— [7 p'zsin Qrdz. zy Tee 


=C4 fpe cos & dr. cos 6+ f% pr cos 2x dx.cos20+...., | 
since fi pO cos m9 d0= —m™ f7 p'O sin mo do. 


But Cis not yet determined, and it would not here be easy to find the 
constant from a particular case of the series, in a satisfactory manner: 
so that we shall find it necessary to institute a new process similar to the 
one already adopted. 

Let it be required, having decided æ into n equal parts, cach =v, to 
determine ky, ky, Ra &c. in such manner that 


~po=k,+hk, cos 0+ ky cos 204+ ....+%,_, cos (n—1)9@ 


is true fur 6=y, or 27,.... up to (n—1)y. Substitute these several 
values, and multiply the equations by cos mr, cos 2my...cos (n—1) my 
for all values of m from 1 to 2—1 both inclusive, &c., and add, remeni- 
bering that, as may easily be proved, in the manner of page 610, 


cos vy. cos my-+....-+c0s (n—1) vy.cos (n—1) mr=0, ôr —1, 


according as v+m and v—m are odd or even; but when v=m, the 
series becomes į (n— 1—1) or §n—1. If, then, dy.cospy+ .... +Ø 
(n—1) v.cos (n— 1) py=K,, we have 


K= (m—1) ky — hn hh meee 
Ki=(gn—1) hi — kik, — krs... (K) 
K= — kt (§n— 1) hah... 


and so on, n equations in all. Suppose z to be an cven number, and 
add, which gives 


Ko+K,+h,+....=4n (kot kit . e.. )— in (hyo thit+....)tnk,. 


For n write r:v, and v (Ke4 Kit. ...)=}rka Proceed as before to 
increase 22 without limit, and we have fpo (1+cos0+cos 20+....) d0 
= gk, The limits of this integral require some attention : it will be 
observed that however small y may be, we have summed values relative 
to v, 2v...(2—1) v, and never relative to 0 or r absolutely. We do not, 
therefore, include, but exclude, the case of 6=0 or + absolutely, or we 
integrate, as it were from g to r—f, where œ and £ are infinitely small, 
We may then consider 1 + cos 0+.... (page 606) as being =} through- © 
out the whole extent of the integration, and thus 
drko=limit of | a $0 dO=43 7 po dO; rk = fz p9 dé. 


@ 


The student must take care to observe that this sort of reasoning 
would elude no difficulty if L+cosO+.... increased without limit as 0 
diminishes: it applies because 1-+cos0+.... is absolutely =4, 
except when @ is absolutely ==0. . a 

We might from (K) verify the other coefficients already obtained, 
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The first now gives vK,—7h,=v (oth t+h+....), and vK, has 
fpo d9 or rk, for its limit, whence v (ke+2,+....) diminishes without 
limit. Hence from the third, fifth, &c. equations we learn that rka 
Irk, &c. are the limits of vK, vK, &c., which give the integrals 
already obtained for ka, k,, &c. Now adding together the second, fourth, 
&c. equations, we find, supposing 2 an odd number, in which case 
there are 4 (n— 1) of these last equations, 


K,+K+.... an (kit kzt o...) —4 (m— 1) (Ai that e...) 
=} (kit ket seni), 


but v (K,+K,+....) has for its limit the limit of [0 (cos 0+ cos 30 
+....)d6 from g to r— £, reasoning as before: and this (page 607) is 
=0; whence v (ki +k,+...) diminishes without limit, and the remain- 
ing coefficients can be verified. We assume here that the same result 
will be attained whether we increase n without limit through odd num- 
bers only, or even numbers only. 

We thus have, with the restriction O (@) 7, 


5 b0= E dx sin æ dx) sin 0-4 Ca px sin 2x dx) sin 26 
+ (fj pxsin 3xrdx).sin36+.... 
500} fagar dx+( fz bx cosg dx).cos 0+(f3 px cos 2x dr).cos 20+...3 


in which æ is written under the symbols of definite integration (page 

568), merely to make the parts which vary with @ more prominent. 

Also, if @@ be an odd function, the restriction on the first may be 

extended to —7(@)7; and the same extension may be made in the 

second, if @@ be an even function (the value 0=0 possibly excepted). 
As examples of the second, take 


T., l cos2x%x cos4x cos6zr 0 (x) 

— sn ¢=~ —-—— —-——— ——— — as. L) T 

4 2 3 15 39 

T a Ll acosr acos2x „/ l1 acosr acos2r 
— 6? == —— — —__ — —__—_-_ ,,, i —— — `’ 
2 2a «6a + a+ 4 2a a+) a+4 


w Eten l acos acos 2r 


2 "se" 2a w+ 1 + p4 ` met: 

Further to verify the preceding methods, I add one which is of 
frequent use in the writings of Poisson, and which I consider much the 
best adapted of any to give a sound view of the subject, as soon as the 
new and difficult considerations which it imtroduces have become 
familiar. Let us consider the equation, derived from page 242, 


+ cos + (2-0) .A+cos 2 r (@—v). A’ EER 
l 1— A? 


Se = We. 


i 1—2 cos (r—v) A+A? 


If A=1, the preceding becomes O in every case except when 
cos {r (z—v).: /}=1, in which case itis infinite. This isolated exception, 
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which seems only the embarrassment of preceding theorems, is in fact 
the sole cause of their existence: were it not for this we should bave a 
right to infer that the preceding series, multiplied by vdv, and in- 
tegrated between definite limits, would always give 0 when A=1: and so 
it does unless æ fall between the limits of integration. Let this be the 
case, and let —/ and +/ be the limits. Let A, instead of being 1, be 
I—g, where g is supposed infinitely small. Consequently, Yv dv is 
infinitely small as compared with dv, except only when the denominator 
is also infinitely small, Let e=v+z; that denominator is then 


we 


EE verse a? a2 athe ? 2 
1-2( 1- > +... J —¢)-+C—g) Se BH ee 


the remaining terms being of the third and higher orders. The portion 
of the integral f¢v.wudy which belongs to the infinitely small deno- 
minator (namely, when 2 is infinitely small) is (dx being =dv and 
}— A’= 22) 


“gh p (rz) ("> ate zdz 
| 2 Baa? dz, or gë an ST A aie of px { ————--—— 
S ~ © ; 5 


Now as long as z is infinitely small, the second and following integrals 
will be infinitely small as compared with the first, and may therefore be 
neglected. Again, in the first integral, any portion in which z is not in- 
finitely small may be introduced, for all will be rendered infmitely small 
by the final value of g, except only the required portion. Integrate the 
first then from — co to + œ, and we have 


z dz l TZ i (nr ( TN \ 
ie ——, =—, tan™' — (from — cto +e)-=-— {| -—{ —— lez.: 
g | SRS = al al (from --0c) z ( ) 


whence /@ is all that remains, or we have 


C 


mr (t—v) } 


pr= Stipe dv + 2 | fH cos C Dv dwi —l(x)l. 


The sign È extending from m=1 to m= œ. 

This reasoning requires some alteration when æ is either +/ or =l. 
In the first case, for instance, r (¢—v) : / approaches to 0 or — 27r, accord- 
ing as v approaches to +/ or —/, and in both cases the cosine ap- 
proaches to unity. We must then repeat the preceding process at both 
limits, but as we must keep within both, we have as a result, 


0 2 2 ai oP d l iu 
gi a e [ eee or > {Gl+ O(—)$; 


T L+ T x? Joe g? l 
and the same if z=—l; consequently the preceding series is Ox for 
every value of a between —¿ and +/, and 4(¢7+-¢(—.2)) for rz=+/ 
or t=—l; but itis =0 if x do not lie between —/ and +£. 


The preceding reasoning will require the following remarks : 

l. Though it is expressed in the language of infinitely small quan- 
tities, yet this is only abbreviation. If we had expanded Yv in powers 
of x and g, those terns which we throw away as being infinitely small 
quantities of an inferior order would have diminished without limit in 
the fully expressed result, as compared with those which are kept. 
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2. If in the result (l: rl) tan™ (rz: gl), we were to choose infinitely 
small limits between which to take the result, we should not arrive at any 
determinate result whatever. But seeing from el fdz : (2° P+ 9r 2”) 
that all that part of the integral which arises from finite values of z 
must vanish with g, we take any finite limits whatever, (not necessarily 
— œ and + ,) say —a@ and 8, which give 

L (tan TË btan 7) which =? when g=0, 
w gl gl 
whatever œ and 6 may be. 
The function x need not be one continuous function between the 
limits. By a discontinuous function 1s meant 
such an one as the ordinate of the curve 
ABCD, composed ‘of branches of different 
curves, joining or not. If æ, $, y, 6 be the 
abscissee of A, B, C, and D, and if y= a,x, 
Y=Wer, y=Ws,x be the equations of the 
complete curves, of which AB, BC, and CD 
are parts: then dz, to be the ordinate of 
ABCD, must be a function which is ©, 
from ga to rf, wx from r= to ry, and wx from r=—y to 
x=6. To find the arca of this curve, by one operation of integration, 
we must assume Y= 0, T, T+ A, Oa +43 O £, and find fy dx from « to 
B, from £ to y, and from y to ò: then, in the first result, make a,—1, 
a, =0, agz=0; in the second a,=0, a,-=1, a;=0; in the third a,=0, 
G=, d32=1. It would of course be more convenient in practice to find 
f Po, qda, f Yo, adz, f 3 ,adx, and to add the results; but for repre- 
sentation and conception of results, it would be desirable to have recog- 
nized symbols of discontinuity. These might be either made conven- 
tionally,* or obtained from the limiting forms of algebraical expressious ; 
thus I} might represent a constant which is unity whenever x lies 
between a and b both inclusive, and nothing in every other case. The 
ordinate of the preceding curve, (that in which value is continuous,) 
between vq and x=ò, would then be I2m,241)7 o+ [È ws, oe 
Again, y(y) is =0 when y=0 if a be negative or 0, and =1 if a be 
positive. If, then, we represent 


ay +e? when y=0 by 08740"? or 007 CO, 


we have an algebraical symbol which is 1 when v lies between a and b, 
(both exclustve,) and O in all other cases. There would be no particular 
advantage in this symbol, which would certainly require conventional 
abbreviation if often used; our object here is merely to aid the student’s 
conception of a discontinuous function by showing him how he may 
accustom himself to its representation. 

If we further agree to denote by If a constant which is unity when 
ea, and O for all other values, then I1]—I¢—I} denotes a constant 
which is always 0 except when «v hes between a and b, (both exclusive,) 
in which case it is unity. 

In the theorem last proved, there is no occasion to suppose that pr 
is continuous, and it is true whatever the limits may be: if @z on one 

** Peacock’s Report, p. 248. Dr, Peacock proposes Dj, but D is in this work 
too often used in another sense, i 
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side of the equation be discontinuous, so is dv on the other. And even 
if we imagine all the values of œx to be unconnected by any law, save 
only that yv when va means the same quantity as px when z=a, the 
theorem still remains true. If we then suppose the function x to be 
=0 from z=—/ to r=A (exclusive) to have any values from r=) to 
=A, (both inclusive,) and to be equal to 0 from æ=) (exclusive) to 
t=l, px will be given as here described by using øv, subject to the 
same conditions, in the series. Now in such case, it is evident that 


t; dv Pdv= f X dv Pdv, if P be never infinite; 


and it would actually be found by computation, if the series be con- 
vergent, that 
mr (%—v) 


] l bao 
ay Jt he dv+—- E Í f% cos z eP d} 


is =0 from r=—l to r=), =r from t=) to z=), and =0 
from =), to v=}: except only when x=A or à, at which, A and À; 
being unequal without reference to sign, the values are not @A and PÀ 
but 3A and 3d,, as appears from the process. But if A and A, be 
numerically equal, and have contrary signs, the value both for z=X and 
t=, is 5 (PA+-MA,). 

Say that A=0 and A,=J, we have then 


p= fi ge det 2 f ficos m5 (w—v). gv av} 0 (x) 1 


o). 
a ne: (p 
ary) o PU dv-+—- p2 Jocosm = (r—v). gv dv —] (x) 0 


Change x into —zx m the second, then the restriction becomes 0 (z) J, 
and the restrictions of both become the same, while _ 


cos m k (x— v) becomes cos (- m : (t+ o) } or cos m ; (c+v). 


Add and subtract the second equation, thus altered, to and from the 
first, and we have (extracting the constants from the sien of integra- 
tion) 


l MTY MTL 
r= fov dv + 5 Í fi cos = ov dv. cos a 


LTU MTX 


gr= 2 si sin = Ov dv.sin al j 


- Ifl=r, we have the theorems already proved, with something-more, j 
as follows. When z=0, the preceding series (~) are each =4¢0, so 

. that their sum is ¢0, and their difference 0. But when w=J, each is 

equal to 4ọ/, and their sum is @/ and their difference 0. Hence the 

series for dx in cosines is true when t=0 and z=/; while in that for 

sines the series becomes 0 both when r=0 and when x=J/, and con- 

; sequently will not then represent ¢a unless GO=0 and G/=0. Thus 

, we can now infer from page 614, that 

l l 


EN TEN 
ae ES, Fees a which may be verified ; 
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m ETHET l a a a 
= OC YH pares —— +...,* 
2 e7—e"" 2a S, TT trot 

l a a a 


T 
x cot ar ——— = See = egg Boe ee ee Yes ee 
2 2a 1—a@ 4-@ 9-@ 

Returning to the original formula, let mm :?=w, whence in passing 
from term to term by alteration of m, we have r:/=Aw. We have 
then 


l Eza 
gr tov du+ > { fticos w(x —v). gv dv Aw}....(A); 


which being true for all values of Z is true at the limit when Z is infinite. 
Now fọvdv in the first term may increase without limit with J, and 
fov dv: 2l may in such case either increase without limit,+ have a finite 
limit, or diminish without limit. If the latter be the case, which it cer- 
tainly will be whenever f*Zgudv is finite, then, observing that w 
increases by continually diminishing gradations from 0 to oc, we have, 
by the definition of a definite integral, 


rpr= fo {Sfi cos w (x—v) ov dv} dw= fo ft2cos w (x—v) ov dw dv; 


a result which is usually called Fourier’s Theorem. We shall presently 
have to consider the proposed limitation further; in the mean while we 
shall see an apparent neglect of a corresponding limitation in every one 
of three methods which have been employed to verify it, or else an in- 
version of the order of integration. It is to be remembered that the 
theorem was obtained by integrating first with respect to v. 

1. Consider f f cos w(a—v).e’ gv dwdv. We easily find 


and Pa k gv dv 


J 2 + (2—0)? 


is to be determined. Now since & is to be diminished without limit in 
the result, we may, by reasoning similar to that of page 615, consider 
only that portion of the integral at which v is nearly =x. Let v=s—z, 
then the preceding becomes 


ka. dz hola. zdz a? 
[Er {3s F... or Px tan er: 


k 
[9 —kw ada 
cos w (x — v). "dw =- 
Jo ( ) 4 @— vp 


taking this from — œ to + œ, or from —a to +, as before explained, — 


we find x, which verifies the theorem, apparently without limitation. 
But what are we to say to this verification in those numerous cases in which 


* The student must particularly observe that the theorem in Chapter xix. does 
not necessarily apply to series deduced from discontinuous expressions, or from any 
considerations in which discontinuity is involved. 

+ The reasoning of Poisson neglects this limitation, though obvious enough, and 
Fourier makes a similar apparent error. Poisson makes | gvdv:2¢ always vanish 
when Z is infinite: Founer has missed this term by writing a series P, coss 
+P, cos2a+...., which should have been P +P, cosr+P,cos2x+.... Both 
are certainly wrong in expression, though the remarks to which I shall presently 
come remove the limitation, and show the theorem to be universal. 


pis oe 


a a 
Teee e 
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pv dv: {k?+(v—«2)*} is infinite, taken from v=—a to v= +8? 
[his question requires more answer than it can receive from the pre- 
ceding reasoning. 


sn a (r—v Se Sd (t= 
2. Ie cos w (X—v) T and f See A dv 


= ry | —s U2 


is to be determined, @ being made infinite in the result. Let z=v—za7 
which gives 


tio = ~ Pay 
sneg / g y Hsing 
| ~p kone a/ dz, or bef FA dz, or ra, 


P] 


as will be afterwards shown. It is here assumed that since æ is to be 
made infinite in the result, all finite values of z produce no effect, while 
the infinite ones are compensated by the infinitely small value of sin z: z. 
But itis well known that 27’ does not diminish fast enough to compen- 
sate the increase of any function whatsoever. This verification I hold 
to be decidedly unsound, though its results are true, unless that meaning 
of sin œ should be admitted which has been already hinted at, and will 
hereafter be further discussed. 


2 

1 T -E2 

RA COS w w= cM dw=z q / Fe 4k 
fs ( ) 9 k ? 


as will be shown. Multiply by g@udv, and make v=a+z. Then 
since k is to diminish without limit, it is easily shown that the function 
to be integrated diminishes without limit, except when z is infinitely 
small; and reasoning as before, we have 


l T 
aV, 
or mhr, since fe-# dt from t= — œ tot=+c isr. 

This seems to be subject to the same objections as before, for if pv 
increase without limit with v, when the latter increases positively or 
negatively, it may be that the conversion of @(x#+2z) into @z is not 
allowable. I now go on to point out what I conceive to be the manner 
in which the theorem is to be proved; and I do not regret the space 
apparently wasted upon the incautious phraseology of some of the 
analysts* to whose brilliant labours we owe these truly remarkable 
views, because the preceding considerations will serve the better to 
enable the student to see this new point of the integral calculus, nothing 
approaching to which has appeared in the preceding part of this work. 

Returning to the expression (A) (page 619), first observe that 
fArda.x,+ fag dd. 2e+ ossy OFZ (fAda.xr) is identical with J Air 
+Ao.t,+....)daor f(2Ax).da, provided only that 2, x, &c. are 
independent of a. Write the expression (A) in the form 


a.) 
—2 


+00 
eh GH (tz) dz, Or bevr | ee tr a (nuh), 


* The greatest writers on mathematical subjects have a genius which saves them 
from their own slips, and guides them to true results through inaccuracies of ex- 
pression, and sometimes through absolute error (see that of Legendre, page 595). 
But their humbler followers must not permit themselves such license, and those 
above all who write for students must correct that as an error of reasoning, 
which, in the guide they follow, was little more than an error of the pen. 
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=f {LAw cos. 0 (1—v) +Aw cos, Aw (r—rv) 
T =l 


+ Aw cos. ZAW (2-1) +...-$ gv dv= Gx. 


This expression is absolutely true for —/ (2) /, whatever the values of 
l may be, and the series it contains is the limit of a set of convergent 
series made by diminishing k without limit in 


Z Awcos.0(v—v). e7"4"+ Aw cos. Aw (x—v). FEINI 


+ Aw cos. 2Aw (r—v). ETA gnen. 


Let have any positive value, however small, and let the preceding 


be multiplied by @v and integrated with respect to v, from v=—/ to 
v= +; that is, from v=— (r: Aw) to v= + (r: Sw); and, if æ he 
between these limits, the result will be as near as we please to da, if k be 
taken small enough. Since the series is convergent, this might be veri- 
fied by actual arithmetical operation. Now since the individual terms 


of the preceding diminish without limit with Aw, any one or more of | 


them, in fact any finite and fixed number, might be erased or altered in 
any finite ratio, without affecting the result. If, then, in the first term 
we change 4} into 1, (or if we erased the first term altogether,) the limit 
of the result, when Aw is diminished without limit, is strictly 


l +r:0 © 
a f cos. w (x—v) .E™ pv dvu dw =fx + o, 
us -r:0 0 


where g and k are comminuent. Diminish k without limit, and we have 
Fourier’s theorem as given. 


Now for the first verification (page 618). If we begin by integrating © 


with respect to w, we have, as before, f cos w (s—v)e™ dw=k: 
(k?-+-(a—v)*), which vanishes with k, or is =0. Consequently, com- 
pleting the process, it ‘might appear that we must have f 0.gvdv (from 
— œ to -+ co), and divided by m, or 0, for the result, even though 

gv dv were infinite. But here it must be observed that if an mtegra- 
tion with respect to v is to follow our last conclusion, we are not entitled 
to say that k: (4°+(v—2)*) always vanishes with k. Among the 
coming cases to which this conclusion is to be applied is the case of 
v=x; in this case the preceding fraction, instead of vanishing, becomes 
infinite. But this we have gained, namely, that we have a right to use 
the results of k=0 as to every value of v except v=x, or infinitely near 
tox. And we might have applied all this process to the series before 
Aw diminished without limit, or / increased without limit, as is actually 
done in page 615. Hence we have no occasion to consider more of 
es k pv dv:(k®2+(2—v)?) than is involved in those values of v which 
are infinitely near tov. The rest of the verification need not now be 
repeated, 


zak 


In this theorem of Fourier, as well as in the formula from which it . 


was derived, pr and dv may be discontinuous. The same thing may be 
said of the formule in page 617, or of their particular cases in page 614. 
We shall now ask what these last formule represent for‘other values of # 
not included between 0 and /? If we write them thus, 
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l TT rY 
l rr 2yr 
pI r= Asin za A, sin oe cay OCLs; 
NTU > MTV 
Beat. hu COS Ea dv, A QU SIn Ea dv. 


we sce that while v changes from 0 to 2/, mv: changes from 0 to 2r, or 
completes a whole revolution; andthe same while v changes from 2 to 
4/, from 41 to 6/, &c., or from —2/ to 0, from —4/ to —2/, &e. From 
the periodic character of the series, it is plain that the values of one 
interval recur in all the rest; now in half the interval, from 0 to J, 
lpz:2 is the value of the series; what is it in the other half, from Z to 
2i? 

Since sin (2mr—z)=—sin z and cos (2mr—z)=cos z, it is obvious 
that if we make either series the coordinate of a curve, and measure 
equal abscissæ from the beginning of the interval 2/ forwards, and from 
the end backwards, the ordinates will be altogether equal in the series 
of cosines, and equal with different signs in the series of sines. For 


l T ME T mr 
sn m — (2 — v) = —sin — v, cosm—(2l—v)=cos — v; 
l l l l 
so that all the terms of the cosine-series remain the same, and all the 
terms of the sine-series only change sign. If, then, OL=LL,, &ce.=/, 


and if /@r:2 be from r=0 to x=, the discontinuous curve ABCD, the 
cosine-series is always the ordinate of the upper figure, and the sine: 
‘series that of the lower. According to the last investigations, however, 
‘(page 617,) the points A, D, E, F, &c. in the lower figure do not belong 
to the series, but the conjugate points O, L, L,, &c. take their places. 
But if we took for ordinates successively A, sin 0, A, sin 0 -+ A, sin 20, 
&c. (@=2r:/), we should have a set of curves which perpetually 


————————— 
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approach to the continued line ABCDLDEL,E, &c., and all the lines 
DLD, ELE, &c. form parts of the limiting figure. 

Let it be required, for instance, to find the equation to a set of simple 
isosceles slopes, as dotted in the upper figure. From x=0 to cil, 
let y=ax ; then from z=} to s=, y= —a (x —l), or « U—2). We 
are then to find 


17 l 

2 MTU MTÜ 

B= f ay COs 7 d+ |e (l—v) cos j dv 
0 2 


al f MT 
—=——— | 2cos -p 1—cos mr À 
M-T “úd 


which is — 4al? : m? n? when m is of the form 44+2 and O in every 
other case; except only when m=0, in which case it should be tal. 
Hence, multiplying by 2:/, and putting 4B, for the first term, we have 
for dx the ordinate required, 


J al Sal (1 aes Qnrr 1 a Ora 
r= —— | — cos— +—cos—-+.... }. 
ae eT Te 
Verify this when x=0, w==3/, and x21; and also verify the differ- 
ential coefficient by page 608, showing it to be g from r=0 to r= 4), 
and —« from x=šl to al. | 
By the same process which gave Fourier’s theorem, the equations in- 
page 617 may be made to give 


| 
2 2 Aee) 
pra { | cos WV e COS wx. Pv dv dw : 
T 0 0 
| 
I 


2 (>e) ço 
=— | { sin wv sin wx pv dv dw; 
0 0 


T 
e 


the first of which is true when r=0, but not the second, unless p0=0. 
Both are true for all positive values of x: and if px be even, the first is 
also true for negative values, and if px be odd, the same may be said | 
of the second. | 

| 


Poisson has applied the fundamental equations 


41 +l = 
m=z | ov dyes ai cos eC) ov do} —I(xr)l 
= . 


—l 


+ 


J 


+ +l Eja 
ti pl+6(— D}=3,[ ov w+ 2 ‘| cos mE v) gv dot 
—/ —l à 


in many remarkable ways, from which we select two. 

Let the function employed, which for any thing to the contrary im- 
plied in the demonstration, may contain / as well as æ, be @ (w+/+ 2kl). 
k being O ora positive integer. Let v+4+/42hki=z, then the limits of 2 
(answering to v= —/ and v=+/) are 2kl and (2k+2) /, and we have 


l ‘Qk1+2l 
p (2+ l+2kl)=— Í pe dz 
20} on 


1 V*ekI+2l toad 
=] {j (- 1" cos EE ga da} —l (a)l; 


2kli + 
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pasa klt r— — > 
ae oe rE Ok) ma pO 2 


Take k successively =0, 1, 2, &c., and add the results, which gives 
POTD +h O43) +4 (wt5D+4.... 
= be dz + 2 Lf 1)” cos SE) oz as}, 
But if v=} or —I, the preceding expression represents 


3 (40+ $2/)+4 (PUHA) +....5 or 390+ IPIE T T 


For l write 4l, and we have 
‘2*) 


| D 2 » Mw 
g0+¢/+921+ ... =2f0t—- fo pz dz+-7 2 T cos .Ọ2 dz} (A). 


By using $(x+2hl) instead of ¢(a+l+ 2kl), the following may be 
deduced from the previous results of Poisson, 


l l pe (. 
or+o (t+ 2/)+... =a Joz de +4 E {fico MECH * pe dz} 


which, when x= —/ or +1, becomes ao (—/) tolol.. n, 


l 


pr—ọ (1+) +o (x4 2l)-... =g dz 


l mar(r—z) ° 
+3 fotred pide | 


+5 > Wi ong SBE NE Cn) oz dz}. 


If in the expression for ¢0-+ọl+&c. above given, we change the sign 
i of 2, and add, we have 290 + o/+ 6 (-1)+6 (2) +¢4(—2) 4+... = ¢0, 
or... 6g (—/)+60+¢/+4+ .. . =0, which verifies the theorem in Chapter 
xix. And if in the last result we change the sign of ¿ and add, we 
have 
l T 


ooo —h(2—l)+2fr— a a ae ey i 
+ zf { “cos =") pz dz} =o, 


at 
r s.p (a) +pr-p (1+) +6 (EW — ...=0, 
which is another verification of the same. ' 


To verify one of these formulæ, take that for 60-+-¢/+....and let 
z=ée", Then iM cos (2mrz : l) Pz dz=P: (44m? r?) gives 


i 
pz dz 
l 


l+ e~p” = tie es T -= Ja 
O2 L L Peere BHEL UU 
write (lL—e~")—! for the first side, and show that this agrees with the 
series deduced in page 612. 
Again, multiply the formula for 60+ @1+.... by 2, then for Z write 
2/, and subtract the original equation. This gives 


SB nn on o eee 
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NURR 


2 j 2 MIN 
p0—pl+p2l—.. = 5,40 Ta 2 {| (cos ™F=—cos = ) eas} (B). 
0 


The second application may be made to have reference to the following 
point. We have now gone through a number of new and strange ex- 
pressions, involving the remarkable new form of an integral which has 
only instantaneous values, a term, the meaning of which the student 
will sce if he understand the preceding pages. The following must be 
made to furnish verification, or something to show that these unusual 
expressions have some affinity with others. I shall now point out, for 
this purpose, not only how to recover the theorems in pages 266 and 311, 
but to complete the conception of them, by giving values for all the 
rest of the series they contain, from and after any given term. 

In (A) make ¢ (al+z) the subject of the equation, whence we find 
for the value of the series $ (n) +p {(m+1) $+ { (m4 2) ty... 
the following: 


] a Om rz 
Lindt t fob la det q {Sio TT pals) dey 


l E oas 2 ~- 2mr(z—ni 
or sont i dz dz +. FA = | ficos =) 
in which remember that 2mr (z—vl):1 and 2mz:l have the same 
cosine. Subtract the preceding from (A), which gives 


pz dz} 


~0+ 91+ cere + (n—1) I= (90— Øn) fal be dz 


2 ofa  2TmMz h 
To Zif cos —— pz dzę. 


Now integrating by parts, we find 
? r 
| gk—-P~o 1 «4, 
fi cos az. hz dz=—— sor fj cos az. g'z dz, 


if ka be a multiple of 2r. Carry this on, meaning 21m: by a, and nl] 
by k, remembering that m and 7 are whole numbers, which gives 


jk—¢'0 pl k—P"0 PO — (2c-1)0 
a Ra a a 


f: cos dz Qz dz = 


at a 
4f cos dz (26) y dz 
+ az 0 tw Q fœ fw @ 


Substitute 1, 2, 3, &c. ad infinitum successively for m, write for a 
and k their values, and add, making S,=17"+2™"4+3'"+.... This 
gives 


1 l 
<7 


S; is No] 0) + Soe l (2e—1) (20-1) 
("nl = p") t.e Eo O ne 0) 


omen 


2 
pe 


= ek DEMS pre: 
¥ paige * (es T pez dz \ 


(a 


—_— we 
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For S» Sa, &c. write the values deduced in page 581, and we then 
see the theorem in page 266, § 69; that is, if in that theorem we make 


Y„= On, we have what the preceding becomes when /=1. And we here 


sec more, namely, that all the rest of the series, from and after any term, 
can be represented by a definite integral; and from that definite integral, 
that the error made by stopping at the term which contains Ss, (inclusive) 
is not, generally speaking, so great as that term itself. For that error 
is the definite integral last mentioned: throw out cos (2mmz:/), and we 
certainly get a greater result ; for by so doing we not only increase all the 
elements of the integral, but we make them all of one sign (that is, if 
pez be of one sign, from z=0 to z=nl, as almost always happens). 
Hence the error in question is less than 


Ic—l 


[2-1 < ‘1 * (dy J Sal Pigi (Ze-1)N I 
a : ch hoo) opm yy (acl, Hf (20— 
gearce | = ma {Px dz, or than eet oe tery] — PPV}, 


which is the last term included. And even though ¢°° should change 
sign between the limits, yet if A, be a constant quantity numerically 
greater than any value it has between the limits, it is easily shown that 
the error is less than 


jze-} i ʻ pl RB 
SRT aes See! Í “Adz, or than Sine ve Ye A. 

Again, the above series gives the definite integral f "dz dz in terms of 
(460+ ¢l+....+¢9(n—1)l+honl) and diff. co. of ¢z, so that 
approximation may be made by it to a definite integral in a manner re- 
sembling that of page 314. 

The series (B), page 624, might in like manner be made to give the 
series in page 311, but most easily by writing for the integral its equiva- 
lent form 


a) Tos) - Pe 
MEZ 2MTŽ MTZ 1l 2 
cos —— —COS pzdz= | cos—— | $2- > p i2 
‘ l l i l a! rw 


I here finish the account of the manner in which periodic integrals 
are made to connect the mathematics of continuous and discontinuous 
quantity ; but it is still necessary to make a few remarks upon the very 
new species of results at which we have arrived. 

The impression which ordinary algebra leaves upon the mind of the 
student is that he has been studying the science of continuous quantity, 
represented by expressions which always vary according to regular laws. 
And he learns to imagine that every equation which is true for all values 
of a variable within certain limits must be true for all other values. The 
first exception to this rule occurs in the passage from the arithmetical 
to the algebraical view of series, in which we see that a series, as 
l+2°+2?+...., may be the representative of the arithmetical value of 
a function, (1—2)~', when æ lies between —1 and +1, and infmite in 
every other case. We soon learn, however, that the series still retains 
all the algebraical properties of the expression to which, when finite, it 
is an arithmetical equivalent; so that the use of the series for the finite 
function is allowable. A series of the form a+ brt ert... . seems, 
if I may use the expression, to escape discontinuity by having recourse 


_ todivergency (pages 230—234): and evenin series of other forms, those 
` which can become divergent, or as near divergency as we please, never 


28 


TT 
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are discontinuously connected with different functions; that is, never 
represent one function for a value of x between one pair of limits, and 
another for values between another pair. And by a series as near 
divergency as we please, I mean one which cannot diverge, but of 
which any given number of terms may diverge, such as the development 
of €". But if we take a series which never diverges, nor appears to 
diverge, we almost universally find (as in page 230) that discontinuity 
is the result.* Sometimes, however, discontinuity is more apparent 
than real, and of this character is all that arises from the introduction 
of (~1)”. Thus an odd number of terms of 1 —r+a®—....+2"7" is 
(1+2"):(1-+-2), and an even number is (l—2"):(1+ 2): both are 
represented by (1—(—1)" 2"):(1+a). There is here no real discon- 
tinuity: if we suppose # to vary continuously, and write the preceding 
expression with the numerator 1—cos 27.4", we find a perfectly con- 
tinuous change ; for instance, from 1—.2* to 1+2°, when n changes from 
4 to 5, 

In the theorems we have just left, however, we see the most complete 
discontinuity, not obtained by any new or arbitrary process, but fairly 
derived from the limits of continuous expressions. Some notion of the 
manner in which this arises is given in page 615, but as it is most 
esseutial that the student should fully see the meaning of such expres- 
sions as we have obtained, I now enter more at length into that matter. 

Through any given number of points (page 231) a purely algebraical 
curve can be drawn; from which it is possible to draw a curve which 
shall (page 621) from 2=0 to =l, resemble as nearly as we please 
the discontinuous line ABCD. The reason why it is more convenient 
to take a series of sines or cosines appears in page 610, in which it is 


shown that the actual determination of the equation of a line passing | 


through the contiguous points is easy when compared with the cor- , 
responding purely algebraical process. And if by a finite number of 
terms mm the ordinate, we can make a curve as nearly coinciding with 
ABCD as we please, it follows that by increasing the number of terms ` 
without limit the infinite series thus attained actually represents the- 
ordinate of ABCD. This series is one of sines or of cosines, at pleasure, 
and having noted that hitherto series which are always convergent seem | 
to be those which are discontinuous, it may be interesting to showt that ! 
all the series of sines and cosines to which we have come must be con- 
vergent. Their coefficients are all of the form f} cosreorde and 
f o Sin re px dx, and these must diminish as r increases. For if these 
integrals were so taken that the negative elements should be made positive 
and all added together, still each would be less than {7 zde, since ; 
cos rg and sin rr never exceed, and are generally less than, unity. But: 
in the actual integration, there are successive positive and negative por- 
tions, the balance of which is the integral required : moreover, the larger 
r is, that is, the more rapidly ra goes through a revolution, the more 
nearly equal is each portion, numerically speaking, to those which are 
contiguous. Hence the integral is in each case of the form A,—A,+-.-- 
+A,, in which Ay+A,+....-+A, cannot exceed {7 ¢x dz, and An A» 
&c. all diminish, approaching to equality, as n increases. Hence 


* The preceding sentences contain matter of observation, not of demonstration. 
+ This is a mere sketch of a proof, and requires some enlargement, but matters 
of more importance prevent me from giving the requisite space. 


ee eee = 
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A, +A,+&c. and Ay+A,+.... are finite quantities, always remaining 
finite, and ultimately equal, or A\—A,+.... diminishes without limit. 
With regard to the signs of these integrals, it is obvious that when r is 
even, rx goes through a complete number of revolutions from 7=0 to 
x=r; and when ris odd, through a complete number of revolutions 
and half a revolution besides. There is no reason to assume, then, that 
fcoosrx.gxdx and fcos(r+1) x.¢edr must have the same signs 
when r is great; but by the law of continuity fcosra.dxdzx and 
j cos (r+2) x. px dx are obtained in the same manner, and must at last 
ave the same signs. Consequently the only serics we need examine 
are of the forms A, cos r+ A,cos2r+... and A, cos z—A, cos 2r+..., 
and the same series with sines, it being supposed that the coefficients A,, 
As, &c. begin to diminish without limit, sooner or later. Take any case 
of these kinds, and suppose x any quantity commensurable with r, say 
mr:n, and owing to the recurrence of the values of sin ra and cos ra, 
it will be found that each series can be subdivided into two other series, 
each consisting of alternately positive and negative diminishing terms. 
If we now take the curve whose ordinate is (1 —p°) { 1—2p cos (1—v) 
+p?'—' to the abscissa v, æ being a fixed quantity and p<1, we shall 
find it to consist of a series of similar undulations on the positive side of 
the axis of v, the least ordinates, answering to v=æ t (2m-+1) r, being 
each = (l1 — p): (1+ p), and the greatest ordinates, answering to 
v=xt2mr, being each =(1+p):(1—p), as in the figure, in which 
OX=-2. If1—p be exceedingly small, 
the ordinate is everywhere small except 
when cos (#—v) is very nearly =1, in 
which case the denominator is also very 
small, and much smaller than the nume- 
rator. If we find the area of this curve 
from v= gx — r to v=x + r, or indeed from 
v= gz—k to v=x+ k, provided k be sen- 
sibly less than 27, we see that (1—p being very small) no portion of the 
abscissa contributes sensibly to the area, except for values of v very near 
tox. Let] —p diminish without limit, and the curve becomes more an d more 
near to the axis of v in every part except where v=x nearly, so that the 
limit of the curve is the axis of v and the positive parts of a set of straight 
lines perpendicular to it, at distances x£2mz from the axis of y, m being 
| any whole number, 0 included. The whole area seems to vanish, but it 
is not so in the formula, for on examining, as in page 615, the value of 
fydz, it is found that the diminution in breadth of the parts adjacent to 
v=x2+t2mr7is compensated by the increase of the ordinates, so that 2r 
square units are left as the fimit of each portion, one portion being from 
v=xz+2mr—=r to v=xr+2mr+r. If a new curve be formed by 
multiplying every ordinate of the preceding by ¢v, the nature of the final 
limit will not be altered as long as ¢v is finite, and the limit of each portion 
of the area above described will be 2r px square units. Hence the theorem 
in page 615, and also the reason why extension of the limits gives sums 
in page 623. When we suppose x to vary, we pass 1n thought from one 
such system of undulations to another, and there 1s no reason why x 
should vary continuously, or why ¢x should be a continuous function. 
We are thus able to lay down the formula for any ordinate varying con- 
tinuously or discontinuously, within the limits s—7 aud x+7. By 
| using +(v—a):l, we are able to introduce the limits r—/ and xr-+. 
} 2S2 
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Finally, by increasing 2 without limit, we arrive at Fourier’s theorem, 
an expression for any ordinate varying continuously or discontinuously, 
in any manner whatever, from v=— œ tor=-+ œ. I now show how 
that theorem furnishes a complete and natural expression of discon- 
tinuity of any kiud. 


We have gæ=r™ fj dw { [*2cos w (v—r) $v dot, 


where $v may undergo any number of changes of law, and $r would be 
found by actual calculation todo the same. Let us suppose þv=0 from 
v=—c to v=a; dv= Wy, a continuous function, from v=a to v=) ; 
and pv=0 fromv=btov=e. Obviously, then, that part of the first inte- 
gration which is made from — & to a gives nothing, and the same of that 
from b to œ ; whence a andb may be substituted for — œ and + ©, and 
we see in r "fj dw {fi cos w (w -— a). pv dv} a function which is wv from 
v=a to v=b, and 0 everywhere else. But at v=a and v=), it only 
gives wa and 44b. Thus, if wv=l, we find that 


= [du (f eos (v—2).dv|, 


m 1 f sin (b— r) w twi f sin (a— x) w Ja 
w w 


TUJ 0 T0 


is 0 from v=—& to ata, when =a, l from x=a to x==b, 4 when 
a=b, and 0 from #=b to r= : a prolixity of expression which might 
be more briefly, and sometimes usefully, represented by — œ (0) a (4) 
a(1)b()6(0)e. And if we would express that the function is L at, 
as well as between, the limits æ and b, we might write it thus, — œ (0) 
fa(1)b} (0)c ; or perhaps — œ (0) (a,1,6) (0)œ might be prefer- 
able: the value of the function being in all cases in the middle of a 
parenthesis, and limits being written outside or inside the parenthesis 
according as they are included or excluded in the description. 

The preceding expression may be actually verified, either absolutely 
by analysis or approximately by computation, for both the integrals are 
finite and convergent. We shall presently arrive at the result fj sin kw 
dw:w=z-+47, or —47, according as k is positive or negative. Now, 
a being the less of the two quantities, k is positive or negative in 
both the preceding integrals, according as v is <a or œb: these 
integrals, then, destroy one another. But if r>a<6, the first is 4r 
and the second —}z, so that we have +7} 44r-+4xr} or 1. And when 
x=a, the second vanishes, and the first is r'.$ror 4; when =b, the 
first vanishes, and the second is — r~ '(—4r}, or also $, whence the 
result is verified.* 

Observing that in a~ fo dw { ficosw(v—x) .dv dv} we can always 
construct the expression when $2, a, and b are given, we may denote 1t 


* It will thus appear that the verification (2) in page 619 shows the force of 
the theorem exceedingly wel]. It was first seen by the late M. Deflers, professor of 
the Bourbon Collere: and Poisson has shown his opinion of this verification by 
citing it whenever he proves Fourier’s theorem, which he does in four or five 
different places. But the defect alluded to in page 619 cannot be denied, and I 
have no doubt that sin z:z should be said to make the function integrated vanish, 
not merely because (© )— vanishes, but because sin (0 ) is of the same dimension 
asen 
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by Fi $r, and ¢a Fil is an equivalent of this. If, then, we wish to ex- 
press a function which is ¢x from a to b, wer from b to c, xæ from c to 
e, &c., &c., we have it in Fa da+Fiwr+ki yr+...., with this excep- 
tion only, that t=« gives za, =b gives $(6b4+wb), r=c gives 
3 (We+xc), and so on. , 

To take another example: suppose it required to find a function of x 
which is =æ from v=0 to r=1, and =0 everywhere else. First we 
have 


cos w (v— 2) 


ve, 
f cos w (v— z) .vdv=— sin w (v— r) + 
w w? 


l 1( 
from which =f dw Lf cos Ww (v— ar) vdv l 
w/o 0 


1 (°(sinw(l—ar) — cosw(l1—2x)—cos wr 
a e e a 
moo w 


3 


w? 
cos (1 — x) w—cos rw cos (1 — x) w— cos ew 
and f ( SE 5 came dw= OOS ee a 
w? w 
(1 — x) sin (l — z} w—z sin rw 
— | —— m dw; 
U 


and the first term vanishes at both w=0 and w=. Hence if P, 
denote a fsin kwdw:w, we find for the function in the second line 
(which Fourier’s theorem shows to be that required, and which we are 
now verifying) 


Persen Pi_,+2P,, or « (P,+P,_,). 


If <0, P,=—4, and P,_,=4, or the preceding vanishes; if 
x= 0, it also vanishes ; if r>0<1, P,—P,_,=3, or it becomes =z; if 
c>1,P,.=—4. P,=7, or it vanishes again ; when v1, P, = 4, P,_,—0, 

} r = z . e 
or it becomes #2 or z. The geometrical explanation of this is as 


follows: if we take the curve whose equation is, for any point (x, y), 


] no l 
y=— | «dw cos w (u—2). vdo), 
T e/ 0 0 


k being a small and positive quantity, we should find it to have a form 
resembling 120CB34: the smaller k becomes, the more nearly does 
OCB coincide with OB, and B3 with BA, while the undulations preceding 
and following diminish without limit in every ordinate. Fmally, when 
k=0, the limit of the curve is the dark line 10BA4, but when 
x=OA=1], the formula does not become indeterminate, but gives only 
AB, whereas every point on AB is in the limit of the curve. This is 
by no means the only instance where, when one side of an equation takes 


an indefinite value, the other gives the mean of all the values denoted by 
the first, 
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I now proceed to another branch of the subject, namely, the transform- 
ation of integrals which arises from giving impossible values to con- 
stants containedinthem. It isa matter of some difficulty to say how far 
this practice may be carried, it being most certain that there is an exten- 
sive class of cases in which it is allowable, and as extensive a class in 
which either the transformation, or neglect of some essential modifica- 
tion incident to the manner of doing it, leads to positive error. It is 
also certain that the line which separates the first and second class has 
not been distinctly drawn. The best plan will be to examine some cases 
of the transformation, both in their results and in the verification of 
those results, taking those instances which are valuable in themselves as 
the subjects of examination. 

Let us take fg E cos baa” "dx and fj E% sin bx adr, where a 
and z are both positive, and b is a real quantity: these integrals 
must then be finite. Now {> ¢*a""'dv=p Fn gives as follows; 


let T= /(a+b*), Oeztan™ (b: a), 
then fo eo (tb J CD) r pth de= fa +) Jen; Pn 
=r" {cos nO Ẹsin nO Y(—1)} Fr; 
whence, adding and subtracting the two equations here written, and 
dividing by 2 and 2,/(—1), we find 


I'n.cos {n tan (b: a)t 
"ee cosbr a’ "dr= ——— 
J {J (+a) }" 


I'n.sin {tan (b:a)} 
(a+b) 
These results can be obtained without the introduction of ./(—1), by 
a process similar to that in page 576, and can each be verified in two 


distinct ways by differentiation. Let the first of these be C,, and the 
second S, which gives 


fo T7 sin bx a" dr= 


t 


dC. dC, dS, dS, - 
db — en Sri aa =S Cato gp Crv SS Sn 


da 

We might verify either of these, but the following will be better. For 
æ and b write rcos@ and rsin 9, and taking r positive, then cos 0 must 
be positive, since rcos@=a. We have then 


ee a (rsin@.x).2*-"' dr=r" Tn ne (n0) 
05 sın ERT a sin 


n 


C i 
—— =r sin 0C,,,—7r cos 08,4, 


do 
: , ri (n+1) 
{sin 0 cos (n+1)0— cos 0 sin (n+1) 0} — 


= —nFn r" sin n0, the same as from the second side of the equation. 
In a similar way, dC,:dr, dS„: d9, and dS„:dr might be verified. 
Consequently, if the two sides of the preceding equation differ at all, it 
must be by a function of n and constants not depending on r and 0: 
but this cannot be, for in such a case C, and S, would not be reduced to 
fea" dx and 0, orr” Fn and 0, by making 0=0; to these they 
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are reduced as the equation stands, but would not be if a function of n 
were added to the second side. 

What value of @ is to be taken, of the infinite number which satisfy 
rcosO=a,rsinO9=6? It must beof the form 2kr +6,, 0, lying between 
— 37 and +47, for otherwise cos@ would not be positive. When n is. 
integer, it matters nothing what value of k is taken, the second side not 
being altered by any change of k from integer to integer; when 7 is 
fractional, the case is different. But the integrals must be reduced to 
r=" Fn and O by sin 0=0, whether n be whole or fractional, but in the 
latter case r™” Fn cos (2knr+n9,), which becomes r™ Fn cos 2knmr, is 
not so reduced unless kn be a whole number, in which case 2knr may 
be suppressed. Consequently, ©, is the value required, or @ must lie 


‘between —}r and +4r. 


The following are remarkably particular cases, and deductions from 
them: b is supposed positive. 


oO >» = == ° > 
fo cos br. a" dr=b Fn cos bnr, faisin br, de=b" Fnsin inr 


1 EPSP fn IN } l 
(= cos bx”. æ” dr =— b ™ F =) cos (2 r) 


m mM 2m 
; l1 -= fntly\ . fn+i | 
fosin ba”. s" de =—b m F sin Th) 
m m 2m : 


Write Fn sin $nz in the form F (n+ 1) {sin dna: 7}, and let n diminish 
without limit. 


ái 


L 0 V 


ae) ee as 
cos bx sin bx 
f —— dz=C, ij dx=3n* (pages 572 and 628). 
(0) e 


Let n=1, which gives fjcosbe.dz=0, fosinbrde=b7!, results 
already noticed. 

If all the preceding process be carefully examined, it will be seen that 
there is nothing in the change of possible into impossible quantities 
which either makes the subject of integration become infinite between 
the limits, or prevents us from expanding the possible form fe% e*.2"dx 
into an infinite series, then making b become 6,/(— 1), and concluding 
that the result is identical with the impossible form. But if the change 
should make the subject of integration infinite between the limits, it is 
by no meaus to be inferred that the results of the change are true. 
Again, if the change should turn a convergent series into a divergent 
one, in the subject of integration, it is not to be inferred that the results 
will agree after integration ; for it has happenedt+ that ‘discontinuity is 
introduced by the integration of divergent series, and there are no means 
of knowing when this happens, and when it does not: 


Thus figordr=(fe — fi) prde= fiip (vwt+a)—¢ (x+0)} dz. 
Write kx for x m the last, which does not affect its limits, and we have 


frdadx=kfF {6 (krt+a)—$ (ke+b)} da. 


* It is obvious that a change of sign in b changes the sign of the result. 

t One of Poisson’s objections to divergent series (Journ. Ke. Polytech. Cah. 19, 
p. 484) turns upon this point. It seems to me that the objection here is not to the 
divergent series, as such, but to inferences drawn from its lutegration. 
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© Let k=,/(—1), and first let pve", we have 
fE (END tND) de= (e"—#") f fo cos g dx +4/(— Dfa sin æ da} 


=,/(—1)(e*—«"), and this multiplied by /(—1) gives e’—e*, the 
obvious result of fpe dx from =a to =b. So if we take 


b Li ' 

a or 

a o etal OFS DP 
we should find a@~'—b~' as the result of both sides. But let us now, 
apply k=,/(—1) to the theorem fẹ prdr=k fj > (hz) da’, where $x is, 
say (1-+a?)7'. We have then fo (1+) dre C= D (L=) di 
an equation which we cannot either affirm or deny, since the subject of 
integration in the second side becomes infinite between the limits. 

I now proceed to give some account of the method of considering 
such integrals proposed by M. Cauchy. Let (1--2°)7'=V, then 
fa Vd2=$ log Q—h)—Slogh, a calculable result, however small k 
may be: and {7,,Vdr=4$ log /—4 log (241), also a calculable result. 
Hence f Vdr from 0 to œ, with the exception of the part from 1 ~2 to 
l+lis Slog (:k) —Slog {(24+/):(2—4)3, of which the latter term 
diminishes without limit with 4 and l; but the former entirely depends 
on the ratio in which 7 and k vanish. If we now take the part from 
l—k to L+., we find it to be $log (—k:1) + $log{ (2+2): (Q—h)}, 
which, if 2 and k are diminished so that #:l has the limit œ, has 4 log 
(—a) for its limit. If a=], this becomes $log(—1), or $(2n4+1)7 
a (— 1); and if we multiply by ./(—1), which gives —(2+4) r, one 
of the values so obtained (tor n= — 1) certainly is‘ fo (1 +2°)—' dz, or 4r. 
But, at the same time, we cannot form a distinct idea of ie Vda by 
summation, as in page 100, because V becomes infinite when r= 1. 

If px become infinite when c=a, and if (x—a) dx be then finite 
and =A, the value of f3t; bx dr, or 

v 


a-k 
a+l d 7 a 
| px (t—a) must approach to A | 
a—k 4 


al de 


/ 
a or À log = i) 


Ne 
oem 


as k and l diminish without limit: that is, assuming the ordinary rule 
of integration, in spite of the infinite intermediate value of (t—a)~. 
In the same way, if Y (v—a).¢(r—a) be finite and =A when r=a, 
wa being the dimetient function (page 324), which satisfies this con- 
dition, Af(wr)~'dx is the limit towards which f{oxdx approaches, 
under the same extension. Many results may thus be ‘obtained, and 
many incontestably true, but all labouring under the same difficulty, 
namely, the want of definition for f s prdr, when dr becomes infinite 
between the limits. It will certainly not do to define it as ¢,b—da, 
where @' w= gr, for such a definition would give the same result, no 
matter how many times v becomes infinite between æ and b, which, in 
the developed theory to which we have alluded, is not* always the 
case: and the summative definition of page 100 is unintelligible. 

There are, however, some results obtained with reference to this 
subject by M. Cauchy, which, though not quite complete in their 


* M. Cauchy has shown, asin the results we shall presently obtain, that every 


place in which the subject of integration becomes infinite gives a term to the 
result, generally speaking, 


ON DEFINITE INTEGRALS. 633 


fundamental explanation, ought not to be omitted. A function of the 
form 9 (a+9) — p (a@—8@) is continuous, and vanishes with 0, when ġa 
is finite: but if pa= œ , there may be an evident discontinuity. Thus 
log (a+ 0)—log (a—@) vanishes with 0, except when a=0, in which 
case it is Jog (—1) for all values of 9. If, then, we have T a da, 
which represents the area of an hyperbola from r=—m to r=n, we 
find log »—log (—m), which can represent no area. But if we remove 
the portion ft 47 dz, 0 being infinitely small, we also remove that dis- 
continuity which, though essential to the function, has no geometrical 
interpretation. We thus get log 1 —log (—m) —log (— 1), or log (n:m), 
which is algebraically intelligible. Thus, if n=m, we have 0 for the 
area, Which is visibly true, since its positive and negative portions are then 
absolutely equal. But if, instead of removing the portion from —@ to 
+9, we had removed ftg, a~ dx, pand v being any given finite quan- 
tities, we should have had log (vn:pm), which we may make any- 
thng we please. It seems, then, that if we wish to accommodate 
our notions of for dz, when @x=c between the limits, to those which 
we derive from applications, we must consider J dx dr as divested of the 
part f ato Px dr, where da=a. And if (v—a) dx be finite and =A, 
when xa, we find, as before, Alog (—1) for the effect of discon- 
ainuity which is to be removed. When this result of discontinuity has 
seen removed, M. Cauchy calls the remainder the principal value of 
the integral. Now, if the limits of the integral be z, and a,, and if from 
f 1@xr dr, we remove the portion f “+? dada, there remains f so Qr dx 
4 f apo prde. If the portion removed, namely, J “ta pæ dx, diminish 
without limit with 0, then the limit of the remaining part is f3 Qa dz. 
But if the part removed have the limit L, then /ṣt px de— L, and not 
fZ pz dx, is the value of the portion of area of the curve y=ġz. 

Leaving for a moment the case in which the subject of integration 
yecomes infinite, take the identical equation 


fz dz dz +f Ëz d z dz\ d (f dz 
“dx dy “dredy de C“ dy) dy C” dap 
ind integrate both sides with respect to x and y, namely, from æ, to x, 


ind from ‘y, to y, Let z= (x,y), and let wand w, denote results 
f differentiation with respect to x and y. 


SEAL I) VESE E Yo) W(x Ya) } dx 
= Ji PE yy) Yn PE oY) W, oY} dy. 


This equation* is absolutely identical, whether the function be pos- 
ible or impossible, for any degree of approximation may be made to it, 
is in page 289, and the first side represents the limit of a process which 
‘onsists Jn summing rows and adding the results, each one in the row 
hus becoming a column, while the second consists in summing the same 
‘olumns, and adding the results, each number in a column thus 
ecorning one of the first rows. Thus, if Y (v7, y)=a-Fy./(—1), we 


ave (k=,/(—1)) 
RISER) -S (ety h)} de =k fy tf tyk) -f vty} dy C). 


a~ 


` 
‘ 


* This should be called Cauchy’s theorem, on account of the results which that 


minent mathematician has deduced from it. 
} 


—————————— 
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For instance, let fr= 87”, or f (a7 +yk) = ety" (cos Zary —k sin ary) 
cay? (2 {cos Qary, — k sin 2ary,} e~” dx 
— eanys (21 {cos 2ary,—k sin 2axy,} ° dx 


2 


. 2 

=ke—ari [% {cos 2ar,y—k sin 2any } €% dx 
: 42 

—he—ary (21 {cos 2aryy—h sin 2ax,y} €” dy. 


Let z, =+ ; the first term of the second side vanishes and the 
equation of possible and impossible parts gives 


eai [tee cos 2ary, de— cayi fa E? cos 2aay, da 
= — gar ji E9 sin 2ax,y dy 

Eayi f te E sin Qaxy, dv — Eny te eTe sin Qaxy, da 
= ean} f9 E cos 2axy dy. 


Let x, =0, y= 0 ; we have then (page 619, verification 3) 


2 


= © _—ar2 oar — 2 
fo 7 cos 2axy, da=e—ayi [pe de= r.a e- ayi 


foe” sin 2ary, du=e-ayi f Yl gay dy. 


Many other such tranformations may be made, and with the utmos! 
certainty, as long as fx does not become infinite between the limits 
But let us now suppose that f (w7-+yk) becomes infinite once only betweer 
the limits, namely, when wz=a, y=b. Avoid the point by integrating 
from r=2, to z=a—O0, and from r=a+é to r=, also from y=y, ti 
y=y, in both cases. We have then 


fix {ftp Hf @+yb)} de | 
=k fi {f(a—O-+ yk) —f (ey t yh) dy : 
fare f(oty, k)—f(e@+yok)} dx i | 
Hh fartyh) —f (at 0+ yk) } dy : 


If we add these together, and then diminish 0 without limit, the firs. 
side presents no singularity, since neither f(a+y, k) nor f(etyohk 
becomes infinite from r=2, to v=a2,; so that the limit is the complet 
integral from xr, to 7,: but on the second side we see 


Rp if@rtyk)—f ay tyh)} dy 
—k fi, {f{(a+0+yh)—f (a- 0+yk)} dy. 


The first term being what we should get in an ordinary case, and th 


second an integral which would vanish with 6, if f(w+y V 1) did nc 
become infinite, but which may have a finite value when 6=0, as in th 
instance given (page 633). Again, since all parts of the integral jus 
named must vanish (when 6=0) for any limits which do not include ele 
ments adjacent to y= 6, we may, without altering the value of the limi! 
take y from — æ to +o ifb he between y, and yi; but if y=), W 
must only allow those adjacent elements to enter in which y>4, afte 
which we may go on to y=«, so that y, and œ may be the limit: 
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Similarly, if b=y,, we must take —a and y, for the limits.* Con- 
sequently, the correction for discontinuity described in page 633 is the 
subtraction of 


kf {f(at+0+yk) —f (a—0+yk)} dy, with limits as just shown. 


Let (z—a—bk) fe=wWez be finite and =A when z=a+bh, then 
since only values infinitely near to z=a+0k affect the preceding 
‘integral, we may write instead of it, first, 


I (r (a+0tyk) % a J 
J aty bk —04Gy—d) KI 


‘Now fwar.xxedz, between limits infinitely near to p, cannot, if yp be 
finite, differ from Yp fyrdæ; hence we may in the preceding write A 
for ¥(a+0+yk), and for Y (a—0+yk), and the result is, making 


y—b=z, 
dz dz “26 dz 
——— E k Sen, 
a Lory —A+zk)’ me a | pz? 


When this is taken from — œ to +œ, it gives 2rkA; but when from 
—c« to 0, or from 0 to œ , it gives tkA. And if there be any number 
of such roots of { f (x+yk)}™ between the limits, and if A be determined 
for each, the correction for discontinuity is the sum of the individual 
corrections, so that we have (kR=,/(—1)) 


E SBSE -S ety WD} de 3); 
j =k Jai f(atyk)—f (et yk)} dy—2rk ZA f 


‘in which, however, $A is to be written for A in every term in which òb 
is Y Or Yy ta and y=b being values for which f (x+yk) is infinite. 
It might also be shown that $A is to be written for A if xa or 2,=a. 

Now A is the value of (r—p) fx when w=p and fp=«: let fx be 
pr: Wr, and let yYp=0, Gp being finite. The value of (vx—p) fz is then 
(Chapter X.) that of dr: y'r, when r=p. 

Let m=—ae, m=+a, ¥=—0, yw, and let fFw+yk) be a 
function which vanishes when r-=— cc or +œ independently of y, and 
when y=œ independently of x We have then f(x + y,k)=0, 
f(r +yk)=0, f (z, +yk)=0, and the equation (3) becomes 


fre fx dæ=2rk TA (4) ; 


in which all the roots of fr must be taken which give positive 
coefficients of k (0 included) since the limits of y are 0 and œ, but for 
every real root (b==0) $A must be written for A, since 0 is one of the 
limits of y. 

Example 1. fr=oxr:(14+2°), gre having no finite roots. Here 
the only admissible value of b is 1, the root of 1+a® being k: the eor- 
responding value of A is Ok: 2k, and we have 


° dha dx 
_» l+.2? 


= 1 (W¥—1) (5). 


* This is a new application of what may be called instantaneous integration, on 
which I do not think it necessary to dwell after what has been sail in pages 
615 and 627. 


————————— 
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Let drs’, a being positive, Ø (x+yk)=(cosar+ ksin ax) ET, 
which vanishes when r= or —œ, and when y=% (N. B. gnank 
would not admit of the preceding dJemonsiration being apphed). Also 
p(k) =~*, and we have 


ire) ; 
COS AX ane. A D sn ar dr : 
Sey — — 7s” Ss 
oe if ge Le ` 


of which the first term is twice a same Integral from 0 to ae and 
the second vanishes, which gives the same result as in page 577 for 
fo cos ax da : (1+8). 

But it must be noticed that if in (5) each of the portions of the 
integral, from — œ to 0, and from 0 to ©, be infinite and of different 
signs, there may be, as i preceding Tacos an effect of discontinuity, 
for the removal of which no provision has been made. Let gr=a2", 
whence, 1f m<2, dv: (1+a*) satisfies all the conditions. We have 
then 


+s om Tr mph. Bde ° r” dx 
— he p —(—])” a2 3 
J Tee SEES J 142 \ PVs Tease 
"ely _ mr(—=l)? oF 
whence = Mi 
Ge “rO m mi 


(-1)F+(=1)# 


2 cos {¥ (Qk+-1) mr} 


where k may be any odd number. But since this integral cannot become 
infinite until m=1, we must have 2k+1=1 or +: 2cos(3mr) is the 
value of the integral from 0 to œ, which agrees* with page 575. If 
m=], we have 


°” xdr 0 ade +9 rder Joa 
—-—-= H, —_—-=— ©, —— z= rnv —l. 
AET ae -s Ita? a Lẹ? 


The two first are correct ; the third is a singular value, and should be 
=0. It can only be obtained by remembering that log (1+2?) is 
the indefinite integral, and using the negative sign of the square root 
when g is negative. 

Example 2. Let fr=gpx:(1—2), where @(1) and ¢(—1) are 
both finite, and r= œ has no finite root. Here fx becomes infinite 
for r=+1 and r= —1, and im these cases ¢dx:(—2r) becomes 


* The very great care which this method required may be illustrated by the fact, 
that its discoverer, M. Cauchy, 1 in a most elaborate memoir, (Mém. Sav. Etrangers, 
vol. j.) hardly ventured it upon an instance which could not be verified by other 
means. This very wise precaution, in presenting so new and difficult a methed, 
was misunderstood, I suspect, by the members of the Institute who reported upon 
it: they notice the fact of the examples presented being previously known, and 
seem to infer something against the power of the method. M. Lacroix has quoted 
their report, and I think it possible that many may have been deterred from the 
study of this method by the impression produced by the remarks alluded to. The 
student must take it, notas a method which he can yet use, but as one which he must 
learn to use, and in which he is very liable to error. I am not aware that it has yet 
appeared in any English work: the demonstration in the text is drawn from 
Cauchy’s Résumé des Leçons sur le Calcul Infinitésimal, Paris, 1823, 


i 
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-3% (1) and 44 (—1), and, both roots being real, we have tk SA or 
brk {Ø (—1)— (1)} for the integral. Hence | 


f” Kaea N a Ko) (-l)—¢ (1)}. 


9 
-5 l— vr? 


Let pr= x"; reasoning as before, we have 


f vem dr da (—1)”— (1 aan 


Ta 
— 5 tan gr. 


1+ (—1)” E and 


Let 2°== 2", which, 2 being ‘positive, does not change the limits, we 
ave then 


{ Rae Le © . zdz x : it] 
———— = ~~ tan hint, =- cot — r. 
! w ] 
e 


o da" n ol~ n n 


ee | 

Sass Te Th 

a 2 
o oan 4 


Let it be remembered that by the symbol f, when the function 
ategrated becomes infinite between the limits, say at w=c, we mean 
othing but the limit of fret fr, when @ diminishes without limit. 
gut whether this is always the meaning of the symbol when it is at- 
aned in the usual way is another question.* 

Example 3. Let fr=ox: (1-2), where x= has no finite root. 
‘he roots of #"+1=0 are cosmd@+,/(—1) sin mo, where 0= 7 :2n, 
r all odd values of m from m==1 to m=2n—1; the value of A cor- 
sponding to each positive coefficient of /(—1) is of the form 
T: 2n", or —axpr:2n, where w=cosmO+J/(—1).sinmd. We 


ave then 
“te da du__ 
= Lig 


= Ja] ye f (cos m0 + N ZI sin mo) ¢ (cos mo +4 — 1 sin m8) 3 


ie summation being understood of odd values of m. Let pr=s" Y}; 
e have 


(cos mo +- yl sin m0) gl cosmo /(—1)—asin mé 
= tsia me f oos (mO +a cos m0) + y —l sin (m9 +a cos m8) $. 


If we pair the values of m thus, 1 and 2n—1, 3 and 2n—3, &c., we 
all find, if n be odd, a middle term 2, giving $r for m9, and ¢~* for 
bx; but if n be even, there is no middle term. And if the last be 
mQna (— 1), it will be found that Pat Po m=9, Qn + Qon—m= 2Qns 
hence, summing, and multiplying by — r /(—1) : n, and proceeding as 

Example 1, page 636, we have t 


nodd, m= 1,3, 


(ve) 
cosar dr T T i . 
l = ett B Semm sin (mO+acosm)} 5 | n2; 
n 


o l+ Quan | 
T ; : , neven, M= l, 
= 2 femm sin (mI-+acosmO) 5 3 5,,..n—l. 
* We have scen that substitution of 4 and sé for 4 in the two integrals would 
ve a different result. Why is it that all the results of the method agree with 
ase already known when =», and not in any other case ? To this question no 
swer has been given, as far as I have seen. ee ; 
+ These results agree with those of Poisson, (Journ. Ke. | olytech., cah. XVI, 
229, &e.), allowing for the misprinting of — for + before 2 in his first formula. 
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Now return to the formula (3), and let the whole process be per- 
formed on the supposition that k=—,/(—1). If, then, we take the 
function f(«—y,/(—1)) so as to vanish when y= + ©, and construct 
>B, the sum of the corrections for discontinuity for all roots of the form 
a—b,/(-1), where 6 is 0 or positive, we have, supposing f(@-+y/(-1)) 
to vanish when r= oo or —o, the equation = 


AR Jedes 2a DB ieee es (0): 


Adding (4) and (5) together, 
3 fe du=rkd (A—B)..... (6). Fik 


Now observe that 2B and XA both contain the same terms for every 
real root, consequently the real roots vanish altogether as to their effects, 
and we have the following theorem. If fz be a function which vanishes 
when g is -+o or — œ, independently of y, and when* yis +œ or 
— œ , independently of x, and if for every pair of imaginary roots of 
fa=o, p=at+b,/(—1), qea—b.f/(—1), be constructed the values A 
and B of (a—p) fx and («—q) fr, when x=p and q respectively, the 
integral J Sofa dx is =m 4(—1) È (A— B). 

Example. Let fr=sinas:sinbe (1 +4°). The imaginary roots in 
question are r= +, and 


sin ax (e°! -+ E~) + cos ax (E° — E°): k l 
sin bx (€%-+-e-") +cos bæ (1—6) sk l4-(a + yk)? 


f@tyh)= 


This vanishes for y= +œ, when a< or =b, and also (as we shall. 
presently see) when z=-+ 0. Hence we easily deduce, r= +k being 
the imaginary roots of 1 +°=0, 

“re sinar dx _ sinak l1  sin(—ak) 1 \_ et—e* 
| v SIN ÒL ltr S sin bk 2k sin (—bk) —2k Fg? 
a being < or =b. The same from 0 to w has evidently half the 
value. 

e Generally, let us have fe=or:(1+2°), with the same conditions, 
PO EA. |: 
2, Leet 
We have hitherto supposed that (w—p) fx is finite when rp and 
fp=, but let us now suppose that (x—p)"fx= Wer is finite, anc 


also its diff. co. Returning to the expression kf {f(a + 0+yk) 
—f (4—0+yk)} dy, substitute wx: (a—a—bk)” for fx, whence 


ef" Yy (a+80+yk) y (a—0+yk) } 
L him Fo pm f Y. 
vo QO+(y—b) k} 1—9+ (y—b) ky”) 
For y write z +b, changing the limits into y,—b and y,—d, and expan¢ 


Y (a+bk+zk +0) in powers of zk +0, writing p for a+ bk, and n, anc 
m for yy—6 and y,—6. This gives 


5{¢W—1)+6(—V=1)}. 


* M. Cauchy deduces that the function need only vanish for y=--+o, but asi 
happens that in all his examples the functions do vanish for y=—oœ as well,. 
suppose that this condition is inadvertently omitted, at some step of the demonstra 
tion, which is a very long one (Mém. Say. Etran., vol, i. p. 686—717). 
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{yf kdz kdz =) L »( kdz kdz | 
mo } (zk+0)™ (zk—0)” Y1 (zk +0)” =e 


Che first term of which, when integrated, has yp multiplied by 


lm) { (m k40)” — Cy, +0) -"— Cn, k—0) =" (1, k—0)"} ; 


vhile the succeeding terms have 2—m, 3—m, &c. for L—m. Now 
vhen jz—m is not =0, the preceding certainly diminishes without limit 
vith 0, however great the values of Na OY 7, may be. If, therefore, m be 
| positive whole number, the coeflicient of w"- p becomes indeter- 
ninate. The value of A, treated as in page 635, will be the limit of 


hy) y y¥,—b l dz dz y- 1) (a+ bk) 
2.3...(m—1) kze+@ kz—@ m Ly 


ubject to the same liability to be halved when y, or y =b. 

It might seem at first as if the preceding, applied to a fractional value 
fm, would always give 0 as the value of A. But when fV™dx is to be 
aken between limits which give different signs to V, m being fractional, 
here arises a difficulty as to which values of the mth powers of the posi- 
tive and negative quantities correspond to each other. Thus (—1)!:* 
Ind (-+1)''" have each n values, but there can be none but a conven- 
ional test as to which value of (—1)!*" is to be used with, say, the value 
Sof (1)''*, If wand b be the limits, andif the change of sign take place 
jt x=c, and if, moreover, f: and f: be finite, we can choose our own 

alues of the powers, and calculating each integral separately, we can 
fut the two results together. But when those separate integrals are 
jafinite, I know of no attempt to ascertain the meaning of the complete 
ategral. 
= The results of the preceding theorems, and of many others, have been 
rethodized by M. Cauchy into what he calls the Calcul des Résidus, 
residual calculus. The notation he uses requires a symbol for which 
. new type must be cut, a necessity which, not liking the symbol itself, 
‘prefer to avoid. Let fa= œ when e=p, and let (x—p)” fx be then 
mite. The residual of fx with respect to p means the coefficient of 
i! (when there is such a term) in the development of f(p+h), which 
an generally be expanded in negative powers of x if fp= œ. It is 
asily shown that this residual is what has been called A, when mn is 
{nity or any whole number. Let R? fx represent this residual for the 
aot p, and Rife the sum of all the residuals belonging to all roots 

etween p and q: also let Re? fx represent the sum of all residuals 
‘elonging to roots of the form @+f/(—1), when g lies between p 
nd q, and 8 between v and w. 


i or 2rk 


yYyo—b 


1. The fundamental theorems of this method are, then, k being 
'(—1) as before, 


SATs @t+p Df @t+y hb} de 
=k fa {f tyk) f (wo+yk)} dy — WahRiew fer, 


mich is universally true if + be written for 2r in every term in which 
o Or 2, is the possible part of the root, and yo or y; the coefficient of the 
npossible part. Also 


2. If f(r œ+yk)=0, f (£+ ch)=0, [13 fr dr=2rkRt2 9 fr. 
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ei f(£ wc+yk)=0, f (xt ck) =0, 
t2 fe dez= wh {Rte% fe-—Rtsr2. fr}. 
4, Let f(x+ ch)=0, %H=0, Y=, 1 =, then 
fe (ery hk) daz fp fu dr—k ff Yk) dy—2nkhRgi"! fe. 
Let f(x + ck)=0, H=9, =I, = & 5 then 
fo fe dr=QekRgy fa—k fo (f(a +yk) -f YR) 5 dy. 


er 


6. Let f(t œ + yk) =0, n= — ©, n= + eC, y=; then 
to fet a ewes (aie fx dv—2rkhR tho fa. 


7. Let f (œ +yk)=9, f (x+ chk)=0, y=0, =e, yy 9, Y= C3 
a Sofa de=k fif ky) dy +2rkRE fe. 

8, Let f(—e +yk)=0, f(2+ck)=0, n= e, gim 0 aged, 
p fre fe de= —h fif (ky) dy — 2rkR28,0 fT. 


I shall conclude the subject of Cauchy’s formulæ (on which a great 
deal more might be said) by an example. 

ExamrLe l. ft2 e*(a--ak)-™, m being a whole number, and a 
and b being positive. The only root which makes fr=œ is x=ak, 
which occurs m times. Now (x — ak)” fx is (—k)™ e", which, differ- 
entiated m—1 times, and divided by Fm, gives (— 1)” kh" b" e, 
or kt br e’ which, multiplied by 2kr, and ak being substituted 
for x, gives by the second theorem above (which applies here) 


/ 1+ eN OD dx Dah gab 
~o{atuf(—1)}" ~ Elm — 


This theorem may be verified by differentiation with respect to 4, 
and it holds good when m is fractional and positive ; but it is not true 
when @ is O or negative. The student may deduce the following for 
himself, using either the second or third theorem 


a dx U (m+n—1) 


DnE O aa SN pyimm—n AEE 
5 —» (a+ ak)” (b — xk)” LAFA Fm. Tn 


If the second theorem he used, v=ak is the only root of fie = Os 
which applies; but if the third be used, c=ak and r= —bk both apply: 
a and b being positive quantities. : 

Before proceeding further, I shall finish what remarks are necessary 
on the singular symbols sin œ and cos œ. The continental mathema- 
ticians with one voice pronounce these symbols to be indeterminate in 
value, which is strictly-true as far as à priori considerations are con- 
cerned; for a periodic function of x cannot be said to be in one part ol 
its period rather than another when æ is infinite. If, however, we assume 
px to stand for x terms of 1—1+1—...., we might equally conclude 
that px is indeterminate when 2 is infinite, no reason existing to prefer 
0 to lor L to O: nevertheless, there exists no doubt that this series 


r 
l 
al ' 
J 
| 


F 
3 
I 
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represents halfa unit. And in many different ways (some of which are 
shown in page 571) sin © and cos œ appear in formule which can 
only be made true by supposing them both to vanish. It must also be 
observed that every instance in which the case can be clearly tried by 
anything resembling an à priori method confirms the conclusion that 
indeterminateness of value is to be removed by taking the mean of all 
the results between which the doub: arises. Two remarkable classes of 
instances are as follows :— 

l. Take, for example, @+ br + ca? + ar + britev+...., or 
(a+bz+c):(1 — 4). This, if a+b+c=0, becomes 0:0 when 
x=1, and its value is —4 (b + 2c), or atb+te—14(b+2c), or 
4 (3a+2b+c), the mean of a, a+b, and a+b+c. Now when r=], 
the successive summation of terms of the series gives a, a+b, atb+c, 
a,atbh,atb+e, &e. 

2. In applying Fourier’s theorem (page 629) to discontinuous func- 
tions, we find that at the point where the discontinuity takes place, and 
; function which generally can have but one value might be expected 

to have two, it takes neither, and gives only the mean between them. 
| Ifwe ask for the mean of all possible values of sin x or cos x, we 
'find 0 in both cases, siuce every positive value is counterbalanced by a 
jnumerically equal negative value. This affords an additional confirma- 
tion of the general principle. But it would not be safe to apply this to 
tan x or sec x, &c., or to any function in which œ is one of the values. 

Unquestionably the clearest way of considering such indetermmate 
results is to make them the limits of others which are determinate up to 
the limits, whatever they may be at the limits. Thus 1—-l+1—...=$ 
is the limit of l—r+a22—....=(1+.2)7" a result which is arithme- 

tically intelligible whenever x is (no matter how little) less than unity. 
It must not, however, be dissembled that this difficulty still remains, 
namely, that we can have no positive proof that every result of in- 
[determinate form will give the same value whatever may be the function 
from which it is deduced asa limit. Thus, though we can show from 


do Alp X 
lta (Qer 


s1? #9 


Ap — A, THa T — n’en’ T 
} 

h l 

that 1 must be the limit of a-=br-cr?— ...., whatever law a, b, 
e, &C. may follow, provided they approach to equality when x approaches 
ito unity, it is not demonstrable that in all cases sin œ , considered as the 
limit of, say fo Px.cos x.dx. (the limit of px being unity,) is =0. 
Difficulties of this sort must occur as the ideas on which analysis 1s 
founded are widened, and there are so many on which we now look as 
completely removed, that the occurrence of new ones is matter of hope 
and not of discouragement. In the mean while it is of some Importance 
that the student should, at the proper time, be made aware of their exist- 
ence. 

Those of the continental writers who reject divergent series seem to 
have no objection to retain those cases which separate divergency from 
convergency, such as L—1+1—.... They sometimes express them- 
selves as being willing to consider this series as being 1—a+2°—..., 
in which æ is infinitely little less than unity, But this principle, taken 
alone, would scem to me to be very unsafe. For instance, «æ is the limit 


of e, æ, when c diminishes without limit. However small c may be, 
2 T 


1 ————————— a 
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this function vanishes when æ is infinite; it must be said to do the 
same, then, when cis infinitely small. Whence itself cannot be treated 
as «7, c being infinitely small: and were it not for what we know of 
l—r+a°—...., when v is greater than unity, I am inclined to assert 
that we should gain nothing by the fictitious representation of 1+ 1—1 
+..... above alluded to. 

I now proceed to another class of questions depending on the funda- 
mental integrals in page 605. It will be observed that the use of these 
has been avoided in pages 610, &c., as likely to lead to the use of the 
unestablished proposition that a divergent* series vanishes when all its 
terms vanish. If, however, we have a series of the form A,+A, cos x 
+...., where Ao+ A+... . is itself a convergent series, we may then 
be sure that multiplication by cos mx and integration from, say 0 to r, 
makes the whole series vanish, with the single exception of the term 
A mf cos? mæ dx. Now take the two equations (k being ,/(—1)) 

_ h? cos 2v 

Lid(cthe) +6 (ethe")t=drt+¢q'rhoosvt+g"r E aaa 

h? sin Ww 
2 


(d 
ee8@ y 


= fd (ahe) — ep (othe t= p'x h sin v+o”e 


which may be easily deduced, as in page 244. Let av and fv be any 
functions which from x=0 to v= r are the same as A+ A; cosv +A, 
cos2v+.... and Bismv+Basin2v+.... Multiply the first equa- 
tion by «v= A, + . . ., and the second by Ev= B, sin v+ . .., and integrate 
with respect to v from v=0 to v=. Every term then (page 605) 
vanishes, except those which are retained in the following results, 
which are only to be relied on when the series are convergent. 


- + {o (athe) -+o (athe )} av dv 


=2A,¢r+A, qd aht+ A, ox tan ee 


l w 
F {o (14h) — o (a9+he) | Bv dv 
0 
h? 
== by p't-h+B, $a Foses 


From which may easily be deduced (pages 242-3), making œ (x + he*™”) 
=V.,, and a lying between —1 and +1, 


1 ('*(V,4+ V_,)\C—acos v) dv 
=i 1—2acosv-+ a? 
a (™(V,—V_,) sin vdv 
th > 1—2acosv+a? 
Make a=0 in the first, which gives 77 J (V,+V_,) dv=2¢z, subtract 
the half of this from the first equation itself, which gives rare 


=o (a+ha)+ ox (1) 


=o (t+ha)—ox (2). 


* Poisson (Jo. Ec. Pol., tom. xii. p. 484) has made the errors which may arise 
from such use of divergency an argument against all divergent series. There were 
two specific reasons why his particular use of divergent series should have there led 
to error: the first noted in the text above, the second that previously mentioned in 
page 631 of this work. 


ON DEFINITE INTEGRALS. 643 
I (V+ V_,) dv _ 2r (xr+ha) 


19n, 2 2 
o 1—2acosv+a l—a 


Let pr=z', and make x=0 in the result, 


7" cos cv. dv TU 
o L—2acosv+ta® l-a” 

This equation is only true when c is a positive whole number, for it is 
only in that case that (w+he)* can be expressed in integer powers of 
e* when r=0. 

Let pr=67, then V,+ V_,= ets" 2 cos (ch sinv) and V,—V 

i 


—v 
Peed grrteh cose 


2k sin(chsinv). Make x==0, h=1, which affects neither 
the convergency of the series nor the generality of the result, and we 
have, from (3) and (2), 


l= æ ("7 °°" cos (csinv) dv 


ca 


jeer 9 


T o l—2acosv4 a? 


T eCCOSUV a? i a 
2a (7E sin (c sin v) sin v OP os -_ 


oh i 1] — 2a cos v + a? 


Now (1—a’): (1 —2a cosv +a) = 1+2a cosv+2a? cos 20+.... and 

 asinv:(l1—2acosv+a) =a sin v +a sin Qvu+....: expand both equa- 
tions in powers of æ, and equate the corresponding terms, which gives (2 
being integer) 


2 e 
as Í; Ee °°" cos (c sin v) cos nv dv 
= 


n 


C 


=“ f 6°" sin (c sin v) sin nv Oe E 
except only when n=0, in which case the first integral =2, and the 
second =0. These may be easily verified by differentiation with 
respect to c. 

The following result is obvious, i es (cosnx+,/(—1) sin ng) dx=0, 
where n is any integer, positive or negative: but when n=0, we ob- 
viously have 2r for the integral. Making k= /(—1) as before, we 
; have then (2r)™ f tz "7 dx is 0 when n is any integer, and 1 when n 

is nothing. The following theorems are then obviously true, whenever 
the series which must be employed in producing them are convergent. 


1 x l r X —knæ RAI ema 
ac Jb (ate) dr=qa, a Jd (ate). ae Oa 


1 (**d (ate) dx L (hate) dr 
p ) = (a+h), o J— he =a ; 


or _ 1 — he — 27 


and all these theorems may be altered in form by turning f tror dr 


into fz {pr+ġ(—r)}dr. Again, if pr=4A, +A t+ ...., and if 
Wr=B,4+B,7+...., we have 


= tt oe we“ dr= A,B +A, BHA Bet... 
T 
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= = f r fpe we + he pe } dz 


l Chir pe. dr +r pe 
A, +A: Hees Ror Tg A,—Ai + s... =| = dx 
l Ta ek ek di 


A,—Anprk..- =a 


Or Ite ° 


rT 


Let ye=A +A z+... and develope ple™ y (e fe) eV =V. 
We have then 


V=A, wile eta AL wile fe’ + Ay ape (fe) eA: i Lies 


whence, remembering that fye“*.¢"* dx from —r to +7, and divided 
by 27, gives the value of xa:2.3....2 when #=0, and that —n 
written for n would give 0, we find 


l > d 7 
5 SE Vda= A, (Y'a fi) +A T; Saya (fs) 
As / @ : Ay 7 O i i 
+ Svega) +55 G ve ot) te 0: 


parentheses denoting that v is made =0 after differentiation. Let wx 
be a function which has one root =O, and write v: ox for fx. It then 
appears, from Burmann’s theorem, page 305, that if A,=1, A= 4, A=}, 
&c., the preceding series is nothing but the value of yr—¥0 for that 
value of x which gives wr=1, or solves the equation x=fx. But xs 
being now 7+$2°+.... is —log (1 — x), whence we find that, a being 
some one of the roots of r= fr, the following equation is true, 


l 
Wa— y0 = — On — {y'a log (1 — g*7 fe)} Enda; 
us 


Let r—fr= or, whence 1 — e fe" =e" ge", whence we find that 


— = tr le log (E he) .e- dr=ya— yo. 

The theorem* noted in page 328 may be now proved in an extended 
form, and without the objection there advanced. It is clear that the 
mode of developing log (¢** pe™) assumed in the theorem is as follows. 
The function @x entered in the form a—fx and 1—a™~" fx was to have 
the logarithm developed into —v7 fx —4a~ (fr)?—...., without 
any process which can introduce the series which made the difficulty in 
page 327. This being done, the function to be integrated amounts to 
writing e for « in —w'rlog (px: v).2, which being done, and the — 
integration and division made, all the terms arising from powers of 2 


* The first case of this theorem (namely, where ~r=a2) was given by Parseval, 
(Sav. Etr., vol. i. p. 570,) in 1805, and the definite integral just given was found by 
Poisson, (Jo. Ec. Pol., vol. xii. p. 497.) Mr. Murphy found the whole theorem, 
independently, (Camb. Phil. Trans., vol iv. p. 125,) and has used it to an extent 
which was not contemplated either by Parseval or Poisson, the latter of whom, it 
may be noticed, though he deduced the integral, either did not see, or set no value 
no, the deduction. 
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must vanish, leaving only the coefficient of 2°, or the coefficient of 2— in 
the development of —w'rlog (zr: x). 


If we make V, =W s x (e fe~). we find in the same manner 


l A d” 
_— bw =] ee 
2r J=: Vada Pa \dx" U efa} ) 
Ay ha / 2) 
+- F an (Sa 1 Us wh (fx) + E r (V,). 


None of these theorems are altered by changing $ into —&, and if this 
' alteration change V into W, we easily find that f 17 Vda= {Z(V+W) dz, 
| a result in which & will not appear. And thus we may in many 
- different ways find definite integrals which shall express given series. 
, Choose forms for wx and fx, and let the series in (V) then become 
A, Q, + Ay Q,+43A;,0;+...., in which Q, Q, &c. are known. We 
then find a definite integral for B,+B,+...., by making A,=B, QF", 
A= B: Q7', &c., provided we can find a finite form for A, a+ A, v? 
+... OY yxt—Ay, when A,, Ay, &. are thus assigned. 
Let fr=1 +2, Yx=zx, we then find 


Il 
e 01x (l+e") e+ y (4 E) E) dx—=A,+2A,4+3A,4+.... 


For many curious applications of the theorem deduced from (V), the 
advanced student is referred to Mr. Murphy’s paper already cited. 
Much more might be said on the subject of integrals of the preceding 
form, but the object of this work is fulfilled, so far as they are con- 

| cerned, when attention has been called to their leading properties. 

The student can hardly fail to have noticed the manner in which 
| fov.e-* dv preponderates in importance over other forms, and par- 
‘ticularly when the limits are 0 and œ. In any case the result must be 

a function of x which diminishes without limit as æ increases without 
limit; and such functions can frequently (not always, witness se~”) be 
expanded in negative powers of x. Let x be such a function, namely. 
of the form Ar“'-+ Ba*+....: required gv, so that fF gue-"dv= ðr. 
Take the equation fg ye~°-* dv=y:(a—y), supposing «>y and 
v the only variable. 
| If then we write this as follows, 


) . A B SA 

fo dy g” = do=( Š e E G +£+...) 
J y 7 : 

Þr a«adr—A 


a eee eg 


y y“ 

‘together with a series of positive powers of y. If then we expand 
ye” in positive and negative powers of y, and if we assume” the 
identity of the two sides of the equation, we see that if v be the 
coefficient of y™' in ys”, we have fdv.edv=zr as required. 
Thus, if for ®@r we take 2”, n being integer, we find y™” e” has 
v": (2.3....n—1) for the coefficient of y~', whence f v” ia dw 
'=2.,3....(n— 1)”, as is well known. 


* This assumption is by no means a satisfactory one; see page 327. 
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If ġv can be developed into A, + A v +A: v't...., we have 


7 PF Ay . Ay , 2A; 0 0 "0 
foo. a? dv=— += +—+., ; ae oe jey ine 
S ae 3 x a x 
and, by parts, 
0 Q ,@9 9 (n+) v 
eee P i n +f £ ay ET” dv e.tre o (l) : 
£ g’ x 5. 


— gv 
’ 


provided p're "ye, &c. vanish when væ œ. We have thus means 
of representing in a finite form many infinite series of the most divergent 
character. For example, let pv= (1 +v)™', which gives 

r: do 1 1 2 2.8 2.3.4 


et + 
Lto a P a x x 


0 


The operation by which we pass from fe dv to f pv edu, between 
the same limits, can be represented as follows. Let @v=A,+ A, v 
+...., which gives 


fove dvu= A, fem dv+A, feovdu-+.... 
d 


=A, fem du—A, dx 


fdot... ; 


whence, D standing for differentiation with respect to r, A,—A,D 
+A, D?—...., or 6(—D) is the operation performed on fe% dv, so 
that 


o1 
fp e dv=¢ (—D). fe dv=$ log (aa dv. 


Now @log(1+A) can be developed in powers of A by Maclaurin’s 
theorem, or as follows. Since dre"? ġ0 is the representation of — 
Maclaurin’s theorem in the calculus of operations, we have, putting 
log (1 +7) for 2, 


plog 1+2)=(1+2)” 60=60+D90.2-+-D (D--1) D0 z orani 
which, performing the operations, gives 
plog 1+a)=40 +40.2 +1040) T 
+ (6"0—3"0 + 2¢’0) = + patie 
And, similarly, writing —log (1+) for x, we have 


l 2 
$ log 3) =$0—g0.2-+ ($0490) 


—(h"0+30"0+2$'0) =+ PE 


Substituting A for x, and taking fe~* dv from 0 to œ, 


0 l "O+ p'O l 
OO aio = gee A?-— 
x x 2 xr 


fo pve do 


3 
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90,  f0 p'o+ g'o p0 +390 + 290 , 
=æ xl(aæ+l) © r(e+1) (4 2) TEDL DG a 


This series must be the preceding series (1) in a different form, and 
from it we therefore learn that if A,,,, represent the sum of the products 
of every selection of m numbers out of 1, 2, 3,....7, 


1 l Ay. n Ay, n+l 


eee 


ma o 


gt! “Tr, on] a ee 1] Pea eo) a 


I now proceed to some modes of calculating definite integrals by 
: ` D st aA — l e 
series. Integrals of the form f%cos (x*--ax""'!+...,) dx (sometimes 
called Fresnel’s integrals) are useful in optical researches. If we call 
this f cos px .dr, and if we take two near limits, a and a+ h, we have* 


fit cos ¢x.dx= focoso (a+a).dx= f{* cos {oa+¢'a.x' dz, nearly, 


since vis always small. This gives 


l 
i COS or ae {sin (¢@+'a.h) —sin ġa}, nearly. 


Thus, by proceeding from 0 to A, h to 2h, &c., we might approxi- 
mate to f} cos @x.dzx, provided ¢’x vanishes nowhere between v=0 and 
r=nh, Buta better approximation would be obtained by writing 


h 
f3** cos gx dx in the form fti cos ¢ (ar54 2) dx, 


which gives, proceeding as above, and making a+3h=yp, 


in l i 
| COS OL AS fsin (ox top z) —sin ( — o'u zJ} 
__2cosop.sin ($ ¢’p.h) 


PF 
This method, though of an enticing appearance, is not very safe, and 
is not in reality correct to more than terms of the second order, as the 
following, which is preferable, will show. Take @(a@+$h+.r), or 
P(wtax)=Gutp'p.c+...., and integrate from r= — $h to v= +ġh, 
twhich gives 


fi drdr= pu h+p" 


he wi h’ 
H3 3x4"? 3.3.4.5 Xx16 


for dr write cos px, and we have 


+... 


hs 
2. 3A 


If we now expand sin (4¢‘p.h) in the preceding result, we shall find 
in it the term depending on cosu and on cos Gu. (P"p)’; but that 
depending on sin ġu. >’ will be missing. Two terms of this latter 
series, therefore, will be more correct than the method which preceded it. 

If the limits be 0 and œ, a convergent series may be obtained as 


i cos px .dr=cos Pp. h — (cos bp (pp)? +8in pp. P"p) Leos 


* See the Cambridge Mathematical Journal, vol. ii. p. 81. 
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follows, whenever $x is a rational and integral function of æ. Let 
þr=ax* 4+ ba -+...., we have then 
9 


cos bu=zcos ax" 1—3 (b+. ee) +... ft 


rie ae ee 
— sin a {Qx sher) E oe es EET l; 
2.3 
which, arranged in powers of v, shows that the result contains two series, 
arising from. terms of the form A f cos az*.2” dx, and A fsin ax”. a" da. 
Now, “from the result in page 631, we have 


fee l n+l 
Jo cosaxr. a de =-a ” cos PE mF 25) 
n 


f 1 Pt! p+ za ip 
So sin ax. a2? dr =-a * sv L= TT a] 
it 


ami 


For instance, let dv=az*+ br, apply these formule, and we have 


(a7 I= h) os cos ax? cos ba de=h cos4 m. I 4 

h? b costa.Fl | Ab btcosi- a. 4 
2 2.3.4 
35 sin agë sin bæ dah’? bsn 4r. r2 


hb singr I 4 Ab sinr. F2 _ 
2.3 2.8.4.5 _ 


By subtraction, using the properties of the function F, we have 


1 P 41 hs b° 


3 ie E 
1G cos( ax tba)de= Te z COS ae >. a ae aS eae gT: sai 
h 2 kb 52 h? b7 
k LAA 0 Eaa PCL er 
=P cose et 13 2.3.4'°3 3 2.3...6.7 } 


This series might be more briefly and symmetrically deduced, as fol- 
lows. Let it be required to find fọ ¢—a2"—62" dy. We easily throw 
this into the form 


b2 q?” p? qn 
_ few 


2 2.3 


za tlie 


pn wya L HE +1 TE! i 


Tm om an! 
, 
whence, a ™ being A, the e integral becomes gi 
l 1 Wto Qn] hT 3n+1 h” 
— iT. „ort : port eee: pole L RN ' 
m m 1 m 1.2 m 1.2.3 


For a and b write ay (—1) and b,/(—1), which gives 


SPREI onti P 
he»t? b= a m bP (— 1) 2m 2 
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a p(n—m)+ 1 . p (n—m)+1 l 
ananman m Pp SEN Sr ee tr ee a a pene cea ee e 
=o b 1 cos ae O0—,/(--1) sin Dy Ors 


0 being an odd multiple of r, to be determined. Let % be as before, 
and we have, equating the possible and impossible parts of the integral, 
and dividing the latter by —/(—1), 


A l 0 LI 
J; cos (ax -+ bx") de = — T — cos — A—T am 
m m 2m m 
n—=m +1 Anth) 2n +1 2 (n=m)+1 _ ht 42 | 
Cos — 0 T —— cos ——— 9 s oih 
2m l a m 2m 1:2 Í 
l l. 08 1l 
zsm (ars” + br”) dr= — {r — sin —A—T Lanes 
m m 2m m 
z == l Ares 2 , l : 9 ( 1—m l h? th 
sın ARET ; By p ARA sin TO ae: ; 
2m Ji m, 2m | ee, 


The value of 8 is found to he T, by making b=0, and comparing the 
result with the formula already obtained for f cosax”".da. If i= 3. 
n= 1, we find 


Jo cos (a° + ba) d= cos i Goe = 
3 = 
7 aa ; Ligate ' 
fosin (aa + bx) de=: sin = mour - 
ee ee TE N. 


The series last subtracted, written at greater length to show its law, is 


] ee Lh b° 1.2 Wb? bee a 
31 9 To 3.4.5 EEN iG. o a e > z 

The last forms are more symmetrical, but the preceding ones are fitter 
for calculation. 

The series at which we arrive in the valuation of definite integrals are 
frequently of the kind considered in page 226, which have terms alter- 
nately positive and negative, and diminishing for a while, after which they 
increase. This very remarkable class of series has the property which is 
shown* in the page cited whenever Maclaurin’s or Taylor’s theorem can 
be applied, namely, that the successive approximations derived from the 
use of the converging terms are as good approximations as if the terms 
continued to diminish ad infinitum, notwithstanding the subsequent 


* Dr. Peacock refers to a proof by Erchinger, cited in Schrader’s Commentatio, &c., 
as relating only to some large classes of series, the chief of which is the well-known 
development of sz, in terms of diff. co. of gx. Such a proof is furnished by the 
formula in page 624, as there given. I presume from this reference that Dr. Pea- 
sock would imply that he has never met with a general proof, which is sufficient 
apology for my not making any search after one. 

! 
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divergency. This property is proved in page 226 to belong to every 
development of a function of x which is made by Maclaurin’s theorem, 
as long as the diff. co. of that function retain the sign which they have 
when z= 0, but I am not aware that a perfectly general proof has been 
given. It will require some examination to point out the cases in which 
this theorem is certainly true, and those in which, till proof is given, it 
may be imagined to be sometimes false. 

Let x be a function which is positive from r=a to x= œ, and 
diminishing from t=a to x=a+k. Let Wer be the algebraical expres- 
sion from which @r—¢ (x +1) +¢ (4+2)—.... is developed, and 
which must therefore satisfy Yr+ 4 (x+1)=pr. We have then 


wa=ha—> (441) +6 (a+2)—9$ (443) 00. 
Now, according to the theorem wa<¢a>ha— (a+1), &c. But 
watyw(atl)=da, wa—y (a+2)=pa—9 (a+ 1), &c., 
which requires that wa, Y (a+1), Y (a+ 2), &c. should be positive. The 


rest of the theorem, however, may be made to follow as soon as it is 
proved that wa is necessarily less than a. 

I see no prospect of a general proof of this theorem, and I think the 
following consideration, while it establishes it in ordinary cases, may 
throw a doubt upon others. As long as $2 is positive, Yr +y (a+ 1) 
must be positive: if, then, @x be always positive, which is the case 
supposed in the series, wx can never continue negative through a whole 
unit of variation of x, since in that case Wr-+w (#+1) would have nega- 
tive values. Hence, if wx ever become O or œ, and change sign, 
becoming negative, there must be such another circumstance for a value 
of x, not differing by a unit from the former value. Consequently the 
theorem may be positively asserted whenever Wr is a function such that 
wi+yw(a+1) is always positive, yx having no pairs of vanishing or 
infinite values corresponding to values of æ which differ by less than a 
unit. 

Take as an instance the series eo *—na" '+7(n+1)a-"°—...., 
We may easily show that this series is <*fe"a-* dr, from x to œ, so’ 


that : 
| 


Pae f e"dr Vn T(r+1)  P(t+2) _ 


—— —_— —————_____ 


? r” T o” ttl arte oeee 
Let [n.a "=n, and the preceding becomes ¢rn—P (n+1)4+....| 
The right-hand side has no finite roots at all, whence the theorem is cer“ 
tainly true of the preceding series, and if x be considerable, a few terms 
will give a good approximation to the value of the integral. Thus we 
have the remarkable relation 
{= dx C> et dx econ (nt Vint2 
E ———, or — =] —n +n (n —n (n n+2)+t... 
ee j FaF al la 


which, when n= l, has been found = ' 596347362324, lying, as migh 
have been expected, between 1 and 1—1. 

Divergent series of this hypergeometrical character (such has beer; 
the term given by Euler) may generally be immediately reduced t 
definite integrals. ‘Thus 
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30 a lx 
1—1.241.2.3.4—....5 fee *dr— fee depans] £2 
fid fidt [OM 

the value of which is 621449624236 ; and 


l—1.2.3+1.2.3.4.5—.... =f. (t—a2°+... n= | aes 

o lpr? 
the value of which is +343279002556. Itis singular that the values of 
these series, such as are derived from the equivalent definite integrals, 
may be obtained from the divergent series themselves by continued ap- 
, plications of Hutton’s method, page 557. Generally 


l 
M, =. 2 } 3 -v 2} — es oo w —— iea w —. ae e.s e 
[m, n]—[m, n+ k] + [m, n+ 2k] oF {ie ears \ 


ol (eta dx 
[I'm Ja lak ’ 
n—m and k being whole numbers. 


I shall give one more instance of the way of reducing factorial series to 
definite integrals. Let the series be 


yaad) EDEB) | (a+26)(0435) 


~ a (@+B) ~ @+B) +28)" * GEANE) E 
Let a:b=m, a: =p, and 
ò> {m(m-+1) + (m+1)(m+ 2) 
eG yo eC eee UE ee whe I 
B lulut) “MED +2) | 


Multiply both sides by 2", and differentiate twice, observing, that in 
the reverse integration, we begin from x=0, 
Bux) b 


=— a PHR. 
7 Baum (m+ 1) a! E(m+1)(m+2)2"%+...} 


Multiply by 2”, and integrate twice from r=0, 


d2 (uxt!) b2 p m b? mt 


6’ lye 
b? ig T ae ! 
—?_ phi fs yg a a eaeae 
u= Bi ss ae di | a («" TA =) 


To return to the theorem which gave rise to what precedes: a proof 
of it may be given, including every series A,—A,+A,—...., in which 
Ay, 2A,, 2.3A,, &c. are the values of Øl, d/l, b"1, &c, px being a 
function which does not change sign, nor any of its diff. co., from z=0 to 
t=1. This follows from Bernoulli’s theorem, (page 168), since 


pl g'il p”-Ə1 x"dx 
Ly. 2s a Lhe a a ee t AT amni 
lipote a ea N gs 


from which, $1, ¢’l, &c. being positive, and the other suppositions just 
mentioned being made, it appears that the crror arising from stopping 
at any term is of the sign of the first rejected term, which is, in other 
words, precisely the theorem to be proved. Again, from the theorem 
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Je dv dv=p0 +00... +E0-+ [per py dy 


we may easily see, that if pv, Øv, &c. be alternately positive and nega- 
tive when v=0, and retain their signs from v=20 to v= oc, the same 
theorem is true of G0+9@/0+.... But the preceding requires that 
~™v.e~ should vanish when v= œ, for all values of n. 

This theorem, being true in cases so extensive as those of page 226 
and 624, and those obtained in the present chapter, might be suspected 
to be universal, and is, in fact, treated assuch by some writers. I 
believe it would be impossible to find an instance among those series to 
which it has been applied, in which it is not true; but it must he re- 
membered that most, if not all, of these are cases in which we, a function 
which never vanishes for any positive value of x, is developed into 
~x—P (x+1)+...., and in such cases the theorem can be proved. 

It may not here be out of place to give what is perhaps the most 
direct and satisfactory mode of assigning the remnant of the series in 
Taylor’s theorem. We obviously have 


h (a+h)= at fip (a+h) dh; 


for A write A —t, and let t be the variable ; 


fi P' (ath) dh= —- fap (a +h—t).dt= fj QP! (a+h—t) dt. 
Successive integrations by parts then give 


b(ath)=hat+Paht fi (ath—t).tdt : 
2 a 
=pat+Pah+¢ora +5 S39" (a+h—t).Pdt; | 


and so on: whence the value of all the terms after Fi 


h” ] 

Ce eee ee (n+1) A pP 

A re a 2.3.0.0 oe aa ere 
If C and c be the greatest and least values of p@ x between r= 
and «==a-+A, the last differential must lie between Pt) Crt dt anc 
pete e,t dt, whence the integral must lie between @ C. hH: (nT 
and @°Me.h"*: (n1), or must be Pet (a + Oh) h™™: (n+ 1) 
where @ is less than unity. But if we throw the integral into the forn 
h f peth (athe).t dt, and pursue the same reasoning, taking ( 
and 1 as the greatest and least values of ¢, it is found that all the term 
after 


h” (1—6)* h+! 
a — ar l to 6 c 
v 26 O8kanN Oe Ae On) es eee | 


where 0 is also less than unity. 


I now proceed to consider some more cases in which definite integral 
are expressed by series. And first let us take fre v" dev, which, : 
7 . e e ° ° e . ‘a . . 
being positive, is always finite. This is easily expanded into the series 


grt - grt arts ant 
n+l tn+2~ 3 (n+3) tog (n+4) ia 


in which C is to be determined. If n be >-—1, we may make +=0 
and the first side becomes T (n+1), or C=E(n+1). And the serie 


Je v” dv= 0C— 


| n+l "el 
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on the second side, "+! : (n41) —x"t? : (n+2)+&c., which it must be 
observed is always convergent, does not increase without limit as z 
increases, but approaches the limit I'(z+1); for the first side must 
=0 when r=œ. All this might be proved by calculation* in anv 
particular case, the restriction being —1 (a)œ,and x being anything 


whatever, positive or negative. But let us now suppose n=—1, in 
which case x must be >0. We have then 
D —y 2 3 4 
€™” dv x x a 
20 lbpiga eS ee oe, 
J. v 2 2.3? 2.3.4 i 


in which C cannot be determined by the same mode. A very simple 
process, however, will do what is required. When n>—1, we have, 


_by the preceding series, 


2 - l yu] ante 
ce a Cia) ee ae ee 
J : (ae) n+] n+ J PET 


When n=— 1, the third term is log, the fourth term is x, &c., so 
that it only remains to find the limit of the two first terms. Now 


' (Chapter IX.) 


zr —]l 
9 


~ 
we 


; Tr(l-+z)—1 


ead 
v 


Pe—27", or O 


is I”l, or —y, (page 580,) when z=0. Hence we have,t in the last 
series, C=—y. Now, let n be a negative fraction, and <—1, say 
n= —m-—k, m being a whole number, and k a positive fraction less than 
unity. Integrating by parts, we have 


gor gt 1 ] 


———— 


= S yp 
fre vay du =— — fre v yt! dv 


edo | ] it ] 
— =e” ee eg. eh ere eee nk — aoe seee_" 
Zoe" (m+k— 1) a7 T (m+h-1)(m-+k-2). ki" 
y 1 
4 ac © —v ik 
——_—___—_—-— fs’ "dv; 
ia arg a ware. f 
the last integral of which falls under the first of the preceding series. 
And if n be a negative whole number, and <—1, take m, so that k=1, 
in which case the integral here obtained will fall under the second of the 
preceding series. And if in tbis second series just mentioned, we use wr 


instead of x, we find 


eo dy i y a? x? i a 23 
Sf 08 Ura a ee 
Pa y 108 2 "2,3 


* The common series for cosx and sin x would (if the study of analysis were 
made to end a little oftener in computation) have habitnated the student to 
series of this class, which are always couvergent and calculable, and which do not 
lose that character by the increase of z. In my “Elements of Trigonometry’ 
(page 99), these series are actually verified when z=10. 

t These integrals have been fully considered by two excellent Italian analysts, 
Mascheroni and Bidone. The methods by which they have contrived to do without 
the use of the function I’ (which was not so well known then as now) are, though 
prolix, very ingenious and successful, 

i 
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° ™ dv ? T” dy 
Also ee 5 
ax U Je V 


which introduces no way of making the function integrated infinite, and 
does not destroy the convergency of the senes : for a write a,/(—1), 
equate possible and impossible parts on both sides, and we have, since 


log ax becomes log ax+log,/(—1), 


a? x? A ARN 
2 2.3.4 ° 77° 


j= _log/(—1) pe ad a? ad «> 


— = —y — log ax + 


Í. cos av dv 


r 


SE ease ae ea a ES a all — 
oe (as 


v J/(—1) 2.3? wy Ws eae 


T 


Now log /(—1)=(/+5) n/(—1), l being any integer; but fron 
age 631 it appears that we must make /=0, or write $m fo 


log f(—1): f(—1}). 


T” dy Te OO. ayn a 
Again — =| eee ee -—— 
9 Vtm a Vv m v 


a m? ae 
> 2.3% 7 


a7 dv 
( =< f y — log am+am — 
Jo Vtm 


For m write successively — m y (—1) and +m,/(—1), which gives fo 
the two integrals 


erev ( —y—log am—log { -4 (~ 1)}—am f(—1) 


em nm? si(—1) 
== +o) 


pay (= 7 —log am—log J(—1)+am.,./(—1) 
fee am J(—-1) _ o a} 


2 2.3” 


For log /(—1) write 37,/(— 1), and for log (— J(—1))_ writ 
— lr /(—1), values which will be justified by subsequent verification 
add and divide by 2; subtract and divide by 2m,/(—1). We the 


have* 


(Oo —av 
E vdv Te: & 
Í ———— =- sin ma — (y+ log am) cos ma 


m+ 2 
maz mat m? a” 
+ cos ma (C -53 pt e.» JSN MA (mat coe ) 


4 


= dv T i l Ce va 
—— —=— cosma+t+ — og am) sin ma 
J) ne Pe 2m m ~) z 


—— 
ne ————— 


cos ma m? n N  sinma /nv a m at a 
ma Set oS ey e. >e meme E EE eee ae e ee e 
m 2.3? ) m 2 2.3.4 


_ Differentiate the second of these with respect to a, and it will give tl 


* These results agree with those of Bidone, obtained by another method. 
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first with its sign changed, as it should do: the details of this verifica- 
tion will be found instructive. 


For a write successively —a,/(—1) and +a,/(—1), subtract and 
add, dividing by 2,/(—1) and 2. We then have 


3 


ti {= av.vdv x ] ma pma 
i — D MMM 
o mH 2 W1) s(=1) 
ji gut E = 
Se — l] )=- e 
Vole a NE 


€ 
aud 
j 
; {= av. dy E a T l ma ma 


€ T 
1. SS ma — r I] ) mm pm, 
Jo mto 2m 2 T 2.2,/(—1) VCI In? 


results which are easily deduced from those in page 577. We also 


| have 
“sin av. dy ma | .—ma 3 3 \ 
eav "+e P a. 
ae ge ee ge. O ma ~- oT s. s’ 
o mv? 2m 2 2 ) 


A a m? a? mi at 
-z +ta=—4+.. 
2 Pe ee a 2m 


=cosav.rdy = ¢@— 74 ( R m? aè P 
—— m O ma e. sœ 
o m+ 2 7 Ta 


emt em (mia? mitat emf. me 
5 (2 2 3 4 ° 4 = == (y+ log ma). 


ma —ma 
E E 


(y+log ma) 


= 


7 


Let m=a=], and remember that, by common expansion, 
| dvu:(1+v), foe dv:(1+v*), and foe vdv : (1 +02’), 


are severally FIL—T2+F3—...., FTL—r3+rF5—...., and T2—T4 
+F6—....; so that we have 


ee eee EPT E ee a SERN, 
T l 
1—1.2+1.2.3.4—...=cos 1 (5-175 .) 
l l 
+sin J. (r= tyz gp ook a 


, l 
l1—1.2.34+1.2.3.4.5— .. .=sin l Gs. a 


-. -— 


2,3” 


l 1 
— cos l Vo a Ne 4 


the values* of which have been given in pages 650, 651. These series 
may also be expressed as follows : 


TF dv °sin vdv ps vdv. 
i o itv’ addu da tpu 


* There is a misprint (sin for cos) in two places in Bidone, which might lead to 
4 supposition that it was an error in reduction, affecting the subsequent computed 
results, On examination, however, I find that the results are correct. 
t 
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the two latter of which may he shown to coincide with their series by 
expansion of (1+ v)7', and by page 631. Again, if v—1 be written for 
v in the two last, and the limits changed accordingly, and if cos (v—1) 
be written cosv.cos 1+sinv sin 1, &c., the second side of the preceding 
equations may be obtained by taking {{cosvdv:v and fy sinvdv:v 
from the series in page 654. And all the preceding trigonometrical 
integrals, as well as the case in which m=a=1 might have been short- 
ened by the same process: but the preceding is valuable as an instance 
of the legitimate passage from pussible to impossible quantities. 

Various other ways of reducing definite integrals to series might be 
proposed, but in the preceding will be found enough to give an idea of 
the most important of them. I have now given a sketch of the principal 
methods of definite integration, meaning by a method anything which 
applies to a numerous class of instances. There remain yet two 
particular branches of the subject to be considered; first, the cases in 
which, owing to the impossibility of expressing a general integral, its 
values are arranged in tables; secondly, the large number of miscel- 
laneous definite integrals which have been found, each as it could be 
done, and out of which it may be advisable to make a small selection. 

The tabulated integrals with which it is most necessary that the 
mathematician should be familiar, may be divided into those which are 
generally useful, and those which have been computed for some particu. 
lar purpose. Of the latter, it will merely be necessary to say that the 
student who reads this chapter will have no difficulty in mastering am 
method hitherto proposed in works on mechanics, optics, &c. for the 
formation of a table of any definite integral. Of the former, that is, o 
integrals tabulated for general use, the most important and the mos 
«ccessible are 


1. Elliptic integrals, tabulated by Legendre. 

2. fae-f dt, tabulated by Kramp. 

3. Pa, or fps’ o da, tabulated by Legendre. 

4, Logarithmic transcendents, tabulated by Spence. 
“ dx : 

Í ~—, tabulated by Soldner. 


o log & 


gr 


1. The subject of elliptic integrals, if entered into to the extent neces 
sary to explain methods of determining their values, would occupy mor 
space than we have to give. In accordance, then, with the plan pur 
sued throughout this chapter, which is to enter on the discussion of m 
integrals except those of which the actual numerical values are calcu 
lated by algebraical formule, or are given in tables, | propose only t 
state in few words the nature of these functions, with references tr 
sources of information. Important as elliptic integrals are in certai: 
classes of problems, and numerous as have been the properties of ther 
which have been investigated, it cannot yet be said that either thes 
problems or methods he so close to the grand route on which a student? 
elementary course should be marked out, as to require a detailed treatis 
on them to be inserted here. 

An integral is called elliptic when it has, or can be made to have, th 
form f Pdr: QVR, where P and Q are rational and integral functions ¢ 
7, and R is a rational and integral function of the fourth degree, or « 
the form a+ br-+e2?+ ex3-} frt. And it is shown that the actual calcv’ 
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lation of all such integrals is attainable as soon as tables of the following 
integrals are constructed, 


m dé G ] dd ) 
qa es -c° sin’ 0). dé —— . ———_——; 
|. J/(1l—c?sin?6)’ Jovi armel | o i-fasm*é@ ./(1-c’sin’@) 


in which c is less than unity, and a does not exceed 4r. These are 
called elliptic functions of the first, second, and third species: extensive 
tables of the first two kinds have been given by Legendre, with methods 
of approximating to the values of functions of the third kind.* 


r lf(/, WV? 
2. The values of fae-P dt, or 5 ts dx from x=0 to 
L 


r—=e—a may be calculated from pages 590-1, and the following is an 
abridgment of Kramp’st table. Butit must be noticed that the most 
important use of this function is best satisfied by tabulating 


of which any value may easily be obtained from the following, the value 
of a being in the first column, and that of [7 ¢—/ dé in the second: 


‘00 | -8862 ‘1800 71°80 | +0097 
05 8363 ‘1587 | 1°85 | +0079 
! "10 | +7866 į | *1394 1-90 | +0064 
"15 | 7873 "1219 ġ 1°95 | 70052 
"20 | -6889 "1062 4 2°00 | *0041 
"25 | 6413-8 "0921 2°05 | +0033 
*30 | *5950 | "0795 § 2°10 | +0026 
*35 | +5500 f ‘0683 3 2°15 | ‘0021 
“40 | +5066 | 0585 2°20 | *0017 
-45 | +4648 § "0498 2:25 | +0013 
"50 | +4249 | 0423 ? 2°30 | -0010 
"55 | +8870 | "0357 | 2°35 | 0008 
"60 | +3511 | -0300 4 2°40 | ‘0006 
"65 | °3172 į 0251 1 2°45 | +0005 
“70 | +2855 “0210 # 2°50 | +0004 
"75 | +2560 0174 į 2°55 | +0003 
"S0 | +2286 ‘0144 4 2°60 | +0002 
“85 | +2032 0118 | | 


* The newest and most accessible sources of information on elliptic functions are 
1s follows. Legendre, Traité des Fonctions Eltiptiques, 2 vols., dto., 1825 and 1826, 
vith three supplements, (1823,) in which the subsequent discoveries of Abel and 
Jacobi are added. Abel’s papers were originally scattered through Crelle’s journal, 
Jut are now collected in the edition of his works, 2 vols., 4to., Christiania, 1839. 
facobi’s work is Fundamenta nova Theorie Functionum Ellipticarum, Konigsberg, 
1829. In English there is an account of Legendre’s earlier method, in Leytourn’s 
Repository, vols. ii, and iii.; the subject is also treated in Mr. Hymers Integral 
„aleulus, and Mr. Moseley’s article on Elliptic Functions and Definite Integrals in 
he Encyclopædia Metropolitana. l 
: t Analyse des Refractions Astronomiques, Strasburg, 1799 ; reprinted in the 
“ncyclopedia Metropolitana, in the article Theury of Probabilities. In the latter 
ticle is found the second table alluded to in the text, as also in the treatise on 
robabilities and Life Contingencies in the Cabinet Cyclopedia, and in the article 
u the same subject in the edition now publishing of the Encyclopædia Britannica. 

2U 
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3. On the function Tæ or foe’ vda enough has been said, and a 
table has been given (pages 577—591.) I only add here a few words 
on the faculties of numbers, as the German analysts call them, all the: 
properties of which are really included in those of Pa. i 

The use of the term powers of x, to signify rx, TIL, &C., suggested 
to Kramp the application of the kindred term faculties of x, to denote 
x (@+a), x(a+a) (t+2a), &c., x being called the base of the faculty, 
a its difference, and the number of factors its exponent. Others have’ 
called these functions factorials* of x. Besides the notation exemplified 
in page 254, the following has also been used : | 


(2, +a)'=1, (2, +a) =z, (1, +a)}=a («+ a), aC. 
(x, +a)" =x (r+a)(a1+2a)....a+n—l1 a). 


Many properties of algebraical functions nave been expressed in 
and even suggested by, these notations; and the extension of the 
system to faculties or factorials with fractional or negative exponent: 
has been made in several different ways, ending in the same results 
These may all be obtained by generalizing the equation 


(x, +a, or e(@+a)....(a+n—laj=a". = (24 1). : (240-1) 


£ a 
aor(Z4n):0 (2); 
a a 


a result which admits of interpretation when 2 is fractional or negative 


In all cases the notation 
(Gen 
a 


r (a) 
a 
Thus PTn=1!!*, or (1, +1)". 


4. The logarithmic transcendents of Spence are included under h! 
formula 


alt or (x, +a)” may be translated by a” 


T x3 a 
Vdata)=t2r—-— t— —--——t....; 
( ) gn 3” 4” 2 


the first of which, or L (1 +x), is obviously log (1+), and L° (1+4 
=(1-+27). We have then 


£ dr a d 
L' a+o= | n I? a= f L(+), 
o EFO ae 
7 dv 
L(ta)= | — L (1+0), &e. 
0 
Into the theory of these functions the author has entered at gre 


* This term was suggested by Arbogast, and Kramp himself subsequent 
adopted it. ) 

+ William Spence, (born 1777, died 1815,) of Greenock, was, at the time why 
he first studied, one of the very few men in Britain who acquired a knowledge 
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length, and has deduced values of I2 (l+) and L? 


values of x, from x=0 to xv=99. 
perties of 


(1 +7) for integer 
He has also investigated the pro- 


x 


3 n 


L 


#7 
C” (v)=1r— : + &c, 
( 


r 
T Be an 

Mr. Spence has given two formule, by which c—27" a? +3- a3— &c., 
or the function from which it is developed, can be calculated when diver- 
gent, by means of the case in which it is convergent. 
are as follows: let s, =]—2-"4+3-"— 
or odd, we have 


. E E N 
I. reven) (ame x} — ee ae ee 
(a even) (a= tme) H an E.) 


(log x)? (log x)* (log x)" } (log x)" 
OE on ee: a Ee ee ene = ; 
{ets ° 9 4 3 4 UD eG 2.3...n 


E : ae 
II. (n odd) («= tg] -(s aes + Sa E 


These formulæ 
. «+. and, according as n is even 


P Sr 
(log x)? (log xy"? | (log x)” 
2 “la i w= a a e. è o ; see Sa ae 
fs 1 $08 TE Sas 2.3 T T Zio el? ers ae |) 


By a different method, which is simply making ‘use of the remnant of 
Taylor’s theorem as given in page 652, I have verified these formule, 
and found others analogous to them, as follows. Let S, =1 +2" +3% 
+...., and according as n is even or odd, we have 


is 3" 
Co 2 o 4 l 1) 2—2 ] o n 
2(S,+ gD g oge, gg go \-& z) 


2 3 5 —2 —3 
II]. (neven) a+ ++ -) +(e Cea . J 


2 TOS ian) Bon 


Zeal 
TP... ge ae cre \ 
IV. (n odd) (+ Toae a .) -(2 as F a z sa D = 
(log x)? o a _ (log 2)" 
2S PEO Ores gg, We oe 2.3...0 


By the same method the following are also found, Q, and Gn represent- 
ing 14+3°°+5"+.... and]—3-*4+5"—.... 
When 72 is even (using Q,, Q,-2, &e., and Gai Gn—ay &C.) 


the works of the continental mathematicians. His essay on the various orders of 
logarithmic transcendents would have made his name better known if its subject 
had been of more general interest to mathematicians. It is an original work, full 
Í methods which any inquirer who is occupied in the investigation of the 
lumerical values of integrals would do well to consult for hints. The first edition 
vas published in 1809; the second (edited by Sir J. Herschel, with numerous 
idditions from Mr. Spence’s papers) was printed in 1820, but, owing to the impres- 
‘ion being almost entirely forwarded to the publishers in Scotland, ( Messrs. 
Diver and Boyd, Edinburgh,) and other circumstances, it was never known in 
{ngland as a work on sale till the year 1840, and was always spoken of as a book 
f the greatest scarceness, 
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8 N sa log r)" 
V. (2+4 Ja Hittat - 24 Qt AQ Cogs) I ! 


o 3" 2.,.3...n-2 

x’ x`’ N í (log ay" 
ee ee mr ee ge re e mm (OAs re are 
vi.(2 get ; (= 3" ü 7 ae ws +53 cit 


When n is odd, (using Qn- Qu-s, &C., and Qas Gn—2 &C.), 


Ta g” 3 / (ogr) 
4 ee e ae is ee = U hant RA S 
VIL. (2 Ł Ste) € ++ | 24 Q,loge-+ errant 


_# ` ee a _ i: ; Eee, 
vitt. (2 ATRE ae =a Paen g neo 


In VI. the suceessive is of tams having ga, a=» 
5. The integral Í: dx:log x, or — fe—t dt :t, from t=- loga to: 
t= œ, or fe'dt:t, from t=— œ to t=loga, has been tabulated by 
Soldner in the first of the preceding forms, and is the key to so large a 
class of definite integrals, that it will be worth while to discuss it, and to 
add the table. In the first place, observe that when a>1, the subject 
integrated becomes infinite between the limits of integration (at r= 1); 
in which case the principal value (as M. Cauchy calls it, page 633) 1s to 
be taken, or the limit of f+ fics when @ is diminished without limit. 
Soldner uses the symbol li. æ (from the initial letters of logarithm-integral) 
to stand for f¢dx:log x; a notation which I propose to follow. 
From the second form, and page 653, we have 


el pe et (loga)? (loga) 
B - 7 = 7 tlog log a—log at 98 esa are 


which applies when @>1. By expansion we have (@>1) 


39 —t dt od | i ?_. A2 
7 | -—— =tog ("8") +1oga—04 O89 i 


e/ —loga 0 2 
"EC y og! Ge 
or a g an 


Add these together, and diminish @ without limit, which gives 
= =t k 2 ] 3 
li. a= — : T ivigs log a+ log ee 4 Cos) Grek 
a 2 2,3? 


Observe, that if in the last we were to change a into a’, the last 
series would differ from li.a~' by log (—1), the correction for dis- 
continuity described in page 633. Again, as in page 262, let 


flog (L+a)}"= EEN Vo Ne ee 


. oe. ae a*— 1 
li. a-a)= | = cee —V, (a—1) +V: Ea eo. st) 


But (page 593) the value of y shows that li. a—log (1—a) approaches 
without limit to y as a approaches to unity, and the same ol 
li. (1 —a) —log a, when a diminishes without limit. Hence we have 


y=V,—-4f Voth V. © eo 
li. l-a)=ytloga—V,a+4V.a*—.... 
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2 
=y-+loga—= aa a a 


1 & 
212 324 4720 5160 


; ; 7 Lr dx 
Again, Ji(l4+a)= | — =] Pafe 
gain, li. (l-+a) i. ES lim. of {Si+ Sfi ‘ade: 


The first integral is found by making a=@ in the last series, and 
the second from the original development, which gives loga 


—log 0 
7 V, (4-0) +3 Va (@—6")4-....: the addition of which gives for the 
imit 


| R ; 
li. 1+a)=y+log a+— le l & 1 1%: 


at 
23 12° 3 34 7 poe 


The coefficients, as given hy Soldner, which can be partly verified 
from page 262, are as follows, (a”) meaning coefficient of a”. 


1. 1 i 19 3 
a) ==; (a)=—, (=, (a4) = 5) — 
o Gp ar asso” (5 goo 

863 275 
af — : 7) n 

(2)=s5a880° 169344” 

(a®)= *00116956705, (a?) = *00087695044 

(a) = 00067858493, — (a") == + 00053855062 

(a!) = * 00043807461. 


From Taylor’s theorem, 


x d(Qoga) x  d(loga) 2 
li. (atr)=—lla+—— +-—2—-— — De eee 

Ee) es ü da 2 _ da’ 3,3" 

A particular case of Burmann’s theorem is also applied by Soldner, 
which may be useful in other cases; namely, a method of expanding 
F (a+) in powers of f(x4-a)—fa=s. 
=A, +A, s +3 A+... n, we easily deduce 


If we assume F (a+ 2) 


F'a l dA l dA. 
À punan F A =a) d 2 ie - T 2 need ¥ 3 
een fla > f'a da? ` fa da’ i 


Let Fr=li. x, fr=log x, we have then 


a 4 —(oga—l)a@ { (log a)’ —2 loga+ 2} a 


ere 
—_—-_ 


“gat SS i N= ga 
A,n =d (log a) $ (log a)"—n (loga) +n (n— 1) (log a)"?—... . 
+n(n—1).... 1}. 


Let log (a+x)—loga=y, and let the last factor of A,, all but its 
first term, be + (n —1) Ba. We have then 


l 


a 


{loga-Be} ay? , {Clog a)°+ 2Bs} ay? 


i a ses 
l(a@tajy=h. a+ 2 (log a)” 2.3 (log a)? 


y+ 


log a 


2 


8 
yY -1 i 2 A 
o aii Dra e == oa (a+r) loga L ] = — 


? 
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nt ay” 2Bsy ,  3Byy" l 
de | at LE 5: ye ls Dy 
nade) Co a 2(loga)} |" 3loga 3.4(loga) 


where D= l, B= B,—log a, B= 2Bs+ (log a)’, B,=3B, — (log a)’, 
and so on. This series is very convergent when @ is considerable com- 
pared with 2. 

© 


(a>1), and convert 


l 
Lastly, take the equation h. =o 


e/ loga 


This gives 


the integral into a continued fraction, as in page 591. 


| l 
l. —= 


a (log a) (log a) 2 (log a)™ 2 (log a)™ 
a aloga l+ I+ gee ÜF Pots Se 


One or other of these methods will apply in every case, and by - 
them the following table was constructed, for values of a less than | 


unity. 


a l.a.(—). li.a@.(—). a. li.a.(—). 
‘00 | 0000000 f -1925352 | +68 | °7270254 
-O1 | -0018297 | -9019321 § +69 | °7534596 
"02 | 0042052 | - -9115883 | -70 | °7809469 
-03 | -0069137 f : "2215106 # -71 "8095577 
-04 | -0098954 f -38 | 2317064 | 72 | -8393700 
"05 | -O131194 | - -2421833 Ì 73 | °8704701 
‘06 | -0165667 |: "2529494 | °74 9029543 
"07 | 0202248 į - "2640133 } °75 "9369300 
"08 | 0240852 } - "2753841 § +76 | 9725181 
"09 | -0281416 § ° 2870714 È +77 | 1°0098548 
"10 | -0323898 } - "2990852 } *78 | 1:0490943 
"11 | +0368267 | - "3114326 į 79 | ] -0904128 
"12 | 0414502  - 3241357 } 80 11340120 
13 | +0462592 | ` "3371959 | °81 | 1*1801246 
"14 | *0512530 f° "3506294 | +82 Bim 
15 | -0564316 7° -3644496 | °83 | 1°2810197 
‘16 | 0617955 § > -3186711 | °84 | 1°3364941 
‘17 | 0673155 f - "3933088 | '85 | 1:3958924 
-18 | *0730829 Í "4083791 | +86 | 1°4597547 
"19 | 0790093 § : "4238992 §} 87 | 15287419 
"20 | 10851265 f > "4398875 | 88 | 1°6036733 
"21 | *0914368 |: '4563637 ! 39 1 : 6855829 
"22 | 0979426 f >! -4733487 į +90 | 1°7758007 
-93 | +1046467 | >: -4908650 4-91 | 1°8160780 
“24 | -1115521 f ° 5089366 È -92 | 1'9887871 
"25 | *1186621 f° "5275895 | +93 2: 1172535 
"26 | *1259803 § > "5468515 } 94 | 2°2663481 
OT | 1335104 | > -5667522 | +95 | 2°4435226 
98 | *1412566 | - -5873242 | +96 | 2-6617277 
"29 | 1492232 | -6086021 | -97 | 2°944380] 
"50 | "1574149 f - 6306240 1 +98 | 3+3448241 
*31 | -1658366 § -> "6534306 § °99 | 4°0329587 
"32 | °1744935 | ‘6770666 | 1°00 | infinite. 
*33 | °1833911 f - “1015805 


| 


| 


=0, after which it continues positive. 


li. *1=—0°0323897896 


li. 10= 6°1655995048 
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When aœ>1, li. a continues negative until li. 1 *4513692346, which is 


Also 


li. e~*== — 0° 2193839344 
1°8951178164 


lie 


ter 
aw 


The following is the table for values of a greater than unity :— 


a. 


| 


OoN RANN e em ee e 


1'0 
1'1 
iQ 
1:3 
1°4 


SOO WaT MN or 


+ 


h.a(Z). 


infinite. 


1° 6757728 
| 0°9337783 
0°4801779 
0°1449911 


"1250650 
‘3537475 | 
"5537438 | 
"7326370 


eiia Maka gors K -a a aart aaiim te 


r 


EISTE 


DRA 


8953266 
"045165 
"6672946 
1635989 
9675853 | 
"6345880 
“9999994 
°*7970508 
° 2537182 
°7212387 
' 1655995 
5919851 


MAmonNWeTATATVSO HPL WDWNDrHr OCcCOCO 


"0005447 
"3965450 
' 7808256 
' 1548249 
‘5197165 


a. 


l.a (+). 


°8764646 
"2258143 
5686258 | 
"9053000 } 
"562353 } 
200316 
'821734 
"428628 
'022632 
"605092 


'177131 
"739697 
* 293602 
‘839544 
‘173366 
"468696 
“731245 


)*965412 


‘174669 
‘301813 


t: 529138 


"6718554 


'92988'7 
126139 
275096 
° 382807 
' 454085 


a. 
140 
150 
160 
180 


li. 


a(+). 


' 492841 
' 502303 
' 485178 
* 380020 
' 192168 
932872 
‘610933 
° 233401 
"806034 
°333612 
*820157 
"683375 
"417888 
"040677 
'565102 
‘00191 
°35993 
'64651 
"86784 
9° 13526 
' 19068 
"07861 
*80200 
°38376 
£°83783 
»° 17582 
‘40761 
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When the number is very nearly equal to 1, the table may be aban- 


doned in favour of the expressions for li. (1—a) and li. (1 +a), in which 
Also the 
‘formula for li. (a+ x) must be used instead of interpolation, if values of 
The following 


a will then be very small, and the series very convergent. 


| 


lia for large intermediate values of @ are required, \ 
integrals (and many others of more complicated forms) may be obtained 
by means of li. a, in which it is to be understood that the integration 


is indefinite, requiring to be taken between limits, or a constant to be 
added, as may be. 


a" dr 
J loge 


dx 


j —— la 
| log (a+bx) b 


cong or f 


l 


ment 


b r” dx 


a l0 


S T 


e* dx 


li. (a+br), f 5 


=]i. brt — li. gt 


_ 


— | E ) 
= | a= ; 
L 
e 
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l | aoe Ee" dx 
f Et dri. ee”, f cat? de=- li. catt, 
b ats 


dr . : pT: af’r 
{5 =li. log x, fi, fedemali fom | EE dx. 


og log x 


ase. lie 


I now come to those isolated instances which cannot be made to come 
under any of the preceding methods: of these there is a considerable 
number existing in various works, out of which a selection must be 
made, and it is a matter of no little difficulty to settle what parts of the 
voluminous writings on definite integrals are most likely to be useful to 
the student. 

Having applied the remarkable property of cosines and sines in page 
291, it may be interesting to point out some other functions* which- 
have an analogous property, and which are of great importance in some 
questions of physical astronomy. Let w=z+4.2 (1—w’), which gives 
by Lagrange’s theorem (page 170) 


l l] d x 1 Æ g? 
sst (tera a a, 
ue Csee a a ig gee) ag 
du l d l æ è 1 Æ r 
lp i) ee ae I n, 
dz t3 dz (=z) ay qa. ) 2 tg Tz l z“) 3.3" 

l l du E 

But n D (122r 42), qe Ch 4 der te) +, Let the last 


series be Po+ Pi, z+Pox°+....5 then P, is of the mth degree with 
respect to z, and if R<n, we have for T(n +1) f P,, 2‘ dz, or 
fD" (1 — 2°)" 2*dz, the following terms, | 


2° D°* (1 —2°)* — ke?" Da (1 — 22)" 4... EDA] DY 1-2"), 


every term of which vanishes when z= —1 or z= +1: so that 
fti P, 2*dz=0, if k be any integer less than n. Hence, if m and n be 
unequal, we must have f ti P, Pan dz=0, for if n be the greater, then 
P,, being rational and lower than P, in dimension, we see that f P,P, dz 
may be made to take the form È { A, f P,, 2 dz}, k never being so great 
asn. And each term of the last vanishes, whence the theorem is 
evident. But if m=n, we have one term of the form A, fP, 2” dz, 
which integrated by parts as before leaves one term only, + A, F (n+ 1) 
D~ (1—2?)": 2" F (n+1), according as n is even or odd. Now (page 
580) 


2 CET (n+!) 
x | —2*)"dz=2 ; 1—2*)" dze f x7 l—r "d m OA 
eaa a E R rare | 


Now A, is the coefficient of 2" in P,, orin 2™ D” (1—29": F (n+ 1); 
we have then 


A = +2”. 2n Qn—1)....(m +1): TF (n+1), (+,neven; —, nodd). 


* These are certain functions, by aid of which Mr. Murphy (in his elements of 
electricity) has put Laplace's coefficients (page 540) in a very clear point of view 
as to those primary properties on which their utility chiefly depends. 
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Hence +A, is positive, and 


Hp dee py age ED KML 
. C+D.. PFT) 
de BON beta ol 2 


~ (Qn4+1)....3.1. 0 (n41) 2m4 l 


If, then, (1+22r-4+4°)™ be expanded into P,+P,£+..., the function 
P,, has the property that Ji P,P, dx is =0 or 2:(2n+)), according 
as n and m are unequal or equal. Also 


o Pay l d" 


——— or — — — 
O12 ct as 


2" FE (n+) 


n 


(1—22). 


Let pr=fe™ yv dv, the limits being anything whatever independent 
of x: if, then, we change x into 2 +a, and subtract, we have 


Ads or Ø (x +a) —pr= fe (1—1) Wo dr, 
with the same limits; and, in the same manner, 

A" pr= fe (e — 1)” wu dv (limits as before), 
l 
r 3 


2 o r l l 
Wu, k eens f E (e7 — 1)" dv= A" —. 
L 


As another example, integrate both sides of fe" dv=x7, from 
a=a to r=b, which gives 


> ETY m oa b N r+b 
dv=log —, and f3 e= —— du=log ——, 
{. ~—— do==log —, an foe : v= log Ta 
20 ae st Ee i xr+b 
Aah, Je (e — 1) dv= å sara 


a result which shows that an integral of a complicated form may be so 
dependent upon a more simple one as to be calculated without 
difficulty. 


Again, fo eT (e-”— 1) v' dv=log r—log (4x +h) = —A log z. 


Integrate both sides with respect to x, and then take the difference of 
both sides, which gives (observing that the second operation destroys the 
constant of the first) 


foe (P19? v* dv= 4’ (a log r— 2) = A? (a log z). 
Repeat the progress, which gives 


2 —rv f .—Av___ 1 \3 —3 d paren A? a o eee A? (a? log r) 
fie (e 1) Vv VE a 9 OSL 4 i: D 5 ) 


2 
a 


and so on, which gives 
RE wie en A" (aT log x) o 1 gh — ] n oe q 
(— 1) foe (m — 1)" u dv= Tin) J, ogz/ 7 


From page 515 we may deduce 
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tO a—l 1 ,a—1 —a 
al a =| aaa a 0 (a)l. 
o ltr smar o ita 


The transformation is made as follows : 


T IN 1 
f prde= fipede+ f prdr= fide tet fio( Z) dn 


=J. pr + — Le ldr 
© xio? % xe a—l ye} 
f? dx ce tice dx 4 Do | a 
>» E “sinar o (lex 9 l+ce* a 


E E x" (1+ccos6.4)dx _ rc“ cos að 
sin ar o L+2ccosd.x%+ca sin ar 


he 


if k=,/(—1). Make c=1,; a corresponding subtraction gives 


x dx iC ade 7 sinad 
—_—_——————-, or ——~.... (A); 
,) oi +2 cos 0.2--2? o 1+2cos 6. rte sinar sinb’ 


the second being obtained by changing æ into æ™' in the first. The 
transformation already noted gives 


f Fe an a m sina? 


Arr 


mmea ere 


e “a 
o L+ 2 cos 0.x + r? smar sind 


Multiply the two last by 2 sin 0 d0, and — from 0=0, 


oa (1 +a)? ] E (1 + x)? E T 
log tdr ~ dx 
z E ET, 1+2cos0.x+a? x 


= l — cos 4&8 
A Sin ar ( ). 


In (A) write 1+logzv.a+.... for 2%, and let sina@:sinaz 
=A,+A,a+.... Equate corresponding powers of aon both sides, 
and we have 


loz x)" d 
e ee ree 


oi +2 cos 0.4742" =o 


whence this integral vanishes whenever n is odd. 
In page 593, last equation but two, from the value of A (1 +2), or 
log T (1+2), find AQ+a4)+A U1+y)—A(1+2+y), which gives 


a(l Wee) dv a Pd+2). Pd+y) 
4 l1—v — logv TAA (+a+y) ` 


Write y +2 for y, and subtract the first, which gives 


eter dv joo E Otety).TA+z+y) oe 
0 l-v logy °° V(l+y)0U+at+e+y) A 


Subtract this from the preceding, with y changed into z, and we have > o 


`~ 
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PA- dv 
és l—v log v 
Hog POTD LA +) O42) VO+e+y+2). 
Pd+e+yP+y4+2)l +242) ’ 
and thus we might proceed until there are any number of factors in the 


numerator of the subject of integration. Many integrals may be 
deduced from this form. 


An equation in page 243 gives, with (—1, a, +1), 


[ee] e . Py 
xdr sin ț ” sina. cdr $ ° asin 2r.adx ae 
o MEH l—2a cos r4 a? o mx o m-pa ner 
l 


T 
2 Æ —a 


T 
(page 655) => ("+e a enn) 


Change x into 2r, m into 2m, and then make a equal to +1 and —1 
successively. 


aos) rs) 
rectx.dt r xtan x.dx 1 
Dod ees eg ae Z Oom 493 ER a S —_— —— A 
o m er— ] o mH ae oo | 


Change a into —a, and add; in the result write a for a?, 


°” adx sin 2 ae E l 
om +a? L1—2a cos 2r+a 2 &-—a l+a 


(aa) 
| oi ] xdr me” 
a=] wives eT En E eee 
j asuma mea erl 


In the first equation write ng for x, and nm for m, multiply by 
2adn, aud integrate with respect to n from n=0, 


eo d A i d: 
J BN a log (1—24 cosnæ+ a) —21og (1 —a) | > 


2 2 2 2 
o Fr 9 mM +a 
n dn 
of a 


TH 
TT dx T 
which gives ——,, log (1 — 2a cos nx + a°) =— log (1— ae"). 
oM +r m 


Differentiate this with respect to a, make n=1, and show that the 
result is the same as we should have got by beginning with the equation 
in page 242. For n write 2», make a successively equal to —l and 
+1, and subtract, which gives 


f logsinna.dx r ) phe J= cos nx dax 
3 
e 


me ge a 2 2) 
<meta om 9 o Mra 


=— log Se O a ae 
2m 2 2m Se a 


r ) 1 jig me Ri log tan NL. dx pa P | 
S nee = 
na m+ 2? 


The preceding two pages contain certain excursions (by Legendre) 
nto the field of definite integrals, not made with any fixed object, and 
tuided by the facilities which arise from being able to find some one 
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fundamental integral. Whenever we are able to find [wr.dax.dx, for- 
all values of a, it is generally easy to find a function fr, which, ex- 

panded in the form A, p (ais) +A Q (Qa. 4)+...., will give for 

fwae.fx.dx a series whose invelopment is known, But this method 

must always be of twofold application; for since fwax.dr.dx follows 

from f we.pax.dx, a similar process can be instituted with functions 

which can be expanded in the form A,W (as) t A, Y (dat) +... 

For instance, we have 


ive) ° ios) 
sinnt.rdr T _ cosmv.dx T _ 
eo eee e =a 
o Mmt 2 o me +2 2m 


whence if @x can be expanded in sines or cosines of x, for (m?+a?)"de 
can be expanded in a series, the finite form of which may be known. 
Let us now take fuuctions which can be expanded in terms of the form 
A (m4. 

As a preparatory step, it is required to expand sin ar: sin br, a being - 
<b. Now we have (page 586) 


SIn TAL a lea dg 2? 9—a’? r 


sin TÒL b 1—b r 4b 2? 9— b 2’ 


If we were to take » of the fractions in the product, not counting the 
first, to be resolved into sums of fractions, asin pages 270, &c., we should 
first observe that numerator and denominator have the same dimension ; 
whence, lowering the dimension of the numerator, we have a”: b™ for 
the separated quotient. But (a<b) this diminishes without limit as n 
increases without limit: it remains then only to find the fractions. Pro- 
ceeding as in the chapter cited, we have to find the value of (4+62) 
sin rax : sin rbr, when br= Fk, k being a whole number. By Chapter 
IX., these values are both 


. räk 1 a ee rak 1 l l \ 
= — .—— —, W = gia eas a A 
ae b = wrecos tk b xrceosrk (h-+bk ey 
2k smn (rak:b) . l 
or Eoen is one term required. 
Make k successively 1, 2, 3, &c., which gives (ra : b=) 
sin rat 2 sin 6 2sin20 3sin39 
sinrbe wr lil—- b ze 4—682? § 9—b? a2 Y 
cosTar 2 i cos 0 4cos20 9cos30 ) 
sin rbx rbr (l-b 4—8? 2? '9—Ba Uf 


9 bD a’ cosh = b? x cos 29 


Ro {cos 0— cos 20 + aie Bae TZ pe 


l 2bx l cos 0 cos 20 cos 30 l 


Pe a e 


omits 
er 


nbe r 
the second formula being obtained by differentiating the first with 
respect to a. 

cos rax l—4a a? 9—4a*a? 25—4a? 2? 

cos rhx 1 4h? a? "9 — 46727 725-40? a? *" 


Again 
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Repeat the same process: k being an odd number, the value of 
(k +2bx) cos rax : cos rbr, when br= F 3k, is found to be 2 cos (rak : 2b) 
+r sin (42h), whence 

2 cos (4k0) l l l l 4k cos 4k0 


— r — _-_____ 
T sin (37k) m sin fkr (k*— 4b? 4?) 


k+ 2x k—2bxr 


is one of the terms required. Make k=1, 3, 5, &c. successively, and 


cos rar 4 l cos 40 3 cos 30 5 cos $0 

a E 

cosmbx m t1l—4b22? 9—42 25—4b? 22 l 
Sin TaL 2 jf sin8 9 sin 36 25 sin 3 

costbx whe (1—4? 9—43? ` 25—4b x? o} 


2 8bx sin 40 
= — {sin 49—sin 20+....! 1 eet ee 
i 2 20+ pt 1— 46? 2” i 


ba T 
the first term of which =0 (page 607). Write a /(—l):@ and 
b,/(—1): ~ for a and b, (which does not alter 6) and we have the follow- 
ing results, (two of which have already appearcd, pages 611 and 612,) @ 
being ra: b. 


| alee < Asmo rece 5 sin gn 
N a Op OTE 
eae m | ob ed cos n6 es a 5 n cos ZnO 
w a ae e ae 


Where È implies a series of alternately positive and negative terms, the 
series on the left being summed for all integer values of n, and those on 
the right for all odd values of n. Now make b=, whence 0=a: 
multiply the first and fourth by cos cx, the second and third by sin csr, 
and integrate with respect to x from 0 to cc, remembering that 


A 2 . 
° cos cx.dzr T ea siner.adxe mr _"™ 
= E NS, Se e, 
n -pea 2g 


2 4 2 
o Wage  2nyg Jo 


In this case 0=a, and we have (a<r) 


GO nie ete 
| cos cx dr =sin a.e-°—sin 2a,” + sin 8ue7"—.. .. 
0 


ere 
Ee e “sina sin @ 
NGC 24S Se a 
pas ) l+e-"%+ 2e “cosa Epe “+2 cosa 
-Q ax —ax c —-Cc Pe 
o. £ l ] E — E a 
And similarly | —, sin er dr=-> -— 
nity | e tems Spee 
po az gar (e’—e-*) sin da 
—— sin et dx=-————~ 
gee ete °+2cosa 
S ere go? J (eh +e”) cos Ja 
—— COSC i632 SS 


I have left the completion of the processes as an exercise for the 
student: the following formule will be needed, 


| c 


| 


| 
| 
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sin 0 (x—a*) 
~T 42 cos 20.04” 
cos O (x+a°) | q?) 
ai 12 2. cos 20.2 F ai rpa 


sin 8. z—sin 36.a°+.. 


cos 8.r— cos 30.a°+... 


Let <*+e-7=2c (x), &* —e "= 28 (x); from the preceding may be 
deduced, the limits of all the integrals being 0 and œ, and «<r, 


sincrdr 1l s(4c) [ coscrdr l 1 
J sms) 2 QY | ca) ~ 2 eGo 
E cx.ædxr 1 l siner.rdr l s LAG 2) 
S (wx) T4 (c.4 (e. 4c)” Í e(a) 4 (c.4 (c.3c)” 


{ we Danu { c (ax) jp l l 


s (72) c (wx) 2 cos La 


Many formule may be deduced from these by differentiation or integra- 
tion. The functions denoted by c (x) and s (x), called the hyperbolic sine 
and cosine (page 120), have properties closely analogous to those of the 
common trigonometrical sines and cosines. 

In the investigations immediately preceding, it has appeared abso- 
lutely essential that a should be less than b: if a were even =), a / 
quotient term (unity) would appear to be added to the fractions into 
which sin trax: sin wbx, &c. are decomposed. If, then, we were to make 
a=, we might expect the preceding integrals not to be true, and this © 
can readily be verified as to some of them, though some happen to be 
true even in this case, owing to their being derived from the pre- 
ceding by differentiation. To deduce a result in the case of a=7z, first ,, 
let a=a—w, which gives - 


(1w—w) x —(r-w) r ee wr wx 
£ +e e A Ce (e7 +e ) 


er — eE E” — eE 


a 


-rr 


Multiply both sides by sin cx dx, and integrate from 0 to œ, which 
gives 


1 ne md C m oe ev? a ge q 
— mee me e ——— —; ~ SIN CUAL, 
2 &+e°+2 cos (r—w) T ew re] 


0 E 
Diminish w without limit, and we have 


“sinex.dx 1 &+1 1 
= ss oo Sw Gs 
o e”"—] 4 ¢°—|] Q 


To find tan rax and cot rax by the preceding method, make a=b; 
but we need not increase the series for sin ax : cos ba and cos az: sin br 
by unity, the quotient term which the method in page 668 would give, 
since these series are derived by differentiation, which makes that con- 
stant term vanish. We have then (r=1, 0—7) 


veer 8a ji l 4 l 4 l 
ra= 4| —— + —; + ——__.+ .... 
m I] — 4a" + 94a! 25—4a 


cot Tax — —* | : J : I 
p 5 l 2 = ah gee e o.o fo 
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Abel has made an application of the formula (c) which deserves 
notice. His preliminary assumption is that every function of x can be 
expressed in the form fe fo dv, the limits being independent of 2. 
This proposition, however, can only be said to be generally true on the 
supposition that Jv may be a divergent series; and every such case will 
need inquiry as to the consequences of employing the series in integra- 
tion. If we assume ¢rv= fpe fu dv, this, if fv can be expanded in 
positive powers of v, is only possible when gx can be expanded in 
negative powers of x, for we have from the preceding 


ox=f(O).a*+f" (0) af" (0) a ate... 
so that if gr=A,a"'+A,a-°+...., we have fut A,+A,vth Av 


+33A,v0°+.... Such cases are generally those in which ¢z dimi- 
nishes without limit when æ increases without limit; and these are 
the cases to which the following method will most often be applied. If 
we take any other limits, say —1 and 1, and if px can only be deve- 
loped in whole powers of x, development of «~* shows that we must 


have 
tiv” fv dv= (— 1)" go” (0). 


Assume for v a series of the form A, R,+A,R,+...., where Re, 
R=D (1—»"*), &c. and R, =D” (1—v’)”, as in page 664. Since, then, 
tiv" Ratm dv =0, we have 


A, fti R, dv= (0), A, PER, vde+ A, fti Ri cdo=— g (0), &e. ; 


from which A,, A,, &c. can be found. But the results of this method 
will give for the most part divergent series, which cannot be safely 


integrated. ; 
Assume a= fe” fv dv, between fired limits, but of what value is 


of no consequence. We have then 


P JFE (@t2) +... 5 S fo (teh 4...)= { 


l l “P? sin vt. dt 


l ani l 
Equation (c) gives a +2 | oT 


ae fy. du 
ge —] 


v 


—Z£V 
E 
e 


„dv 1l 
a — fe fo de 


v 
r ^’ sin vt. fv dv dt 
+2) | Sac 
i l 


z dt : — gry 
=f OL dr—4 pr+ 2 Í e 1) S sin VE e Jo apd 
e’ 0 


P+D EHDE.. = | 


p (£ +t —1)= fe? eF*Y fv dv gives 


f sinvte—” fv dr = Aet ne 


= © dt (a+td-1)-¢lx-tV-1) 
p (z+1)+. ee ek Pv dr-}ġr-2 | et] nr e . 
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Let the last factor be Y (x, t); we have then 
p+.. -+p (@)= fj px dx+4 (Pt—G0) 


w d 
+2f sa {Ye Dy (0, 0} 


re idt 
ġr=(l +) and r= œ give | 


ETA cee yO 
(Ie) PT 


Let pr=log (14 2), and deduce 


ico a): dt Zilog d+e)—l} gos re) 
‘ lett) &%—] 2 4 
log F (1+2) 
E 
C? tan™'t.dt 1  log(2r} i 
3 as rr: nr i 


This theorem, though deduced from the supposition ¢$¢= fe" fe dv, 
may be proved independently of any such assumption. We evidently, 
have by expansion and page 581 


ld? F (2n) m 
| on 2N en a 42n T set 


T 
mz j2n—l dt 
Br =4n | g 
0 


e ui Ban 
— An 


a/ 9 


gent l y 


Substitute the values derived from this in page 266, in the value of. 
$x, making y= pr, remembering that 1:6, 1:30, &c. are B,, Bs, &e. ° 


res pz dx— (px — G0) 


dt T ; OMe me he ; 
#2( 55 gla Ee Le P kl 
the last factor being ẹ(æ+tẸ4-1)—¢(r—t —1)— io (4-1) 
— (—t J—1)}, all divided by 2,/—1. Subtract ¢0 from both sides, 


and add q, which turns 22 into @1+....+@r, and makes the 
preceding correspond precisely with what was proved before. The 
following case arises from @2=sin ar or Px=cos aa, x disappearing of | 
itself, 


ae at= : ears whence E a 
M ae ae mp al 24 


the last is already known: @=7 furnishes another verification. 
In the value of 6(7+1)+.... first found, add ¢z to both sides, 
and for @x write 27, putting da for x: the result is 
dat (a+2)+....= fyb (22) dr+3 pa 
(~ dt p(at+2t J—1) —> (a—2t,J—1) 
J 0 eer? ] 2 Das l 
= ™ dt at+tt,/—l)—¢(a-t l 
=} fi prdor} da— | eo se L V-D 
0 


— 2 
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Multiply by 2, and subtract the value of ba+ (al) + 
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a a EE ) 


gu—P (a+1)4+6(a4+2)—..... „= 
rda—of _&_ Dla+tJ—1)—4 (a—t,J—-1) 
i 2 -= ge 
PEOR KACE SDE TI CEDE 
E E E ~ dt b(at+t,f—1)—¢ (a—t f—1) 
f: px dr+-4ł} ba—2 | L] aa 7 ca 


' For ġx write 6 (—2), and having determined p (-a@)+¢(—a—1) 
t.e... write —a for a. The theorem in page 561 is then easily 
rerified. Moreover, whenever Ø (a+t,/—1) —¢ (a—t,/—1) is posi- 
ive from ¿=0 to t= cc, the theorem in page 650 easily follows, since 
sa—h (a+1)+.... being then algebraically less than 3 da, is less than 
da (if fa be positive). 

In the preceding theorems, the original supposition d2= feo?’ fv dv 
as been rendered unnecessary by a demonstration which is independent 
fit. Resume this supposition, (which Abel takes as always possible, ) 
nd take the known equations (from ¢=0 to t= cc) 


cosart.dt m | sinavt.tdl r _ “sinart.dé r 
ee ee ee ear Ca aaa 
lie = 3 Lae a Oey 2 


ees ——-—— * jt be; bered that t 
—— = — - : 1l ing rememopere 1at aA Mus 
tA+6E) ¢ 1+8# 3 | 


e positive. Write r--at,fJ—1 and a—at./-—-1 for x, which easily 
ives 


1e last from 


+ py COS ~» Gm at,/—-1l) £4 @+atf/—1) 
i J E Sa (avt) fv i = a r 


°” dt ~~ tdi 
low J IIE then cos aul „fv oi a aaa ety du 


0 


T 
=; JEE? fy dv; 


hich last is 2™¢(x+a): proceeding thus, we get the following 
iecorems. 


) gl a o («—at,/—] 

Let E (2, alec D 
—I1)j)— —at,/—l 
Oaoa 2! J— Gat J—-1) 


————aeeee 


2J/—1 i 


tdt x 
j 7 > p (14-a) 


: dt ` 
sE (r, al). =5¢ (r+a), [ZO (a, al). 


2 dt T & di T 

—=—- n —=- ; — phr}; 

O (m,at). = a feO, a) TTB) 5 12 @+a) pr}; 

le fourth formula being obtained from the second and third. Different 

rms may be obtained by making at=xtanġ, and substituting. 

"e shall presently cite an example, but we may, by means of the 
2 Xx 


S _ sa eee 
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preceding, refute the notion that every function of x can be expressed 
by fe? fo dv, between limits independent of x. 

et gra, then E(x, at)==x, and if æ can be expressed in the form 
f= fo dv, we have 


x | fea = (x+a), which is false unless a=0; 
consequently it is not true that r= f e™™ fy dv can be satisfied by any 
form of fv which allows of integration. 

Remember that in the application of the preceding formule, 
gam fe fu dv must not only be true numerically, but essentially true 
in form, so that e-+at,/—1 and a—at,/—1 may be substituted for a. 
For instance, if we were to take 


tte pty dy C? e~ dt 1 
a ee a = = 
s lAa Jo ILE sme 


and apply the first theorem, it would give 


J. e” (2 +1) dt _ T 


one om ">e. a 


o &—2cos 2r.e*4+1 140 4 sin z sin (t +a) 


But this is not allowable; for the definite integral with which we 
commence is only true in a numerical and limited sense, from r=0 to 
+=, both inclusive ; nor can it be permitted to substitute s + al J — hH 
for æ. Moreover, the result is false, it being easily shown that the 
left side remains finite when x approaches r—a, whereas the right side 
increases without limit. 

The following theorem, however, will be afterwards shown, and may 
be verified when v £at,/—1 is substituted for z, | 


A he 
foo" — dv=log (1+2)—logz. 


Vv 


Let then px be log (1-+x) —log x, and apply the theorem, which gives 


NIRE 2 H2N2 2 42 , 
fz log ( (7? +2r+a? t) +a =) dt Fy (ES) 


xr a? t? xta 


—— 


ite 2- 


t | ai 
Jean ( ` ) SS R 


rte+e??/ ite 2 ° æ+a - 
t dt xr l+a 
fotan7 (|, FAE oe log a ° 
a+e+e) t 2 x. 
x2 
Again, poene die e dose E 


apply the theorems to ọz= «° *, and the results may be easily shown 
to be false; and the same in every case in which the limits of integra- 
tion which give @z have different signs. Here, as in page 607, w 
must not use a result which is subsequently to enter into the subject ol 
an integration, unless that result be true throughout the limits of inte 
eration. Now, in obtaining the first of Abel’s theorems, of which wt 
are now speaking, we have to use the integral fọ cos art di: (1+?) 
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which enters into a subsequent integration with respect to v: as long as 
v is positive, this is 4 re~” (a being positive), but when v is negative, it 
is ye". It is easy, however, to extend Abel’s theorem to this case in 


the following manner. 
Let pr= f fv dv, the limits being —« and +A, negative and 
positive, and let this theorem be universally true. We have then 


°/ dt 
( ( m fe COs avt fe dv) 
Jole 


« 


Sed + fedo) {{ acne ~w fyl 
== U V e m É v . 
— A 0 
o ike j 
Now in the first integral v is negative, and in the second positive ; 
roceed accordingly with the included integral, and, on the same reason- 
ng as before, we have, by this and similar processes, 


i dé m = (ra) V p ug —(a+a) v 
tdt m —(r@—a) v g —(a+a) v 
DOC ae "gedy foe t® fo de 


2% dt xv —1v , 
fO (2, t) — => foe” fo dv—— SE fo dv. 


í 2 | 2 l 2—42? 

\pply this to fuse, ox =/r.e”, E (a, Qat) = dr. e&t cos art, 
) (x, 2ath= Jr. -2t sinaxt. Then, remembering that e@=—c 
jJ=-+ oc, and 


=- U=) 9 P i ` 2 coe pe [PP my? ; 
Je ey dyt? f e GPD dosse Jp dv, 


? 


ve have the following equations, 


© a?i? (a—2a)2 (r4+-2a)2 
l E cosart.dt xv a oe MG ny ag 
jra | ae 3 Jos w du+ sé $ Jiz4aE 3 dv 
and 


F 1+? 
ie . r—2a)2 (a-+2a)2 
ja, © sinazrttidi r £ E ajra e? We as fe 

J re? ~ te — 9 & See E (LU 9 du+a € 

0 dad 

AS A 8 
smavt.di xr . T v? eui 

| V7 | : oo i =. gee du—; fie diaalee ™ dv. 

0 oud 


The third, differentiated with respect to x, may be verified by page 
34; the two first may be thus written, after reduction, with an obvious 
bbreyiation, 


Po] —a2 {2 a2 
cos art.dt Sf ae ae aS ahs 
f E med A fe a ate San epal e~ dv 


; 1+ 0 

>) ° q z 
"PP sinartidt r.e iid a nen aaa Le 
» ite : 


ae second of which may be verified by differentiating the first with 
espect to xv. If «=0, the first may be reduced to 


D mdg? 
a aes |; 


1+ ==] 7. a e dv. 


sll these integrals can then be calculated by Ixramp’s table (page 657). 
j 2X2 


we. eg a ne a ee 8 eee 
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If we throw the last result into the form 


ros) —at2 
E di T 
— a ab (>? —.y2 
| ee Sap Sia do 
0 


we may see that differentiations with respect to @ and b will enable us 
to apply the table to the determination of fo e” Pdt, where P is any 
function which has a rational and integral function of ¢ for its numera- 
tor, and an integer power of b+? for its denominator. 

Two integrals, each of which is infinite, may have a finite difference. 
Thus, if in those of page 630, we make 2 diminish without limit, the 
first increases without limit, while the second becomes 


sin br b 
f i eu dr=tan™ ( — }. 
$ 4 


Now let tan™ (b: a)=2A, tan™ (b':a') =A’, and we have 


f cos 2p cos ng’ 


Of ax —als / n—l 
a cos be— e" cos b'a am dec En 4 — i a 
E fi ( Es ) | | (a® +b)" (a? + b/?)*" 


Expand the second factor in powers of n, which gives for the whole 
product 


(Tn.n {} log (a? +b") — 4 log (a? +0") + Ant Bnat... hs 


and La.n or T (n-1)=1, when n=0. Consequently we have 


*? =e cos bx —e—* cos b'a ] al? +b" 
-—— ——--- de=- log — -z 
R x 2 a’ +b 
Cree a pT a! > cos br — cos b'g b' 
———— dr=log —, — —- dr =log —. 
5 x a ô 2 b 
The following integral can be found in finite terms : 4 
i 
© tm gy? ym? PM emmgt gn? — x? dax 
yore de=af, £ —-, 
x 


by changing æ into a:2. But the latter multiplied by —2 is dy : da, 
whence 


dy 

ET OE —2a Í mm omu 
ae yo Crag lr ie’, 
the constant being determined by making a0. 


The following is a remarkable instance of discontinuity. Expand 
and add log (l—as*¥~") and log (l—ae“*¥~"), which readily gives 


2 3 
log (1—24 cos r+ e) = -— 2 (a COs oa COS 22+ COS 3v4 oo .) 


a series which is convergent from a=—1lto g=+1. Integrate with 
respect to 2, from x=0 to x= r, and we then have 


fj log (1—2acosa-+a').dxr=0 (a< or ==1). 
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3ut this process cannot be depended on when a>1 or <—1: Jet such 
e the case, then the preceding is true if for a we write a~', which gives 
rom the preceding 


fe log (a°—2a cos x+ 1) dr=27 loga (GS or T); 


o that the first of these equations really involves the second. Make 
ne step in integration by parts, and we have 


7 sinz.rdx T T ] 
—_____-——. ==-— lor (1+), or — log{ 1-+-— 
{> cosxta a s( )s “a © a J’ 


ccording as aœ? < or >1. Also 


r T 

= , T 1 = 2 r 

? log sin x. dx= — log -, 2 dr= — log 2, 
2 2 o tang 2 


0 mad 
” sin Dede l 
Let a+a'=20; Eg 27 log (1+8)=27log( 147 ); 
» b— cosa Dy 


there 8, is the lesser, and A, the greater, of the values of a in a&—2ba 
+l=0. The two results agree, since £, 8=1. When the roots are 
npossible, or <1, still b—,/(b?—1) must be taken for £, and 
+./(6°—1) for $: that is to say, such an assumption is only a part of 
nat law of continuity of form which is always to exist in the transition 
‘om possible to impossible quantities. If b be impossible, then the 
alues of a may also be reduced to the form m+n,/—1; but it is not 
asy to settle @ priori which form is to be used. 

This chapter contains, in the parts immediately preceding, a few, and 
ut a few, of the very large number of isolated definite integrals which 
ave been given, the number of which is daily increasing. Of them all 
may be said, that though the results are in general of little import- 
nee, the methods of obtaining them are highly instructive, and the 
autions which they afford are absolutely necessary. I have omitted for 
le most part all results which can be obtained, 1. from ordinary in- 
‘gration; 2. from differentiation; 3. from transformation. 

To exemplify the two last, let us take the following integrals, 


Var z 42 
sin 27.rdx r 

> arr log {140-./(0?-1)}, [7 cos ne g, 

| o b— cos æ i 24/4 

ifferentiate the first n times with respect to b, and we } 

inerentiate the first n times with respect to 0, and we nave 

i snz.rdz  2r(—1)” a 
(s—cosz)” I(n+1) do” 


log {1+b—/(V?—1)}. 


e 0 


Again, change b into 1:b, and we have, by the same process, 
” sinv.cdx BELEIN e: I—/ —0*)) 
o L—b cosx b > b f 
"sinz.cos"2.tdr 2r d" 1, es sae ban 
o (l—bcosr)" ~ EF (n+1) db" b b 
i the result of which b may again be changed into 1:5. Now differ- 


itiate the second integral n times with respect to a, or 2n or 2n-+1 
Ines with respect to 6, which gives 
i 


e 
e 
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l Jeny a 
2 AC" x .2n+4+1 1 n n ; =; ae ë 


in all of which, integration is made to depend upon differentiation. We 
also learn incidentally, that a~? «~”'** is a function which gives the 
same results, whether it be differentiated 2n times with respect to b, or 
n times with respect toa. Let the student apply a similar process to 
differentiations of f 7€ sin ba dx and foe cosbe dr, and compare 
the results with those of page 630. 

As to transformations, let us take the integrals which are frequently 
called Euler’s integrals, or Eulerian integrals. 


Pin. Dy 
Soca deena, Soa (lay dus. 


1 ] n—1 
For œ write — log æ, and [n= J (tog =) dx. 
g 
0 


A reader of Legendre would hardly know the first form of Tn, or of 
Poisson the second: and it is the same with many other integrals in 
different forms; insomuch that there is hardly any pot attention to 
which will save so much time and trouble, as the formation of quick | 
and ready habits of transformation. 

In the second integral change æ into a", k being positive, and for m 
and n, write m : k and n:k, which gives | 


m n 
Tl Ma T pa F T P i 
| etl —a"ye dr = ——, denoted by (=) p a 
i kF “a aL poe m : 
k k 


a notation altogether opposed to analogy. Let m:k==m’, n:k=n’, &c. 


(=) ee — mln F4+m’).Tl! 
mj l RE Gn’ +n’) RT (n! +m +1) 


_ Fw a Pm’ Tv’ +l) _/n n+l 
RE QUAL) RE (w 4m 4) =( + Nm J 


This form is the one under which the integral was first presented by, 
Euler, and the property just proved contains, as remarked by Legendre, 
nearly ail the theory of these transcendents. The ease, however, with 
which they can be reduced, and if need be, calculated, by means of Fr, 
renders this separate theory almost superfluous. 

I shall conclude this chapter with some extensions of the preceding 
theory to certain multiple integrals. 

Let there be n different variables, 2, 2,....2,, it is required to find 


[dar Seles POLO Risin clea te, 


where the limits of each integration are to be so taken that every 
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positive value of every variable is to be included between them which 
will make x,+27,+.... equal to or less than unity. Let us, for in- 
stance, take five variables, v, w, ar, y, z, and find the integral 


fort we 2% Po 2 dy dw dx dy dz, 


In the first place, and beginning by integration with respect to z, 
itis obvious that z must take every value from 0 to l—v=w—zr-—y, 
in which y must take every value from 0 to l—v—w—z, in which x 
must take every value from 0 to l—v—w, w every value from 0 to 
l—v, and v every value from 0 to 1. Now we have 


fea" (a—r)" dr=a"t! F (m+1).F (nt+-1): 0 (m4n4)). 
Te 


eih 
Po.T(e+1) Te 
P(etd+) P+) 
Ty.U(eto+1) rò.Fe Da 
T (e+ò+y+1) P(epd+1)_ 
B.F (e+3+y+1) Ty.Fò.Te 
F (e+ò+y +8.) De+oty+l) 
Te.P (e+é+y+hA+1) FA. ry. Trè. Fe 
F(e+d+y+h+at1) F (e+ò+y t+) 
Fo. FB.Ty. Tò Te 


U(atB+y+to+et+1)’ 


‘and the same process may readily be generalized. For v write 
(v: P}, for w write (w:Q)1, &c., and for « write «:p, for $ write 
&:q, &c., and we have 


Apply this, and f Qo PY gt) de= (l—v -w—r—y) 


Gist 
eee 


fi Pt E dy= (1p —w— aye 


1 


Ee x" Ddr =(1—v—w) ++ 


i—v 9 C dr =(1~v)et3+74+8 


fi v~ B dr= 


{oe a ye z dv dw dx dy dz = 


LPL r eee 

P EEE E P Q’R’S? T: P p k q L r k S 7 t 

fo M2 mdti PER ~~- y} 
r st E 

pa r(< +L +t 4— +=+1) 

| p q Tt 8 

all elements being included in the integration in which 


Ce) + (a) + Ge) + (3) +) 


does not exceed unity. 
For instance, the quarter of a circle is f dx dy, where 2°+y? is not 
>a’; it is then 


aca FATS a? ta? 
a oe a To =T therefore F (4)=,r. 


Required the value of the total element of the first preceding integral in 
which the sum of the variables lies between c andc+dc. It will 
be sufficient to take three variables, x, y, and z, and to suppose that 
the integral in question is 
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J= y 2°! da dy dz, subject to x+y tz, not >c, 


which must first be found. For a, y, z write cr, cy, cz, and the pre- 
ceding becomes 


Htr f gemiye- da dy dz, where e+ y+2 is not >1; 


and the integral is a constant already determined, call it C. Con- 
sequently the integral, v+y+z not exceeding c, is Cc**t*t’, and 
x+y+z not exceeding c+de, it is Ce*t??? + (a+84 y) Cert???" de; 
whence the latter term is that element of the integral which answers to 
the aggregate of values of x, y, and z, which satisfy the condition of 
v-+y+z lying between c and c+ de. 

Next,* it is required to find P~ y 2” f (x+y+ z) dx dy dz, 
on the supposition that v+y-+z never exceeds 7, All the elements of © 
this integral answering to values of x lying between c and c+ dc are 
aggregated in (a@+/3-+y) Cet fede. Consequently the integral 
required is 
rerna Lf Fy Í, gi tei Fo de, 

D(e+ht+tyt+1) 


Ferg Vy 
or fart af- 27! f(a+yte) dz dy dz2-———_—_ 
Jey POT ESE P(@+p4+y) 


and by a change similar to that already made, we find 


p \q Pre RS z 
je yf) + (4) -L ($) l dr dy dz 
Pi 


(atB+y) Cf, ett fe de, or 


l ,atBst+y—l ¢ 
bees fede, 


~ 


ae 
nie l ,a+6+7—1 
— 1 -—— fi E fede, 


BPP A N a E E 
if | a + & + ( R ) never exceed é, 
~ Z i T \ # 

By this process can be immediately solved many problems connected 
with the eighth part of any solid whose equation is ar"+ by"+c:"=1, 
among which are spheres, spheroids, and ellipsoids : including par- 
ticularly the determination of their solid contents and centres of gravity. 
And, similarly, of all curves whose equation is ax”+ by"=1, including 
circles and ellipses. Something of the same sort may be done, but 
not so easily, when the limits are © and œ. ‘Take, for instance, 
fo fod (+y) y dedy. Assume x=r cos’ 6, y=r sin? 6; the pro- 
cess in page 395 gives f [¢r. (7 cos’ 0)* (r sin? 0)? 2r sin 9 cos 6 dr a8, 
from 7r=0 to r=, and from 6=0 to @==473 or 


Shore drepsin  Oeos* s0.de: 


* This theorem is due to M. Liouville; all that precedes has been used by 
Laplace and others in problems of probability, but only in the case of whole 
exponents: M. Lejeune Dirichlet appears to have first drawn attention to the 
general form of the theorem, There is a paper containing another demonstration, 
by Mr. D, F. Gregory, in the Cambridge Mathematical Journal, vol. ii, p. 215, 
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F («+1)T (8-1 
Gos ) tsa, fodr rte dr; 
l (@+p+2) 
the second integration being actually performed by making sin 0=v, 
and changing the functions and the limits accordingly. For æ and 2 
write ax” and by”, for œ and /3 write (a#+1):m—l1 and (A+1):n—1, 
| and we have 


or 


Sd Car" + bx") ry’ dx dy 
atl B+ pati pet} 


amb nmn m n AE 
i = TF [cbr pm n dr; 


` 2 j ] 
| mnu r( +55) 


NL n 


the limits being O and œ for every variable. It would make no differ- 
ence if we wrote az"+ ba"+e and @(r+c). If we now ask for 
fd (@t+y+2) ay 27 dx dy dz, first let x be constant : we have then 


JP(ety+z) y? 2 dy pe i is tee fh (etr) dy, 
Multiply by a*dx, and integrate the sccond side by the same 
formula, which gives for the integral required 
P@tb (a+ DEO +1) P (yt1) fe dr.e tett dr. 
P(atbh+y+3) " 


Proceeding in this way, the gencral theorem is, that 


p (vy4+2,+. ° e Cea ae adat dta. e@ & 6 
= Pap. s. 
a FlatB+....) 


Qand œ being the limits of every variable. A transformation may be 
made by writing a a, &c. for xp &c. This theorem, however, is 
nothing more than the last, since / may have any value: and in the 
proof just finished, the upper limit of r may be any whatever. But 
those of @ must be O and 37; or y:@ or tan’ @ must take every pos- 
sible value. To make r=r cos? 0, y=r sin? 0, and to assign O and ¿ for 
the limits of r, and 0 and 4x for those of 0, is in fact to make x and y 
take all possible values in which a+y does not exceed J. 


form ars 


CHAPTER ANI. 


ON DIFFERENTIAL EQUATIONS,* AND EQUATIONS OF 
DIFFERENCES. 


Hitnerto I have only considered the general theory of this subject, 
with a few applications to actual solution. The present chapter is 


* It would have been a more difficult task to have selected the matter for this 
chapter from the mass which has been written on the subject, had I not derived 
much assistance on this point from three very excellent French works which have 
l 


E 
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intended to exhibit those isolated modes of solution which may one day 
form part of a general theory. It will be most convenient to divide this 
chapter into articles, after the manner of Chapter XIII. By y’, y”,... 
y™, &c. are meant the first, second, .. nth, &c. diff. co. of y with respect 
to x as usual. 


(1.) The equation y= is integrated as follows, Let Ce C,, 
Cos.. Cn be the values which y, y,/y",....y°" are to have when 
v=0. Then 

Ca Ca 


i y 
y= daj ge+zo +. eee += +O,040, 


where ( fdzx)” is the symbol of n successive integrations with respect to 
xz. This successive integration may be reduced to single integrations by 
the following theorem, which, with its inverse, I leave to the student. 


Let I, = (fde) pz, P= fa” or dax, 
=l 
T (n+ 1) e Lae P, — ne Pin — i P,— oes ee nPar + P, 


P =a” L—na 4n (n—1) oP... En (n=l) eel np 


(2.) If we take the equation aġr+¢y.y'=0, we have the complete 
integral in afdrdx+ foy dy=C, provided that fx dx can be found. 
But if this integral should be an unknown transcendental, we are not to 
conclude that the equation cannot be integrated, for it may happen that 
a relation between y and a, independent of the transcendental, can be 
obtained from an equation involving this transcendental. Let wx and 
yw~a be inverse functions of x, in such manner that ww-'r—=a, and 
w'we=ex. Let Or be another function of x, and let us consider 
YOYE, or the performance of two inverse operations separated by the 
performance of an intermediate operation @. It by no means follows 
that YOy contains we directly: for instance, when w and 0 are con- 
vertible, or YOr=Oya, we have WOW r—Oywu'2z=Oxr. Now let 
wea fou dæ, whence the preceding equation gives 


awvr+wy=C, or y=y (C— ayx) 


lz d ; 
a — + =0 gives y=log™ (C—a log x) = 8° a~" 


lately made their appearance, and which I have thus been able to follow, to a con- 
siderable extent, in the choice of topics. They are 

1. Cournot, Traité élémentaire de la Théorie des Fonctions et du Calcul In- 
finitésimal. Paris, Hachette, 1841. (2 vols. 8vo.) 

2. Duhamel, Cours d'Analyse de l’Ecole Polytechnique. Paris, Bachelier. 
(vol. i. 1841, vol. ii. 1840.) 

3. Navier, (suivi de notes par Liouville,) Résumé des Leçons d’Analyse donneés 
à PEcole Polytechnique. Paris, Carilian-Geury, 1840. (2 vols. 8vo.) 

Each and all of these works I can most cordially recommend to teachers and 
students. There is also another work to which I may yet have to acknowledge my 
obligations, but hitherto only the first volume has appeared, and too late for me to 
avail myself of its contents. 

Moigno, Leçons de Calcul Différentiel et de Calcul Intégral rédigées d’après les 
a ae et les ouvrages publiés ou inédits de M, A. L, Cauchy. Paris, Bachelier, 

840. 


ON DIFFERENTIAL EQUATIONS. 683 


ade 4 dy 
J/(l—2) Ay’) 


or, when a=1, y=sinC./(1—.2%)—cos C. x. 

In fact, the last result depends upon sin (æ sin™ v) and cos (a sin™w), 
which are simple algcbraical functions whenever a is a whole number. 
Thus sin (2 sin™' 4) =2 sin (sin™'2) cos (sin 7) = 24,/(1—2?). When 
the transcendental introduced by integration, and its properties, are 
well known, the reduction of the integral to its simplest form is easy 
enough. And there are some cases in which the same determination 
can be obtained where the transcendental is unknown, of which the fol- 
lowing are historically remarkable: 


d8 | = dp =i 
JQ —e?sin?6) ~J/(l—e® sin? p) | 


=0 gives y=sin (C —4& sin™ r); 


dé 
Assume = /(1—e’ sin? 0), whence = FNA —e? sin? e) 


dO dd a 

— = — e sin 0 cos0, — = — e sin ġ cos g, 
dt? 
d9 dip ga 

E Se? 917) (6 . Cos (O— 
JE dé ELECO 
d? dd? 
de dt 
Po o. N 
(P+0=0,h—0=0), p=: sIn ø COS 0, 


= — @ (sin? 0—sin? p) = — e° sin (0+ ¢) sin (0—4) 


do dò 


BRR == tape i 1 A 

didi Sino sino 
Co do do do 

sino — — cos ò — —20, —=Csins: 

dt? dt dt > dt £ 


or /(1—e’ sin’ 0) FAC —e’ sin’ p) =C sin (0—¢), 


2 
äi JQ —e sin? 6) +/(1 —e? sin’ p=- gsi (0+ ¢). 


lx ,d 

Let - =o, pr= (a+ bx er tex’? + fart) 
es dy : 
Assume ets Gp FH w-y=o, t—y=6. 
dx , ; 

JE =b 4+ 2ce 3e? + 4ft’, &c. 
d’o 3 2 S2 1 3 S2 
ge tert ae (o +ò )+4f (0 +300 ) 


Proceeding as before, 2 


do do 


CT TS Sb cot te (30° +58) +E f (08+ 08)} 


l ( do do do 


— ae Me f 
de dt dt BoE Se 


o? 
wr l d _ s 
Multiply by 2de, and integrate, which gives F ap Otera Joa 


or baz by=(a—y) {Cte (wt+ytfaty)’} 


T 
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In both these cases the evaded transcendental is ¢, an elliptic function, 
(page 656). 


(3.) Let v=f(y’), then dy=y'dz gives y=yf (y')— SS (Y').dy': 
if this can be integrated, y’ must be elimimated between the values of x 
and y, and the primitive equation is obtained. 


(4.) Let y=f (4'), then (2’ being dr: dy) we have 


LN ] 1 
by = | > C voasa > ame J —— | namane 
u i € ) JJ (=) a ; ave Y A KA X 


between which 2’ is to be eliminated. 


(5.) Let yard (y')+-% (y), of which the equations in pages 196 
and 365 are particular cases. Differentiation gives 
y'= (y + {£p (y) +y (yt y” write z for y’), 
dx lz wile SE we dz _ feet 
Se m 4 game TERRENO 


> 3 z—ġz E oT 
z— OR z= oz 


from page 195. Eliminate z between this and y=2 ¢z+ 4z. 


(6.) The equation y= (x, y’) can be made to depend on one ofa 
linear form, and elimination. For y/ write z, and differentiate with 
respect to x, which gives 


dz (db ~ dọ 
z=P+Q—, = a=). 


This equation is of the first order, and of the first degree with respect to 
dz:dx. If it can be integrated (say it gives z=W (2,c)) we have then 
y= pia, w(r,c)}. Thus y=at+y” gives z=1+42z2', or c= C +22 
+2 log (z—1), whence 


xr=C+2/f((y—2)+ 2 log (/(y—2)—1) 
is the primitive equation. 
oe sees N 
Again, yrart+b+y’ gives z=a 4 pz. z, v= | BE Gia 
z—a 


whence r=¥""(y—axr—b)+4+C is the primitive equation, or 
y=ax+4+b +x («—C). 


(7.) The equation (ax+by+c)+ (Ax+By+C)y' can be reduced to 
the homogeneous form by making r=v-+a, y=w-+A, and taking æ and 
3, so that aa +b8+c=0, A¢+BA+C=0, in which case we have 


(av -+bw) + (Av+ Bw) o, integrable by page 194. 


There are two cases of exception, l. When g or P are infinite, or when 
0. l ; 
A:B=a:b. 2. When they take the form on which case, besides the 


preceding, we have C: A=c:a. In the first case aw+by=z gives 


A l dz a 
steot{l —2+C || — ——- ]/=0; 
s+e+( 2 +0)(5 dx z) "3 
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from which the form dx=Zdz can be obtained. In the second, the 
equation can be reduced to (ax+ by+c)(a+ Ay')=0, and if the first 
factor may be rejected (which, however, depends on the problem), we 
have a+ Ay'=0 for the equation. 


. (8.) y! + Py=Qy’, P and Q being functions of Lr, 18 reduced by 
simple division hy y", and making y~“t'=z, to the form —(2—1)7 z! 
+ Pz=Q (page 195). The exception when n=1 is obvious enough. 


(9.) The factor which will make an equation integrable per se (page 
196) would, we might suppose, be the principal instrument in the 
Integration of equations: but it is rendered almost practically useless by 
the difficulty of finding it. It can always be determined when the 
equation is integrated (that is, when it is no longer wanted). Reduce 
the equation to the form y’—y (v,y)=0, and let y= (2,c) be the 
primitive, or c=® (x,y). We have then 

db , d& dd dp 


'+— =0, and x (a, yJ= ~—: —; 


dy ` dz dz’ dy 


so that y'—y (x,y) multiplied by db: dy becomes d.®: dx, and is 
integrable. And if fP be any function of ® (r, y), the factor 


dp er 
fè a makes the equation integrable, 
Y 


If the form of the equation be P+ Qy’=0, the factor is E a 
uy 


(10.) When the factor is a function of «x only, or of y only, it can be 
found. Take the equation which determines the factor M (page 199), 
and since any solution is a suficient factor, let there, if possible, be 
one in which M is not a function of y, so that dM:dy=0. ‘The 
equation then becomes 

l dM _ 1 /dP dQ PE E i 
= ca oe | —- —— l or M= dy de 
M dr Q \dy dr 


dx 


provided the second side be a function of x only. 


| C11.) If an equation of the nth order be reduced to the form 
a OY cee ea 0, Ory 4 YO; ant if Ue (yO ja et) 
=C be one of its immediately preceding equations of the (2—1)th 
order, the factor may be shown in the same manner to be fy (dẹ : dy@). 
And if %=C,, W= C, &c. be the 2 equations of the (z—1)th degree 
from either of which the given equation will follow, it may be shown 
that 

UY y 


fia) 5 +f, (b,) It »«.. is an integrating factor ; 


fo fe, &. being any functions whatever. 

(12.) In the case of y"=@x, in which 1 (or any constant c) is a 
factor, x is also a factor, and ay"=xrP2r gives y rym fa pe dx, which 
» (> . . ` e z ry. i 
is one of the corresponding equations of the first degree, The other is 
y= fda da. 
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(13.) When Pda+Qdy=0, where P and Q are homogeneous func- 
tions, the divisor Pr+Qy gives the factor which makes the equation 
become integrable; for 


d 2 +( dP „dQ 

T Oe tO" Q Gy yk GyyPO) 
d Q a/n dQ dP 
ae Pag, (P P Te? PQ): 


and if P and Q be homogeneous functions of the nth degree, we have 
(pages 64, 194) 


dP dP dQ dQ 
qt ae es oe 


dP dQ dQ dP 
— —P — )y=| P ——Q — |r. 
(Q dy i S ( dx Tje 


(14.) The functional equation pr+ġy=ġ (x+y) has a solution 
which is well known to be the only one, dx==cz, and the proof * is given 
in Euler’s celebrated proof of the binomial theorem. But a more 
simple proof is derived from differentiation. Consider y as constant, 
and the preceding gives P'r=Øp' (x+y); whence, y being arbitrary, 
p'x must be always the same, or ¢dr-er+c,. Apply this to the 
equation, and we find c,=0. From this equation it may be immediately 
found that px x ¢y=¢ (x+y) has no other solution than ox=c’*, that 
pr+py=¢ġ (xy) has no other solution than ġr=clogz, and that 
ox X py =p (xy) has no other solution than pr= z". 

It is important to observe that the limited character of the preceding 
solutions is entirely due to x and y having no dependence on each 
other ; take any instance of such dependence, and the case is much altered. 
For instance, let y=2, or 244= (2x). This is solved by pr=ca, as 
before, and also by pr=zxy (27 log v : log 2), where wx is any really 
periodic function of sin r, cos v, &c. 


(15.) Any differential equation may be reduced to a set of simulta- 
neous diff. equ. of the first order. Thus, if in y’”+Py’+Qzy/+Ry 
+S=0, we make y’=v, y’=w, we have the three simultaneous 
equations 


v+Pw'+Qy'+Ry+S=20, v=w, wy’. 


Conversely, any simultaneous equations may be reduced to single diff. 
equ. between two variables. For example, let x, y, z be functions of t, 
and let three equations contain diff. co. up to a’, y", and 2% To 
obtain an equation between æ and ¢, differentiate each equation 6+7 
times, giving 89-+-3 equations involving 16, 19, and 20 diff. co. of the 


* In brief, that proof is as follows. The equation immediately gives (mr) ` 
=mpar, m being any integer, Let n be another integer, and let mx=nz, which 


m m f : 
BIVeS mPL=nNGz, OY 6 — r=- Gx, so that the preceding holds when m is fractional. 
N n 


But from the equation, ¢x+¢0=¢r, or g0=0, and r-H (—xr)=7¢0=0, whence 
—Gr=$(-2£), 6(—mxr)=—G(mr)=—mgzx, or the equation holds when m 13 
negative. Hence p (me)=mge is universal, and r=] gives Gm=mol, so that m in 
gm can only enter as a simple factor; and the same of x in Ox. 


ral 
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several variables. Between these 42 equations eliminate y, Ype... 
Z, 2e eee, LO4+14+20+1, or 41 quantities: the result is a diff. equ. of 
the 16th order between w and ¢t. To generalize this, let there be the 
variables 2, @....2, and t, and z equations going up respectively 
to the kith, Ath,....2,th diff. co. of the several variables. Differentiate 


each equation &,--A,+....+, times, which will give 
n (kat kyt o. e. HE) +n equations in all. 


These equations contain x, and (kikat .... +k.) diff. co.; z, and 
(2hatkst+....+h,) dift. co.; 73 and (keH 2k +... .) diff. co.: and 
soon, Exclusive of v, and diff. co. there are then (kitkat .e ce +4, 
being x) 


L4 (Rip hs) $14 Gk bh) te HLHI kR), 


or n—1+ (a—1) (k—k)+r—k, or n(e—k,) + n—1 quantities; with 
n (k—h,) +n equations, as before shown. The equations exceeding the 
quantities by one, all may be eliminated, leaving an equation of the gth 
order between 2, and £. 

For instance, let there be two equations of the form Px’+Qy/+Rr 
+Sy+T=0, between v, y, and ¢, Differentiate each once, giving two 
new equations of the form 


Av" + By" +C2!+ Dy +Er+Fy+G=0; 


between the four equations eliminate y, y’, and y”; there remains an 
equation of the second degree between x and z. 

This is the general theory of the reduction of such equations: but it 
would hardly be safe to say that the elimination is always practicable 
without any of the circumstances which sometimes require additional 
consideration in algebraical elimination. 


(16.) The only case in which there is anything like a method of 
integrating simultaneous equations without climination is when they are 
linear. Suppose, for example, that x and y are functions of ¢ to be deter- 
mined from (# means dz: dl, &c.) 


P, HQ y +R c+8,¥+T, <0, Py 2’ +Q: y +R e+8,y+T.=9, 


[where P,, Q,, P,, &c. are functions of ¢ only: this is the most general 
linear form, Reduce these by elimination to 


W=A,r+B yt, y’=A.2+B,y4C,. 


Let 6 be a function of ¢ to be determined; add the second multiplied 
by 0 to the first, and assume s=2+6y, which gives 


x — y0'= (A +A, 0) (2—0y) + (Bi + B, 6) y +C + C20. 
Take 6 so as to make the coefficient of y vanish, which requires 
6’ A, 0?+(A,-B,)0-—B,, 


and gives 27 =(A,+A,0) 2+C,4C,0. E 
If the first can be integrated, the second, by substitution of 8, is made 
‘linear, and z can be found. Also, since the integral of the first equation 
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must contain a square root,* two distinct forms can be given to 0, and 
two forms of z, or r+0y found. Hence x and y can be found in terms 
of ¢. 

When A,, B,, Ay and B, are constants, it is sufficient that 6 should be 
a constant, and a root of A,@2+(A,—B,)@-—B,=0. Let p and v be 
the roots of this equation, then 


g+ pyre ert re! (C6, + Cy p) EtA de 
gapyo (C+ Cy) erent di, 
When u and v are equal, the values of x and y obtained from these 
O : 
take the form a: and the real values may be found by Chapter X. 


But in the particular case preceding, a more simple artifice will 
suffice. The two original equations give 


al + oy = (A, + 04g) c+ (B,+6B,) y+ C,+ OC5. 


Let 0 be so taken that B,+0B,=0(A,+6A,), then x+0y=z gives 
e’==(A,+0A,) 2+C,4+ 0C,, and the solution is as before. 


(17.) The same process may be applied to the case of three or more 
variables. Thus, let the equations be (v meaning dr:dl, &c. as 


before) 
=A rB ytz +E, y= awts, “mA, r+&e.; 


A,, As &c. being functions of ¢ only. Multiply the second by 0, the 
third by #, and add, making w=x+ 80y +z, which gives 


u'— (A+ OA,4+@A,) v= E+ Oh, + gE 
if we assume 6’ =(A,+0A,+@A,) 0—(B,+ 03.4 ¢B3) 
d'= (A, +0A,4+ GAs) 6 —(C,+8C,4+- ¢C,). 


Thus the question is reduced to integrating a pair of simultaneous 
equations between 0, œ, and £: if this can be done, substitution makes 
the first of the three equations a common linear equation between wu and 
t. If all the coefficients be constant except Ep E» and E, it is 
sufficient that @ and œ should be the roots of the pair of equations got 
by writing O for 6 and ¢. If A,+0A,+¢$A,=a, we may reduce 
these to 
(a— B) 0—B,$=B, (@—C,) $—C,0=C, ; 


and the values of ọ and @ hence obtained, substituted in A,-+ A,@ 
+A, ġ$=a, give an equation of the third degree to determine a; from 
which @ and Ø may be found by the two last. Each root of the 
equation of the third degree gives one form of w —auszli,+0E,+ Pb, ; 
and three final primitives are thus determined. 


(18.) Let a’=A,z7+B,y4C,, andy’=A, 2+ B,y+C,, where Aj, Ag, 
B,, Ba are constant, and C, and Cs functions of ¢ only. Multiplication 


* As appears by instances, except when A,=0. But in the latter case 
y'=Byy+C, can be integrated separately, and the value of y substituted in the 
other equation, 
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of the second by 9, addition, and assumption of B,+ B,6=A (A,+ A, 0), 
z=a4-+0y give 


2/= (A+ A, 0) 2+ C,+C, 9, 


which can be integrated, as in page 155, 


(19.) If the equations be linear and with constant coefficients, the 
solution always depends upon that of common algebraical equations. 
For instance, 


a" au! + by" +ex-ey=9, y+ fe! + ey! +hy=0. 
Assume s=“, y=", which gives 
œ +-de+bBete+e8B=0, B&+fotgaB+hp=0. 


Eliminate 3, and we have an equation of the fifth degree to determine ø. 
Let the five values of æ and B be a, a, &c., B,, Ba, &c, The complete 
integral is then got by adding all the particular integrals multiplied 
3y constants, and this gives the equations 


t= Eet 40, 6% +C, 6 40 6 + Cus 
y= C, 8, E +C B EZ eC, B, E + C, B ct + C, Ê, E75 


(20.) Ifany of the roots be equal, a wider form must be taken; but 
he following (which might also be applied in page 211) is the best 
node of obtaining it. Let œ, and æ, be unequal (as yet), and put the 
wo first terms of x into the form 
(zay E ) 


4 C, 
(Cit C e0270), or PA CUE Ce (æ= x) O aac aes 


Now let a:—a, diminish without limit, by approach of œ to œ; and 
s this process goes on, let C, increase, so that C, (@:—«,) may always be 
£a; while at the same time C, alters so that C + C; is always K,. Then 
19 (aa— a)? or Ke (@2—a@,) diminishes without limit, and still more the 
ucceeding terms, so that €** (K, + Ket) is the final substitute for the two 
rst terms when œ, becomes =g, Similarly, 6, € (K, + K: ¢) must be 
lut for the first two terms of y. 


(21.) Generally, let =C,@(a¢4A)4+C,¢(wi+.... be one of the 
lutions of a set of equations where gœ, œa, &c. are the roots of an 
lgebraical equation. If any of these roots become equal, some of the 
lutions merge into one only. Suppose, for example, four roots equal, 
¿quired the general form of the solution, so that the number of con- 
ants shall remain the same as in the case of unequal roots. Let 
=a t bz wa, +93, w =a t0, whence the solutions belonging to 
ese four roots may collectively be brought to the form 


(C,+C,+ C+ C,) p (a, t) +-(C, 6,+ COAC, 0.) p! (a, t) t 
{2 
+ (Co 6+ Cs +C, 0) p” (ab) > 


| i 
+(C,8+C, B+C E) 0" (at) a A 


oe 
j 
A 
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As 05, ba, 0, diminish, let Ci, Ce, Cs, C, be always determined so as to 
make the four first coefficients be K,, Kg, 2K,, 2.3 Ka. Suppose also, 
which is allowable, that the above conditions are fulfilled in such way 
that C, 62, C, 62, C, 6% shall have finite limits, or, say, shall be always 
finite quantities L,, L,, L, This does but require that 6, 05, 0, shall 
diminish without limit in such a way that 


| Fee oe bg da. L 

0. i 05 Pape ane 0? t ta 

shall always be finite and equal to 2K, and K,; which, as there are three 
quantities diminishing, with only two conditions, is always possible. 
Hence it follows that C, 6$+C,;63+C,, &c. diminish without limit, | 
being Ls 0+ L; 0,+L,4,, &c., and the final solution, belonging to the 
four equal roots, is 


K, (at) + Kod! (41). tK 6" (ait) P+ Kh" (t) t, 


and so on for any number of roots. 


(22.) Take the equation Ny’+Py°+Qy+R=0, and for y substitute 
V:(W+z:). Multiply by (W+<)’, and we have 


-NV + Re?-+ (NV+ QV 42RW) 2 
LN (WV -VW)+4PV?4+QVW+RW?=0, 


which has several integrable cases. First, when R=0, this equation is 
integrable whatever V and W may be; but in this case the origina! 
equation is easily reduced, for if y=2~', it becomes —Nz’+P4Qz=0, 
and is linear. Hence the equation before us can be integrated (and 
thence the original one) whenever V and W can be found so as to give 


N (WV'-VW)+PV!+QWV+RW2=0....(V,W), 


which, however, supposes (let the student show it) that a particula: 
solution of the original equation can be found, but expresses this con 
dition in a useful form. Let V:W be a particular value of y, ascer 
tained by trial or other means, and =Y, whence the preceding conditio: 
is satisfied. Determine V from 


[Q+2RY7! 


NVWQV+2RY~V=0, or Ves. 
We have left then —-NVz/+R2?=0, or z= 1: it c}; 
and aR adi lete soluti 
3 y= VIY: is the complete solution, 


— (23) Thus, if P+Q+R should happen to be =0, in which case : 
is clear that y=1 is a particular solution, we have (making N= 1 f 
simplicity) a complete integration in 


y= Ren! da dr+C} . RES de de +C -i drt, | 


(24.) Again, let V and W be determined by QV--RW=0, whic 


Tae (V,W) to N (WV'—VW’)+PV?=0. From these two Y 
lave 
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(+ '! P W Q Q\. P 
=~ pes Dp. or( — | +0; 
V N V R R N 
which equation is therefore necessary to the success of this artifice: 


and, this condition subsisting, QV-+RW=0 alone, satisfies (V,W). 
Now assume NV’-+QV + 2RW==0, giving NV’—QV=0, or 


z Q “Rdz 
Vez x” V = —— ye | NV 
» R and l layte 


as before. The complete integral is y=V : IW. 


L. R: 
(25.) Assume PV+4QW=0, which shows that (2) = NT is the 
necessary condition. And 


P 
NV'+QV+2RW =0 gives log V= Es 2R 572) di, W>—-_V; 
N Q Q 


and, z being found as before, this case is integrable. 


PR 
(26.) Assume PV?-++RW?’=0, which gives 2 Q — — to satisfy 


N P R 
(V,W). Here NV’+QV+2RW=0 gives 
“l — PY xn. 
log V= -| N (Q+2V—PR) dx, w=,/(- x) ; 


‘and, z being found as before, this case is also integrable. All these 
icases really depend on the same principle. 


(27.) From the preceding it may be shown that the complete integral 
of Ny'-+Py’?+Qy+R= 0 must be of the form 


We 
yt+eo’ 


y= r+ 


c being an arbitrary constant, and ġe, &c. not containing any arbitrary 
constant. 


{ 
i 


| (28.) Also by determining V from —NV=R, and W from NV’ 
+QV+2RW=0, the equation may always be reduced to the form 
y+y+S=0. 
(29.) If in § (22.) we make Ns =—NV, PER, Q=NV+QV 
+2RW, 
R=N (WV/—VW) +4 PV?+ QVW + RW? ; 
we have N, 2/+ P, 22+Q, 2+R,=0, and if we make z= V,:(Wi+2,), 
we get another equation of the same form, and so on. Hence we reduce 
y to the continued fraction 
a oW Va 
JAG Wt Wt.’ 


which may, in certain cases, exhibit its law with sufficient distinctness, 
when only a few of the first terms are found, Suppose, o 
(9) 
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we want a continued fraction for (1+7)~”. We find = Rake (1+) 
gives (1+) y +my=0. Let V, Vi, &c. be Ar’, , &c., and let 
W=W,=....=]1. Itis evident from the form of a fraction that 
we must havew=0, A=c; assume y=c:(1+2), or V=e, W=1, 
which gives (N=1+2, P=0, Q=m, R=0) 


—(l+.2)cz!/+mc z+mc=0, or —(14+2) 2!+-mz+m=0. | 
If z were Baf, —(1+.2) 2'-+-mz+m would be —BBx*' + (m— BB) - 


+m, which vanishes with æ when B=], B=m. Now when 2 is 
small, z= Bz’ nearly, as is evident from the fraction, so that it is only by | 
this supposition, namely, making Bw? approximate to a solution, that 
we can get a continued fraction of \ which all the terms after Baf: (1+...) . 
become “comparatively insignificant as x is diminished. Assume then 
z—=mr:(142,), or form the new equation with | 


N=—(1+2), P=0, Q=m, R=m, V=mr, W=1; | 


a a Sci das penta. Secale” 


(L+-2) mezi tmz t met (1-2) mm} z (ltr) mym 2r+m=0, 


which gives | 
n=0, | 


or (lta) rzi tHe (me—r4 1) 2,+mr—r=0. 
If 2,22C2’, it will be found that similar reasoning gives y=}, | 


C=—t (m—1), and proceeding in this way it will be found that the . 
successive values of V are, after c and mr, | 


(m—l)x (m+) e2 (m—2)x (m+2)r (m-3)x 


Ce si aeee a ee gene 


g? 6 °> 6°? 10 ” 10° 
TEEF l zr 4 3 (m—l) zr E g (m+) l)a v g (m—2) a4 Pot a, pee 
oot es Ik ee 


Find log (1+) by taking the limit of (1-+-7)"—1 divided by m 
(m= 0) 


log (l+a)= 


ee) 


L. lr 2 3 


— 


iz ee 1 i} 1+ oi. 
Find c° by taking the limit of (l-}2:m)”" (m= œ) 


oe ee o aa e o. 


(30.) Every diff. equ. is, or amounts to, an expression of some one 
diff. co. in terms of those which precede it, and of the variables. Hence 
by differentiation, every diff. co. can be expressed i in terms of a given 
number of them. If, then, for any one value of x, the value of y and of 
a sufficient number of diff. co. be given, Taylor's theorem mav be applied 
to the development of y in terms of x. For example, let y” = = ry +y, 
from which we find 


fay" + 2y = (242°) y'+ ty 

y= (242°) y" H3ry' + y= OLEH) y+ (B42) y5 
and so on. Or thus, let yY=A,y+B,y, which gives (y” being 
ay +y) 
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yo" = (Ane HAr +B) y+ (A, +BY) 

A, A,c+AL+B,, Biya A, 4B, 

A=, B=, A=, Byer, Aya’ +be 
B, = 4+3, A = 49248, B, = + 40; 


and so on. Let it be known that y=y,, and y'=y/,, when Ca: We 
have then, by Taylor’s theorem, making v=x, in the preceding expres- 
sions, 
—7,)2 æ= 7 \3 

Y=Yo yc (t- 2) + (A, Y'o + By Wo (A; Yt Bs Yo) be 
a result which may generally be advantageously used for obtaining actual 
values of y, when wx ditters little from x,. This method is so easy In its 
principle, however laborious the details of instances may be, that no 
further examples will be necessary. 

It seems, however, as if there were three arbitrary constants, £, Yor 
and y% ; for it is certain that the preceding value of y solves the equation 
for any and every value of either of these three quautities, as may easily 
be verified, by making x—a,= X, and applying the preceding expression 
to the equation y’=(X-+-2,)y/+y. It will be found that all the 
coefficients of powers of X vanish, if in all cases we have Anp = (n+ 1) 
Ant tAn and B,,=(2+1)B,+2B,.,, which will be found to be 
Tue of the preceding values of A,andB,. But only two of these con- 
stants are introduced by integration; the third arises from an arbitrary 
supposition. If the complete value of 7, containing its proper number 
f constants, be Px, it is always possible to give another by develop- 
ng pr in powers of r—xX, t being taken at pleasure. 


(31.) The form y’=Py-+Q is completely integrable; the next form, 
'=Py’+Qy+R, will never be completely integrated until a mode is 
levised of expressing y by a definite integral, as is shown by the only 
ase which has yet been integrated. This equation can be reduced to 
he form y'=y?-+S, as in § (28.), or as follows. 

Write vy tor y, and make v'=Qv, or ve“, which reduces the 
quation to 

ry =P yR, or y/= Pe? y+ Re, 


s , ; ENN d PEE 
Next, determine x in terms of & from dé=P¢e®”. dx, say r=wé, and 
ubstitute, which gives 


favs e204" with yé substituted for rl. 
& 

dy y ¥ y wives Yap CA pe 
Thus, To TB ue gives de T TB Sp 


(32.) The simple case y/=y’?+az” goes by the name of ficcati’s 
juation, Jt is obviously integrable when m=0, and also when 
s= — 2; for in that case the substitution of 1: for æ reduces it to 
-°y =y" + ar? an homogeneous equation. Assume y=ea pafu, 
hich turns the equation into 


ge? w= par", if c=- l, ax=—l, b= 2; 
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or, putting 2 for 2, —w’—=u'+aa-", so that the equation is inte- 
erable when m=—4. For u write 1: wu, which reduces this to w=1 
par") uw, and for æ write st, which produces oat w=] 
+ax7 ee u’, in which make —g+1l=—(m+4)q@; this gives a new 
equation of the form 


U — u’ — om 


m+3 m+3 ? 
which, by a repetition of the process, is integrable if m, =— 4. 
Similarly, if m =—(m, + 4) : (m, +3), the equation is made integrable 
by another such transformation if m,=—4, and so on. The law of 
regression is pointed out in m==—(3m,+4):m+1), and if we begin 
with —4, and proceed backwards, we find the series 


S 12 16 Ak 


F 5? a 2h ae 


—4, — 


k being any whole number. In any such case then, the equation is 
integrable. 

Again, if in y’=y’+a2", we write 1:y for y, we have —y'=] 
taxr"y?, and a*for x gives —a™ arty’ L4tar™y’, in which 
—~a+tl=me, or g=1:(1+m) restores the original form, with 
—m:(1-++-m) instead ofm. It is enough then that 


mo 4k `i 4k 
l+m  Qk—)? PPN Ikl 


The final result then is, that Riccati’s equation is certainly integrable 
whenever m is negative, with a numerator divisible by 4, and a denomi- 
nator one more or one less than half the numerator. No other integrable 
cases have been found, except the’ extreme limit, (already mentioned,) 
when % is infinite, or m=—2. The transformations of ‘the preceding 


method are numerous and troublesome, and we shall presently see an 
easier mode of proceeding. | 
4 

(33.) As to equations of higher orders than the first, we need hardly 
consider any except those of the second. Very little indeed has been 
done in the way of general solution even when the equation is only ol 
the second order. 

If the equation be linear, or of the form y™+P,y®™+..,,. 
+P, y=0, and ifn particular solutions V,, V.....V, can be found, sc 
that: ver, Y=Va Wc. severally satisfy the equation, then y=, V; 
+C Və+.... is the complete solution. That it is a solution is 
evident by trial; and it contains n distinct arbitrary constants. Andi 
the equation were y”+....+P,y=X, the application of the principle 
explained in page 155 would give a complete solution, by considering 
Ci, Ca, &c. as functions of x, to be determined by the equation itself 
and previous assumptions similar to those in the page cited. These 
assumptions are 2C/V=0, EC/W=0, TOV’=.... TC’ VO=0 
whence y=ZCV gives y'=ZCV’, y"=SCV"...., and y= TCV" 
+2C/V%°), whence the equation is satisfied by 2C'V°-Y=X, sinc 
the terms containing C,, Ca &c. all make yM?+,....¢P,y=0. W 
have then to determine C,’, &c. from 
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2C0V=0, SC'V’=0, SC'V"=0,....5C VO M=X, 
by common algebra: and integration gives the values of C,, C,, &c. 


(3+.) Apply the preceding to a” y/’—32""" y" 46r y — G2" “y= X. 
x X=0, the complete solution is y=C,r2+C,2°--C, x3, whence we 
ave 
Cat Chat Csa? =O, Chaska" 
C’, +2C’,¢+3C',2°=0, Co. Xr" 
2C% +60 x =X", =X "tD 
“Xde (aS CNX dr 
-— —x | —— +1 | —— 


—ly | at g 
y Ka z g x” T 2 qrt? 
(35.) The equation (a + ba y® + A, (a p ba) YP p e 
+A, (@a+br)™™"y=0 has n particular solutions, and thence a general 
solution, found by assuming y= (a+ br)”, which gives 


1m(m—1)...Qn—n+1)+Aim (m—1)...Cnm—2+2)+4+...4+A,0, 


an equation of n dimensions: let its roots be m,, m,,....m,. The com- 
plete solution is then 


y=C, (a+ br) ™+C, (a+ br)" 00.6 +C, Cat br)", 


subject to modifications already explained, (pages 211 and 689,) the 
solution for a pair of equal roots being (C,4-C, log x) (at+bx)™', &c. If 
a-bx be made =£, this equation can be reduced to the common linear 
equation with constant coefficients. 


(36.) In theory it is permitted to suppose the solution of any alge- 
braical equation; but in practice the inability to do it in finite terms 
frequently makes a great difference. Suppose one differential coefficient 
given in terms of another, for instance y= (y). Ify” =z, we have 
2"= (z), and if this can be integrated in the form z=wa, we have 
y=(fdx) yr. But suppose that (as is indeed generally the case) we 
can only obtain the form aw=yz, inconvertible in finite terms. We 
must then take 


. y"= fy" de= fy pty” dy" =xy" ; y'= fy"da= fyy" ply! dy" 
Mi 


=o y= fy de= foy". y'y" dy fs 
and y"’ must then be eliminated between e=yy'", and wy. 
(37.) (a, y',y")=0 is reduced to the first order by y =z, which 


gives f (x, z, z )=0, or s=Wa,y=f/wedr. But if r=yz be the form, 
we must find y or fy'dx, or fz w'z dz, or x2; and eliminate z between 


the two equations. ` And  (y, 7’, y’)=0 may be integrated in a similar 
manner by changing the independent variable, writing 1 a’ for y’, and 
—x":2° for y”: which brings the equation to the form W (y, x', x")=0. 
Or thus: making y'=z, we have 


„_d: dz\_o. 
y =a and p(y, s: )=05 


| from which equation of the first order z is to be found in terms of y, 
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and a= fz—'dy. Or if y be found in terms of z, say y=¥z, then 
geje w'z dz, and z must be eliminated. 


(38) Let the complete integral of > eae se ee y™)==0 be known, 
aud let it be y=w (x, a,b,c,....), a function of x and of n arbitrary 
constants. The equation P0, being identically true when ¥ is substi- 


tuted for x, gives 
dip dp dy dp dy | dp dy” 
da = dy da T dy! d 7 dy® da 
dp dd du E a, 
dy dy y dx dy dx” 


dy 
or —- l being u, 
da 


or uxdw: da is a solution of this last linear equation, in which the 
coefficients of u, w, &c. are functions of x, a, b, &c. By the same pro- 
cess it will be found that u= dus: db is a solution of the same, and so on. 
Hence the complete solution of the last equation is 


d dy ; 
u= A 4B it oe <A, B, &c. being new constants. 
a 


For example, the equation ryy”+yy’—ary?=0 has y=a* for its 
complete solution. The new diff. equ. then is 


(ay +y) u+(y—2ry) u+ryu"=0; 
or, dividing by a7, bP u+ (1 —20) rw +a u"’=0, 
dys dy 
da ° db 
solution of the last, which shows that the equation deduced from § (35.) 
would have a pair of equal roots; as will be found to be the case. 


=a logx.x’, whence u=(A-+Blogz) x’ is the complete 


(39.) The equation ¢ (x, y®, y“*?,....y%t”) can be reduced to the 
nth degree, as is shown by making y“=z2; when z is found, y is 
found by direct integration. But if x can only be found in terms ofz, 
a process similar to that in § (36.) must be followed. 


(40.) The equation Py'’+Qy”=R is integrable, if P, Q, and R be 
functions of y. Divide by P, which leaves the form y" +Qy°=R, 
multiply both sides by &°%, and it will be found that the first side is 
the diff. co. with respect to x of y’e/°. We have then 


d dy d dy dy 

— (ERY y= Qsdy $Qdy 3 SQ dy YMQdy J 

dx i aa a dx dx (« W= i dx 
EY dy * 


dy 
Ri | =2 (R dy, = a r 
(: a) ae di E JOS RER” dy) 


By changing the independent variable, it will be found that y”+ Py’ 
+ Qy’ = —() is integrable when P and Q are functions of z. To solve 
this directly, ae by e“, which call W, and we then have 


a qa, 


1:U being Wy! ; Hence edia dx), and 
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y= | dr DS g Svaz ge 
7 J WEJAW a) ~ ) JOJ ay 


(41.) In the same way can be integrated y” + Py?+ Qy*=0, when 
P and Q are functions of y, and y” + Py’ +Qy”=0, when P and Q are 
functions of x. The results are most easily obtained, that of the first 
from the second, that of the second from y/=z, which gives 2’+-Pz 
+Qz2"=0. This last gives 


Wz)’ Q 
Wry +QW2z”=0,. or ( —— 
K ) l Q » Ol ( Wz)” a yy”: 0, 


which is easily integrated. This case belongs to the general form 
o (2, y’, y”) =0, which is reduced, as in § (37.) preceding. 


(42.) The complete integration of y”-4 Py!+ Gy +R=0, P, Q, and 
R being functions of z, requires only any particular solution of 
y" +Py'+Qy=0, other than y=0. Let y=Y be such a particular 
solution, and assume y=Yov for the general solution. The equation 
then becomes 


Yo" HY v HY vP (Yo'+ Y'v) 4+ QYv+- R= 0, 
or Yo"-+(2Y'/+ PY) VER == (03 


since ¥"-+ PY'+QY=0, by hypothesis. This, with respect to v’, is a 
linear equation of the first order, which gives 


Y? 
RY SPdxr i. P 
paros -y (SS } ax. 


Reduce this, when R=0, to the form in § (33.). The negative sign may 
‘hen be omitted, or replaced by any constant. Why ? 


v= — ot GH) es Es oJ (Ft P) de= — = faye “a dy, 
e 


(43.) If R=0, we find for the complete solution of 


dv 
Y2? ef tds" 


y+ Py + Qy=0, y=CY f 
(44.) If in § (42.) we suppress the condition that Y is to be a 
articular value of y, we have 
Yv” 4+ (2Y'+PY) vo’ +(Y" +PY'+QY)v+R=0; 
md Y =+. wives the form Yv”—łY (P?+ 2P"— 4Q) r+R=0. 


(45.) If Y be a particular value of y in 7’+Qy=0, the complete 
ralues of y in the following equations are as written, 


~ 


7 ' RYdx 
y+ Qy=0, y=CY E ae 


y +Qy+R=0, y=Y dx, 


Ye ; y2? 

(46.) The equation y”+Py'+Qy=0 is reduced by y =e" to 
Y+v2+Pv+Q=0. The solution of this last, $ (27.), is of the form 
'=o+%:(y+C). I leave it to the student to reduce the value of Y, 
s derived from v, to the form CY+C,Y, which it is known to have. 
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(47.) When an equation can be made homogeneous on any particular 
supposition as to the dimensions of the diff. co., substitutions invented 
accordingly will frequently reduce the order of the equation. For 
example, 4? y? +a y= y" is homogeneous if y, y’, y" be of the 
dimension of a, 2’, 2°. Assume y=a*u, y/=2v, which gives u? v? +o’ 
=y". But Irur u = av, or Qude+rdu=vdz ; and vvti =r +0, 
or (u2 2 +u3—v) da=ardv. Hence 


dws. dv - du 


t WEH- v—2u 


an equation of the first order between wand v. The reduced equation 
may be as difficult as the original one, but there is always an advantage 
in knowing how to form an equation of a lower degree: and it may 
generally be taken, that if the reduced equation cannot be integrated by 
our present means, neither can the original one ; or vice versa, that if the 
original equation can be integrated, methods can certainly be found for 
succeeding with the reduced equation. 
To generalise this process, let Ø (s, yY, y’, y")=0 be homogeneous 
when y, y', y” are of the dimensions n, 2—1,2—2. Assume y =2"u, 
l=" 'y, y"=2"*w, which gives an equation of the form yp (u, v, w) 
=:0, by hypothesis. Again, 


nau + su =w, or dr:t=du: (v—nu) 


(n—1) v4 awo =w, or dr: x=dv:(w—n—1 0) ; 


Cik. 2 and ur (u yeeO.; 
v—nu w—(n—l)v a a 


or 


substitute for w its value, and we have the reduced equation required. 


(48.) When the equation is homogeneous with respect toy, y’, y", 
&e., the reduction of one unit of the order is always practicable, by 
assuming yer’. Thus yy? y'= (2° y? +y”) gives 

giS vds Y? (op) =e (x° ye, or y? (v? + v') == lepe. 
(49.) An equation may sometimes be reduced to an integrable form 


by a change of the independent variable. Letit be y" + Py’ +Qy+ R=), 
and assume z=¢é. We have then 


, dy dx, (de dy dy CaN (daN 
y Sge de I TUAE de dé dB) *\dé 


dv & d? ÆN dy. da? y? 
~ Gs z =) UG aR ae 


di dë dë dB) ut delt Yde 
To destroy the second term, we must integrate 
d Wx 


e e 0, which gives = fe/?* dz, 
& 


But if we have P=0, and want to restore a second term in which the 
coefficient is the function II of €, we must integrate 
d’x dx 


Enamel iv = (coos lds 
igo ap which gives e= feV"* dé. 
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(50.) The solutions of some equations, otherwise unattainable, have 
been expressed by definite integrals, but a general method of passing 
from any equation to such a solution has not yet been ascertained. The 
following are examples. 

Let y= fet” (1—2")"dv; we have then, differentiating with respect 
to x, and integrating by parts with respect to v, 


dy _ axt 27 
7a é (1—v?)"vdv 


ax 
— err (] —y? n+l e” (] — 7? n+l dv. 
2n+2 ( ) ta ( ) 


Let the limits of integration be —1 and +1, the separate term ‘then 
vanishes at these limits, if +1 be positive, and we have 


di ar ax ae 
y — T gate (1—v?)” dy— ea Jh gary (l—v’)” vdu 
dx 2n+2 2n+2 

ar x dy 


ott 
ee 


DALI MF de” 


ak a -2 @y=0 gives y= fti e” (1—v")" dv. 


or =—% 
dx? x dx 


A little examination will show that this integral undergoes no altera- 
tion when the sign of a is changed, and also that n must be >—1, or 
2n-+ 2 positive. The preceding value of y may of course be multiplied 
by an arbitrary constant, but it is not yet complete. The following 
artifice will find another solution, and avoid the (in this case) com 
plicated form of § (43.) Assume y=a*z, which gives 
yok xt y y’ E «e o kek De ee. g 
y x z? y y E o Žž 
yY Qn42 yo, 2” R Pk + (2n+2)k r 
— +—-— >en —— — H4 M. 
Y x v ee 


Assume k?—k-+ (2n+2) k=0, or k= —2n—1, which reduces the pre- 
ceding to 


2 |< 


v 


» ji 
— —— ——a’=0, and safe" OU — v)" dv 
2 £2 


satisfies this if n be negative. But since 22+2 is to be positive, n 
must lie between O and —1, or 2n+2 between 2 and O. Let 2n+2 
=m; it then appears that, under the restriction 0 (m) 2, the complete 
solution of y/+mz-'y’—a’y=0 is 


y=0, frie (1—0)? du +, gh i Ft e (1—0) do; 


which this is not altered by changing @ into —a. Do this, add and 
‘divide by 2, and write a,/—1! for a, which gives for the complete solution 
of y+ ma yf +a’y=0 

y= C, I cos arv. (1 —vy*)i! dv+C, aad COS ATU (1 m dv. 


' When m=0, the whole process fails, since the separated term in‘the 
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first integration does not vanish; but still the second solution is then of 
the form C,sin ax, which is a solution of y”+a°y=0. When m=2, 
the process of the second solution fails, and that of the first gives a solu- 
tion: but this case is best treated by observing that y’+4+2x7"y/’ 
=(xy)":x, whence the equation becomes (xy)! +a? ry=0, and its 
solution is ry=C, cosar+C, sin az. 

When m==1, the two solutions are no longer distinct, and we must 
proceed as in §(21.) Let m=1—6é; the second solution without the _ 
constant arises from integrating with respect to v, cos azv. (l1— v) 
multiphed by 


l òè 
xò (1—v?)?, or eee log. a’ (+55 flog. a? (1—0) p.e... 5 


and for the first "solution, in place of the preceding we must put 
(1—v*)-® or 1—}d log (1—v*)4+..-. Hence the two together give a 
solution arising from integrating cos avr.(1 —v*)~* multiplied by 


C,+C.+ 46C, log x? +46 (C—C) log 1—v")+.... 


As é diminishes, let C,-+ C, have the limit K,, and let òC, approxi- 
mate to K,. Then ò (C—C) has the limit K — limit of 6 (K,— Cə), or 
2K,, since òK, has 0 for its limit. 

And it is easily shown that the remaining terms diminish without 
limit, whence K, + K, log + K, log (J. —v*) is the limit of the preceding, 
or the complete solution of y+a" y'+a°y=0 Is 


y= K, fticos axv (1—v?) 7? dv+K, ff cos arv (1 1) log (x 1- v’) dv. 


When m does not lie between 0 and 2, only one solution can be obtained 
by this method, namely, that one in which the exponent of 1—v? is 
greater than — L. 


(51.) Many equations can be reduced to one of the preceding forms: 
thus y=a"z turns y+ @y=n (n—1) xy into 2/4 2na™ z +- @z=0. 
Again, Riccati’s equation, § (32.), can be made to depend upon 


y"=zax"y. Change the mdependent variable, and make z=é". We 


d? —l d 

have, then, § (49.), T ae aye pee th Sage), : 
2; AS 
2 erid m 1l dy 4a 


em Oe 


lugt F= m42? de m+? E dë TEDI 


Again, let y” =a. y. Assume =E * or w= 2logé:b. This gives 
fy 1 dy 40, o 


ae ge Be Y 
The student may try the following. Ifv be a function of ¢, and y of 

z, and if, moreover, y=yx(v,t), v= (v,t), then the equation 
y+ Py + Qy=0 gives Rv” + Sv + Tv? + Uv'+ V=0, where 

Re Xv Us, — Us, Xis S — Xvv ME ay Xo Py, ws + Quyi 

T= Kool; = Wry Xt F 2 (Xat Uy Vor Xv) + Pu, (2x, Vitx: Wy) +3Qx%; Wi 

U= w; a Wy Xv + 2 (Xvi Wi — Wa X) + Pw, (2x, Wt Xv W)+3Q ZYY 

V Zya — Wax: FP Wi + Qx. 
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This method cannot reduce the equation y”+&c.=0 to the first degree, 
unless a solution be already known. Why? 


(52.) One or other of the solutions in § (50.) is integrable whenever 
m is an even number, positive or negative, since fs” dv dv can always 
be obtained when ¢ is a rational and integral function. But the follow- 
ing application™ of the method of generating functions (page 337) will 
show us how to obtain the complete integral. Take the equation 
yl" +-max—'y' + a°y=0, and let y be the generating function of a, to the 
variable 2—c; that is, let y have the form ... +a, (a—c)"+a,,, (v—c)"*! 
+....: call this Se, (v—c)". Then y’ is the generating function of 
(n+ 1) arp or is S (n+1) Gay, (r—c)*, and mr y! is that of m (n+ 2) 
Ange, While y” is that of (2 +2)(n+1) @,42; and since every term of 
y" + mae~'y+a’y must vanish, we have 


{(u+2)(m+]) +m (n+ 2) b anta a, 0. 


Assume (n+m—1)a,=(n+2) 6,42, and therefore (n+ m +1) arzo 
= (n+ 4) 4,43, Which give by substitution 


a+ 4) (+e m—1) bay a bay = 0, or (2-+2)(n+m-3) bareta? 5,0; 


; oN E e S > ; i , 
vhence z in 27-4 (m—4) v7! z/-- a z=0 is the generating function of 
ne Now 


n+2 m—-3 


m—s3 
L + bapa bnp ———— brp bnp +y (+4) bapae 
" n+m— il a npa n+m-]l n42 n42 q? ( i ) nti 


But since bpe is generated by z: °, and (n44) baya by 2’: a°, we find 
hat if we can integrate z+ (m—4) 27! z'+a?z=0, we can also 
ntegrate 2” me7'z'+a°z=0; and that we find y from z by the 
quation 
oe a R 
A q? a x 
Now we have integrated when m=O and when m=2, in finite 
rigonometrical terms; hence we can integrate, also in finite terms, 
vhen m=4, 8, 12, &c., or 6,10, 14, &c.: that is, when m is any 
ven number. 
The preceding reduction applies whatever may be the value of m, so 
hat all cases are integrable as soon as the integration is practicable for 
ll values of m between —2 and +2. 


(53.) Cousidering the nature of the preceding reasoning, it may be 
esirable to give a verification of the result. This may be done as follows, 


tating only results. Starting with the last equation, differentiate both 


ides twice, but as fast as 2” makes its appearance, substitute the 


alue derived from 2’+ (m—4) a7 2/+W2=0. This gives 


z o (m—I)(m—-3)| & 
dam ciara aaa” Sead Fr 


* See a paper by Mr, R. L. Ellis, in the Cambridge Mathematical Journal, 
1, ii, pp. 169 and 193. 


O o 
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m ——— ca 


2 a. 


Z 
yam (etm nay} 4, T A! 


whence it readily follows that y” + mz y'+-a’y=0. 


(54.) The preceding gives no clue to the case in which m is a nega- 
tive even number, but another transformation may be made which 
applies both to positive and negative even numbers. For a’ write a, 
or let the equation be y!/-++-ma" y’+ay=0, and let m= 2p, p being 
integer and positive. We have then, on the same suppositions as before, 


(n+2)(n+2p+1) a,42.+@.a,=0. 


Assume a, œb, : (n+1)X(n+3)....(n+2p—1), which readily gives 
(n+1)(n+2) bj42--ab,=0, or what we should have got at first if p had 
been =0. Hence Sd, 2" is to be Csin(Jfa.x+C,), the complete 
integral of y” +ay=0. Now, to take an instance of the mode of obtain- 
ing Sa, x” from Sb, a”, observe that, if p=3, 

b, 2 


arene noes eR a a da, 
m2, OF a focdrfya rf obna” dx 


or x° (x f, da) b,a" dx; | 


signifying that the operations of multiplying by dz, integrating, and 
then multiplying by 2, are to be repeated three times in that order; the 
whole ending with division by «°. Applying this to every term, we have 
for the complete solution of y+ 2pa™ y'+ay=0, | 


y= Cr” (xf, dx)’ sin (yYa.x+C,). ! 
' The form of this may be usefully changed as follows. Since | 
fo@a.2) d(Ja.n=jJa fh (Wa.r) dx; 
y= Ca? { Ja.af,d(Jfa.x)}? sin (Ja.2+C,) 5 
the power of a introduced being immaterial, on account of the arbitrart 
character of C. Nowin {,¢(/a.2).d(/a.2), it is indifferent whether 
we suppose a or x to vary; let us then suppose a to vary, and g to bi 


constant; we must then integrate from a=0. To show the sort o 
result we get, let us take p==3; at full length then we have 


Cy Ja.efd (Jaca) „a.zfa (/a.x) Ja.afd (a.x) sin Waet C) 


” da da da 
ae —6 6 —— Q]? 
=O) EP Jaf saa f see] sia /a.x+C,) 
C „Sin (yYa.æ+C,) „Sin (yYa.æ+C,) 
= — va (fda) a ee =C (fda) i 


since C may be any function of a. And thus we have generally 


sin (a.x +C,) 


y” + 2p y'+ay gives y=C (fda)? Ta 


Hence we might suppose by analogy that 
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y" —2pa™ y! + ay gives JSC (=) sin (/a.t+ C1) ; 
ax Ja á 


and this may easily be confirmed. Starting with this equation, we come 
by the process, as before, to 


(n+ 2)(2— 294-1) day + aa, = 0. 
Assume @,== (n — 1)(n—3).. .. (n—2p +1) b,, which gives 
(2+ 2)(2+1) b + ab, = 0 


as the first would have been, had p been =0. Now we see that a,x” 
is made from b,a” by the following operation, 


d 


d 1N? 
an N aama 2p n PEE 2p 
g" € | (6, x"), or Y=Cr (+ 


LPs 
— = »--}.sm(f/a.e+C 
ae 2 (Ja.x+C,), 
the operation being successive division by x and differentiation. This 
can be reduced to the form 


| d o 
yoo Ca? G ES =) sın (Jaz +C) > 


and if we now make ,/a the variable of differentiation, œ being constant, 
we find that* 


dN? sin@/a.r7+C,) 
Wt -l;;l : Vv 1 
— 2ps ay=0 gives y= 0| — }) ——*——-——. 
y —apa y + ay=0 gives y (£) Ju 
It must, however, be carefully remembered, that the validity of the 
last operation, as in the corresponding integration, depends solely upon 
the function with which we start being a function of the product ya. a. 


(55.) We may now see how it arises that Riccati’s equation can 
only be integrated in finite terms in certain particular cases. By 
§ (46), y +y?=ax” depends upon y"=ax"y, and by §(51.), this 
depends upon an equation of the preceding form, in which 2p=m: 
(m+2). Hence m must have the form 4p:(1—2p), which will be 
i found to agree with § (32.). 


| (56.) Another method, proposed by Poisson, is as follows. Let 


y= foe—v"—a"o— dy, a and n being positive, 
d? dv 


9 è — y” mm AL VTP 


; dv See ee 
=n (n—1) ax"? f, E=" ~ ar” v=" F WAER 


dr y?” 
, , gur /ge=ar" v” 
Now the second integral is | ——d , or, by parts, 
oS get nar 
fee I 

A EU — AL vT" cam femera" v~” duy po Jeme vT” na 

n „a~l n” : s n n° 
NAL v at NAL 


The first term vanishes at both limits, and substitution gives simply 


* The preceding articles, (52.) and (54.), are taken, with some alteration of form, 
from the very ingenious paper already cited, which contains several generalizations 
of the process highly worthy of the attention of mathematicians. 
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y"=n° axy. Let the preceding be jo Vdv; then C fọ Vdv is a solu- 
tion of y =n" ary. Ifn=2, the preceding is integrable, and all its 
solutions are contained in y=Ce*¥"*7-+C,6-?V%"", Hence, for some 


values of C and C,, we have 
fo ere aa? Ur aye Cet VI C gTNVas 


But since the first side must diminish without limit as æ increases, we 
have (on the principle explained in page 576) C=0, and since r=0 
gives 4,/m for the first side, we have 


ag 
2 


Change v into fa.v, fg ETa- a? om? d= ft er, 

By successive differentiations with respect to a, it is easy to obtain 
from these results the value of fj e—v”- ar? vy? du, p being a positive 
or negative integer, and hence, by aggregation of results, can be obtained 
foe—v—cx* vo v'dv, where pv is a rational and integral function ot 
v and ov. For our present purpose, however, let v*=2z? in the first 
integral, so that we have 

4 


2 1 
fo emor arv dv=- fo ee ALn? yn dz. 
n 


This, then, is integrable whenever 2a™—1=2p, p being a positive 
or negative integer: that is, when z is of the form 2: (1 +2p), orn—z 
(the exponent of the eqnation) is of the form — 4p: (1+2p); whick 
agrees with preceding results. | 


(57.) The solution of y”=n? ax"-?y above obtained has only one 
arbitrary constant, consequently the solution of 27-2? = nar 
derived from it has none, and recourse must be had to the method oi 
§(43.). To show how this arises, suppose that y" + Py’ + Qy0 is 
completely solved in y=CV+C,W, then ye" gives 2/4224 P: 
+Q=0. But we have Š 

eed EVT OW] 


y © VEC We 


and the only arbitrary constant in z is C:C,; but this is still one 
arbitrary constant, and therefore the equation of the first order if 
completely solved. But if y=CV only had been gained, the value of z 
would have been simply V’: V, without any constant at all. 


(58.) To form a proper notion of our state with respect to the 
solution of differential equations, I repeat the supposition of page 103 
Let us suppose we had not been in possession of the operation inverse 
to involution ; so that all problems, the solution of which is reducible 
to, say r=,/a, would have presented the difficulty which those whe 
know better would call a want of adequate means of expression. The 
first thing noted would be that such problems are soluble when a=0, 
1, 4, 9, &c.; in fact, when a==n xm. Other cases would have thei 
solutions obtained, by some in approximate fractions, by some in series 
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by some in continued fractions,* and so on. Finally, the acquisition of 
a distinct idea of, and notation for, the square root of a, would reduce 
all those problems to one class which had been practically divided into 
several. 

Thus it has stood hitherto with the equation of Riccati, 7/+y’=ax", 
or with y =ax"y, from which it springs. Count Riccati first pointed 
out (Leipsic Acts, 1732, according to Dr. Peacock) that there were 
integrable cases: why those which remained were not integrable did not 
appear. The various modes in which the remaining cases were after- 
wards integrated, by means of series, definite integrals, &c., were gene- 
rally themselves only partially applicable. At last, the general equa- 
tion y"-+ma y'4+-ay=0, had its complete solution expressed by 
y=CD~" {sin (Ja.x+C,):y/a}, in which D denotes differentiation 
with respect to a; a result} which is unintelligible whem m is anything 
but an even number, positive or negative. Any other supposition 
throws us upon the difficulties of fractional diff. co. (pages 598—600). 
But at the same time we sce that the difficulty arises from our not 
having well understood means of expression in which to convey the 
solution. 

It is a remarkable point in the history of this science, that most of 
the results which ordinary notations can express were obtained at an 
early period. Any stoppage has almost always, sooner or later, been 
found to arise, not from the defect of methods, but from the non- 
existence of the proper mode of expression. If we take any general 
form, and proceed to its differential equation, we shall always see that the 
‘equation so obtained is one of those which admits of solution. For 
example, y=Cé(r+C,) gives y’: y=! (x+C,): p (+C), whence 
t+C, must be a function of y:y. Say e+C,=y (y': y); then we 
have 


1J 


' 4 ay taal? 7 
7 l=w! 1 III reducible to I y (+) 
y y y y 


an integrable diff. equ.; provided that the solution of all algebraical 
equations, or the inversion of all functions, be assumed. The following 
forms may be readily obtained : 


2 re 
PoR E E A 
y= Cep(C, 1) SITES y ¢ 


* It may interest the historical reader to know that the continued fraction 
was used in the extraction of the square root long before the time of Lord 
Brounker, to whom the invention of this mode of expression 18 generally attributed. 
It was lately claimed by M. Libri for Pietro Antonio Cataldi, whose o 
square root (1613) is cited in support of the assertion. On examination o this wo 
[ find that there is no doubt of the fact, and the following sentence will be sufficient 
to show it. The author is speaking of ,/18 (page 70):—* Notisi, che no si porende 
>Omodam ete nella stampa formare i rotti, e rotti di rotti come andariano, cioè così 


L&2 come ci siamo sforzati di fare in questo, nol da qui inzi gli 
e : 
g tad 
ha e ~ ~ : 7 a . . . KEA a ae & Sa facendo 
8. & 2 formaremo tutti à Gsta similitudine 4. & 7. & gp 
2 e . . < A Pe . . 
oe = vn punto all ’8 denominatore di ciascvn rotto, à significare, che 
8 


il seguente rotto è rotto d’elso denominatore.” 
+t This result is stated to have been first given m the form of a A ie a 
or solution by Mr. Gaskin, in the Cambridge Examination Papers aa : i 
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y=ġ (2+ C)+C, gives y= (y’) 


y=p (Cr) +C, or ya x (y x) 

y= C (pz), or C.C? ...s Yy =Y P+ YY ye 
y , 

y= (*+Cr+C,) rate yf V= 


In all these cases, the solution may be obtained from the equation, if oz 
be an ordinary function. 


(59.) The mode of deriving the singular solution of a’ differential 
equation from the primitive (page 190) may sometimes be insufficient, 
as when y=¢ (a,c) is first introduced in the form w&(a,y)=c. The 
method may be thus extended, it being remembered that the object is 
nothing more than to make c such a function of x and y as will not alter 
the form of y. Let the primitive equation be @(x,y,c)==0, and 
assume c to be a function of x and y. We have then, using the notation 
of page 388, l 


Pet Pe Ca, 
Pyt Pe Cy” 


and in order that y’ may not be affected by changing c from a constant 
into a variable, we must so choose the form of c that 


Pz Oe P, Cr r D, (2, Y, ® (2, y)) _ Ps (8, Y, c) +, (£, Y, E o 
Py d+. G Py (x, Y, ® (a, y)) Py (2, Y,C)+9D, (a, y,¢).¢, 


where ¢ (x, y,c)=0 is supposed to give c= @ (a, y), and the substitution 
is made on the first side, in obedience to the well-known mode of form- 
ing y' for the ordinary diff. equ. Observe also, that the first side of the 
equation is the same thing as ®,(r,y):®,(2,y). Here then is a, 
partial diff. equ., from which we might suspect that the form of c 
required contains an arbitrary function. But it is not so, as follows. 
The complete solution of the preceding partial diff. equ. is ¢ (2, y,¢) 
= fp (x,y), as may easily be verified; f being an arbitrary function. 
Combine this with @ (x, y, c)=0, and we only get f (xv, y)=0, which, 
f being arbitrary, merely amounts to © (r, y) = const., the original 
equation. Any other solutions of the proposed question can then only 
be obtained by other and particular considerations. First let it be pos- 
sible to assign c so that Ø, (v, y,c)=0; it then appears that the two 
forms become identical if c= (x,y), or P (2, y, c)=03 so that c must 
be derived from @,==0, for substitution in @=0: this is the common 
mode, explained in the page above cited. But there may be others, and 
the whole point will require the following elucidation. 


het Py y +e lC tey) =0, or y= — 


(60.) An equation of two variables, such as æ — a= (y —b) y', is said 
to be solved when a relation between æ and y is found, which satisfies: 
it, and completely solved, when that relation introduces an arbitrary 
constant. Thus r—a=y—bd is a solution, but not complete: (x-a) 
=(7y—b)*+C is the complete solution. Nevertheless, =a, y=b 
satisfies the equation, and should therefore be called a solution, but not 
a solution for which recourse must be had to the differential calculus: it 
would equally be a solutionif y' stood for something else, and not for the 
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diff. co. of y. Let the former be called differential solutions, and the 
latter extra-differential. A relation between æ and y may even be extra- 
differential, as in (r—y)(x+yy')=9, which is satisfied by y=«, but 


_ without reference to the meaning of y’. 


An equation of three variables may also have its differential and extra- 
differential solutions: thus (c—a) z,+(y—b) z,=2—a is satisfied by 
z=, and this is a differential solution, as it is only a solution when z, 
and z, are diff. co. of z. Again, r=a, y=b is an extra-differential solu- 
tion, and =a, z= is a mixed solution, the meaning of z, being 
required, and not that of z, Now it appears that the main question of 
the last article is reduced to the solution (of what sort matters nothing) 
of a partial diff. equ.; and also that all the differential solutions lead to 


the constant value of c; all other forms of c must therefore be derived 


from the extra-differential solutions. One of these is obviously seen; it 


„is the pair of relations 6=0, ¢,==0: it remains to inquire if there be 


any others. The equation A=(B+Cm):(B,+Cxr) cannot be true 
independently of m and n, unless either C=0, or B and B, be infinite 
in the ratio of A: 1 and C: B, be nothing. Applying this to the partial 
diff. equ., we find, then, that all its extra-differential solutions are con- 
tained in the determination of c from the condition 


O = c., d= eS Peg, or from p==0- 
Py 
Thus, if the original equation be c=® (x, y), giving p= c—®4, we find 
d.=1, and cannot be made =0: but @,:¢,=—1:4,, and ©, and , 
must be both infinite for any singular solution of the differential 
equation ; which agrces with page 191. | 
The equation @(r,y,c)=0 implies that y is a function of wand c, 
such that dy:dc=—®,:¢,, so that both the preceding cases come 
under dy: dc=0; and every different form under which y= (2, c) 
can be converted into ¢ (x, y, c)=0, gives the singular solution of the 
diff. equ. in its own way; some by ¢,=0, some by p= 0. | 


(61.) The manner in which Clairaut’s form is often solved (page 
196) may be extended. The equation y=y'r+/y’, being difierentiated, 
gives (r+f’y') y"=0, and y”=0 leads to the ordinary, and +f"y'=0 


‘to the singular, solution. Now let ¢ (x,y, c)=0, and let ¢,+¢,.y'=0, 
‘derived from differentiation, give c= (x,y, y). Consequently the 


diff. equ. is ¢ (x, y, F)=0, which gives 
bot dy yt os (Fret Fy. + Fy oy") =0, or br Ft By y tly. y" =0, 


which is satisfied either by F,+Fy,.y/+ Fy. y”=0, or orp=9. If the 
first can be generally solved, it leads to the form y=f (2, Ca Cy), and 
the diff. equ. derived from @=O may be satisfied by f, or rather only 
leads to a relation between C, and C,, which reduces these two con- 
stants to one. But ¢p—0, combined with ¢#(2,y, F)=0, gives the 
singular solution of this same diff. equ. in the usual manner. 


(62.) Given a solution of a diff. equ. y= x (x,y), not contamimg an 
arbitrary constant, it is required to ascertain whether it 1s a particular 
‘case of the general solution, or a singular solution. In the first place, 
if y=oxr be this solution, try whether this last a makes Xx 


e 


| 


708 DIFFERENTIAL AND INTEGRAL CALCULUS. 


and x, infinite: if not, it is certainly not the singular solution (page 
193), and must therefore be a case of the ordinary solution: if it does, 
it must be, in the geometrical sense, the singular solution. But we 
must bear in mind that a solution which is in every property singular, 
for instance, which belongs to a curve touching all the curves denoted 
by the diff. equ., may also be itself only one case of the ordinary solu- 
tion, and therefore, in the distinctive sense, not singular.* 


(63.) The theory of the singular solutions of equations of higher 
orders than the first has no very striking resuits, either in geometry or 
analysis; the following will be a sufficient specimen of it. Let V=0 be 
an equation between a, Yy, c, and c; and let V,+V,y=V’. A diff. 
equ. of the second order is produced by eliminating c and c, between 
V=0, V’=0, and V’,+V/,y’ or V’=0. Now suppose that cand c, 
are functions of x and y; it is required to determine them so that the 
diff. equ. of V=0, both of the first and second order, may remain the 
same as before. Let c’=e,+c,y’, ci=(c),+(¢,),y’. Differentiation 
gives V,tV,y'+V.c'+V,,c,=0; assume V,” +V, c0, and we 
have the same equation as before for forming diff. equ. of the first order. 
The last equation then remains V’=0; differentiate again, and we have 
Vat Vay AVe ce +V a c=; assume V’, c+ V'a c,=0, and we have 
again V’=0, as before, to be joined to the former two for obtaining the 
diff. equ. of the second order. The two assumptions give V,V’,,-V,,V’. 
=0: with this, and V=O and V’=0. eliminate c and c,. The result is 
an equation between <, y, and y’, which is a first integral of the diff. 
equ. of the second order, but cannot be deduced from either of its 
ordinary first integrals by giving any particular value to the constants. 
If we integrate this singular integral of the first order generally, we 
have an equation between v. y, and one constant, which is a singular 
primitive, but cannot be deduced from the complete primitive. A com- 
plete example of this will be desirable. Let us have 


Q) y= tee ec, (2) y'= e E, (3) y =t e 67 
(1,2) y=(l+c e~*) y + 2c, e+ cle, y =— (l4 ce") y'+2ce* te i 
(1,2,3) 4y=y" 44y" — y”. 


Here are, the primitive equation, its two diff. equ. of the first order, 
and one of the second. Assuming c and c, to be functions of x and Y, 
we must, to preserve the same resulting equation, have 


(e+e) o+(e7%+e)c,=0, &c!—e*e';=0, 


* A proof is frequently given which professes to show that when y= makes 
Xy infinite and y finite, that is, when y (2,a-+h) has a fractional power of h in its 
development with an exponent less than unity, the solution y= cannot be deduced 
from the general solution by giving any particular value to its constant. At the 
same time another proof is given that the curve which touches every curve that is a 
solution of a diff. equ. is itself the singular solution. These propositions palpably _ 
contradict each other: for example, a given parabola moves with its vertex on a 
fixed parabola of the same focal length, and so that the axis of the moving parabola 
is normal to the fixed parabola. The fixed is, therefore, by the second proposition, 
the singular solution of the diff. equ. of all the moving parabolas, and by the first 
proposition it is not itself one of the moving parabolas: but it is evident that the 
fixed parabola ¿s one of the moving parabolas. The defect is in the first proposition, | 
which applies the expansion of x (x, w-A) in a very dubious manner. 


~ 
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| which give ce +c, =*= —2, and from this, and (1) and (2), we find 
(4) y?+4y+4=0 giving (5) y=—2®+Kr—1-—1K?; 


(4) gives y”=—2, y”?=—4y—4, which satisfy (1, 2,3); and (5) also 
satisfies (1,2,3). But (4) is not a particular case of either of the 
equations (1,2), nor (5) of (1). Hence (4) is a singular solution of 
(1, 2,3) of the first order, and (5) a singular primitive of the same. 
But note that the s¢ngzdar solution of (4), or y= — 1, does not satisfy 
(1, 2,3). Also observe, that if we had deduced a singular solution from 
either of the equations (1,2), by making c, or c variable, we should in 
either case have found the equation (4) again. 

The geometrical meaning of the preceding is as follows. The equation 
(1) belongs to an infinito-infinite number of curves, since any one value 
of c admits of an infinite number of curves, belonging to the different 
values of c, Any relation whatever between c and c, amounts to a 
selecticn of a class of curves, every one of which is touched by another 
curve. Thus take c,=@c, find the singular solution of y= ce" + pce” 
coc, and we know that the curve thus found touches every one of the 
curves (1) which has its c, equal to the function @ of its c. But the 
curve (5) is, for every value of K, still more closely connected with a 
class chosen out of (1); it not only touches every one of them, but has 
the same curvature with each of them at the point of contact. Take 
any given value of x and y, and from (1) and from ce7+¢,67=—2 
determine c and c,, and from (5) determine K: then the curve (1), or 
its particular case thus determined, touches the particular case of (5) 
just determined, at the given point (x,y), and the two have the same 
| radius of curvature at the point of contact. Moreover, for any one value 
| of K, eliminate x and y between (1), ce*+c,¢7=—2, and (5), the 
' result will be a relation between c, cı, and K, which expresses how to 
‘choose those curves which are all touched by that case of (5) which 
' belongs to the value of K chosen. E 


| ` (64.) It is worth voting, that if y® =ø (y®?,....y, £) be a diff. 
equ. of the nth order, its singular solution, if any, of the degree imme- 
diately preceding, makes the partial diff. co. dy™:dy“~” become 
infinite. Thus, in the example above, we have 


1" 7 


dy y 
IP ee l2 ‘ = + ———, 


¿which is made infinite by y’ 4+ 4y +4=0. 


(65.) The equation Xdr+Ydy-+Zdz=0 does not of necessity arise 
| from a relation of the form ¢(z,¥,z)=0; if it be the unaltered con- 
‘sequence of such a supposition, we must have X= Ya Y= Zy 

Z,—X,. In this case the integration is an extension of that in 
page 197; suppose z a constant, or dz =0, integrate Xdr+ Ydy on this 
supposition, as in the page cited, and let P be the integral, or rather 
P+C, where P is, or may be, a function of x, y, and Z, but Cisa 
function of z only. Differentiate this last on the supposition that all 
three vary, then P,dx+P,dy+P,dz+C,dz must be identical with 
‘Xdr+Ydy+Zdz. But P was so found that P,dr+P, dy should he 
'Xdr+ Ydy, whence (P,+C,) dz= Zdz, or, C being a function of z only, 


! 
} 
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Z — P, must be the same, and C= f (Z—P,) dz. It will most frequently 


happen, unless a complicated instance be contrived for the purpose, or 
some peculiar artifice employed in integration, that we have P,—Z, or 
C is merely a constant. For example, let (y + 2) dæ +(z2+2) dy 
+-(e+y) dz==0, which fulfils the conditions. Make z a constant, or 
dz=0, and P=ay+yz+2xe4+C isthe integral, derived from integrating 
(yt2)de+(z+a) dy. But P,=r+y, or P,=Z; whence C is a 


constant. Now try another mode: make z a constant, and we have 


dy dx 
z+-(2+2) a —-—— 4+-—— = 0) == 
(y+ 2) dz4+(z2+4) dy, or Fee F or y+z)(x+z)+C=P=0 
P,=(14+y+22)}, Z- P;=—2z, C= — z+ const. 
(1+2z)y +2) +C=ry+yz+zr+const., as before. 

(66.) Suppose that a factor M has disappeared from Xdx-+ &c. after 
differentiation. Then MX dr + &c. is a complete differential, or 
(MX),=(MY),, (MY).=(MZ),, (MZ):=(MX).. Develope these 
equations, and we have 

M (X,—Y)=YM.- XM, M(Y,-Z,)=ZM,—YM,, 
M (Z,—X,)=XM,—ZM.,, 
giving .« Z(X,—Y,)+X (Y,—Z,)+ Y (Z,—X,)=0. 
Unless this condition be fulfilled, no factor can make Xdr+ &c. 
integrable. If it be fulfilled, make z constant, or dz=0, integrate 
Xdx+ Ydy=0 as an equation between two variables, make the result- 


ing arbitrary constant a function of z, and proceed as before. The 
following instance will show the method. 


Let ry dz+yedxr+2udy+ayz (dxr+dy+dz)=0; 
the equation of condition (divided by xyz) becomes 
(l+z) (ay) +A +y) @—-2)4+ (+2) (y—2)=0, 
which is true. 
z=0 gives (y+ary) dx+ (x+y) dy=0, or log (ty) +-r+y22Z, 


where Z is a function of z. Now consider z as variable, and for 
yz dx +zx dy+ xyz (dv + dy) write its value xyzdZ, which gives 
ry dz+axyz dz+ ryz dZ=0, or 


(1+) dz+2dZ=0, or Z=const.—log z—2z; 
whence log (xyz)-+-2-+y+z2=const., or syzet = const. 


which is the primitive equation required. 


(67.) Next, let Xdx+Ydy+Zdz=0 be neither integrable of itself, 
nor by the addition of a factor. Returning to our geometrical illustra- 
tration, it appears then that this 1s not the equation of any surface what- 
soever: that is, there is no surface on which any point (a, y, 2) being 
assumed, and given infinitely small increments dv and dy, dz is always 
expressed by —(Xdzr+Ydy):Z. But on any one surface it may be ° 
possible to draw a curve through any point, such that at every point of 
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that curve, transition from (zx, Y, z) toa point infinitely near it on the 
| curve may satisfy the condition. To try this, let U0 be the equation 


of a surface, giving Pdr+Qdy+Rdz=0. Let M be an undetermined 


| factor, multiply the first equation by it, and add the result to the second. 


We have then 


(P+MX) dr+(Q+MY) dy+ (R+MZ) dz=0......(M), 


which is integrable, with or without a factor, by the preceding article, if 
M be determined from the partial diff. equ. 


doa. 
(R+MZ) (+ P4Mx—— Q + MY )4 c= 0. 
dy dx J 
Assuming then the possibility of integrating all partial diff. equ. of 
the first order, we can find M so that (M) shall be integrable : let it give 
V=0, then V=0 and U=0 together give Xdr+ &c.=0, or the curve 


' which is the intersection of the surfaces U=0 and V—O satisfies the 


required condition. And since V=0O contains an arbitrary function, an 
infinite number of curves may be made to pass through any given point 
of U=0, on each of which any point being supposed to move, its velo- 
cities in the directions of æ, y, and z always satisfy Xdx:dt+ Ydy: dé 


/+Zdz:dt=0. Or any surface may in an infinite number of ways be 
supposed to be the locus of a family of curves, a motion on any one of 
‘which will give this relation always, but motion from any one curve 
across the rest, never. 


Another way of viewing the subject is this: assume y=¢@a, and sub- 
stitute, which gives (X+ Y g'z) dx+ Zdz=0, px being written for yin 


X, Y, and Z. Let the last give z=% (x, c), then the curve which is 
the intersection of the cylinders y=¢xr, z= (x, c) satisfies the equation. 


Then an infinite number of curves can be drawn which satisfy the 
relation; but the preceding is more satisfactory, as showing that every 


surface may admit of having such curves drawn upon it. 


(68.) Equations of a higher order between dr, dy, and dz are not 


usually integrable per se; the following example, however, will be 


instructive. In dz’=dx’4+dy? we see an equation which can have its 


` 


most general solution given in few words, as follows, This equation 


+ denotes no general relation between 2, 7 and 2; but, if y=ġx, z is the 
arc of the curve whose equation is y=@a. Let us proceed to such an 
integration as that of the last article, without any reference to this pro- 


perty. One solution can be readily seen: let @ be any constant, and if 


x sin 6-+y cos 0= A, then z=2 cos 0—y sin 9+ B. 


' Now let A and B be functions of 6, but such that x cos 0 —y sin =A’, 


—rsinO—ycosé+B’=0. The equation d2=—dr?+dy*? will still 


. À ; Ja i 
remain true, and we shall have B= A. But xcos0-—ysm0=B”" 
. I e 
and zsin0+ycos0=B' give 


t—BP'sin0+B"cos@, y=B' cos¢—B"sin6, 2=B"+B. 


Take B any function whatever of 0, and if the first and second equations 


i 
i 
| 


+ 


give the coordinates of a curve, the third gives the arc, measured from 
some point to be determined: or rather, since vand y involve only diff. 
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co. of B, it would no ways alter the question to add a constant to B, and 
to determine that constant so that z should vanish for a given value of z. 

The solutions r=az +b, y=,/(1—a’) .2+¢, treated in the same man- 
ner, will lead to the well-known determination of the arc by means of 
the involute (page 364). The student may also try to understand the 
following: the first solution above, when 0 is constant, amounts to sum- 
ming the elements of a tangent of the curve; when 0 is variable, it 
amounts to summing the elements of the tangent supposed to roll over 
the curve, each element being taken into the sum as soon as it coincides 
for one instant with an element of the curve. 


(69.) In the preceding, integration is reduced to the solution of a 
functional diff. equ., thus. Let y=fz be the equation of a curve, and 
fJ(dx’+dy*) is found, as soon as $8 is found so as to satisfy 
'0.cos 6 — p"0.sin 9 = f(9'0.sin@ + 6”4.cos@). The following is 
another instance of the same kind, which I leave to the student: show 
that fyz. dr=p'pr.pre—ppzr, if x can be found so as to satisfy 
or. p'a.¢"pr = yr. In both these cases, the converse is, generally 
speaking, the easier, namely, to satisfy the functional equation, or to 
depress it, by the integration: a circumstance which points out the 
utility of noticing such relations, since it will generally happen that a 
mode of making the easier of two processes depend on the more difficult, 
is also a mode of making the more difficult depend on the more easy. 


(70.) The general process of page 203 has been extended (by Jacobi) 
as follows. Let there be any number of variables, say three, u, v, w, 
each of which is a function of any number of independent variables, say 
two, x and y, and let there be three equations, as follows, u, meaning 


du: dr, &c¢., 
Xu,+Yu,=U, Xr, + Yo,=V, Xw, + Yw, =W...) 


where X, Y, U, V, W may each be a function of all the five variables. 
Grant that the simultanecus equations (4, or 3+2—1 in number) 


du _dv dw dz dy 
Wade te ot a N 


can be integrated, and let P= const., Q==const., R-=const., S=const. 
be the primitive system, where P, Q, R, S may each be a function of 
the five variables. Then the system (1) is satisfied by the values of u, v, 
w in terms of x and y, deduced from 


© (P,Q,R,5)=0, «(P,Q,R,S)=0, p(P,Q,R,S)=0......(3). 


where ©, k, p are any functions whatsoever. Differentiate each of (3) 
with respect to z, and we have 


Dy +O, Uz,pO,U,+O, W,z=0, Kp,b&ce.=0, o,+&ce.=0......(A4), 
also w, dr 40, dy +o, du+ w, dr 4o, dw=0, 
or Xo, + Yw, +Ua,+Vo0,+Wo,=0......(5), 


by (2) z and similar equations from « and p. Let As Ao As be such 
quantities as will satisfy 
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Ay DeF Àe Ka HÀ ae (6) and let (7) 
Ay Diy F Àe Ko F Ag po = O Dai i Ai Dut Aek HA pA 


Multiply equations (6) by v, w,, and (7) by u, and add; which 
gives, by (4), 


—Q, Wr +F Ao Ke T Às 0,) Au, 
and — (Ar Dyt Ae ty + Às 0) = Au, by a similar process. 


Now multiply the equations (5) by An Ae, Az, and add, making use of 
the equations (6) and (7), and those just found, and we have 


ae AXu,—AYu,+ AU=0, or Xu,+ Yu, U, 


whence the first of (1) is satisfied: and similar processes may be 
applied to the second and third. 


(71.) The preceding theorem shows on what the integration of the 


general equation u=¢ (x, Y, Us, Uy) depends. Let u,=p, u,=q, and 
we have 


P—P2= Pp Prt Pade I~ Py=Pp Pyt hy Dy 
Or Pp— p= Pp Pa Py Py q=pj =p Je +P Qyssees (1), 


since Py=q,. First, let us integrate these equations independently of 
the condition py=q,. We are then first to integrate 


dp _ dq _ da dy. 


P—Ps by by Qr 
let P=const., Q=const., R=const. be the integrals of this system : 
then © (P, Q, R)=0, « (P,Q, R)=0 are the integrals of the equations 
(1), independently of p, =q, Now, considering @ and x as functions 
of P, 9,2, Y, form the four equations of which the first is Or +O, De 
+ 5,9-0, by ordinary differentiation. Add the fifth equation p, = qy, 
and eliminate the four quantities p,, py, Qes qy from the five; the 
result is 
dw dx drk dœ dọ de dk do 


— CO — —— —zl.... (2). 
dx dp dx dp ai dq dy dq (2) 


Chen any forms k=0, o=0, being taken which satisfy this equation, 
ind p and q being obtained in terms of y, and substituted in the first 
ralue of u, the solution of the given equation is found. One mode of 
‘atisfying this equation is k=fø, f being any function: but this suppo- 
ition is equivalent to reducing @=0, «=0 to one equation only. 


(72.) Another general mode is as follows. However p and q may be 
‘xpressed, the equation d.p:dy=d.q:dx remains true, every mode in 
vhich p and g contain x and y being taken into the account. Let the 
martial diff. equ. be reduced to the form q= ẹọ (p, 2,y, u), and p being 
upposed a function of x, y, u, form the preceding relation. We have 

en 


1 á dx Pr dul PORES 
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dp dp dp 
or —b..p) ~ —hp — += pt Pup +. CL)5 
the shorter notation expressing explicit differentiations from g=. | 
Here p is a function of u, 7, Y, and the solution requires first the pre- , 
vious solution of the simultaneous equations 


d l d 
p du _dt_ 


ee eee 
Senet 


i Pr +H Pu P p— Pp . P Pp 
If these can be integrated, we have, say M,=c,, M= ca M= c3, and 
f (Mi, Ma Ms)=9 for the solution of (1). Take any one solution in- 
volving an arbitrary constant, and having expressed p by means of it, it 
will frequently happen that z can be expressed, either by integrating 
g=, or dz=pdx-+ qdy. Another arbiirary constant will thus enter, 
and a primary solution § (76.) is obtained, from which the general solu- 
tion must be got in the way presently pointed out. Of course those 
solutions should be taken in which p is expressed in terms of x and y | 
only, or if u enter, it should destroy u in > after substitution; or if | 
not, u should enter only as a common factor in p and q. 


(73.) Thus, let g=p" XYU, X, Y, and U being severally functions of | 
a, of y,and of u. The differential equations then are 


dp _ du _ dx A 
pX!YU+ pt XYU' pe XYU—np" XYU np™ XYU y: 
1 X l i 
From the first and second dpt x du -+ a4 u=0. 
From the second and third 
n— li pX l1 pU 
— wody -di AE E 
du . pdx, or pt x dx-+- — OU du=0 ; 
] 1 1 


log U=log a, or pX” U"!=a 


l 
whence log p +> log X + 


n— 1 


1 


g=p" XYZ= Ca u=) XYU =a" YU ”-! 
du= Um Ca a” Ydy) 


1 1 
Jo du=afX™* dx+a"fYdy+b. 


Here is a primary solution. Make b= a, and the general solution 1s 
determined by differentiation with respect to @ and elimination. 


(74.) The singular solutions of partial diff. equ. have not been m- 
vestigated in any manner which deserves the name of a general theory. 
The general solution, when it contains an arbitrary function, is itself 
the singular solution of one which contains an arbitrary constant. Let 
Xu, + Yu,= U, and let the equations dr: X=dy: Y = du:U be satisfied 
by M=c, M,=«, M and M, being functions of 2, y, u, and c and c 
being constants. Each of these equations satisfies the given equation: 
for this given equation is in fact the same as XF,+ YF,+ UF.=9; 
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where F=0 is an equation involving <, y, and u. This follows from 
u= — Fz: Fa u= -~ Fy: FB, But M=c gives M,dr+M,dy4+M, dz 
=0, or, by the equations dr: X=dy:Y=du: U, we have XM,+ YM, 
+UM,=0, whence M=c satishes Xv, + Yv, =U. Now the two 
solutions M=c, M, =c, answer to, and are involved in, AM+ A, M,=A,, 
BM+B,M,=B,, where A, B, &c. are functions of any number of 
arbitrary constants: for these merely imply, and are implied in, M=c, 
M,=c, Hence AM+A,M,=2, satisfies the partial diff. equ. Now 
let its constants, instead of being constants, become functions of a, Y, u, 
such that for every such function a, we have A, M+(A,),M,=(A,),; 
30 that no differential relations of the first order are disturbed. There 
will be as many of such equations as of functions which were constants ; 
ind from them, a and all the rest may be deduced to be functions of M 
ind M,. Let the values of these functions be substituted in AM +A, M, 
=A, and we have ¢(M,M,)=0, in which there is no restriction 
upon @, because A, &c. may be any functions. Here is the common 
reneral solution, which is therefore nothing but a singular solution of 
he most general form which satisfies dr: X=dy: Y=du: U. 


(75.) Let a particular integral of any partial diff. equ. be found 
vhich’contains two arbitrary constants, say J (x, y, v,¢,¢,) =U. Leto, bea 
unction of c, then, if fe+fa ci 50, c may be supposed to be a function 
fx, Y, and v, provided c be obtained in terms of x, y, and u from the 
receding equation: which introduces an arbitrary function, since c, may 
ye any function of c. This illustrates the last article: but a singular 
‘olution may be often found, by making /,=0, fe =0, finding the definite 
ralues of c and c, which satisfy these, and substituting. When such a 
olution can be found the geometrical explanation is as follows. The 
quation f=0 belongs to an infinito-infinite number of surfaces, cor- 
esponding to different values of c, and ce. Every law of relation which 
‘onnects c and c, points out one peculiar family of these surfaces, which 
amily has a connecting surface: the solution which contains the arbi- 
rary function belongs to all these connecting surfaces. But these last 
urfaces may themselves have a connecting surface, which is related in 
he same manner to all: the solution without either arbitrary function or 
onstant belongs to the last. . 

For instance, w=cr+c,yta/(1+ec?+c}) is the equation of every 
iossible plane which has æ for the perpendicular dropped on it from the 
rigin. From such planes an infinite number of developable surfaces 
aay be formed; let c,=@c, and the equation of such a surface will be 
ound by eliminating ¢ between the preceding and 


rt d'c.yta {let (pe) (c+ $e. p'e) =0. 


All these developable surfaces have their tangent planes also touching 
1e sphere whose radius is a. Eliminate c and c, between the first 
quation and the two following, 


cta(t+e+c).c=0, ytaClt+e+ci)7e=0; 
nd we have +y? +u?= a, the equation of the sphere. 
(76.) It thus appears that we may distinguish the solutions of partial 


iff. equ. of the first order into three kinds. 1. One which contains two 
rbitrary constants more than were in the equation. 2, One which con- 
| 
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tains an arbitrary function. 3. One which contains neither constant 
nor function. Lagrange termed these severally the complete, general, — 
and singular solutions. To the third term there can be no objection, 
but the distinction of complete and general is not easily made. Thecom- 
plete solution may be a very limited case of the general solution, as in 
u=cr-+c, y, which is the (so called) complete solution of w=axu,+ yu, 
The general solution is w=x2G(y: x), one form of which is cr+cy 
+oy:t+csy?:a°+.... ad inf. It will much offend our ideas of 
language to say that this last is completed by making c,=0, c;=0, &c. 
It would be better to call the first solution primary,* the second general, 
and the third singular. 

Let @ (x,y, u, a, b) =0 be the primary equation, then the partial diff. 
equ. is obtained by eliminating a and b between $=0, $,+¢,u,=0, 
dy td, Uy=0; or by considering a and b in the first, as functions of q, 
y, u, obtained from the second and third. Suppose that this substitution 
made gives Y (<, Y, u, p,q) =0, where p=u, and q=u, Then y=0 
is an equation identical in meaning with ¢=0, when a and b are cou- 
sidered as above. If, then, from y=0 we find v in terms of a, y, p,q, 
and substitute it in @=0, we have (as in page 192) an equation abso- 
lutely identical, independently of all relations: and every diff. co. of Ø so 
altered is identically =0. Differentiate then separately with respect to 
p and q; the first operation gives 


Pu pt Pa (au Up tay) H Po (Du Upt b)=0 : 


the implied suppositions are that @ contains p through u, a, and b, 
while u, deduced from y%=O0, contains p, and a and b contain p both 
directly and through u. Now from %=0, the proposed diff. equ., from 
which u is obtained for substitution in the preceding, we have Yp + Wau u, 
=0; substitute for u, in the preceding, go through a similar process 
relatively to q, and we have 


Wp mae Da a,+ Pr b, Us, ae Pa Q+ Pi b, 


—— -n 


Wu putha a+, by Wa hut ha Aut Po by 


Now the singular solution is derived from ¢,=0, ¢,=9, and ọ=0 
necessarily contains 7, so that ġ„ is not =0: consequently, unless æ, or 
b, are made infinite at the same time that 9, or ¢, vanishes, a singular 
solution will give ¥,:W%,=0 and w,:%,=0. Singular solutions then 
may be sought among those relations which satisfy w,=0, y,=0, Yu 
being finite; or among those which make W, infinite, y, and w, being 
finite. But it does not follow that these modes will give all the singular 
solutions; for a, and b, may possibly become infinite when ø, and ¢ 
vanish. 


(77.) For example, take the surface on which the normal intercepted 
between the tangent plane and that of ry is always of the same length 
k: the equation of which, x, y, u being the coordinates of any point, 1s 
found to be u? (1+p°+q°)—k?=0. The singular solutions may be 
contained in 2u? p=0, 2u°q=0; now u=0 does not satisfy the equa- 


* Even against this word lies the objection that there is an infinite number oi 
primary solutions: thus y*~! w=ca*-+c, a"—Iy is, for all values of n, a primary solu 
tion of the proposed equat'?n. 
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tion, but p=0 and q=0, implying w=const., do satisfy the equation, if 
that constant be £4: and z*—h?=0 is the singular solution. It is 
evident enough that the two planes thus obtained are the envelopes of 
all surfaces of the kind required. For the primary solution it is obvious 
that a sphere; with its centre on the plane of ry and a radius k, will 
answer, or (t—a)’+(y—b)?+wW=hk*. Assume then b=¢a, and 
eliminate @ between the preceding and (r—a)+(y— a) 'a=0, and 
we have the general solution. The primary solution is thus a sphere of 
given radius, the general solution a tube (page 402) made by the motion 
of that sphere with its centre on a given curve in the plane of zy, and 
the singular solution the pair of planes parallel to xy within which 
all such tubes are contained. (This tube is called surface-canal by the 
French writers.) ; 


(78.) In the same way it may be shown that u=pxe+qy +f(p,q) 
nas for its primary the plane u=axr+by+f (a,b) ; for its general solu- 
jon the result of eliminating a between this and r+ va.yththe'a 
=0, which gives a developable surface, and for its singular solution 
he result of eliminating a and b between the original and r+ 7, =; 


I+ f =0. 


(79.) I now take some detached artifices which have been given for 
he integration of various partial diff. equ. of the first order. 

f(p,q9)=0, or gq=¢p, the general equation of developable surfaces. 
Tere du = pdr + op dy, 


u=pr+dp.y—f(x+¢'p.y) dp, whence r+'p.yssay w'p, 
T u=pr+p.y— 4p, «+¢'p.y—wv'p=0. 


òdliminate p, and we have the general solution. This case is, under 
nother form, a repetition of that in the last article. 


(80.) z=f(p,q). It may be discovered from §(71.), that z= 
(y-+ cx) must contain a solution of this equation: or, for some form of 
, we have Ø (yterJ=f {cd (yter),d'(yter)}. For y+ cer write v, 
nd for Ø (y-++cr) write y, which gives y=f (cy’, y’), a common diff. equ. 
‘om which can be found, say y=% (a,c,). Hence z=W (y+cr,¢,)is a 
rimary solution of z=f(p,q), from which the general solution can 
e found. For instance, let z=pq, then y=cy” is the diff. equ., which 


ives 
l /: 2 ] - Cx 2 
JE ($ ta), or ono ae (£ +a). 


et c =ġc and e= 14 pe) (r+ 29’c): 


iminate c, and the general solution is found. Or, eliminate c from 


£ 
z= 7 -Ne 2- pe=0 and —” —d'c=0. 


2c,/e 2de 


(81.) Ø(p,s)=4 (qy). Let d(p,7) =a, ¥(q,y) =a, whence 
= (2, @), y=¥, (4,4), 
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= figh (x,a) dr+ Yı (y, @) dy =p (2, a) +% (y,a)+b, 
a primary solution. Assume 5=ya, and eliminate (for the general 
solution) a from i 
dds A ' 


Sona) + W (y, a)+xa, er ee i. +X, 


(82.) If @ (x,y) be differentiated twice completely, it gives ¢,, dz’ 
+26, dx dy + ġ, dy’, say rdz?+2sdxdy+tdy?: and the conditions 
under which such an expression is completely integrable are 7,=s,, 
s,=t,. But it is seldom that a factor can make such an expression 
integrable. Let R@x*+ 2S dv dy + Tdy” be integrable, if possible, after 
multiplication by M ; we have then 


(MR),=(MS),, or SM,—RM,= M (R,—S8,) 
(MS),=(MT),, or TM, —SM,= M (S,—T,.). 


From these find M,:M and M,:M, say A and B. Then, if A,=B,, 
M is possible, and log M is found by integrating Adr+Bdy. Hence 
it appears, 1. That when the expression is integrable already there is no 
factor under which it will remain integrable, except when S’=RT, in 
which case there is an infinite number. 2. When the expression is not 
integrable, there may be one factor, but generally only one, and most? 
frequently none; except when | 


S:T::R:S8::R,—5,:8,-T,, 


in which case there is an infinite number. For example, 7 dz? 
+2 (ry+1) dx dy+a? dy? is not integrable: to determine the factor, 
if any, we have | 


(ry+1)M,-—y2M,=My A=M,:M=y 
22M,- (1y+1)M,=—-Mr B=M,:M=e@ 


and Adz +Bdy is integrable, and gives xy, whence M=: multiply 
and integrate, and we have e” itself for the primitive function. 


(83.) If we take a partial diff. equ. of the first order, containing two 
arbitrary constants, we may from it form one of the second order. ‘Thus, 
if @ (L,Y, U, p,q, 4,6)=0, we may determine a and b from b,+4,7 
tps =0, dy +¢,8+%,t=0, in terms of av, Y, U, P, q, T, S, and t 
These values substituted in p=0 give an equation of the second order. 
Again, assuming b=ya, we get precisely the same equation of the second 
order if a and b be functions of a, y, u, p, q, provided that a be deter- 
mined from $,+6,.6,=0, or pat Pe x'a=0. Hence we can get 2 
solution of the first order having an arbitrary function, since y 1 
arbitrary; and if, therefore, we can integrate this equation of the firs! 
order, which integration will introduce another arbitrary function, wí 
have the complete solution of the given equation, with its two arbitrary 
functions. But we must first extend the conclusions of page 64 to th 
extent of showing that two arbitrary functions cannot always be elmi 
nated in the formation of the equation. : 

Let A and B be given functions of a, y, and u, and f(t yt PA, wB 
=0, an equation in which f is a given form, and ¢ and ẹ any function 


Ld 
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whatever. Differentiate with respect to 2, y, az, ry, and yy, which 
gives altogether six equations, involving pA, WB, ØA, WB, OA, &’B, 
with £, Y, U, p,q, 7, st, and the known functions of them Ags ys Ba 
&c. Now six quantities cannot generally be eliminated from six 
equations: therefore-the-equation f=0 is not always the solution of an 
equation of the second order. It certainly very often happens that the 
process which eliminates five also eliminates the sixth. Therefore, 
although the preceding part of the process shows that every equation 
which has a primary of the first order containing two arbitrary constants 
has two arbitrary functions; yet the converse is not true. If a represent 
the number of arbitrary functions, and r the number of complete orders of 
differentiation performed, the excess of the number of equations over that 
of the functions given and introduced by differentiation is $(r74+1)(r4+2) 
—a(r+1). This can never be unity (which is required that one 
equation may be a necessary consequence of elimination) except when 
a=l, r=1. If a=5, then $(r+1) (r+2) first exceeds 5 (r+1) 
when 7=9, and the difference is 5. Consequently, an equation of five 
arbitrary functions has five distinct equations of the ninth degree, in all 
cases in which there is not some peculiarity in the elimination: and 
this is the first set in which all traces of the arbitrary functions vanish. 


(84.) Itis not certain that every partial equation of the second order 
even has a solution. The most general case in which anything like a 
method has been proposed is as follows. Let Rr+Ss+Tt=V, where 
R, &c. may be functions of v, y, z, p, q : this is the most general equa- 
tion of the second order and linear form. The principle of solution is 
that explained in page 203, and may be stated as follows. There are 


already three ordinary diff. equ. existing between the quantities a, Y, U, 
P, q, 7, $, t, namely 


du=pdr+qdy, dp=rdx+ sdy, dq=sdx+tdy, 


which are universal, or true when w is any function whatsoever of x and 
y. To make use of them then is not introducing any new condition 
into the question ; for that u should be a function of xand y is already 


an implied condition. Consequently, the given equation is neither 
more nor less than 


l dp—sdy dq— sdr _ 


x Rdpdy4+T dq dx—V dy dis (Rdy’—S dx dy+T da’). 
If we call this last g= sg, we see that the equation includes among 
ts conditions that if o vanishes œ must vanish, and vice versé. This 


s not all the meaning of the equation, but a part of it, and, so it 


lappens, enough for our purpose. Proceeding in the same manner 
vith r and ¢, we find, making 


(dp dr— dq dy) -Sdpdy+Vdy’=o R dy? — Sdr dy +Tdr =g 
tdp dy+T dq dr—V dz dy Eg du—p dx—q dy =y 
t (dq dy—dp dr) —S dq dz +V de=7 


pet the given equation is equivalent to either of the following, p=rg, 
=sa,r=ta. Whence, u must be sucha functionof æ and y as will 
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make all the four, p, o, 7, «, vanish when any one of them vanishes. But 
the equations 


Ro+Se+Tr= Va, adp=pdi+tody, adq=odr+rdy, 


which may easily be verified, show that the four equations p=0, o=0, 
7=0, &=0, are all satisfied when any two are satisfied. Hence we 
satisfy the original equation, though by far from a complete solution, 
when we find any primitive of the following system, containing, l. Any 
pair out of p=0, c=0,7=0, ¢=0. 2. The equation v=0. Here are 
three equations between five variables az, y, u, p,q; let A=a be one of 
the primitive equations, of which there may be three, two variables 
being independent. We have then 


A, dx+A,dy+A,du+A, dp +A, dq=0. 


Let g=0 give dy=pdz, and then o=0 gives Ru dp+Tdq—V pu dr 
— 0, from which substitute for dq, and for du from v=0. The result 
contains only dv and dp, and, every necessary condition having been 
used, this must be true independently of dx and dp, which might be 
made the two independent variables. Equating each coefficient to 
nothing, we have 

Vu Ru 
Ast Ay pt Au (pgp) + Aaa = A,— Ayr =0 ere (0, a). 


Let B=) be another primitive, which will give similar equations. 
Then, as in page 203, the condition, not that the diff. equ. «=0, o=0, 
should be satisfied, but that one should be satisfied whenever the other 


is, may be expressed by B=@A, among the cases of which we are - 


therefore to look for solutions of Rr+Ss+Tt=V. And on examination, 
as in the page cited, we shall find that every form of ọ satisfies it, as 


follows. Take the equation B,d#+B,dy+&c.=@'A (A, dr+&c.), © 


and for A, and A,, B, and B, write their values from (o,«) and the 
corresponding equation for B. The first side becomes _ 


y 
—B, udx—B, (p+ qu) dr—B, py dex 


R 
+ B, dy +B, (pdx +4dy) +B, ar dp+B, dq, 
B 
or (B, +B.) (dy — pdz) +7 (Ry dp +Tdq—Vp dz), 


which is @/A x a similar function of A, so that 
B, + qBu-P'A (A+ qÅ.) 


meee e eee 


T(B,—@'A.A,) 
gives Ry dp-+ Tdq — Vu dx==w (dy—dz), 


y= 


which verifies the assertion above made relative to B= oA. For dp 
and dg write rdx-+ sdy and sdr+tdy, and dr and dy being independent, 
we have 


Ryur+Ts—Vp+op=0, Rus+Ti—w=0 ; 
or Rur+ (Ry? +T) st+Tyt — Vp, or p (Rr+S8s+Ti—V)=0, 


il 
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since Ru’ —-Su+T=0. Hence the equation is satisfied by B=@aA., 
It may be observed that u has two values, either of which may be 
chosen; or it may happen that it may be convenient to use both. 

For example, let R, S, and T be constants, and V a function of x and 
y; whence p is a constant, and dy— pdx gives y= px-+a, which substi- 
tute in V, Then Ru dp+Tdq¢—Vydr=0 gives Rup+Tq—pf Vda 
=b. After integration of Vdr, put back y—x for a, and the first 
integral of the given equation is 


Rup + Tq—pf Vde= p (y—pe), 


with either value of u. If we proceed to integrate this equation by page 
203, we must first integrate the system 


Ry dy —Tdx=0, or dy— p dxr=0, 
(p being the other value of u, and up, being T: R) and 
| Ru du=pfVdx.dx+ (y—px). dx. 


The first gives y—,v=a3 substitute for y in the second, then since 
fo (a+ p£ — px). dr, o being arbitrary, is simply œ (a+ p £ — ur), 
which has the same appellation if divided by wR, we have for the 
integral of the second equation, putting back y — p, x for b after integra- 
flon, 


I 
u= pl desVde+9 (y— px) +, 


Where the meaning of fdxfVdx has much more than the notation ex- 
presses, nor does the operation’ occur often enough to require a distinct 
rotation. We begin with V=% (x, y), which we change into ẹ (2, pt+a), 
ind integrate, giving, say Y, (x,a), which we re-convert into y(x, y- px). 
Phen we change this into y, (x,a +p, £— pur), and integrate, giving, 
ay We (x,a), which we then re-convert into Y (r, y--4, £). From the 
quation y¥— sq «=a, and the last, we now have 


l 
e= pi arf Vda+¢ (y— px) +e (y — pm 2), 
ay 


p and ¥ being any functions whatever. Let us choose, for instance, 
r+6s+5t=a2+y. We have then p?—6u+5=0, or 5 and | are the 
ralues of y. Proceed with V=x+y in the way pointed out, and we 
lave 


f(etat or) dr=31"+ax, for which put 322+ (y—5z) a, or Ly — 22”, 


„ntegrate © (a+) — 24°, which gives zar” E +x, for which put 
s(y— x) 2 —A42°, or dyx?—5.23. The solution is 


u= syx—2a° +O (y—5r) + (y—2z). 


Verification. Taking the first two terms alone, r=y—b5z, s=a, 
=0, r+6s+ 5f=r+y. Now Ply — pe) gives r+ Os +- 5t 
=(u*— 6u +5) P" (y— pur), which vanishes when u= l or p=5. The 
quation would certainly be as well satisfied if to the preceding we 
dded Ax+By+ C, whence it might seem as if we had not the complete 
olution. But observe, that Av-+By+C may be made to become 


3A 
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E(y—5e)+F (y—2)+C, if E+F=B, 5E+F=—A; so that the 


preceding addition only amounts to an alteration of ġ and Yẹ. 
When the roots u and u, are equal, first assume u, = p+ a, then show 
by the method of § (21.), that the complete solution is 


l 
i= pl wfVar+ep (y— px) +h (y— pus), 


which requires the assumption (obviously allowable) that an arbitrary 
constant of any value may be a multiplier of either function. 


(85.) Looking at the preceding method, and generalizing by analogy 
from ordinary diff. equ., we might seem to have all but a demonstrative 
right to infer that every partial diff. equ. of the second order has two of 
the first order, each containing one arbitrary function: which two arise 
from one primitive containing two arbitrary functions. All this 1s very 
often true, no doubt; but there is not a single point of it which cannot 
be refuted, if asserted universally, or at least shown to be hitherto in- 
capable of general proof, and very unlikely in certain cases. First, in 
the equation ose, we have begun by presuming the existence of a 
solution which allows g to vanish, when of course o vanishes. The 


solution we thus obtain may be the most general of its kind: that is, of- 


those which allow «œ and ø to vanish; but how do we ascertain that there 
are no solutions in which this is impossible? or how do we know that 
there are not some in which, when g vanishes, s necessarily becomes 
infinite, and sæ remains finite ? 

But do not these objections equally apply to the solutions of equations 


of the first order in page 203? Undoubtedly they do, and the proof of 


the perfect generality of such solutions is therefore not complete till page 
204. It may be thus further illustrated, with our knowledge of primary 


solutions. 


Let f (x,y, u, A)=0 be the solution of a partial diff. equ., f and A 


being given functions, the latter of x, y, u; and ® the arbitrary 
function introduced by the common method, which we may therefore 
write cwA+c,yA. We have then one primary solution, with two in- 
dependent constants. If there be any other general solution, we can 
obtain it in an infinite number of modes by making ¢ and c, functions of 
x,y, and u; and we have a right to one relation between c and c,. Let 
it be c,=@e: and solve f=0 with respect to pA, giving, say cY A +c, yA 
=F (x,y,u). If then we determine c from ~A+¢'c.yA=), giving 
for c and c, functions of A only, all differential relations of the first 
order remain as they were whenc and c, were constants; and the partial 
diff. equ., from which f=0 arose, is satisfied: but chA+c, yA is still 
only an arbitrary function of A. 

The process of page 204 might be extended to the proof in § (84.), 
and we might be compelled to admit, that when two arbitrary functions 
appear, the most general solution is gained. But whether every diff. 
equ. of the second order has two arbitrary functions ; and whether every 
such equation has a solution; as also whether, if it have‘a solution, 
there are diff. equ. of the first order belonging to it,—are all unsettled 
questions. To take a well known instance illustrative of these doubts, 
let r=q be the equation, or R=1, S=0, T=0, V=q. We have then 
p= dy’, c =(dp-qdx) dy, r=dqdy-(dp-qdx) dz, c=dy’,which vanish 
simultaneously if dy=0, dx=0, or if dy=0, dp—qdx=0. The first 


i 
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would give the solution y=@z, which does not contain u, and must be 
rejected: the second cannot spring (with du=pdx-+qdy) from any 
relations between z, y, x, p, and q, all variable: and q=c can only give 
the solution z= 5c + cy+c,ig. But the following solutions can easily 
be verified, or (the two latter) obtained by indeterminate coefficients, 


u= C, ame y 4 C. EM VMS Y L C, £” LAM Y Sai 


2 ae 
u=pr+q"n.yt+o" ax 2 Hee + T 


we a ie yn, = a 

WE PY TPE FOE T VaT O te pp eee 
In all three, two «-differentiations give the same result as one 
-differentiation : which is all that the equation requires. The third 
eems to involve two arbitrary functions, and really does so with respect 
o y; but yet these two only amount to one with respect to x, as in the 
econd solution. For if Py=a+ay+...., and wy = bot by 
+....3 i, after substitution, a+6,2+-a,27+b,234+.... be called 
x, the third is converted into the second. We shall see the complete 

itegration of this equation presently. 


(56.) The most important equation of the second degree, beyond all 
uestion, Is 
Pu Œu du du 


A aa a —py2t- 
T dy? SOY ane 2 T t; 


a 
—_—-— 


hanging the variables* for convenience, since, in mechanical pro- 
lems, one of them is usually the time (f). If an elastic fluid be con- 
ined in a tube of very small section, and if a be the velocity with 
hich sound travels in that fluid, then, the preceding equation being 
ved, du: dx will represent the velocity of the particles at the distance 
from an arbitrary origin in the tube, at the end of the time å, and. 
u:dt will be always proportional to the compressing force. This 
juation has been already integrated; we have R=1, S,0, T= —a?, 
=0, #—@=0, p= ta, and 


u=¢ġ (1+at)+ 4 (x—al), 


here ¢ and w are arbitrary functions, deducible from the state of the 
be at any one moment. . 
An independent integration may, however, be desirable, and we may 
tain it as follows. Supposing the equation to be rt, PHU, (=U 
@ equation gives p,=g,, and the property of all functions is p,=q,. 
'e have then p,+q:=pst ey and p, —q:= —(Pr— q). Hence p+q 
a function which satisfies (p+q):=(p+q). and we must have 
tg=f(#+1t); and p—q satisfies (p—9):=— (P—4)» or we must 
tve p—q=f(«—t). The functions being arbitrary, we have at once 


P= (#@+1)+y (r—2), q=P (a+t)—} (2-1) 
u=, (+t) ty (r-t) +y, u=ġ, (1t) tY (rx—1)+y2; 


* The two different meanings of ¢ must be distinguished: both are so sanctioned 
custom that the clashing of the two cannot always be avoided. l 
3A 


O FT 
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equations which can only agree when wy and xz are constants, and 

therefore may be considered as included in the arbitrary functions. Or 

we might integrate by page 203 either ptqg=f(et+t) or p-q=f(e-t), 
and we should produce the same results. Change ¢ into af on both 

sides, and we obtain v,=a? uz, and its solution. 


(87) &rt+2ayst+y?t=0 gives u=adb(y:x)+y% Ya) 
q r—2pqs+ p t=0 gives u=P(aputy) 
r—t=2p:x gives u=¢ (y +2) +¥ (y—2)—2 fp (yAx)—w' (y—2)}. 


For Rr-+Ss-+-Tt=0, when R, S, and T are functions of p and q, see, 
page 473. Apply § (84.) to this, and «=0 gives p a function of p 
and q; whence V=0 shows that c=0 can be reduced to an equation | 
which can be integrated under the form f(p,q)=c¢- Also this and. 
dy= de give du=vdx, where p and y can be made functions of p and 
c only. Elimination of p gives an equation between dr, dy, du, and c, 
which may sometimes be integrable. From the preceding we gain this, 
that some class of developable surfaces must be a solution of the elven. 
equation. 

Rr—V and Tł=V, when the coefficients are functions of a, y, and p 
only, and of x, y, and q only, are only ordinary diff.equ.: for y must be 
constant throughout the first, and æ throughout the second. Thus, 
take p for a variable in the first, and we have the form | 


d 
p (2, yp) H=¥ (typ) or p=x @ Ys BY), u= fx d2 + ay, 
B and g being arbitrary functions. 


(88.) Let % (r,s, t) =0 be the equation, not containing 2, Y, U, p, 0 
q. Let # and y be each considered as a function of both s and ¢, and 
dp=rdx+sdy and dq=sdr-+tdy then give 


p=re+sy— f (xdr4yds) q=s2-+ ty— f (zds+ ydi)... . (p, 9), 


and adr+yds and ads+-ydt must be complete differentials. Assum 
then 


: dv dv 
rads + ydt=adv, Ot, YR Trees (v). 


The original equation gives ¢,dr+¢,ds+,dé=0; from whic’ 
xdr-yds becomes (and which must be a complete differential) 


Pi s d n d P, 
-rit dt-( «$y ds, or T; (25) aay. (25: \ 


But from ¢=0, r is a function of s and ¢, giving 7,=—,° 
r, = —¢,:%,, whence in the last equation two terms disappear, and ¥ 
have 


De dë De drai Gi. rar dio dv 


=, or 6 SPs 

' d, ds p, di dt’ P, TE P: Th ds 
a linear equation, similar to those already considered. If v can be foun 
from it in terms of s and t, we have 2 and y from (v), and thence p an 


q from (p, q), after which we find u from w=pr+qy— f (xdp+ydq)- 


d’v 
——(): 
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o dv $ dy 


ee ee ae 
de ide eae eke 


v=l¢ (s:t) +Y (s:t), from §$(87.) Hence 


] S S : 
wta) r(e) (G)+#(@) 


a E =—{ty(*).a(- 
PAETA 


For example, rf—s’==0 gives f 


t 
$ 


LOA 


= t0(+)— fads tydd= -fy (+ a(+) 
u=pr+qy+ f$ (>) w (Sat 


and we see that this merely amounts to supposing p any function of q,* 
adding to pr+qy any other function of q; with the condition that, if 
w= yx+qy+Q, we must have cdp+ ydqt+dQ=0. The latter agrees 
with § (79.). 

This particular example, however, is thus most easily integrated. 
Phe equation, for dp and dg, combined with ri—s?=0, give 


dp=rdr+sdy= Ž (sdx +tdy) = = dq, 


whence p=fq necessarily (page 199). Afterwards, as in § (79.). 


n 


d'u d'u d'u 
(89.) Let a at G1 di dy* oo oe TQ, ayo’ (x, y). 
Without going into the full investigation, the process may be described 
is follows. ` First, when ¢ (2, y)=0, let m, py, &c. be the roots of the 
quation a p"+a, pe” +....+a,=0. If all these roots be unequal, 
he solution is w=, (y +u 2) + Ya (YA pe ®) +--+, Pry Yo, &e. being 
irbitrary functions. But for every set of equal roots write y, (y + [uy 2) 
Haya (YA pms) Ha We (y +p, 2) +...., with as many terms as there 
ire equal roots. Next, when Ø (x,y) is not =0, treat it successively 
vith all the roots in the manner pointed out for two roots in § (84.), 
(+pxr=c being the equation from which y is obtained. Divide the 
esult by a, and annex it to Y+ Wst... ., or whatever the preceding 
art of the method gives. Suppose, for instance, that n=3, and that 
U+ 6u2-+ 1l1x+6=0 is the equation, the roots being —1, — 2, and 
—3. I write down without explanation all the substitutions, integra- 
ions, restitutions, &c. &c., P (x,y) being =ay. 


oC ae x yt a? 

MH FOTO Fro gt) SE 
ee ee a ee woo a yx g 
Í S TEE s eu: e a a Oe a U 


* To solve /xfr.dx=F(ffxdxr). Differentiate both sides, which gives v= 
“(ffedx), say [fx de=xx; whence /r=x'x, and is therefore found. 


| 
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et £ a* æ x yx B Kä 
Gr+0) 5g ota w I Bto- -30) 53 24 40 24 20 
dèu du du du 
whence Te -z -+6 72 aa eae {+655 ry 
rt 5 
gives w= +h (y — x) +e (y— 22) + Ws (y — 32), 


the complete solution. 


(90.) If the linear equation with constant coefficients have also diff. 
co. of lower order than the nth, assume u=". An equation is then 
found between u and v, which, being solved, gives, say v=¢ġp. We 


have then a very general solution in u= ÈC“ ai , where there may be 
any number of terms (even an infinite series) and on distinct arbitrary. 
constants in every term. For instance, let ar+bs+ct+ep+fqt+geu 
=0. The supposition w=e"” gives ap?-+buy+certeu+fyv+e=0, 
from which, if y=@p, we have a solution of the form 
Ves) Orr ad Wak teas 97 Or aa ka) OE ane aa Oe 
C,, &c., p &c. being any constants whatsoever. An infinite number 
of arbitrary constants is a circumstance of identical meaning with an 
arbitrary function, for ọ (x+y), for instance, @ being arbitrary, and 
Co (ety) tC, (+y) +... Co Ci, &c. being arbitrary, are con- 
vertible; as are also D (c+y) ond Co Wo (£+ Y) +C Y (rty)+... 5 
to Yı being forms of a given law. It may happen that two infinite 
trains of arbitrary constants, as in the last result, are equivalent to two' 
arbitrary functions: but this is by no means always the case. We must 
now consider the question of the arbitrary functions which enter into 
results, as to the means of determining them. 


(91.) It will be advisable to dwell on one particular instance, and 
view it in more than one light, since it is not practice in the. operations; 
so much as a clear view of ‘the office of the arbitrary functions, which 1s 
required. Let the equation be r=a’ t, of which, beyond all question, the 
complete solution is u=¢ (y-bar)+4 (i (y—ax), and the solutions of the 
first order are p+aq=2ap (y+ar), p— aq=— 2a! (y—ar). Ifa,y; 
u be coordinates, we have here the equation of a doubly infinite class of, 
surfaces, of which the third ordinate u is the sum of the ordinates of two 
cylinders, whose generating lines are parallel to the plane of xy, and 
make angles with the axis of æ, of which the tangents are a and —a. 
Let there be a curve of which the equations are r=av, y= fv, u=yv: 
the surface will pass through this curve if the forms of and w be pro- 
perly assumed. In order that it may do so, the equation w 
= (v+ aav) +% (Pv—aav) must be identically true. This can be 
done in an infinite number of ways: let wv be the inverse function to 
Bv + aav, so that Bwv + aawv =v. We have then you=¢v 
+4 (Bsv—aaov), and whatever Y may be, @ can be found accordingly. 
Let there be a second curve, s= v, y=, v, u=y, v, and let £, 2,0 
+ax o, v=v. We have then another equation like the preceding, and 
subtraction gives 
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UW (8, @,v—aa,B, v) —W (Gwv—aawv) =¥y,@,v—yOv 5 


in which ¥ is the only unknown function: say the above is W0, v— wév 
= kv. 7 

We have here a functional equation, like that in page 228, and though 
our present means of expression hardly enable us to lay the merest 
rudiments of what will one day be the calculus of functions,* yet as 
much as this is known, that many such equations can be solved, and that 
there is an infinite number of solutions in most cases. To try an instance, 
let us ask whether such a surface can contain two straight lines, both 
passing through the origin. Let æ, œ, &c. be not functional symbols, 
but simple coefficients: this converts the curves into straight lines, as 
required. We have then ©=(8+aa)", ©,=(8,+a%,)~', and the 
functional equation is 


(B,— aa, y (/B—ae ^ > yı 


) Pec at fake eae 


l a ae al et e 
\B, t+aa, J MOR Boies j \P,+taa, bptae 


ee — 


B+axz B,-ax, _ ? \ By Faa pac p,— aa, 
For v write v (6, +ax,) : 8 —ax : and yv—y (kv) = le. 


B—a« Bitam | ays y \ itan 


Let l. 


This equation has one solution evident: let Wwv=cw -+C and 
c=1:(1—k). Hence wv is of the first degree, and also pv, whence the 
equation u= (y+ax) +4 (y—ar) is that of a plane. But C need 
not be a constant; it may be any function of v which remains unaltered 
funder a change of v into kv, whence we have 
| 


ly 


| Naas ar aga cos( 
| 


2r log v. 


logk J’ 


which 0 may be any function whatever, provided that 0 (cos x) does not 
contain x except under a periodic trigonometrical function. There 
exists, then, an infinite number, or a whole class, of surfaces, which 
satisfy the required condition. 


| 

(92.) It was at one time a question much discussed, whether the 
arbitrary functions which enter into a solution may be discontinuous : 
and D’Alembert maintained the negative against Euler, Daniel Ber- 

° q A š 

moulli, and, finally, Lagrange. | The latter is now universally cansion 
to have settled the question m the affirmative.t ‘That discontinuous 
curves can be drawn upon a continuous surface is obvious : consequently, 
it is certainly possible that continuous surfaces may sometimes be drawn 
through discontinuous curves. Hence it might be a question what sort of 
discontinuity is allowable in av, Bv, &c., so that p and w, as deduced from 
them, may be continuous. This discussion would probably be wholly 


* In my article “ Calculus of Functions,” in the Encyclopedia Metropolitana, 
references will be found to the principal sources of information on this subject, con- 
sidered apart. Most mathematical works in the higher branches have more or less 
to do with the first principles there laid down. l a l 

+ The considerations connected with periodic senes employed by Lagrange were 
replied to by D’Alembert, who thought he had shown his oppouent S operations to 
involve an absurdity, by proving them to contain the tacit assertion, siu œ=Q; see 


pages (606, 641). 
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above the present state of mathematics, and that of which we have just 
spoken was a different one: namely, whether it 1s allowable to suppose 
@ and yw themselves to be discontinuous. The necessity of meeting this 
difficulty arose from the physical questions which were considered. The 
equation Uu™=a? u,» was found to be that of a vibrating chord, and of a 
thin column of air in a state of oscillation. Now suppose that a stretched 
elastic string were constrained into an arc of great radius towards the 
middle, remaining straight towards both extremities. The figure would 
then be discontinuous ; but if the constraining apparatus were instanta- 
neously removed, the string would certainly begin to vibrate and yield its: 
tone. No question also that during the whole motion the law of accele- 
ration would be determined by wy—=a?w,., at every point except where! 
the effects of the first discontinuity are found for the time being) 
D’Alembert, having remarked that the force of acceleration depends ont 
the curvature, asks what force shall be considered as applied at a point 
of discontinuity, that measured by the curvature on one side or by that 
on the other. The proper answer would have been either, or both, or 
neither, or any other: for the general state of the string would not be 
affected if any infinitely small portion of it were supposed to have any 
finite extraneous forces applied. D’Alembert’s question amounted to 
carrying the notion (convenient when properly understood) of material 
points too far: whatever mathematical convenience there may be in 
this phraseology, in physics, force requires mass as much as it does 
time: and a pressure might as well be supposed to act for no time at 
all, as to be communicated by means of no mass. If a mechanical 
problem, solved, were altered, say by allowing a very small mass to 
have m times its proper gravity, the solution would require less and 
less alteration, as the mass affected was supposed less and less: and 
if the mass were only one of the infinitely small elements of the 
differential calculus, it would require no alteration at all. The same 
writer required that the solution should be expressed by one equ- 
ation, “une seule et même équation.” The answer of Lagrange in- 
volved some of the considerations of pages 605—630, and actually. 
showed how to proceed by one equation. From the pages cited, it 
appears that any curve, however discontinuous, may have one and the 
same equation throughout: subject at most to a disturbance of results 
at the points of discontinuity, which, for the reasons above mentioned; 
does not affect its application to physical questions. 

Had the considerations with which Lagrange closed the discussion 
taken that hold on the mathematical world which they did not do till the 
time of Fourier, it would have been matter of wonder if the conclusioni 
had not been carried further, so as to affect equally the constants of an 
ordinary diff. equ. and the functions of a partial one. Let us take the 
equation y”==0, of which the complete solution is y=ar+6. Let these 
constants be discontinuous, so that the equation may represent the 
slopes figured (dotted) in page 621, of which the equation is given by a 
periodic series in page 622. If y” be taken from the series, it will be 
found to be, by page 607, =0 at every point except the junction of the 
right lines, at which it will be infinite.* In like manner, throwing out 


* If dy: dx* be taken as the limit of A?y: Ax?, from the figure, it will give 0 if 
we start from the junction either way, and o if one of the necessary elements be 
taken on each side of the junction. 
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mly the epochs of discontinuity, any other ordinary diff. equ. may 
lave discontinuous constants. In the same manner any primary solu- 
ion of a partial diff. equ. may have its constants discontinuous, which 
vill produce functions of a similar character in the general solution. 


(93.) Let us now consider v,,—=a? w,, as the equation which gives the 
jaw* of small oscillations in an infinitely thin tube of air. Here Us repre- 
sents the velocity of any particle, and w,:a? is the compression, or the 
lifference between the density of the particle and that of ordinary 
ur. The functions Ø and W are determined as soon as the state of the 
ube at any one moment is known, say when ¢=0. At this epoch, let 
tx be the velocity of the particle distant by x from an arbitrary origin 
aken in the tube, and fz its compression. Consequently, when t=0, 
ve have v,=ar, u=@ Br, or, since u=¢ (apat) +w (xr—at), we 
ave @r+wir=ax, O't—wW'r=afr, whence gx and wx are found. 
“rst, the tube being supposed of indefinite length, let the initial state of 
he system be, that it is all at rest and uncompressed, except only in the 
terval from w=c to e=c-+h, in which the velocity and compression 
‘low such laws that 6r=®v and wxe=Wer. We have then, using the 
otation of page 616, dr=Ift* or, wr=[tt' br, where 1t* means a 
onstant which is 1 whenever the subject of the function lies between c 
nd c+A, and O in all other cases. Calling v the velocity of a particle, 
ud s the compression, we have then 


= I" @! (+a) HE Y (rsat), as=1i D (a4at) -it Y (x-a). 


t the end of the time ¢, then, the state of the tube will be this; all 
iose particles in which z+at lies between c and c+h will be affected 
ith velocities represented by ®' (e+ at), and compressions represented 
ya~ (x+at): while those in which x—<at lies between c and e+h, 
ave the velocities and compressions ‘ (r—at) and —a™ Y (x—at), 
Il the other particles are at rest. The first and last points of the 
mer disturbance are at c=c—at and r=c+h—at; of the latter at 
=c--at andz=c+h+at: whence it appears that the two disturbances 
avel uniformly along the tube in different directions with equal and 
oposite velocities, —a and a. When t=0, the same parts of the tube 
cæ acted on by both disturbances: until c+h—at becomes equal to 
fs at, or until (=A: 2a, there are still points affected by both terms of 
he velocities and compressions ; after h:2a of time has elapsed, the 
tects of the two functions are clear of each other, and while one dis- 
irbance is making its way in one direction, and the other in the other, 
ie intermediate spaces are reduced to rest, until they feel the effect of 
1other and a new derangement of a portion of the system. It thus 
pears, that only what we may call simple disturbances, in which the 
slocities and compressions are derived from © (xr+at) alone, or 
'(z—at) alone, are capable of being propagated in either direction 
ithout alteration. l Ea 

Let us now suppose that a disturbance commencing at the origin 
:=0), and extending over a length /, is of the sort which can be com- 
unicated onwards in the positive direction (w=). At the distance 
(>), let there be a fixed obstacle or closed end in the tube. Con- 
quently x=} always gives v=0 for every value of ¢. By the equation 


* The demonstration may be found in any work on analytical mechanics, 
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v=]? W! (i—at), vis 0 until /—at=h, but from thence to 1—at=0, 
there would be a succession of different velocities if it were not for the 
obstacle. The moment this begins to take effect, we have no longer any 
reason to suppose that the disturbed parts of the tube are affected by P 
only; but we must take the complete solution v=! (x+al)+¥" (x—al). 
We have then ®’ (/+at)+W' (J—at)=0 for all values of t greater 
than (J—h):a; consequently, after this epoch, we have ® (i+-at) 
=Y (/—al), by integration with respect to 4. Write (¢—l):a for t; 
and df= (2l — t), or À 


u=¥ (Q—2+at)+¥(e—al), v=- Y (2—14 at) +! (w—at); 


in which, by the initial condition, Wz has value only when z lies 
between 0 and A. The obstacle, then, introduces a disturbance which’ 
travels in the contrary direction to that of the one first given, and gives 
velocities to the several a contrary to those of the first. Ii 
21— (i+ at) = — —at, or r+£=21, the particles distant by € and x from 
the origin will be similarly disturbed in everything but direction: 
Hence it is easily shown, that the effect of the obstacle is simply to turn 
back every disturbance which reaches it, and to make it travel in the 
contrary direction; the effect being exactly the same as if a second 
disturbance similar to the first had begun to progress in the opposite 
direction from a point distant by ¿ from the obstacle on the other side.* 


(94.) Finally, with regard to discontinuity itself, it may be observed! 
that there is no difference between a continuous and discontinuous curve; 
except one which may be made as small as we please. As in page 610 
we may find a curve which shall with any degree of accuracy represent 
a succession of arcs of any different curves. Hence, were there any- 
thing solid in the refusal to admit curves (or functions) incapable of 
being represented by one and the same equation, it might be answered 
that even discontinuous curves may be so represented within any degree 
of approximation, and in finite terms: so that, in fact, fx and ye 
(discontinuous) may be made to stand on precisely the same footing as | 
objects of algebraical calculation. : 


(95.) If we make €=y—azx, n=y+ ar, which simply amounts to 
changing the coordinates in the plane of ry, with the same origin and 
i same axis of wv, we have Us=U; %s FU, N,—aUn—au; 3 proceeding 
thus, 


Urs = a” (Unn— AUgn az Ure), Uy y Unn + PUn + Uggs 
whence Ung A Uyy ZIVES Ugy =O, or u= PE + Wy. 


On the planes of u, and u,n construct two curves, u=@é, u= yn: 
then, if and ņ be taken at pleasure, and if P and Q he the points of 
those curves, a plane drawn through P, Q, and the origin, has @§ + wy for 
u, where & and n are the coordinates used in finding P and Q. If¢ 
and W be discontinuous, the mode of performing this construction is as 
easy as before, and the discontinuous surface thus produced is readily 
shown to be a solution of the equation. 


* The elementary notions of the transference of waves contained in the article 
Acoustics in the Penny Cyclopedia, may be of use to those students who are new 
to this subject. 
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(96.) An equation being proposed which involves any number of 
diff. co., the solution may be generally expressed in powers of v, or in 
powers of y: but in the former case the arbitrary functions can be most 
conveniently determined by knowing values of U, Uzus &c. when c=0, 
in the latter by values of u, U, w,,, &c. when y=0. Suppose, for 
instance, U-+u,=u,,: assume u=A+Br+3Cr?+3iEe+...., and 
the equation obviously requires that A, B, &c. should be functions of y, 
aud that A,,=A+B, B,=B-+C, C,,=C+E, &c. Hence, from A 
only, all the rest can be determined, and we have u=A+(A,,—A) x 
+3 (Ayyyy—2Ayy +A) v+...... The value of A is that of u when 
t=0, and this solution has only one arbitrary function of y. Now 
assume u=A+By+4$Cy’?+...., A, B, &c. being functions of z We 
kave then A4+A,=C, B+ B,=E, &c., so that u= A+By+4 (A+A,) y? 
+33(B+B,)y+.... Here A and B are arbitrary, and are deter- 
mined by the values of u and u, when y=0. There are then two 
arbitrary functions of z. Nor is the second solution more general than 
the first; for either may be reduced to the other, as in the example of 
§(85.). - It appears then that the number of arbitrary functions depends 
upon the manner in which they are to be determined. In an ordinary diff. 
qu. Ø(2,Y, Ys...) =0, the constants can only be determined by 
yiving values, expressed or implied, to y and its diff. co., for some specific 
yalue of v; and we learn that the number of constants depends on the 
legree of the equation. The general theory of partial diff. equ. would 
eem to point out that there must be as many arbitrary functions as 
here are units in the highest degree of the equation: but it must be 
emembered that that general theory does not succeed in integrating any 
quations except those in which either one variable is not used at all in 
lifferentiation, as in §(87.), or in which there is the same order of 
ifferentiation with respect to both variables. The preceding instances 
ead us to conclude that when arbitrary functions are to be determined 
y values of u and diff. co. with respect to any one variable, their num- 
er will be determined by the order of the equation with respect to that 
ariable. It would also appear that the arbitrary functions in such an 
quation must either enter with their derived functions ad infinitum, or 
inder the symbol of definite integration; certainly not in an ordinary 
lgebraical form. Take the equation Uyy =U Ups and, if possible, let 
=f (x,y YU) be the solution, f and U being determined finite alge- 
raical forms, and W arbitrary. The first side must contain wU, and 
he second cannot; it is therefore absurd to suppose that u =f can make 
yy and w-+wu, identical. But this absurdity disappears if yU, wil, 
sc. enter f ad infinitum, or if YU appear under the sign of definite 
ntegration, in which it may happen that Ub, can be reduced to 
lentity with u, by integration by parts, which may introduce y”U 
nto U+ Uz. 


(97.) I now proceed to point out the manner m which Laplace, 
‘ourier, Poisson, Cauchy, &c. have exhibited the solution of some partial 
iff. equ. by means of definite integrals. First take the equation u,,= au, 
being a function of £ and œ. Assume u=A+Brt+$Ca?4+...., from 
hich we readily find, as in § (96.), B= afdt.A,C=@ ( fdt)A, 
=a (f dt)’ A, &c. Let A=wi+e, and let yy, t, Yat, &c. be the suc- 
assive integrals without any constants added. We have then 
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U=Wwt+y,l.ar+Yot 


Let Gv=c+a.ar+...., and we have 
at? 
2 


2 22 
u=YWtT pt art yet a ++. Hor tHpn att oar +...., 


no constants being added in either integrations: in fact, supplying the 
constants in either set of integrations would only alter the arbitrary 
function with which the other set commences. For a similar reason we 
may make each integration begin where we please. But from § (1.) we 
have 


T (n+ (fidoyi p'c= 2" f h'v dv-n" f? vp'vdu+... 
= [i(v—v)"'vdv, and similarly for y’é. Substitute, and we have 
w= fiy( 14g ars NPE Mee.) 
+ pw (l+(z—v)at+....); 
the second series merely interchanging # and £ But (page 292) 
13i Dus .(2n—1) T 
PAE A PEE 2n 2 


l gnt i se 9 do 
12.2... 7.1.2.3... ad! eve 


; 2 z? P a2 fe ee ge J0 
Tito tog Tg 2 2.3.4 °°" | 


f? sin™ð do= 


Ae Ce saje (£ singna E NREN) do. 
at T 


+ E 


wit fi fy (<2sin V9) ae g—2sin o V (i=) an) wy dy do 
+f? ig (_2sine Ven) ab e—2sin 6 VG—») s h'v dv dé 
s, 0J 0 = ý 


Similarly, for Un= — au, we have 
g = (t (år 9.3 J __ Ins r 
5 t= Sofi cos (2 sin OV (t—v) ax) W'v dv d0 
+i f# cos (2sin 6 ni (x—v) at) pv dv da. ms 
If we had begun, as Poisson* does, by expanding in powers of t—h 


* Théorie de la Chaleur, pages 150,151. In the first page, three lines from the 
bottom, supply a in two of the values of 4; andin page 151, at and after the second 
value of y, for sin’ read sin a. 


2 
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and x—k, we should’ have had in the final result f ' and f z, With 
a(x—k) and a (t—h) in place of av and at. If a=0, the preceding is 
obviously of the form w=gr+ we, 


(98.) Next assume u,=a(u,,+u,). Assume u= Cet", which 
satisfies the equation if y=a@(a?+ 8"). We have then for a general 
‘solution ) 


u= Cett tact Py taht CG et 0 aay t hy yTapit Saas 


the constants being any whatever. Hence we have a right to assume 
as a solution u= f fo (a, B) ete"! estet dad, with any limits, and 
any function Ø; for every element of this integral satisfies the equation 
independently. But we have 


J2 er trt2t i aeie ETO? dv= E a” du=/r.e” ; 
for c? write at.g® and at. 6, using different variables, and we have 
| uf fh (a, B) e.. (Jie | Beare erya yane odi) dad 3 
= (TESTES So Ca, B) e@teven« yttwvas e-- dy diy de dB. 


Sg ET fake ee 


Make the integrations first with respect to œ and f, and it is obvious 
chat the indeterminate character of ø gives simply w(xv+2v Jat, 
y+2w Jat), whence we have as a solution 


BAA a 


1 


w= {te ptey{r+2v,.at, y+2wf.at)e?- du dw. 
| 


The same method would obviously apply, whatever might be the 
aumber of variables on the second side of the given equation. The solu- 
ion is also complete, for the equation is only of the first order with 
respect to t, and vw must here be determined by making ¢=0, and 
Assigning u. 


> (99.) We now consider the other form of solution, of w=au,., 
lerived from the series as in § (85.). 


at gx? 


x? 
| aee It "n TDRS PES E / 
YEE eo a en ee ce 


| hich p 3 = al : al vog 
TVARE et 9.8... a a e a a \da)® 


te ge’ VI dp ane” Qnre° 
= 640) | 


E stint 


—a(c+v4 —1y TT (n+3) =n SPT ENA i 


g" c +o erv—1 dv 
a 1.3...2n—1 BRL: -e(e-+vJ—1)"** 
The first part of u is therefore (c+v/—1 being called 27") 


u om 


2 sags Ae 2.9 1 7? 3 
/ aA Mt l ar) ON ai (=) +.. p ; gyi 2. dv 
rE (ge ane ee (Z uP Uo a\ ag v 


EC +o l 7 eN dv 
“=r {2 cae (etvJ—l) (c+v,f/—1)} 
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ce fF if g” eya! dy 
e Taa iato DI (eo Jt 
since the second series is obtained by differentiating the first with 
respect to z, multiplying by a, and then changing d't into wt. And 


dé and wt are the values of u and vw, whenz=0. And c must be some 
quantity >0, it does not matter what. 


+ 


(100.) When the complete integral requires two arbitrary functions, 
the preceding method will generally give them. Let Ve Uyy + Un =O, 
and assume uaCe*t+™, We find, then, e+ 6? +7’=0; or if 
a=r\J—1, B=pJ/—1, we have y= Q?+ p$), in all of which the 
square roots may have any signs. Hence the following is a solution : 


u = TG Neha ae Ve) cy VE (EY Vaha Ag Nok) e“Pyv—1h eV(A2+h?).2 


multiplied by any constant; and the same if —/(®+p°) be used. 
Hence, as in the last article, we have for u 


ts 


ff (PQ, p) -cos Aw. cos py EY AH: dr dp 
+ ffy (A, u). cos Ax. cos uy. EVE dd dp: 


any limits being taken at either integration ; for every element of either 
integral satisfies the equations. Any transformation that we may make 
cannot prevent the whole integral from satisfying the equation, though 
it may not yield separate elements which also satisfy it. Thus, let. 
rsinO=A, rcos\=p, and proceed by page 395, which gives for u, 
œ (r sin 0, rcos 0) being really of the same effect as @ (r, 8), 


f fe (r,0) cos (r sin 0.x) .cos (r cos 0. y) €” rdr dg 
+f fy (7,0) cos (r sin@.2) cos (r cos 0.y) ©" rdr dé; 


any limits being taken for 7 and 9, and not necessarily the same in both 
terms. 


(101.) Let w=a?(u,,—mau). Assume u=Pe**, P being a 
function of x only. We have then Pe=P"”—mar"P. Letn(n-1)=m, 
giving two values for n, except only when 4m=— 1. We have then 
$ (51.), P=2"Q, where Q’+2n27 Q’—a Q=0, the complete integral 
of which is by § (50.). ; 


Q=C, fH eV" (1—0) dv Caa- fH Ve” (1 0°)" do, 


Let p and q be the two values of n, then using p for n in the last, 
—2p+1=—pt+q, since p+q= 1. Make v=cosw, then, remember- 
ing that the arbitrary constants may have any sign, we have 


P=C, a? fz eee sinw dw+C, a fiey”? sino dw. 


For ¢”” write 7? f +2 geta .at du, and Pe?“ can then be expressed. 
Let C,=¢a da, C= Ya da, then, since any number of such terms may 
be in the solution, we have 


fe wa? f fa PES ect awto Hy sin mw, da dw dv+atf, &. ; 


the second term being a similar function of qand %. Integrate first 
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with respect to œ, which merely introduces an arbitrary function of 
x cos w+ 2av,/t, so that we have 


ua? [F 20 (x cos w+ 2av Jt). sin??-"w.e-? dw dvu+x'fs, &C. 


This solution can generally only be depended upon when p and q 
are positive, or 2p—1 and 2¢—1 each >—1, for reasons shown in 
§(50.). If, however, p and q have the form A+p,/—1, it will appear 
on substitution that A must be positive. The form sin*“V—% is but a 
transformation of cos (ulogsinw) £/—1.sin (ulog sinw), which is 
never infinite. 


When 4m=—1, and p and q are each equal to 5, proceed as in 


§ (50.): make q=4-+6, reason in the manner cited, and it will be 
found that the result is 


u= CA jeer e—” dw dvu+,/r fr tay. eT” log (z sin? w) dw dv, 


n which the subjects of @ and w are omitted for abbreviation. 


(102.) ‘The introduction of the arbitrary function in §(98.) and §(101.) 
lepends upon the following assertion: any function whatever of x can 
e represented by As**+ Be*+...., if the constants may be any what- 
oever, even infinitely small or great. In converting this series into 
fv. dv, and making the result represent any function of x, we should 
ein fact making the mistake alluded to in pages 671 and 673, if we 
vere not to remember that 2Ae** might be here written for føv.e™ dv. 
f we would have the preceding give us 2”, for instance, we only give the 
imit of (e°7—1)™: w”, when p=0. Knowing that whatever is true up 
o the limit is true at the limit, we may therefore write x”, because we 
aay write (¢"—1)™:u™ for any value* of u, however small. Also in 
egard to the results of the preceding articles generally, the student is 
eferred to the higher class of works on physics for the manner in which 
hey are used. What is now evident is, that Whereas no general case 
that is, with any given values of the arbitrary functions) was actually 
ttamable before these transformations, any such case is now calculable 
rom the definite integrals: and that which is prolix is substituted for 
rat which was unattainable. 


` (103.) Whenever one of the variables x or y is missing from’ the 
oefficients, and the equation is homogeneous with respect to u, U., and 
„ the equation may be reduced to depend on a common diff. equ. 
‘or example, let už + Pu2=Qu’, P and Q being functions ofr. Assume 
=z, z being a function of x, which gives z/?+ Pæ 2=Q2?%, or 


r= 0e (Q-Par)tdr y= Ce/(Q—Pal)tdat ay, 


This is a primary solution, since there are the constants C and «; 
hence the general solution can be found, as in §(75.). As another 
sample, take vpu =u. A primary solution is found in u= 
g eatin ey. make Coe”, and find @ from —sin 0.x + cos 0.y +0 


'* Abel, whom I have mentioned as having made this incautious assertion rela- 
ve to fgv.:* dv, generally uses it only when ZA#7 would have done as well, and 
verefore avoids error. This is to be particularly noticed in regard to his view of 
ie calculus of operations, alluded to in the Penny Cyclopedia, article Operation. 
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<0. Substitution gives the general solution. Thus @’@=ccos #—¢,sin 0, 
will be found to lead to (log w)?= (c,+2)?+ (c+y)?, which may easily 
be verified, and may itself be taken asa new primary solution. When 
the equation is linear, this method will lead to a definite integral. 


(104.) An equation of differences can hardly be properly understood 
without some notion of a functional equation. If f(x, pax, pbx, yz, 
&c.) =0, in which f, @, 6, &c. are symbols of known functions, and ¢ 
of one to be determined, we have before us a functional equation, from 
which it is demanded to determine ¢z so as to satisfy this equation. One 
of the simplest of functional equations is a/r—ar, where æ is known. 
One solution is Px =x; but there are others: for if px=y, every solu- 
tion of ay=ax solves the equation. Let «~'e denote any solution of 
ay=w«; then of all the values of ac ax, one is x, and the others are 
different functions of x; but in every case «a` æ=x, by hypothesis. 
Let «~ always denote the inverse of æ, which gives a *er=z; let 
a_x denote any other inverse of w: let the first be called a convertible, 
the second an tnconvertible, inverse. It is found from the nature 
of the solution of an equation, that for every solution which «y= x can 
have, ay has one peculiar form, with which one of the inverses is con- 
vertible, and all the rest inconvertible: so that every inverse is con- 
vertible with some form of the function. For example, if y’+2ay =x 
or y=—axt,/(v+a’), where y signifies extraction without change 
of sign, we find two forms of y’+2ay, namely, (y+a)’—a’? anc 
(—y—a)’—a*. Let y°+ 2ay=ay, and to the first form —a@+./(a+a" 
isa x, giving aax =v; while —a—,f(#-$a*) is a 12, giving 
a_,ax==—2a—y. But to the second form —a—J/(r+a’) is a'r 
and —a-+,/(«+a*) isa_,x. And it may be shown,* that wheneve 
ay=x has only a finite number of solutions, every form of a_, ax isi 
repeating + function; that is, if «_, ax = fx, and if Pax, B (Bx) 
BiB (Bx)}, &c., or x, Px, Bx, &c. be formed, we must, for som 
value of n, have B"x= 2, B t'r= Bz, &e. 

Let f(a, pr, Yı ar, W.a°x,....)=0, where «is known, and Yr Y 
&c. are arbitrary. Find Sx from aBr=az, and, if there be enough 
form one more of the following equations than there are arbitrar 
functions, 


f (%, Or, Wy ax, Wy @a,....)=0, 
f (br, PB2, &, a57,....)=0, f(a, b6'2,....)=0, &e.: 


then, remembering that apr=axr, aB’r=ar, eBxxe’x, &c., eliminat 
the n arbitrary functions Y, az, Y,a?2, &c. from the n+ 1 equation: 
The result is an equation of the form F (a, dr, Ax, PB'x,....)=0 
and if the question be now inverted, and this last equation proposed a 
a functional equation to be solved, we see that, if "x be the highe: 
function of £ in it, its solution depends upon n arbitrary functior 
Ws, ax, Yat, &c., where « may be any solution, and ought to be th 
most general solution of [8a—éx: from which éx is to be found. Id 
not say that f=0 is the most general solution of F=0; but it is th 
most general which we can find, 


* Encyclopedia Metropolitana, Calculus of Functions, § 32—36. 

+ I use the word repeating, and not periodic, because I consider that the latt 
term is wanting to express the difierence of character between algebraic al 
trigonometrical quantities. 
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The only mode of solving [Br=£r which has yet been given, when 
Br is not repeating, depends upon the expression of A"x as a function of 
n and x. Let B"r=y (nm, 2). This function x Is not altered by a 
simultaneous change of z into n—1, and x into Br: if, then, n=Be be 
the solution of const.y (n, x), the function Br is a solution of 
B8r=Br—1. Consequently, cos 2r Bæ is one solution of EBr=čx, 
and 6 cos 2r Br is a very general solution, where @ is any function which 
does not contain inverse trigonometrical operations. 

But when Brisa repeating function of the nth order, any symmetri- 
cal function of x, Br, 6?x,....8""r is a solution of tDre=ġr. But so 
much is not necessary: for any symmetrical function of the set 
y (T, hu, o. e A"), y (Bx, BL, ee et), x (32, Bir... 6x), &. will 
do; and the last is not necessarily symmetrical with respect to v, Br, 
&e. Thus @b*c?+ bc? a4+-ca? b? is not symmetrical with respect to a, 


b, c. 


The equation F=0 may sometimes (theoretically, always) be reduced 
to an equation of differences ; that is, to one between* u,, Au,, A’u,, &c., 
or between Us, Usps Usto &C. Let usp Au, be capable of solution, 
and let ¢u,—=v,. In F=0 write u, for x, which gives E (e Va Vsi 
&c.)=0, another equation of differences. If the last can be solved, and 
if it, give v,=V,, we have @(u,)=V,, where wv, is a known function : 
from this dr can be found. In this subject the inversion of every 
function is assumed. 

The arbitrary functions which enter into F (Uas Vay Veqiye ++») =O must 
be solutions of é (r+1)=£z, of which every expressible solution is con- 
tained in Ocos2rzx. If a solution can be found which contains any 
number of arbitrary constants, each constant may be altered into any 
function (except an inverse trigonometrical one) of cos2rxr: for, in 
satisfying the equation, the asserted solution undergoes no change except 
what arises from changing œ into +1: consequently, cos 277, and all 
functions of it, remain unchanged. To show how material this con- 
sideration is, let it be proposed to find the equation of all curves which 
have equal diameters (or lines drawn through a given pole). Referring 
the curve to polar coordinates, we have, say r=, for its equation, and 
Wot Usp =l expresses the fundamental condition of the curve. Let 
Us=f (0: x), and let v= fo, then 0:7 being a, we have v,+0,,:=4, an 
equation of which v,=5a-+Ccos tx is one solution, and v,=Sa 
+cos mg YW cos 2mx the complete solution. This gives r=3a+cos6. 
{cos 20, which satisfies the condition. Had we not changed C into 
cos 2er, we should have obtained only one of the infinite number of 
curves which are answers to the question. 


(105.) We shall now consider the formation of an equation of differ- 
ances in a manner corresponding to that of an ordinary diff. equ. Let 
/=ax+ ġa, where a is, for the present, a constant. We have then 
Ay=aAz, and elimination of a gives y= (Ay: Ax).c+9 (Ay: Ar), an 
squation of differences of which one complete solution is scen In 
j=ax+qa, if a be any periodic function of cos (Qrr:Axr). Butifa 
e any other function of x, we have Ay=uâr+ riat Ac, Aa+-Aga, 
ind assuming (x+ Ar) Aa+Agda=0, we have the same equation of 


£ x s z ; * ee z ‘ e x . ry ` 
* In all questions connected with equations of differences, «ë stands for a function 
fax, v7 for another function of x, and so on, 


3 B 
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differences as before. If, then, @ be determined from the last equation, 
sty =W (r, b), b being a new constant, we have for a new solution of 
the equation of differences the following, y=wW (x,b).£x+ o4 (a, db). 
This seems to answer to the singular solution of a diff. equ., though 
there are some remarkable points of distinction, as the following example 
will show. 

Let y=ax+ a°, to which the equation of differences is y= (Ay: Ar) a 
+(Ay:Axr)*. Assuming a to be a function of x, we find that Ay=aAr 
remains true only when sda + Ar. Aa + 2aAa+ (Aa)?=0;_ reject 
Aa=0, which gives the ordinary solution, and we have 2+ 2a + Aa 
+ Av=0, of which the first of the following equations is a solution, the 
second being the resulting value of y: 


E — E _ Ar eats J] Az cn ae 
a=b (1-5, y={b(-1) - 
This last equation is as complete a solution of y==(Ay:Ar).x 
+(Ay:Ar)’ as y=ax+a itself, but it involves Ar necessarily, and 
gives Impossible values except when «v: Ar is a whole number. It would 
not be right to call the second a singular solution, because if the second 
solution were taken as the principal solution, the first would become tts 
singular solution, as follows. Assume b to be a function of æv, and Ay 
in the last remains of the same form as before when 


g? 


4’ 


(2 (= i a +s (= ye) ab (— 1) a0; 


the first factor of which vanishes if b=— (4 x -+e)(—1)7: 4%, if sucha | 
root of —1 be taken in the value of b as is the reciprocal of that used » 
in the value of y. Substituting for b, we have 


y={—kato—zZ Atp], 


which becomes av-+a’, where a is written for —c +4 Ax. 
If Ax be made infinitely small, the equation of differences becomes the 
difi. equ. y=y x+y"; the first solution remains as before, and the 


second* becomes y=—t4a’, the singular solution. For (— 1%: 4 
=cos (rr: Ar) +,/—1 sin (r£: Ax), which vanishes when the angles 
become infinite. l 


The following method of Poisson puts the preceding question in its ° 
proper point of view. The fundamental equation y=ar-+a? gives two 
values of a, say u and v, which become, say u, and v,, when x becomes 
u-+Ar. The equation of differences is then obtained by eliminating a 
between (a—u)(a—v)=0 and (a —U,)(a—v,)=0. Now as either 
factor in each equation may be made to vanish, we have four results, 
UU, VEV, U=V,, Uj v. And we have 


u=—ZetJ/Gr+y), v=—ka—J(4r+y). 


Now the first pair of equations, amounting to Au=0, Av=0, give 
od 
* M. Charles, (Mém. Acad. Sci., 1788,) who first noticed the second solution of " 
an equation of differences, has attempted te show that there is another solution of 


a common diff. equ. of which the singular solution is a particular case. But his 
method contains the sine, &c. of an infinite angle, which he takes to be finite. 
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v=a, =a, which amount to the original equation y=ar+ a: and 
either of them, cleared of radicals, would give the original equation of 
differences. The remaining pair give, X being /(t2?+y), 


AX+2X+43Ar=0, AX+2X—4Ar=0; take the first, 
Jig @+Ary+y+ ay} t+J/Ge+y) t+} Ara. 


Clear this of radicals, and it will be found to lead to the original 
equation of differences, while it can be solved in the form AX+2X 
+% Ar=0, and gives X=b(—1)*'4°—1 Az, from which the second 
solution is found. The equation AX+ 2X—LAr=0 gives X=— 
b(—1)7'4*-+44 Av, which also gives the second solution. The truth is, 
that complete algebraical elimination of æ between (a—u) (a—v)=0 
and (a—u,) (4a—v,)=0 gives (u,—vw) (uiv) (Y,—u) (vi —-v) =9 ; or, 
if X become X,, when x becomes a+ Aa, 


(—4 Ar+X,—X)(-$ Av+X,+X) (—$ Ar- X,—X) 


ty (--5 Av -X,+X)=0; 
or Ts (Ax)*— (X+ X3). 5 (Ar) + (Xi — X*)?=0, 
or (Ay) +r Ay Az—y (Ax)? 0, 


by simple substitution: so that the equation of either of the four 
factors to zero amounts to the last equation. This casts some new 
ight on the singular solution of a diff. equ., or rather on how it happens 
shat the two distinct solutions, with arbitrary constants, of an equation 
f differences, do not give two such solutions to the corresponding diff. 
qu. which arises on the supposition of the increments being infinitely 
small. In this case, the eyuation of the product of the four factors to 


zero, gives US 


(—$dx+dX) (~Jdrt-2X +X) (—$ de—2X—dX) 
(—4 dx—dX)=0. 


Now the first or fourth factor being equated to nothing gives a simple 
liff. equ., and both come to the same, when cleared of radical quantities. 
But —kdxr+2X+dX=0 and —$dr—2X—dX=0 is each 1mcon- 
zruous with itself, amounting to the equation of an oy small quan- 
ity with a finite quantity, unless X=0 and — drt dX=0 are 
o-existent. Now X=0 gives y=—ņ 4%, and tne second equation may 
æ reduced to y=y'x-+y", which X=0 will be found to satisfy. From 
this sort of process an independent proof might easily be given, that 
vhere an equation is reduced to the form a=P (x,y), the singular solu- 
ion of its diff. equ. is among the solutions of da:dr= œ. 


(106.) An equation of differences may be written either in "es vidi 
b(zv,u,, Au,, A? u,, &c.) = 0, or W (x, Uss Usti Uzt DA oF i e 
iecond may be reduced to the first by writing U, + Ål, u +2 t a ts 
wea for vrais Usre, &c. The first form best preserves = a ey 
rdinary diff. equ.; the second is more generally used, 3 n 
nore convenient, The only case which admits of cones S0 : Si 
rom among the general forms 1s Aist K, E L,, Or i lai a 
trai —P,u,=Q,: but this complete solution cannot a Cia 
ut supposing that we can always solve the equation Au, = ae Ms eng 
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a given function; just as in the integration of ordinary diff. equ. every 
equation is considered as solved when it is reduced to the form dy=or dz. 
As before, we denote by ÈR, the function whose difference is R, 

In solving equations of differences, we are generally obliged to have 
recourse to the insufficient forms of functions which are intelligible 
only when x is integer; such as we have already reduced to more 
general forms in pages 593—597. For example, in the case of 
Usp -P,u,=Q,, let x be integer, and divide both sides by Po. Pi. me 
P, We have then 


Und Uy a Q. 


P, P,P,...P, PiP.. Pa PoP,..-P, 


or WAP P, Pa (pp ma =) 
Gs ie g 


z Qo Q, ' Q. l 
L E {F Ipp en. Pisa Poa 


where C is any function of « which does not change when « is changed 
into +1; that is, any really periodic function of cos 27v. This solu- 
tion, which may be easily verified, becomes unintelligible when æ is 
fractional, and will remain so until we can find the general solutions of 
va = P, v, and WwW, p — Ww, =Q: Vr} In such forms that no number of 
terms, nor number of factors, shall be a function of z. In that case we 
shall have Uu, =V, Wr Uspı— P, Us = Veg Wey trp W= Q As we now 
stand, P, Pis... P.n and C+Q,:P,+.... are the same sort of antici- 
pations of v, and W, which 1.2.3....(@—1) is of Paz, until we become 
acquainted with the generalities of that function, or whichaxaxa@... 
(x factors) is of a”, until we arrive at the full notion of an exponential 
function. 
For example, let u,4,;—au,==2, the solution of which is 


Yo 


usma” \C+=, ++. 4 hac, 074 


x I 
l—a (l—a)” 


where C, 1s a function of the same sort as C. In this instance the sum- 
mation can actually be performed, as also in every case of U,}ı— aus 
=P,, where P, is a rational and integral function of x. Ifa particular 
solution w, can be found by easier means, then w, + Ca?” is the general 
solution. 


(107.) Three modes may be suggested of saving some of the details 
of the last mentioned case. Suppose, for instance, the equation is 
Usp m AU, = 2° + Qr?-+ 1, 


First, assume u,=p2r°-+qa°+ra+s, p, q, &c. being functions of a. 
Substitution gives 


v(I—a)=1, 3p+q(1—a)=2, 3p+2q+r(—a)=0, 
ptatr+s(l—a)=1; 


from which we get for the general solution 
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uv. Cut q (2a+ 1) 2? (Ta— 1) v @4-Ta—2 


m a a 
or y b 


low O (1 —a)? (l~—a)* 


Secondly; the solution of U pima =A, being a 2 (A, a C) and 
one case of 2v, being Avtr,, or vzittypet+..-. ad inf, we may 
throw the preceding solution into the form A,_,+A,.a+A,_3.@ 
+... which, moreover, obviously satisfies the condition. Apply the 
calculus of operation, and this becomes the operation (1+A)™* 

—2 pee, 5 SRE 
+CL+A)™.a+...., or 1+A—a@)", or (1—4) — (l—a)? A+... 
performed on A,, which gives for the complete solution 


A, AAs. A? A, Le Ag 


= 


le (a) C= G-aye N 


<= Cg* 4. 


which takes a finite form when A, is a rational and integral function. 
Thirdly; proceeding by the formula in p. 311, § 174, we obtain for 
the complete solution (A’,, A”, &c , being diff. co. with respect to x) 


l Go ae b, A” 


u =a + —-- Am m AHI MH — eee ea 
$ l—a (L— a)? (l—a)? Fora) 2.3 i 


where b= l +a, b= l-4a+e, b=14+lla4+ll @+a', 
b. =1 +26 a+66 a? -+26 +at, bb=1457a+ 302 2+ 302045 7at+as. 


lf a be negative in the above example, say a= —c, the only circum- 
stance which requires consideration is the change of Ca” into C ( —c)?, 
or C (—1)*.c*. Here C (—1)? implies a function which changes sign 
only and not value, when x becomes s+ l, and its plainest real form is 
cos rx. f (cos 272), where f (cosa) is truly periodie. 


(108.) If we take v,,,—av,=a7', we find for the solution 


eset « 2 ah ee 
u= Ca? +a" | — +— +o +....+-—— 
a? 2a ~ Bat” (v— Í) a7)? 
which is intelligible only when « is integer, unless it be thrown into the 
form of a definite integral, (the only finite form known for it,) in which 


case it becomes generally intelligible. If a>1, the following is the 
form : 


12 y”! — ] l 
u, = Ca +a’ —— v~ dr. 
a Vv—l 


Having, in Chapter XX., fully considered the method of transforming 
finite series into definite integrals, and of making the definite integrals 
so found apply to cases in which the finite series become incon- 
ceivable, from the letter which expresses a number of terms becoming 
fractional, we have nothing to do in this chapter except to consider the 
method of finding solutions to equations of differences in the manner 
preceding, namely, in the form of a finite series for integer values of 2, 
The subsequent attainment of a definite integral by means of this series 
is a subject apart. Laplace has shown how, in a few instances, to pass 
from the equation at once to the definite integral, but the cases in which 
the application is practicable are mostly those in which it could be dis- 
pensed with. And, moreover, it docs not apply to equations which have 
t term independent of v, 
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(109.) The general reduction of a continued fraction to another form 
depends upon equations of differences. If N,=a,:(0,+(@e41: (bea, 
+....))), we obviously have N,= as: (b+ Nap), or N, Nopi t bN, 
=d, This equation may be reduced to a linear form by assuming 
N,=Uryit Un Which gives Uie+b, Uz4:=@, Uz But even if this equa- 
tion could be integrated, two periodic functions would enter into the 
complete integral, and it would not be easy either to distinguish the 
cases in which these functions are only simple constants from the rest, or 
to choose the proper periodic function in those cases which require it. 
In fact, a continued fraction ranks with a divergent series whenever 
Qe: Ors Arpi: Orgy, &C. are or permanently become severally greater than 
unity: so that the continued fraction can only be known from its 
inveloped, form. To show the difficulty more closely, take the inverse 
method derived from the above, and assume b,=1. We have then 
ase N (Noi tl), or 


Ns (Net D Neri (Nart 1) Nase Nett) 


ee ee 1+ l+&. | 
P gz (x+ 2) (1+1) (4+3) (x+2) (1+4) 
N,==2@ gives ua des BY espe ay eames, 


We might now, perhaps, be inclined to say, that if this divergent 
development represent anything, it is æ: but, if we take it as an object 
of inquiry, we find that the continued fraction last written might be 
derived equally from N,, any solution of N, Nepi N, = 2 (a+ 2). If 
the fraction were convergent, we might decide by the common approxi- 
mative process, in particular cases, whether it is or is not equal to a: 
but as this cannot be done, and as in common algebra a divergent series 
produced from a function of ambiguous value can frequently be shown 
to be an analytical representation of any one of the values, I think it 
would not be safe to say anything else of a divergent continued fraction. 


(110.) The general equation of the second order wp4.+P, Ust Q, Uy 
+2Z,—=0 can be solved as soon as a particular solution of Upset Py Urp 
+ Q,U,==0 is found: that is, it can then be reduced to the solution of a 
general equation of the first order. 


Let u=, be such a particular solution, and let Up =, V, be the 
solution of the complete equation. We have then 


Wrta (v, T 2AV, T A? Vy) T E Wry (v, F Av,) ES Q. Ws Vr- ie 0 3 
which, since p42 t Pe @,,,+ Qr @,=0, gives (Av, being called z,) 
Drt A Ve + (QD, 49+ P, p41) Avett L220; 


or Wate rit T (Tryo F Ps Orpi) Èr F L 0 3 


from which, Z, being found, u=, Dz, Two constants enter, one in 
x, and one in the summation. If Z,—=V, we find for the general solu- 
j B) aE 

tion Of Yayo t Pr Uepi + Qe u= 0, 


? wW 1 age 
vo Cor, fı HP... (14r, Z). T (14+Pa2)l 4c Diss 


`‘ 
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which may be reduced to 


0X1 QQ: Q; 0 XIe * o 'Xx—2 
U-=Ca. {ee + Yo Qi Qe eee RAEE E 


We We T3 Wy Wy) Wy 
where C and C, are functions of cos 27x. In this manner Use — 2.41 


+,=0, which is satisfied by 2,=C, is also found to have for its com- 
plete solution u, = C,x+cC. 


(111.) The general linear equation of the nth degree, 


Usan t Py Usta- HQ; Urtn-2 F e.. 4+2Z,=0. a -(1), 


if completely integrated when n arbitrary constants (or functions of 
cos 27v) enter the solution, is integrable when 7 distinct particular solu- 
tions can be found, satisfying the equation deprived of the term Z,. 
Let those particular solutions be Ug Wy, Uy Kye es Ul, c=w,: then the 


equation, deprived of its last term, will be completely satisfied by 
Us =A, + Br,+Co,+....+Ma,. 


To pass to the integral of (1), assume instead of A, B, C, &e. functions 
of cos 2rz, A,, B,, C,, &c. any requisite functions of x, which being n 
m number, we have a right to choose n—1 assumptions. Let S be the 
symbol of summation with reference to the various solutions, so that 
We=S(A,@,) or S.A, w, Then tp = S.A, 0,4, + SAA, Tar; 
assume $.@,4,AA,=0. Again, Usp = S.A, Dre + S. AA, Orie; 
assume S.@,,.AA,=0. Proceed in this way until we come to %,4,-1 


=S.A,y4n-1, by which time we shall have made n—1 assumptions, 
namely 


S ° Wip AA O0, S ° W p49 AA,= 0, ce ee S . W yt nmi AAS Q. 
Finally, Utsyn = S. A, Gyn tH S. Trin AA n and 


Usain F: Urn- + id + L= S bs A, (Wrint P; W ot ym] -+ eose a ) 
+8.a,,, 4A,+Z, ; 


of which S.A, (@esn+.+.-) vanishes in every term contained under S, 
because w,, &c. are particular solutions of the equation deprived of its 
last term. We have only then to add to the »—1 assumptions the 
equation S.a,,, AA,+Z,=9, and thus we have z linear equations to 
determine AA, AB,, &c. from: after which A,, Ba, &c. must be deter- 
mined by integration or summation, each having an arbitrary constant, 
or function of cos 27z. 

For example, Uso + Pr Usp + Qr U= 0, being satisfied by v,=a, and 
U,=Kk,, has u,=Aw,+ Ber, for its general solution. Assume u,=A,@, 
+B, xr, for the solution of trot Pe Vegi + Qe Urt Z,=0, and we have 


Uri A, P41 HBa Krin if we assume T, pı SA, +4,4, AB, =0 
Usya = Ay Writ By Kepo H Dr AA, + Ke4 ABa 
Uriet Pe Urpi + Qi Ua HZ5 Ay (r42 H Pa Pry t Qr Dz) 

+B, (Ke+2 t P, Kapi F Qr Ka) FOr AA, + Kr42 AB, +Z: ; 


whence the complete equation is satisfied, since D42 F Pe Drp HQ O 
T 0, Ke+2 F lie Kr+ı zg Q: Kr = 0, by 
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WrigdA,tkrye AB F= 1f @,4, 4A «,,,4B,=05 


2 
Kr+i L D Wty L 
or by AA, = tg aay: ep ae ee ee ee 
WD yay Kepe Kray Ware Ways Er hea Ort 
x S ~ Rr+1 Li; Ss Wri Ly 
whence v,=0, 2 -a K, 2 Se YE , 
Wri Ke4  Krpi Det WrysyKypem Kry Wro 


(112.) If it should happen that two or more of the solutions become 
the same, in any particular case, a process resembling that of § (21.) 
must be employed. Suppose, for example, that wat Pr Usponi... 
+Y, u, ,=0 has for its general solution u, = Aw, + Br: + Cort... 
Suppose, moreover, that w, contains the given constant a, that x, con- 
tains b, p, contains c, &c., and first, when b=a, let w,=k,, SO that in 
that case the compound solution Aw,- Br, is only (A+ B) ©., and 
contains one arbitrary constant only. Let b=a+ 4, and let accentua- 
tion refer to differentiation with respect to @; we have then 


Ao,+Br,=(A+B)o0,+Bho',+4Bh?.o",+.... 


As h diminishes without limit, let B increase without limit, so that 
Bh=B,, and at the same time suppose A to increase without limit with 
a contrary sign to B,in such manner that A+B=A,. The next term, 
or 3B,ho", diminishes without limit, and still more those which 
follow; so that A, ©, + B, © is the part of the complete solution which 
must be substituted for Ao,+ Br, when h=0, or a=b. Again, if 
a=c makes p, =., we have, making c=a+h, 


A, w, +B, 0’,+Co,=(A,+C) o,+(B,4+C) ko't+iChovi+....3 


whence it may be shown in the same manner that Ao w, + B,0’,+C,0", 
is the part of the general solution which must take the place of 


Aw,+Br,+ Cp, when b=c=a: and so on. 


(113.) The theory of the linear equation Ursyn H Purpna t... 
+ Yu, =0, where P, Q, &c. are constants, closely resembles that of 
differential equations of the same kind. Assume w,=c’, and let ©, 
K, p, &c. be the roots (supposed unequal) of c™+Pc"'+....+Y=0. 
Then the general solution is u,=Aw*+Be’+Cop*+.... Ifany num- 
ber of roots, say four, are equal, w being one of them, the part of the 
general solution corresponding is, by the last article, 


AD + A, s0 -H A, £ (1—1) 0+ A, e (@—1) (1—2) 0; 


which is of the same form as ©” (A+A, +A +A, 2°). 
= The general solution of u,a t Psp t QU +Z:=0, P and Q being 
constant, and © and x the roots of c?-++ Pc-+Q=0, is 


5 Z <3 Z 
ao a 
pe x K x 


(a>) TT 


u, = Aw? + Br” + 


re 
except when @=k, in which case it is 


rp @tDZ | ry 


Usa (A+Br)4o0 bas aw t t2 ee mit? 
ay 
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© (114.) The following mode is in theory applicable to equations of 
any order. Let us take one of the third order, tss + Pr isset Q, Ugi 
+R ust Z=0. ASSUME Vegi t Peet qg=0, and let œ, and B, be 
two undetermined functions of æ. We have then 
Uss- Pate Urge Prag t ay (Came F Peri tsir Fieri) 
< 
+ z Cae + Px Ur + qa) = 0, 
which becomes the given equation if 


Pret =P, 4. Pet hR PePe =Ra 
G48 PCs a E e 
or Œ, = px: £,=Q,—P, Part Veti Partas 
| Ri=Q, pr — Pr Pa Perit Pe Pott Pito 


| Though this last equation be not of the first degree, it is of an order 
inferior by a unit to the given equation; and if only a particular solu- 
ition of it can be found, the value of p, thus obtained will produce 
‘corresponding values for æ, and £, with which the complete value of q, 
ymust be found from the equation for Z, containing two constants. 
Then the equation tsı HP: Us +q must be integrated, from which v, 
imay be found with three arbitrary constants. 


| If we apply this method to an equation of the second degree, 


Uz2 + P; Urpi HQ U, +H Z,=0, we find 
Usya FPr+i Usti t e+ T Ox (Usya Dlr g) =0,; 
Parta = P P: = Qos Gaai Oy Ge Lrs 
| =P= Peis Q,.=P, Pr™ Pr Pr+v 
‘From this it appears that when P, is =0 the equation is always theoreti- 
cally integrable, since logp, == t, enables us to determine ¢, from 


tgi tt =log (—Q,). 


` (115.) The equation Ursyn F Pe Por Ustna F De Pirmi Qe Ustno tese. 
AD, Pe-i: e+ Deng Ye Uy 18 reduced by the assumption U, = po pi Po. ++. 
Dici Tr to E R P, Üritan T e% o o ++ N u, =0. 


. (116.) I shall enter no further into the subject of simultaneous 
fequations of differences than to show how to integrate the pair 


A, Uir T B, Ur Au, + Bv: = P, 
Ci Urpi t Di Veyi + au, + bv, O55 


©, and ¢, being functions of z, and A,, a, &c. being constant. Multiply 
the second by a constant 0, and add it to the first, which gives 


B,+54, 0 B+00 =o 
(A, +a, 0) Went geo, ve t+ (A+a9) eae v. =b, +p, 0. 


= Assume 0, so that (Bi +0% 0): (Ai +a, 0)= (B+ bO) : (A +a0)= pu. 
This gives two values for 0 (0, and 9,) and two values for p (4, and py), 
Hu, +p v =w, and U, fly V= W" sy WE have 

(A,+ 0, ay) Wiga T (A+ a0) w’ :=0, +: 0, 

(A, +9, a) Ww ait (A+ 9,2) w, =P, +d, b2; 


and when w’, and w”, are found from these equations, u, and v, can be 
found from those which precede. 

Or as follows. From the two equations given, and the two which are 
found by changing v into x+ 1, eliminate v,, v,,,, and v,4.: the result is 
a linear equation of the second degree between Uso, Usp and u,. 
This is a method which will apply to linear equations of any order, and 
any number of variables, on considerations similar to those in § (15). 
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Fe Se SS ee ee ER a Se, 


(117.) The solution of linear equations with constant coefficients 
may be effected even when there are more variables thau one, by means 
of the theory of generating functions of which the first principles are 
explained in page 337. Let the equation first be of one variable, 


Ay Usin tarr Urgn—y T veo FQ Ups +a U,=0. 


For the complete solution of this, we must have either the set of 
values, Uo, Urs Unse o e «Un OF the means of determining them. Let $t be 
such a function that wu, is the coefficient of t, in it; or let dt=u,tu,t 
+u,?+....: that is, let øt be the generating function of v, for all 
positive values of æ. Then the first side of the preceding equation has 
for its generating function 


a n An 


r Uyo 


+e ts +a ) 


which function accordingly is, as far as positive powers of t are con- 
cerned, identical with 0+0.f+0.#+.... or 0. But, from the form of 


Pt, it is obvious that negative powers of £ up to ¢-” may enter the above 
product. Assume then 


(Qn t” FOO +. tat +a) GES A, EOLA, OOO L, ALE, 


Ant Art I A ¢? e. oo +A, -aii è 
GP Gn UP aat en bait tal” 


which gives @f= 


let A,...A, be so determined as to make the first 2 terms of this 
development become vott ttg PH... Ftna t”-', and the rest of 
the development will then give v, + un t... . of itself. If any 
of the various modes in Chapter XX. of expressing the coefficient of i 
in the development by a definite integral be adopted, there will result a 
solution of the equation. But, as far as we have yet gone, the method 
will be more powerful in making the solution of a linear equation give 
the general term of a development than in making the latter give the 
former. 

For example, required the development of 1—2¢—2¢?, divided by 
i+¢+?-+. First, find the solution of Urs F Uro F Urpi + u= 0, for 
which we must have the roots of c?+c?+¢e-+1, which are —1, y— l1, 
and —,/—1. Hence the solution required is 


=A (—1)°+B(C/—1°+C (—f/—-1*. q i 


Now the first three terms of the development are 1—3t+0¢, or u=1, 
w= —3, W=0. Hence we have the equations A+B+C=1, 
—A+B /—1—CJ/—1=—3, A —B—C=0, from which 
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ee E ieoa 
wey eD N a E (yy: 
2 4 
1 ] 
2 a 1)” + Jos sin T) 


from which we find for the coefficients the cycle 1, —3, 0, 2, 1,—3, 
2, 2, &c. 

In this way an expression may always be found for the general term 
of any algebraical development. 


C118.) Let u, y be a function of x and y, and let any equation of the 
form au, y==0 be proposed; for instance, such as 


QWs, yF OUy, y F CUr, yp F Clrgs, ye E0.... (1). 


Assume Us ,==A*B’, whence it appears that any values of A and B 
give a solution, which are connected by the equation 


a+bA+cB+eA?+,..,.=0......(2). 


‘Say this gives B=@A, consequently Z/A* (PA) is a solution, k being 
constant. This, as in §(98.), we may make equivalent to fA? (pA)? 
WA dA, for any limiting values of A. Or, if the equation (2) give n 
values of B in terms of A, namely, ¢, A, 6, A, &c., we have for a solu- 
tion 


Us, y= fA? (br AY, A dA + SA? (by, A) Uy A dA t.e.n, 


containing 2 arbitrary functions. Analogy might lead us to suspect 
that we have here the most general solution, even though finding B in 
terms of A might give a solution with a different number of arbitrary 
functions, since the same sort of thing occurs in partial diff. equ., 
§ (96.) But such a conclusion would be unsafe, for we have no infor- 
mation on the genesis of partial equations of finite differences which 
warrants it. 

| Suppose Us, y= aUri, yt Us, yer FCU, yy Which gives l=aA+0B 
+cA B, or 

1—4 A" 

tagn JA (= aN YWA dA. 


If b and c be both finite, this may be brought into either of the forms 
Yo fa’ wAdA+ Y, JAT WAdA+..6.,5 
or Yo fATWAdA+Y, [AT YA dA H.. 


where Y,, &c., are functions of y (not the same in both expressions). 
Now, attending to the remark in § (102.), it is seen that JAYA dA 
is merely an arbitrary function of x, so that Y, pr +Y, $ (x1) 
+Y (w£2)+.... results. Ifb or c vanish, the series may be made 
finite, and the form may easily be altered into Xo Pytrid (yI) +... 
which may be made finite if a or c vanish. — 

| Again, Us, y= tri, yT OUr, yy. May give uw, y=b’ fA’ (1— aA)” 


YA dA. Assume YA=kA* +A mA" + . e, whence 
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gi y l AY 
a7 bY Uy =t fan 5—a) dA +f ae(ž—a) dA+. e.. 


(page 679) =ka 771» 


T (r+ +1)F (y+!) from A=0 
F (x+y +k+2) eed to A=a~ 
ka T (r+r41) T(y+1) 
~ F(@tytet2) 
la T (14A +1) E (y++1) 
F (rty+r4+2) 


in which ka~*~", la~*~, &c. are merely arbitrary constants. 


or a Ug = 


eee ey 


(119.) Such equations as the preceding occur in the theory of pro- 
babilities, and Laplace treated them by the method of generating 
functions, as follows. Let the most general solution of the equation (1) 
be adopted in the particular values to os %,1, %4,0, &c., and let @ (t,v) 
be the function which can be developed into 


Ugo Uy, ob Uo, Vb Ue ol fy V+ eV te... 
Reduce the eyuation (1) to the form 
Als FOU ay gO; gag t eag seed = On wes (3), 


which can always be done: thus t, y—bty4), y— Cus, y4i220 is trans- 
formed as follows. Let w,,,—=U_,,., 3 substitute and change the sign 
of x and y, and we have U,,,—0U,4,,—c¢cU,,y1=0. When U,, is 
found, Us, y is therefore found. Frequently the change is more simply | 
made ; thus ts, yF Usp, yp =0 is, writing z—1 for x, and y—l1 for y, - 
reduced to Us, y+%r-1,y1-=0. Leto (t, v) be the generating function of 
Us, y above written, OF Uo +t, yf+...- 3 then the generating function 
of the first side of (3) is (a+ b¢4+cvute2+....)¢(t,v), which must 
be a function of ¢ and v, to be determined by such conditions as the 
problem requires, and must give O for every term P, t°, whichis 
such that v., ẹ can be the first term of (3). Subject to this condition we 
must have 
= (t, v) 
p v= — ar. 
a+bt+cutel+.... | 

For example, let +, ~—bu,1, y—Ctz, y 10, which gives ¢ (tv) 
=W (t,v):(1—bt—cv). Now the terms between which this equation 
cannot establish relations, if only positive values of x and y be contem- 
plated, are all the cases of vo, and Uso Let it be required that u, o 
shall be é., and that «o, shall be n, it being understood that £= ne 
This 1s not assigning too much, for it gives u, =bn, + Cë, Ug = bm, 
+b, &C., Uy e= big- Ct, &C., not more than enough to proceed with. 
It is then required that Y (¢, v) : (1-d¢-cv) shall be (& or m) +, ttit 
Fees bmv+pvt....-+ terms in which ¢and v both occur; which 
condition being fulfilled as to the simple powers of ¢ and v, the deve- 
Jopment will in other terms generate the coefficients required by the 
equation. 

For instance, let u+, ¿,=0, to, y= 1, (if y>0); we then require that 


Y v): (1—bt =)= vH o e e a =w i: (1—0) 
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hall be true without interfering with terms containing powers of t, 
vhich gives simply 


v (l—cv) v ev) 
Ly)=— Sa Abt) 
Ur ( sU) e o (t, v) (1 —v) (1 — bt—cv) 
=. Ù ot et + l ; 
=; (=o) d-o ee | 2 


nd the coefficient of tv? is that of o in bvo (1—v)™` (1—cv)™. 
Now it is easily found that the coefficient of v” in 


b? (vto tp...) (14e.coa an Eura J 


CH, te 


Fl c+l ety? ol, 
9 9 @eee y— 1 9 


3 =v {1+zc+a 


vhich is, therefore, w,,, required. It is not.easy to see that it satisfies 
"a o= 0, Which is a case resembling in difficulty that of F (1), when Ix 
3 known only from 1.2.3....(@—1). 

| Ifit be required that wo, , and u., ọ be any given functions of y and a, 
ind T, and V, the generating functions of U+, o and U, y, or let 


2 
Tr Uo, Uy, o FA Ugo t Heee; Voto o or V HoV teen 


~ (120.) When we make the solution take such a form as that given 
‘hove, a change of sign in æ and y produces an unintelligible result, so 
hat we cannot immediately pass to the solution of U., y— 0241, y— Cr, y41 
=0. In fact, an equation of this kind, in which there is not a highes¢ 
erm with respect to both x and y, presents difficulties. 

' The application of the method of generating functions is complicated, 
nd it is best to have recourse to that of definite integrals, as in § 118. 


4 (121.) As another instance of this method, let us take 
Ur, y buso, y7 CUy, yn | a Q. 


'n order to solve this completely, we must know 20,4, Wi, ys Us,09 and U, i 
aet the generating functions of these be wv, Yw, Dt, and gt. The 
enerating function of ts, y, or @ (é, v), 18 of the form æ: (1-b -cv°-ctv), 
nd having four conditions to satisfy in «, let us assume 


a= P,+Q,+ Ruts, é. 
Che values of u, and vo, , require that œ (¢,0) and p (0, v) should be 


2 and wv, whence we have 


* The student who kuows a little of the theory of probabilities will see that this 
sa solution of the following question. B and C want severally æ and y points of 
he game, their chances of making a point at each trial are 6 and ce (6+c=1), 
equired the chance which B has of winning. bis chance is «s y, as found above. 
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P, +Q +S t= (1 — bi) ht and P)+-Q,+R, v= (1—cv’) wo, 
or a=(1—bt) dt+ U1 —cv*) vv + R,v+58, f—P,—Q,—R, vS, t. 
Again, the value of dọ (t,v):dt, when t=0, is Wv, and that of 
de (t, v) : dv when v=0 is ¢,t. These give (since P)+Q.=f0=¥0) 
S,= (1 — cv’) Yy v—ev Wo — RB’, v+ So— p'o 
R= (1—bf) pit — et df —S,t + Ro.—w'0. 
Whence the form of æ is found: R)+S8% is W, O—ew0, or f’/,0 — ep0, 
which are the same, and we have 
a=(1—be’) (Pt +h t.v) + l—ev’) Chu +, v.t) —evt (pt4 wr) 
—vi (Ra +S.) -—9/0.t—w’0.v—¢0. 
For example, let b=1, c= 1, e=2, and let tool, v,, 51, Uo, =1, 


Ua o= l, y= 1, Uo, o2==1, and in all other cases let Ueo, Uo ys Wi, ys Us, 1 
vanish. We have then 


yv=1 +v, y v=1+, df=14+t+?, p t=1+4+4, R +S]. 
The generating function « : {1—(¢+v)*} can then be reduced to 

40° tè 
1—(é+v)? 


Expanding the last term, which gives 4v°  (¢-+v)” for a general term. 
It is obvious that £ u” never occurs except in the term 40 t (toy, 
which has no existence unless x-+y be even. Consequently, the solu- 
tion Of Us, y= Uy», yA ZUe, y1 F Ur, yo 18 


_ 4 @+y- HN ety)... @=D 
aa l z 2 s... Y—2 


Us, „=0 (x+y odd) ; 


o that Us y (@+ty= or <2) = 1, u,.=0, Uo, 0 (in other 
cases). 


| 


i+-t-+v+(i-+v)'+ 


Ua, 


(v-+y even), 


(122.) The verification of such a result as the preceding may be 
made by actual solution ; that is, by forming a table of double entry for 
Us, y putting the given values in their proper places, and calculating the 
rest from them by the equation. This is done to some extent in 
following table :— 


0 1 li lll 1V V V1 VIl V1 

0 l l ji 0 0 Q 0 0 0 

1 ji 1 0 Q 0 0 0 0 0 
il l 0 4 0 4 0 4 0 4 
jii 0 0 0 5 0 16 0 24 0 
1V 0 0 4 O 24 0 60 0 112 
v O 0 0 16 0 50 0 224 0 
V1 0 0 4 0 60 0 280 0 840 
vii 0 0 0 %4 0 224 0 1008 0 
Vill 0 0 4 0 112 0 840 0 3696 
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Specimens of the mode of forming the terms from the equation are 


| 280=60+2xX80+60, 224—804+2x 60424. 


It may also be observed that «o,o, Uio Uo, are useless in the forma- 


lon of the remaining terms, as might have been made to appear from 
he function x. 


(123.) The principles of the calculus of operations® have lately been 
nade to throw a very instructive light upon the connexion of linear 
‘perations with those of common algebra. The following theorems are 
he connecting steps. Let D be the symbol of differentiation with 
espect to v; so that Dér=@'r. Let a be a constant, and deduce the 
heorem D (e @r)=e* (Dprpapr), or e” (D+a)¢x. Repeat this 
n times, which gives D” (e pr) =e" (D+0)" pr, where (D+a)” is a 
omplex symbol of operation, applicable after development. This 
heorem is even true when m is a negative integer; for we have 
t= (D+a)" fe" D (e Gr)}; write e De” or for dx, and we 
ave D™ (e* dr) =e" (D+ a)7 x, which may be repeated. All this 
aight also be easily proved by expansion. Hence we have 


(D + a)” SO eee pr C pr) f (D—a)” Oto" pr (ert px). 
fm=-1,6%=—0; (D+a)' 0=e7* D! 0=Ce™, D0 (0dr Ct. 
(D+a)-"0=e™ (fdx)”.0=e-™ (Co+C,r+....4C,_,0"7). 


et D, and D, be the symbols of differentiation with respect to 2 and y, 
re have then 


(D, +4)” (Dy +4)" P C, M=ere™ D? Dy t h Ce, y)). 


By similar reasoning A (a* prj=a tp (e+1)-a* r= a'{a+as-] tor, 
rif the operation 1-+-A be called E, we have 


(ak =: 1)” pr=aqa7" An (a pr), (E oe aya or mee aah (as pa). 


umilarly, if E, denote the operation of changing æ into ¢-+1, and E, 
hat of changing y into y-++-1, we have 


(E,— a)" (Ey—b)" $ (2, y) =a" W+ AM AY (a U o (2,9). 


hese may be extended to the cases of negative integer values of m and 
n. Thus (E—a) `. 0 =a AOS Ca Loru, w Meris the same in 
orm, C being arbitrary. This function Ca” is the quantity which 
anishes, or becomes 0, when the operation E—a is performed upon it; 
pr (E — a) .Ca* = CEa’—Ca .a* = Cat — Ca.a”=0. Similarly, 
E—a)™.0=¢7" A-™0: now A™ 0, the function whose mth differ- 
‘nee vanishes, is C+C gt.. ee t COn T. 


(124.) It is shown (see the references in the note below) that all the 
perations of algebra may be applied to the symbols of operation used 


* See pp. 163—168; Penny Cyclopedia, “Operation” and “ Relation ;” 
hbr oe Matia a Journal, vol. i., pp. 22, 54, 123, 173, 212, 278, 280 ; 
Nitto, ditto, vol. ii., pp. 74, 144; Gregory’s Examples of the Differential Calculus. 
| have been indebted to most of the places cited. 


| 
: 
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in the last article, as long as they are not mixed up with any operations 
depending on the variables employed. And the theorems may be 
generalized into 


WD. Ce" Gr) =e". y (D+a). Qr, 
w (Da Dy). (eT D (a, y)) =e". y (D, +a, Dy +0).9 (x,y) 
wA.(a dr) =a’. y (aE—1). pr, 
W (An A). (al? p (a, y)) =a’ bY. y (@E,—1, bE, —1).P(4, y. 


These properties are particular cases of a more general set, which owe 
their simplicity, in the case of «%, to the identity of the operations of 
differentiation and multiplication by a constaut. Let there be any 
number of functions of x, V,, Ve, &c., and let D be the general symbol 
of differentiation, while D, is hat symbol for V, only, D, or Va, and so 
on; so that DY, =DYV, or V45 DV 20; D.V, =0, DV =DV,=V', 
D, V, =0, D. V,=0, and so on. We have then (D, (V, Vs) being 
Va D Ng &c.) 


D (V, V-V...) =(D,+D:+ D+.. 00). (Vi VaVe. ) 
WD.C(V,Ve....) = (D, +D: +. ieee, TETS 


If DV, = aV,, we have WD (V, Va =W (a+D,) (V,V_), or Vi (a+D,)V», 
since Y (a +D»), so to speak, only acts upon Ve: in & (a+ Də) Veis 
simply %(a+D) Va, since the distinction is now useless. Again, if 
Ô Ay, &c. refer severally to V,, V}, &c., we have 


DY N scat) a Wy Bon V Vaa, 
WAV Vases) Se 4 By eevee el ECV, NV renn) 


(125.) Let a linear diff. equ. of one variable be given, namely 
a, D” ytan D" y+.... +a Dy+aqQy=V; 


V being a function of x. The operation performed upon y on the left 
is a, D"+a,_, D”™'-++...., which may be reduced to the form a, (D—a) 
(D—/>)...., where œ, 8, &c. are the roots of the algebraical equation 
a,v"+a,_,0" '+....=0. If these roots be all unequal, then, making 
A= (a—/[3) ow ».+, Bo'==(B—a) (U—y)...., &c., we have 

— ~V=A (D—a)'V+B(D—£)7"V+.. 


lr, y= 


a, ore 
§ E Pt aren ae Vdir-e... tA HB +e. 


A,, B,, &c. being arbitrary constants. The effect of the inverse process 
on V may be best represented by remembering that V+0 may be 
written for V, and the process performed on V and on 0 separately. The 
latter gives all that arises in integration from the introduction of arbitrary 
constants, and must never be neglected. Sometimes it may be desirable 
to take one mode of operation for V, and another for 0. For instance, 
let V be a rational function of x of the kth degree: let (a,+a,D+.... 
+a, D,)~' be expanded into beb, D+...., then we have 


y=! b V+ bi Vi+ c...’ +b, VOLTA, e7- B, eP* TERE. 


prenas 
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; 


since VED, VE™, &c. vanish. If there should be / roots equal to æ, 


] 


jwe find among the fractions into which (D,-+....)7! is decomposed, 
ithe following set: 


Li (D~ a)” +L, (D—a)-OY+....4+L,, (D—g&)™. 
Now (D—a@)7? V=” (Ja e Ve (Ct eph... + OE E 


whence we find, for the part of the value of a, depending on these Z equal 
‘roots, 


e {L, (fdr). V+L, (da) ye V+... +L fdr. V} 
pe" LT OE OE a S A ON P 


A= 


} 
/ [am here only giving a sketch of a method; but abundant examples 
will be found in the citations* above made. 


A 


; (126.) Let aD, u+bD,u=V, a function of x and y. We have then 


5 


b T E 2D 
u= (aD. +D V =a D47 D,) V=-<« 2 2 fe Vday, 
a a 
Now if V=ọ (x,y), | V is (2, y+mr): hence we are directed, 
p:a being m, to find fo (s, y+mzr)dr by the symbol fe Video; 
fter which, by the symbol «~”?»,we are further directed to write 
j—mx for y in the result. But, writing V+0 for V, we have gy for 


fhe integral, @ being arbitrary, and @—'¢(y—mz) for the result: hence 
usa ety fey Vde +a™ p (y—ma). 


Tor example, let aD, u+bD, u= 122° y. Integrate 122° (y+mx) with 
espect to v, and we have 41° y +3mz*; put back y—mz for x, and we 
aave 42° y—mzx'* 5 whence | 


4y brt 
a ee (ay — bx) ; 


tj 


ince «`gh (y—mr), $ being arbitrary, is p (ay—bx). This use of a 
pymbol of cperation, D,, as a constant with reference to another symbol 
af operation, D,, isone of the severest trials to which the calculus of 
»perations can be put, though following readily from the first principles 
DË the science.t 


(127.) Let a, Dłuta, Di" D,u+....+a Dju=V. If a, B, 
Xe. be the roots of a, v"+a,_,v" '+....=0, and A, B, &c. be as in 
') (125.), we have a, D?+....=a, (D,—@D,) (D.—AD,), &c., whence 
‘ve have 


a,u=A(D,—aD,)".V+....rA(D,—«D,).0+.... 
3ut (D,—a@D,)7 Vey fey Vda e f0.dx; 


* Page 751, note: particularly in Mr. Gregory’s examples, which should be in 
the hands of every student who wishes to have materials for self-exercise in the 
ughest processes and newest forms of the differential and integral calculus. | 

q Penny Cyclopedia, ‘ Operation.” 


3 C 
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and the second term is ®(y+ax), ®y being any function: while, if 
V=¢ (x,y), the first is found by changing y into Yrax in the result of 
f P (a, y-ax) dx, taken with respect to x. This process is somewhat 
more easy than that of § (89.), inasmuch as the result for one root will 
give those for the others. 


(128.) Let D,uwszaD2u. We have then u=(D,—abD2)—.0, or ! 
can? fO dt, or eave pr, Ø being arbitrary. This gives, by development, 


(OL? ca 
u=gr+ atp" 2--— COMM te 


: —v2+2 f, Dy g 
as already seen. For the symbol cang write fige teve De dy: fx, 
and we have 


u= rh f Ee? eV De he dv= r [teh (@+2v Jat) .e-” dv, 


whick agrees with § (98.) 


(129.) Let @, Usyn F an-ı Ustna t.. e. Haous =V, whence ie 
(aota E+... +a, E") V. If all the roots ofa,ta,v+.... +a, v” F 
be unequal, let them be æ, 6, y, &c., whence : 


UnU =A (E-—«a)'V,+B(E—8)7"V,+.... 
§ 23.) =Ax t 2a" V+ BR Th" V+... tA eB BH nan 


which gives at once the law of the result, where § (111.) only gives the — 
process. This symbol È is here put for A~'; the only difference being | 
that whereas A~! V, strictly stands for V,4,+V,.+.... ad infinitum, 
2V, stands for C+ V,4+V,.+....+V,, 2 anda being supposed to . 
differ by an integer, Allafter V, is supposed to be included in C, and in 
the preceding case, the values of C in the different summations may be — 
supposed to be included in A,, B,, &c. 


(130.) The proper symbol for A~” or (E—1)-* is E--+-nE-*" 
+3n(n+1) E+ .... ad wf. or AA =A, .+nA,p +... 
This is the only result which satisfies both A*A~" A,==A, and A~” A” A, 
=A, But 2"A, is generally taken in a manner which satisfies only 
A" 2" A= A, and not X" A"A,=A,. For instance, let x be an integer, 
and let ZA, =A, 4... +A. Then 52A, means DA, HEA, o+ 
.... 2A, and YA,=0. This gives D® A, =A, 2A, tees 
+(t—1) Ay, AD? A =A, ArH veeetAy, A? È A, =A. But | 
2 AA, is MPA, +. ...+(@—1) AA, or Ay—vA,+(2—1) AX 
Nevertheless, in the solution of equations of the usual kind, 2” may be: 
written for 4~*, since the verification of the solution involves only- 
repetitions of E, which requires only repetitions of A, performed upon 2; 
and never introduces È performed upon A. And we have (n<z) 


2 0 o '£r—n 
2 A, =A BA, = 0. i 


Ze A= Arnt NAs natn du Aras sees +7 ae En Ag 


Again, the complete meaning of Az” Ay” Az, y or (E,—1)~ (EB, — 1) 
A,, y 1s the series 
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m+] 
A L—mM, yon FMA yt, yon FNA zm, y—n—l a5 n Oo Pa CER y—n T Moe 9 


ontinued ad infinitum ; while, defining SA, to end with Ag, the ex- 
yression for 2% Sy A, y only involves those terms of S CLUS a EEE ET E 
n which t—m—p and y—n—g are not negative. Here S means 


nerely collection of cases, and differs from È in not being a symbol of 
yperation. 


_ (131.) Let there be / roots equal to œ in the equation of § (129.), 
md let the resulting fractions be 


L, (Ea) +L, (E=) P FUL, (E— 2). 


Chis operation performed upon V, gives 


19 OA (Ce VFL, TMA (a VL) +L, @ tA (a V,) 
+L ZA OO) +L, @ VAY CO)... FDL et AT (0), 
vhich, since > may be written for A as far as the solution of the 


‘quation is concerned, gives, for the part of the solution arising from 
hese roots, 


eis otua Vyas Ne Festa eyo vot “Vet 
+e (Coti et... Ca 2’), 


2% Ca, &c. being arbitrary constants. 


(132.) Let An Ustn, Yy -} yy Usan—i, y41 + eee -- Ay Ur, ytn a y in 
whi : : : n n—l F 
vhich case u, y is the inverse operation of a, E+ an- Ey" Bytes. 
+a Ky, or of a (E,—ak,) (E,—AE,)...., performed upon V,, ,3 
vhence 
~ x ~ ay | T 
ln Us, y= A (Es—aE,)™ Va, yt B (E,—AE,)" Vs,yts.-- 
- r— —l A-l nr Ra NT 
Now (E, —a& E ) Vz, ym E Ay" (a EF” Va, y) 
z: —« D-r EEE | 
Ez” Na NVa yr) A; : (a j E; j Naz =g Tae eres 
+o?) Vz, yao T eet 
Che operation Ej-* performed upon this changes y. mto y+2—1, so 
hat 
| = coe 
(E,—ak, : Ve y = Vor oT aV 9, yta \ v—3, y+2 t eeeey 


vhich might readily be ascertained directly, but the object is here to 
‘how the conformity of the condensed notation above written with the 
ictual result of development. Again 


A o= by, oo Ez?’ Ar O= gT Us (yta—l), 


; t-l | T 
n which the arbitrary character of ẹ allows us to change ¢ ` n a’. 
Lhe solution might be readily written down, and the modification which 
t undergoes in the case of equal roots ; but we have instances enough of 
hese generalizations. If V,,,=0, the solution is simply a” ¥ (y+) 
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+E y, (y+ar)+...., and the case of Z roots equal to œ gives 
a {we (yta) tey (ytryt.... +211 (yta)} for the contribu- 


tion of these roots; W, Yı, &c. being arbitrary functions. 
(133.) An equation of mixed differences is one in which operations 


of differences and differentials both occur. For example, let 


n n—l 
a” Uy, yy bs, gd 
dx” An-1 dat} 


or Apua, y= A (D,—aE,)™ Va, y tB (D,—BE,)~ Vu, y+... 
in which (D, —a«E ~! V,, yore fdr. e Vi, y &C. : 


A- b e o oè +a, Ur, raa Nash 


each of these is a complicated form of the element of the solution 
required, In the first side we easily see fdr. V, +a (fde). Va, yp 
+a (fdr) Va, yp2+.... The second side shows how to obtain the 
same without repeated integrations. We have 


2 
an xX 
2 


E ot ON ee a; y— aV, Ee ae Ye jT eere 


Integrate this with respect to x, giving say W,,,, then W,,,+arW,, yp 
+.... isthe development of (D,—aEH,)™ Va, y Now invert the order 
of the processes, and let œ, $, &c. be the roots of ayv"+a,v""'+.... 
—0. We have then (neither «, $, &c., nor A, B, &c. being the same 
as before) : 


a, E+ a Ef} D, +... +a, Dia, (E,—aD,) (E, — 8D)... 
A, Us, y=A (E= DI Nay +B (EPD) = Nag Fere 
(E, — aD) Vz, yuo DA C De Vie) S 


in which it must be remembered that D¥~' and 47` are not convertible 
operations. If V,,,==0, the preceding becomes a~* D3 Az’ (e7 D7” 0). 
Now D7» 0 is Wo yFawyt.... +a" yy. In the operation Aj" 
no term higher than 2¥~? will appear, except in the arbitrary function of 
x which, so far as solution of the equation is concerned, may be added: 
hence D7 will make all disappear except what arises from this 
function. Hence the preceding is a~ D?~ war, so that the solution is 


gone DA W Vt BEDA OID Vig) Fe 
+ a DY" wa + BY D ywen, 


If there be / roots equal to œ, the corresponding part of the solution 
may be found, as before, from a set of fractions made by giving k all 
values from 1 to /, both inclusive, in the following, 


(E, — aD.) Va fee" DI A" (a DF’ Va); 


which, when V,,,=9, is e* D3 A7" (a D7*0). As before, D7” 0 
contains a¥~', so that nothing above 2‘ will appear in the result of 
the operation Aj“, and this will be destroyed by the subsequent opera- 
tion D¥-*.* All then that is left after Aj“, to any effective purpose, is 
a3 DI (hartge riyt.... HPk- v. y™), the arbitrary functions 
being introduced in the summation. 
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4 2 2 neon 
For instance, let a? D? Us, y — 27D, taya T Use ig = 0% OF a a 
(E,—@D,)~?.0. The solution then is 


a 1—2 y—2 
te gaa D (Po t+, vy). 
This is thus verified: substitution gives for the first side of the equation 


2” DE or +p r.y) -20 DY (dy ax+¢, 2 (yt+1)) +e" DY (dorto, a (y+2)) 
=a" DY {Gy x (1—24+1)+¢,2 (y—2y~2+y+2)}=0, 


(134.) The same processes may sometimes be applied when the 
‘quations are not homogeneous with respect to the indices of u,,,. For 
‘xample, let us take the equation Ay Us, y= OA? Uy, yy OF 


Az! 
Ue, y= (A2 — aA) 0 OE — eee, 
| 2a lA,—ad, A,+ad,$ 


Ve must first investigate (A, —aå,)™ 0, or {E,— (1+ad,)}7.0. 
“his is 
l-+aA,)’As* {(1+aA,-40 p or am IE,- b PTA La (E,—b)74 0 i, 


there b= l1 —a—!. Now 


a (E= bD)  0=a™ bY AT 0=b (P, Piet... HP, a), 


’» &c. being arbitrary functions of y. The operation A>" performed on 
us merely alters the arbitrary functions, and does not contain any 
ower of x above a~*; but it introduces an arbitrary function of a, we. 
f we now perform upon this result the operation (E,.—b)’-!, or 
ty) Ay— O-* all vanishes except what is given by the arbitrary 
Inction Wx, so that the final result is at~’ DT= AY" Wa, on which it 
lay easily be shown that the final operation (2aA,)—' has no effect 
xcept a change of the arbitrary function. Another simple change will 
duce the result to (a—1)” (1—az")? AY we, which is one term of u 


, 


rT, ye 
he other is got by simply changing the sign of a, and taking a new 
rbitrary function, and the result is 


Us, y= (G—1)* (1—a™ y At wat (—1)’ G1)" 1 +a7) Arya, 


ı which we may interchange x and y when we interchange @ and a`’, 


y 


o verify one of these solutions, say the first, we have 
giay ay (a — 1) AY? 2 (a— 1)" Av (a— 1)” AY} we 
= (a— 1} (1 —a™) { (a— 1)? AY? —2 (a— 1) AY LAN we 
‘Alu, y=a (a—1)¥ {(1- ay Alw (t+2)—2 (L-a) t AYY (x41) 
+ (la)? Ava} 
=(a@—1)¥ (1—a™)* {(a— 1)? (AY 4 QA¥t! + Att?) -2a (a—1) (AY+ Ast") 
+a? AY} yax 
= (a—1)" (1— a7)" { (a —1)?° Ayt [20 (a—1)—2 (a— 1)?} AH 
| + (a—1—a)? a4} Wa 5 
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whence it is readily shown that the two sides of the equation are 
identical. The preceding appears to fail when a=1 ; but if we return | 
to the process, the step which is first affected by the supposition of | 
a=1, or b=0,1s | 


ay (E,— by!" AF fa’ (E,—})~”. 0}, which becomes E%~* Ay" .0; 
or EX we, or W (a+y—1), or y (x+y), which is not affected by the 


final operation Az’. Hence W (a7+y)+(—1)’ 27t A% ya is the com- | 
plete solution of A? Us, „= A3 u, 


‘Uy, Y’ 
A2 e 
à y v 
135.) Let Afus , AE Ua or ij, a Sek 0 
( ) Y Ft, yl v tt e—l, y3) L, yY LE, E, Í 


= (E, ~E) {14+ E;" (E,— E7} 0 
EDERE S 0S Ey! Er Ar BY OSE =y 
(E ,— ED Y (e@—y) = Er Ay Er” y (a—y) 
=E AS y (e — 2y) =EL y (x —2y)=x (1-y—1) 
(E, — E) 0=E A7 E-Y 0=0 (4+y—1). 


Hence the solution is of the form $(¢+y)+¥% (x—y), p and W% being | 
arbitrary. | 


(136.) Among other results of the preceding theory may be noted the | 
ease with which the intermediate diff. equations or equations of differ- 
ences may be found. Thus, if a, D%u+a,_, Dv u+... =V, or | 
a, (D,—«) (D,—)....u=V, the equations of the (2—1)th order are | 
a, (Ds — E) (De — y)....u=(D,—a)7 u, a, (De — æ) (D, — vy)... U 
=(D,—8) `u, &. Those of the order n—2 are a,(D,—y)....u 
=(D.—e)™`> (D.— 8B) V, &c. Ido not however consider it desirable 
to enter more in detail upon a method which has not yet advanced beyond 
its elements, though I fully agree with those who have considered it as 
one which is likely to prove a very powerful instrument in analysis. 


j 


i 


(137.) In the equations preceding, it has been required that they 
should be satisfied for one value only of Ar, which has been taken =1. 
If we had proposed such an equation as u,,,,—P,uU,Q,, Av being 
anything whatsoever, it would have been equivalent to requiring that 
Us+ar Should be different from w,, and yet not a function of Az, which is 
absurd. The last equation could only be satisfied on the supposition that 
P, and Q, are given functions of Av, and: then only in particular cases. 
Nevertheless, when such an equation does occur, it may sometimes be re- 
duced immediately to a common diff. equ. Suppose, for example, f(z, Aa, 1, 
w, U”, &c., Au, Au’, Au”, &c.)=0 is tu be true for all values of Ar; w’, 
u”, &c. being, as usual, the diff. co.of v. Take x, any given value of t, 
and let vo Wo &c. be the corresponding values of w, w’, &c. Then, € 
passing from 2, to æ through the difference t—,, we have 


Tt Ges C— Tos Uos Ui &e, U— Up, uw’ —1U' 9, Se = Oi oe F o o (A). 


Form a new diff. equ. by elimination of £o, Vo, Wo, &c., and we have 
a gencral equation belonging to the class of curves in question, in- 
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dependent of the particular values of a, Uo, &c.; and the class of curves 
which has the required property, expressed by f=0, is that repre- 
sented by the general integral of the equation last obtained. Or, if the 
cquation (A) be integrated, the class of curves required exists when the 
constants introduced by integration have the effect of rendering it in- 
different what value w is made to begin with in verifying the original 
equation f(r, Az, &c.)=0. 

For instance, having given a point S, required a curve such that if any 
two points P and Q be taken (the reader can easily construct the 
figure) the tangents at which meet in T, the line ST bisects the angle 
PSQ. Let AS be the line from which © is measured, ASP=8@, 
ASQ=0+4 40, SP=r, SQ=r+Ar. Produce TP to Z, and as in 
Chapter XIV., let SPZ=p, then SQT=u+ âp. Equate the two values 
of TS in the triangles SPT, SQT, and we have 


r sin p  (r+âr)sin (u+) fr+Are ri \ 
sin (u—440) — sin (+ Apts 40) \ et Nea, 


Ar tan p tan pe, cot § A0 =r tan p+r tan py. 


For r write 1 : u, and remember tan u=rd0 : dr=—u: w, which gives 


Ar Uy u 
— cot § A0=——— +——, Aucot 4 A0= 2u + Aw, 
TTi tan y, tanp 


an equation of differences which is to be universally satisfied ; that is, 
for all values of AO, The first found diff. equ. (A) then becomes 


9—0 
e E D) 


(u — Uy) cot 


Differentiate, multiply by 2 sin? 4 (0 — 0.) ; differentiate again, and divide 
by 2sin? 4 (0—00), and the result will be w”+u’=0, or u”+u=const. 
the cquation of the conic sections. Every conic section, therefore, has 
one position of SP, for which every position of SQ has the required pro- 
perty. But, more than this, verification will show that the equation of 
differences 1s satisfied by every position of SP. Take the complete 
integral w=a+ cos (0 +c), and substitute in the equation of differences, 
which gives 


b {cos (90+ A0+c) — cos (0+c)} cot 4 A0 
= —bòb sin (0--c)—b sin (0+4A0+ c), 


an equation which is easily proved identical. It would do equally well 
to integrate the equation (A) directly. 

As another example, it is required to find the curve in which the 
ordinate let fall from the intersection of two tangents is equally distant 
from the ordinates of the points of contact. The general equation and 
the equation (A) here become 


(2y' + Ay’) Ac=QAy, and (Y +y) e—a =2 (Y-Y) 5 


the latter of which, all constants being eliminated, gives the diff. equ. 
y!/"=0, or y= C2?+C,v+C,: integrated directly, it gives y=C (v-r)? 
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+y (1—2) +yo, in which y, and y's come out as they are defined ; 
namely, the values of y and y when «=a. The general equation is 
satisfied, and the property is that of any parabola whose axis is parallel 
to that of y. But we may easily imagine it possible that such a pro- 
perty might be given that yo, Yo, &C., being defined as above in mean- | 
ing, the integral of the differential equation (A) does not allow them to 

have that meaning. In such a case, the property is self-contradictory. 
Again, the property given may be true if one fixed abscissa and | 
ordinate be started from, but not true if the starting point be changed: | 
in such a case the integral of (A) gives the curve required, but the | 
general equation of differences cannot be true except in a particular 

case. | 
For instance, let the equation of differences be Ay+arAy’=h; the | 
diff. equ. (A) is y—Yo+ To (y’—y'o) =A, of which the integral is | 


Y= yt toy th+Ce * 


which for r=2 gives y=Yot %y'oth+Ce™, whence C= -e (x,y, th). 
Again, y/=—Ce**: 4, whence yo= CE 4 = (Moy th): Uy, or! 
we must have h=0. This last condition, it now appears, 1s necessary 


to the self-consistence of the property which the curve is required to 
have, If then there be any curve which satisfies the condition 
Ay+xrAy'=0, it is 


Y= t to yo Qe»), 


Try this on Ay+rAy’=0, and it will be found to satisfy the conditions 
only when the differences begin with the point (to, Yo), unless 7/,=0. 
The property announced cannot then belong to any two points of any 
curve. This may be proved independently, for if (x, y), (M1, Yı), &. 
be a succession of points, the equation gives : 


yyte (iy) =O, yyte (yey) =O, pyta Yy 


from the first and second of which we deduce y: —y1 +£ (y'2— y^) =0, 
which is inconsistent with the third, unless y’ be a constant, which 
does not satisfy Ay-++-rAy’=0, unless y be a constant. The last 
equation, then, required to be generally true, is equivalent to Ay=0. 


(138.) Any such equation as the preceding might have an infinite 
number of solutions given to it of a discontinuous character, and for one 
given value of Az, as follows. To take a simple instance, suppose 
Ay’ = (2, y, Av, Ay) is the equation. Assume a value for Av, and 
divide it into 2 parts, so that nr= Av, and dr is very smal]. Assume 
values for y, and £p and for y, or y+ Ay; 2, or «+Az, being determined 
from Az. Join the points (Los Yo) and (Tı, Yı) by any curve, and calcu- 
lating Ay’, from the equation, and thence y'i : lay down a straight line at 
(x, yı) accordingly. An ordinate to this line at the abscissa q, + 0218 f 
a new point in the curve, quam prozime. Repeat the process with the” i 
point (Tot ôte» Yo tY) and that just obtained, and so on until the, « 
curve, or rather representative polygon, extends over the abscissa 
T+2Ax; after which it is to be repeated again with the last obtained 
portion as a guide, The smaller dv is made, the more nearly will a 


ON DIFFERENTIAL EQUATIONS. 76\ 


curve be obtained satisfying the given equation of differences. This 
method will aid in the formation of a complete conception of the possi- 
bility of satisfying any such equation, for any one value of Az. And 
the same method will not only apply to ordinary diff. equ., but will 
furnish a strong presumption that no more constants can enter than 
there are units in the order of the equation : as follows : 

Suppose the aiff. equ. to be y” =ọ (y",4', y, x), and proceed to con- 
sider A* y= (Ar)? w (A? y, Ay, Y, x, Ax), of which it is the limit. Take 
Ax very small, and any ordinates 4, Yı, Ys, at pleasure, to the abscissæ 
To Tot AT, ToF+2Ar, Having thus given Yo, Ay, and A?i, calculate 
A*y from the equation, whence y, the ordinate to the abscissa s, +3Ax, 
is obtained. With y,, yo, Y3, and å? y, from the equation, calculate y,, 
and so on. We have thus a polygon by joining the several points 
obtained each to the next: the coordinates of the angular points of the 
polygon satisfy the equation of differences, and the smaller Av is taken, 
the more nearly does the polygon become a curve which satisfies the 
diff. equ. 

Through the three points thus assumed only one curve can be drawn, 
as is evidently pointed out in the course of the method: as also that the 
manner of choosing Yo, Ayo, and A’ y, as the limit is approached deter- 
mines Yo, Yo, and y” Hence for one value of yo, Ya, and y”, only one 
limiting curve can be obtained, from whence it may be presumed that 
only three constants can enter the solution of the diff. equ. The diff. 
equ. can only have such solutions as are limits of those of the equation 
of differences. I call this only a strong presumption, for reasons which 
[ will leave to the student, who will find them on close examination. 


(139.) In all the preceding equations, the coefficients employed have 
been continuous functions, though such continuity is not necessary, in the 
manner im which they have been used. If, for instance, we suppose æ 
an integer, and propose the equation Use + Urpi Ff eCU,+X°=0, it is 
evidently not necessary that the functions of x should preserve the same 
form when < is fractional, since the equation, its solution, and the pro- 
cess of verification, are all wholly free from the consideration of such 
values. But it is not even necessary that the coefficients should preserve 
one form when g is integer, and results may be obtained in a finite form 
when they circulate* through any number of different forms as x 
changes its values. For example, let tsp P; us= Q where P, is the 
constant a. or b, according as xis even or odd, and Q, is a’ or b', accord- 
ng as zis even or odd. Hence 


a b . 
b= (1+(—1) yg Oecd) )s 


and the method in $ (106.) might be applied without much difficulty. 
But the process will be facilitated by assuming u,—v,+w, (—1)’, and, 
after substitution, equating the parts which are independent of (—1)’, 
and also the coeflicients of those which depend upon it. We have then 


* Sir J. Herschel, Examples of the Calculus of Finite Differences, section xi. 
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Vrri— (a+b) v-—4 (a—b) w=} (a +0) 
—w, ıı —} (a+ 6) w,—} (a— b) v=} (d —b'). 
As an example of the second method in §(116.), change z into r+], 
giving a third and fourth equation: multiply the second and third 
severally by A, and pu, and add the first, second, and third, making 


(a+b) \+a—b=0, 2A+(a—b) p=0. We thus get the first of the 
following equations, and by similar processes the second. 


Viig— abv, =} (db tab +a'+b), Wry2—-abw,=4$ (a'b— ab'—a!' +’) 
v=} (abab ta tb) (1 —ab) + (Ki +K: (—1)’) 
w=} (ad b—ab'—d +’) (1—ab)*+ œ (Li +L (-1)"), 

a being ,/(ab). Hence 


_(a'b+ab'+a’ +b')+-(a'b—ab!—a' +b) (1Y 
ne 2 (1 —ab) 


M, and M, denoting arbitrary constants. One relation between M, and 
M, must be expected, since the original equation is only of the (first 
order; this will be seen in attempting to verify the equation, The 
preceding value of tts gives 


+o" (M,+M,(-1)*), 


a'b +b’ 


(£ even) v, = PT +o” (M, +M); 
bpa 
(@ odd) u= E +o M, —M)); 
b’ +a! 
(v even) usy — Pz PE Ed +t (Mi— Mo) 
1—ab 
ab +b’ | 
J ia Mit Ma 
=a +° (M, a—M, a—M, a—M, a) 
/ b! 
(x odd) t,4,;—P, u= a +t (M,+M,) 
bal 
om : —ba® (M,—M,) 


l—a 
=b g” (M, a—M, b+M, g + M, b). 


Substitute for œ its value 4 (ab), and the multipliers of œ” have the 
common factor M, (./a+./b)+M, (Va—4/b). The value of u,, then, 


completely satisfies the conditions, and has one constant arbitrary, if 


M: (fa-+ yb) +M, (Ya Jb) =0. 


(140.) To generalize the preceding method, let m, stand for a function 
of x which is =1 when x=0, m, or a multiple of m, and which vanishes | 
in every other case. If œ, 8,.... be the mm’ mth roots of I, such a 
function is seen in the mth part of e”+A°+.... If, then, we take 
Cy Ma + Ci mp CoMo oe o o + Cmi Memi We have a function which 
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is Co, Cis. eee Cy, according as a:m leaves a remainder Ce eres 
m—I1, This has been termed by Sir J. Herschel a circulating function 
of the mth order. If P,, Q, &c. be circulating functions of this kind, 
we have, for all integer values of x (the reader must be careful not to 
generalize this equation) 


ITa Qura sa dS (PO a8 m+f (Po Q. ° œ Miate e.. 5 


for f(P.,Q,....) is itself a circulating function which goes through the 
cycle of values f (Po, Q,-..-), F (Pp Q:....), &e. 

Circulating functions may be doubled, trebled, &c. in order, by 
assuming new circulating functions with doubled, trebled, &c. cycles of 
values, Thus a3,+03,_,+¢3,-¢ is altogether identical with a6, + 86,_, 
+c6O,2+a6,_3+ 66,_,+c6,_;. A simple process will reduce the solu- 
tion of any equation whose coefficients circulate to that of a set of 
ordinary equations, as follows. 

Let P (ty, Urie e ++ Prs Q,...+)=0, where P,, Q,, &c. are circula- 
tors of the pth, qth, &c. orders. Reduce them all to circulators of the 
same order, namely, that of the least common multiple of p, q, &c., say 


m. Assume zw, to be a circulator of the mth order, 7,m,+5, Mait... 
Then 


Oren Pus RE 1sS eee ek) MOE CY Leal oe) ee 


Determine 7,, Sp. ee by the m simultaneous equations h (7,...P). . .)==0, 
P (s,..+P,...)==0, and the conditions are completely satisfied, or may 
be satisfied by assuming relations enough to reduce supernumerary con- 
stants. Thus, suppose 2#,,9+P.w,4,+Q,u,-+R,=—0, where P, is a 
circulator of the second order (a,, br, d», ba, &c.), Q, also of the second 
order (a's 6’,,&c.), and R, of the third order (a"s, b", C'n &c.) 
Reduce these to circulators of the sixth order, and assume one of the 
sixth order (7, Ss ts Vs Ws Yz) for u, We have then six equations derived 
from (rs422 Orpo F Sepe Ôr F tetz Op + Vege Or- F Wee 6,9 + Yz+2 O73) 
+ la, 6. + b, Dezi + a, 6,» =y b, Os- + Ar 6r + b; Ges ii Orpi a Sepi 6, 
+ trgi Ory FU 241 Or- F Wip Grog FY er 41 6,4} T (C; O+ Os Orat a O2 
FUs 65-3 + Ai 65-4 + O's 62-5} {rr 62452 Ort te 6.24, 6. s+ We Ora 
+ Y x 6.5} — a’, 6, + b", Opa) T Co 6, 2 a @ Ones T O's Orat C O55 
remembering that 6,,.=6,_, and brp = brs- 
These equations are 


ae? II aces / arene i 
a m hy Sr+l +a x T+ a (j=, Yorok ba Wri +6 x vra "n 0 
E cM 
Veye FOr tegi HOr SOO, Togo Fale Your t Ar W HO = 
are: ` / I oei 
Wrpot (lr Diyir R lT o" an0; Sr+2 t by Tr+i T b x Yor ec 2=Q, 

The actual solution of this problem would require us to change æ 
successively intor+1....,up to 7+10, which would give 66 cquations 
between 65 quantities besides Tr410 Tr49)+*++T2. The elimination of 
the 65 other quantities would give a final equation to determme r,: the 

l e 
equation for s, would be found by changing 7, into s,, @, into 6,, a’, into 


b'a &c. As a more simple instance let us take the problem already 
solved in § (139.), namely 


(e+ J r+ T Sr+t 2s) a (a2,-+ b2,-1) (7, a ae Rra) = 23 T 4 ie 


which gives 5,4;—@7,;=@, 7,4,—0s5,==)', or (yab being a) 
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Sry — ADS r41 = ab'-+a', Ttt abr, = ba" + b! 


Dh of À y 
<a +K,a7+K,(—a)’*, 7, bal + 
1~—ab ` 


Now 2=4 {17+ (1) T 2.4424 iki i f1—(—1)°}, 
and substitution in U9 2S AE gives the same result as before, 


the superior simplicity of this process arising entirely from using a 
circulator for u, 


5 t L, «+ L,(—a)’. 


(141.) Required the sum of x terms of the series a, + bat c, ueu b, 
+ce+&c. This is obviously Au z= Pss where P, 1s das, 04 (1 Ciaos 
(say A,, B,, or Ca) according as æ is of the form 3m, 3m+1, or 
3m+2. We have then ; 


Teyi D141 F Sra Ss bly) By. — (772 S24 Se 3r t br 3z—2) 
=A,3,4 Be 31 HC 3e 
Parua Sa ne Ay ba Seba 
T4377 Tr == A,+ = + ee Sri3——~S, = B,+ Cat + n TT 
lijam Cz +Asie+ Bepo 


” Let 1, œ, 6, be the three cube roots of unity, A. +B t Cre Aus 
&c. 


T =l DA, +a So A ats B* 2 YB A, +K, 3,+ Ko 3,14 K; 3,_,; 


for it is evident that C,(1)*+C,¢7+C, A’ is a circulator. The three 
results put together by u.=7,3,+5,3,1+6,3,-2 will give the expres- 
sion required, if the resulting circulator derived from the constants, 
say L3,+M3,1,4+N3,_., have L=0, M=a, N=a,+). Let the 


student verify this in some instances. 


(142.)* A merchant begins with £A in the stocks at 7 per pound per 
annum, and £B in trade, which returns 7’ per pound every two years. 
He spends £a per annum, and invests half the returns of his trade, as 
they come in, m the increase of his trading capital, funding everything 
else. What has he in the funds and in his business at the end of x 
years ? 

At the end of v years let him have F, in the funds aa T, in trade. 
Then, if x be even, F,,, is (1+r)F,—a, since the business makes no 
return at the end of the (x+1)th year. But if x be odd, F,,, is 
(1+ r) F.—a+ sr’ (pee 


Fay, (+r) Feat T, 2,_). 
Again, if x be even, T,,,=T,, but if x be odd, T,4,=T,+4T, 7’, or 
To =T, +r 2, Tae 
Assume T, =V; 2: + W,2,_,, and we have 


* Herschel, Examples, &c., p. 161. 
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Neri Dips + Weg 2N Zs + W, 2:n ar" (V. Be + W, 21-1) 24-1 
2, 2,-1=0, 22 sy, N cies W, (1 + br’), Waa Va 
Vive 1 4+$r) Vz 
(va +4,’ =O); Veo, {C,+C, (—1)*, Wao {C,+C, (- i ae a 
There is only one condition to determine two constants, C, and C,, 
namely, that V,=B when r=0. But in the value of T,, these two 
constants are reduced to one; for, since 
{C+C (—1)} {14+ (—1)*}=(C,+C,) {14 (—-1)"} 
ig V5 2; F W., 2an (o aT o 2224) (C, aa C2), 
and C,+C,=B. From this we have (1+r=p) 
Fep = 0F, —a + br ee B (om! Zii = o” 2s 
or Foi pF = +47! Bo?! 2, ia.. 


| Let F,=—-G,2,+H,2,_,; then, a being a2,-+-a2,_,, we have, 4 
being denoted by B,, 


| G,,,=0H,—a+B, 0", H4i2pG,—a, 
G.i2—p° G,=B, o*—a (1+ p) 


wl 
ə 
ee) 


at B, o” 
= — tI K+K, (—1) 
G, a paptr {K+ peal) 
B fx—1 
H, pe eK SK a 
p-l  p?—ọ 


B a 
And r=0 gives G, 2 +H to e EEE; which is A, 
0 — — 


whence 


as] Iz p fyui oo t—l 
F=Ag'—a—— +B, an eet Bie a 25-1 


(143.) There are various equations of differences which are sug- 
gested by their solutions, and for which no direct inverse method can be 
given. For example, w,,,=2>2u?—l. Let U,=COS Vz, then Coa ai 
i = cos 2v,, OF Vapi = 2v,+2m7, m being any positive or negative integer. 

Hence v,=2°.C,—2mz, or u,==cos (C, 27). But we may also take 
V1 = 2mr—2v,, which gives v, = (— 2)? Cy + 2m, or U, = COS fC, (-2)° 
+2m7r}. Here are two distinct solutions, showing that the ordinary 
theory is insufficient, for each has an arbitrary constant, which may be 
‘converted into an arbitrary function of the form f (cos 27rz). And, x 
ne an integer, there is an infinite number of other solutions, for since 


m need only be integer, we may write a,a"+@2""+....+4, for if, 
where a), @,, &c. are whole numbers, as also n. : 

Let U, Uy, ar (ey —Uz)tI1=O. Assume wu, = tan V, and we 
have 


a —1 „~l 
tan Av, = a7', v=} (tan ar’ + mr). 
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du, i T ; 
Let Ta Yosy, y Ày Ua ye This equation is satisfied by 
dr 


d i a 
=—  jlog ——_-/. 


Uy, yr a 
medi da! 


(144.) Such instances are not without their use, since they serve to 
show that the solutions of most equations are unattainable for want of 
means of expression. Until, for example, we have a perfect compre- 
hension of fractional diff. co., the last equation is unintelligible except 
when y is integer. The converse, however, is not to be assumed ; that 
is, it is not to be concluded that when an equation is integrated in an 
unintelligible mode, or by a formula which cannot be interpreted, that 
therefore no other mode is assignable. For example, the complete 
integral of Uy Usy=Us Uyy has been shown to be y¢7z, where ¢e means 
the operation Ø performed y times following on a, and is for the most 
part unintelligible, except when y is integer; so that the process of the 
diff. equ. cannot be performed. But, notwithstanding this, y (wr—y) 
is the complete integral, when x and @ are any functions whatever. 


(145.) In the preceding equations, and wherever D, or 4, is used, it 
should be remembered that x is not a symbol of value, but of distinction. 
Thus if 4,2, which is a function of x, must have x changed into a-+1, 
it is needless to write Ap, Y(£+1), and A, Y (v+1) will be sufficient. 
Both are in fact the same, since wx differenced or differentiated with 
respect to a+a@, gives the same result as when the same operation is 
performed with respect to x. 


APPENDIX, 


(Page 68.) The fundamental theorem admits of a proof which, though 
less elementary than the one in the text, is not so complicated. Grant- 
ing that a diff. co. is positive or negative, according as the function and 
the variable alter in the same or different directions, as seen in page 132, 
let C and e be the greatest and least values taken by Q's : w'e in the 
interval from t=atow=a+h. Hence d'r:w'e—C and g'z: W’a—c 
are of different signs throughout the whole interval, whence, we retain- 
ing one sign, by hypothesis, p'x—Cy's and ¢/’r—cw'n are also of 
different signs. From this it follows, that of @v—Cww and dr—ewe 
one must continually increase, and the other continually decrease, from 
r=a to r=a+h: that is, 


b(a+h)—da—C ( (ath) —Wa) 
and p (a+h)—da—c (% (ath) —wWa) 


must have different signs. Divide both by w(a+h)— wa, and the 
same thing remains true; this is the fundamental part of the theorem 
in the text. 


(Page 103.) The language and notions of infinitesimals may here be 
used, as is shown by the result. We have fr.dr, where r=we, and 
dle=y't. dt, whence fut. w't.dé is to be integrated. 


(Page 163-168.) I have throughout this work made free use of what 
used to be called the separation of the symbols of operation and quantity, 
under the name of the calculus of operations. The student who 
wishes really to understand algebra must make himself acquainted with 
what has been done of late years in the generalization of that science, 
after which the calculus of operations will cease to present any other 
lifficulty than that of the differential calculus in general. The state- 
ment of principles partially laid down in page 164 may be completed as 
follows. 

In any science which proceeds by rules, these rules may be collected . 
ind separately taught. They depend upon the meanings of the symbols 
mployed; that is to say, the meanings of symbols being given, the 
rules for the use of those symbols may be investigated. But there is an 
nverse question: having given a set of rules, derived from one particu- 
lar set of meanings, is this the only:set of meanings from which that 
set of rules would follow? The answer is by no means in the aflirm- 
itive: ‘A gives B, therefore B, when it comes, must come from A’ is 
aot good logic, Now algebra, in its most general sense, is every 
sclence which proceeds by the fundamental rules of general arithmetic, 
Whether the meanings of its symbols be those of general arithmetic or 
10t. Technical algebra is the art (only an art, not a science) of apply- 
ing those rules to symbols, without reference to their meaning: logical 
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algebra is any science in which those rules are used with any of the 
meanings which are allowable. 

The technical definition of a symbol is contained in the rules which 
are laid down for its use: the logical definition, or explanation, pre- 
cedes the branch of logical algebra in which the symbol is used. But 
when, some symbols having been explained, and it being understood 
that all explanations are to be so given that the rules of general arith- 
metic shall be applicable, we wait until results shall indicate the mean- 
ings of the rest, the process of finding such meanings is interpretatzon.* 


The science of general arithmetic, the rules of which are those of | 


every algebra, has simple number, and operations upon it, for its subject 
matter. Its symbols of quantity are, numbers represented by letters, 
and the rules are as follows :— 

1. In every combination of + and —, like signs give + and unlike 
signs —. 

2. Additions and subtractions are convertible in order; thus 
a+b=-b+a, and a—b+e=a+c—b. 

3. Multiplications and divisions are convertible in order; thus 
axb=bxa and axb—c=a—c xb. 

4, Multiplications and divisions may be distributed over additions 
and subtractions: thus (b2c)xa=bxakexa; and (b+c)~a 
= ba tea. 

5. The rules for the use of powers are a’ x a°=a’*’ and (œ) =a". 

To these rules all operations may be reduced; though some may be 
of opinion that there are more, and some fewer. This, however, does 
not matter much to our, present purpose; be their number more or 
fewer, no one doubts that the processes of arithmetic are reducible to a 
small and fixed number of fundamental rules; and any one may add to 
or take away from the preceding, as he thinks necessary. 

Again, the rules in this science, as in any other, are to be understood 


as applicable only to intelligible data. Thus, 6—10 being unintelli- — 


gible, cannot be the object of their application. The signs -+ and — 
mean here simple addition.and subtraction, and nothing else. 


In the next step, the common algebra of positive and negative quan- 


tities, we consider the symbols as implying numbers representing 
quantities, with the implied addition of an understanding as to the sense 
in which the quantities are to be taken. If -+a represent a quantity of 
one sort, —a represents one of the some magnitude, but of a directly 


* This process seems to be peculiar to mathematics: to go on using a word ora | 


sign without any knowledge of it, except that it is a word or a sign, to be used in a 
certain way, until the results of that use point out the meaning which the word or 
sign ought to have had, is a strange idea when presented for the first time. But, 


nevertheless, it has been used out of mathematics: in logic, for example. Wallis, | 
the first mathematician, I believe, who formally introduced interpretation into — 


algebra, had previously made use of it in logic. In a disputation, (at Emanuel 
College, Cambridge, in 1631,) whether a singular proposition is to be held universal 
or particular, his thesis (printed at the end of his logic) decides the question by 
interpretation, as follows. 

A singular proposition, such as ‘ Virgil was a Roman,’ is to be so taken that the 
rules of logic may be applied to it. From the premises ¢ Virgil was a Roman,’ and 


‘Homer was not a Roman,’ it certainly follows that ‘ Virgil was not Homer.’ Now | 


if the two premises be particular propositions, there can be no conclusion: from 
‘some A’s are B’s’ and ‘some C’s are not B's’ nothing can be inferred, Con- 
sequently the premises must be considered as universal propositions, 

The preceding process answers precisely to interpretation in algebra. 


2 
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opposite kind. And A+B means the junction of quantities equal to A 
and B in magnitude, and of the same kind as A and B, while A—B 
means the Junction of A and the magnitude of a kind contrary to B. 

The third species of algebra, which includes the form of the greatest 
extent in which the symbols represent magnitudes, rests upon geometri- 
cal definitions. The symbols imply lines, in which direction as well as 
length is signified, so that two lines which are in different directions, but 
of the same length, or in the same direction, with different lengths, are 
represented by distinct symbols. This species of explanations leaves no 
symbol unintelligible ; and ,/—1 is as much the representative of a line 
of one unit in length, inclined at a right angle to the line signified by 1, 
as — l is in common algebra that of a unit of length placed opposite to 
the line 1. I do not propose here to enter upon the details of this 
algebra,* intending only to point out to the student that even the 
algebra of quantities is a gradual ascent from one generalization to 
another. 

But the symbols are not necessarily restricted to quantities; as long 
as the five rules, or those which any one else may substitute for them, 
can be made true of the meanings, those meanings may be any what- 
ever, For instance, dr, a function of x, may be the subject of opera- 
tion, just as the unit is that of ordinary arithmetic, and A, B, C, &c. 
may be indications of operations to be performed on ør. As yet, the 
only fundamental species of operation which has been reduced to an 
algebra of operations, is that of changing æ into s+a, a being a con- 
stant. This system is only a commencement, and many of its results 
are as yet incapable of interpretation; but, as in the history of the old 
algebra, the results are always found to be true whenever they are 
intelligible. The following are the explanations of this system. 
| 1, The subject of operation, answering to the unit of arithmetic, is any 
given function of a variable x; and except under the symbol of this 
function, v must never appear. 2. The other symbcls employed are 
those of operations performed upon px, which are cither multiplication 
by a constant, or change of x into s+ a constant, or some combination 
of these, or the limit of some combination, obtained by increasing or 
a a constant without limit. 3. If we signify @(v+1) by 
Egr, or agree that the change of x into «+1 shall be an operation 
whose symbol is E, then E” dz signifies @ (v-+m) for all integer values 
bf m, positive or negative. 4. The signs + and — preserve their usual 
meanings: thus (E+ E?) dr means Eda -+ E* Gr or 6 (@ +1) +6 (r+ 2), 
md (3E—4) pr means 3¢ (v7 +-1)—4 pr, &e. On this foundation the 
ruth of the five rules is easily established, and many results imme- 
Hiately follow, as the student will see in the course of the work. 
| I will now give some idea of the difficulties which yet embarrass this 
subject, and which may stand, with respect to this algebra of operations, 


in the place of such symbols as ./—1 in the old algebra. The symbol 
; 


Ez is the result of an operation, which, repeated n times, gives Ede 


ae l : 
rOA(e+l), Onesuch operation is d (2+3) but if «he any one of 


| x See the Articles Negative and Impossible Quantities and Relation in the Penny 
tyclopeedia ; Dr. Peacock’s Algebra; or Mr. Warren's work on the meaning of im- 
ossible quantities, 
g D 
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s IN. ; od 
the nth roots of unity, ed (+42) is an operation of similar effect. If 


bv express convention we exclude all values of æ except «1, which is 
what is actually done, we may produce true results as far as we go, but 
we have ascended to no higher place in the calculus of operations than 
that which common arithmetic holds among the varieties of algebra. 
We cannot yet venture upon the unrestricted use of results which involve 
fractional exponents of operation. 

The next difficulty is one which is not peculiar to this calculus. Let 
us suppose that from and after, say r—0, we have a succession of values 
of a function, giving @ (0) when t=0, $ (1) when a=1, and so on for 
every positive integer. Let us waive the difficulty of interpolation 
(page 543), and say we have reason to know that @r would be the 
function of x for every positive and fractional value of x: there still 
remains an Impossibility of deciding as to whether Gr is the function 
required when x is negative, if the case be one in which discontinuity 
may occur. From among a number of similar cases we may choose 


9 To e 
P=oe+|— | si Wat, 
T 0 V 


where Wz is any function we may name. This gives P=@z for every 
positive value of v, and P=@r—2wzx for every negative value. 

Now, suppose we consider the operation E~'@z, meaning that on 
which, if the operation E be performed, xv results; or EE“ dr=@z. 
One satisfactory answer is E~' g@z=¢(4—1): but unless the question 
be one in which it is either proved, or justifiably assumed, that there is 
no discontinuity, there cannot be perfect assurance that E7 dr=¢ (x-1) 
is always allowable. The data generally involve the assumption, that 
there is no discontinuity from and after a certain point: thus. in con- 
sidering the series (a) +9 (4+1)+...., we mean to lay it down that 
from and afer c=a,¢@ is the sole object of consideration: but when 
we pass to preceding terms im the course of operations upon this series, 
it by no means always follows that the general term yr applies con- 
tinuously for all values of x which are <a. The theorem in page 560 
is frequently rendered useless by this doubt. 

This branch of the differential calculus, whenever we leave the part of 
it which answers to arithmetic of integers in algebra, is one of the 


subjects mentioned in the preface, im which we are rapidly approaching ` 


the boundaries of knowledge. As an instrument of discovery it is 
invaluable, and its results may be submitted to subsequent verification. 

The operation of differentiation, represented by I), enters as the 
result of diminishing A without limit in 


db (@+h)—dz E*—j 
manna auiiag 2 Px: 
2 h 


and though the symbol may be new, its conformity to the rules follows 
from that of (A*—1)~h. 


(Page 173.) Possibly a very strict reasoner might think that the | 
equation Dax: ward/c:y'xc when dr=O0 and wr=0 is not sufficiently 


established when Q'x: y's is nothing or infinite. Take the fraction 


(apx-+ bye): (a, bx +O, we), and let o'x: wx be =0 when dx and wr i 
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vanish. Now @r:Wxr must in this case be either nothing, finite, or 
infinite, and the fraction just given is readily shown to be 6:6, in the 
first case, a finite quantity in the second, aud a : a, in the third: that is, 
alwavs finite, so that its value must be that of (apx + bw'r) : 
(a,g'r+h, wir), which, d’riy'r being nothing, is b:4,. If, then, 
pr:yx=T, we have (ef+b):(a,T+6,)=6:6, when T has the 
form 0:0, from which we deduce for that case ab, T=a, bT, which, a, 
a,, &c., being quantities of our own choosing, is only satisfied by T=0; 
that is, @r: Wr vanishes with @ir:w'r. In a similar wanner, the 
theorem may be proved when o'x: Wx is infinite. Also in the last part 
of page 174. r: Wax being T, we have that ‘I’ and T? wx: o'x have the 
same limits, whence ezther T=0 or T and qx: wr have the same limit, 
the latter alternative being only named in the text. But, taking 
(apr+ bwr): (a, prb, Wr), which must be finite, and to which there- 
fcre the latter part of the alternative applies, we find 4:6, for the value 
if the limit of T be nothing, Cousequeutly, (Cap rthw'r}: (aw rth, Wt) 
must have the limit 6:4,, or, as before, @’r: y'r must diminish without 
‘limit. Hence there is, in fact, no alternative, for when T diminishes 
[without limit, it appears that o'x: Yr does the same. 


(Page 190.) It would be better, perhaps, to avoid the use of Taylor’s 


theorem, aud to deduce the final result from T (r,c+Ac)—-@(2,¢)} 
—Ac=0, 


| (Page 193.) If y =x (x,y) be reduced to the form w (x, y, y/)=9, 
the conditiens 


dy _ X  . dw. dw dw , dw „_ 
Feat ae give Paes but Fe ays age =; 
whence the numerator and denominator of y” vanish for the singular 
olution, and y” takes the form 0:0. This. represents the indeterminate 
sharacter of the radius of curvature deduced trom the diff. equ, which 
nay be, at the point in which one of the primitive curves meets the 
curve of the singular solution, that of either curve. 


(Page 203.) The following is in some respects better than the 
iemonstration given. Let there be, say three independent variables, 2, 
', z, and let the equation be 


+Z a 3G 


du d y dọ 
7 +Z—=U, or XT +i dz . du 


le” dy 
there Ø (r, y,z,u)=0 is the complete solution; the first equation is 
nmediately reducible to the second (page 96). Let the simultaneous 


dz d dz du. 
X Y E = give é (z, y, 2, U)=4, N (2, Y, ž, u)=b, 


g(t, Y, zu)=c, v (2,y, 7,4) =e. 


£ č 
e have then o: ee dy pa ia du==0, which is co-existently 
dx dy dz du 


‘ue with the simultaneous diff. equ., and thence 
3D2 
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x Žpyč4z Ž4uč =o; 
dx dy dz du 
or =a is a particular solution of the partial diff. equ. And the same 
is true of 7=b, (=c, and v=e. But the equation f (é, n, ¢,v)=9, 
whatever function f may be, also satisfies the partial diff. equ. ; for the 
preceding equations give, when multiplied by df: dé, df: dn, &c., and 
added together, 


_fdf dë df dn df dé. df dv 
al Eee eae es Ss — -L -— a=, 
(3 ee ae T 


ae df l if a Of 
or xPaytiag Oe i EG 
Ax dy dz du 


whence f (É, n, ¢ v) is the solution of the equation. 


(Page 206.) “ But four of these twelve contain c, only, and are 
identical, and the same of c, and c,;.”’ This is an error; two contain c, 
only, and are identical, and the same of c, and cs: hence three distinct 
differential equations of the second order. In the remaining six, two 
contain both c, and ca, two more both c, and cg, two more c, and c, 
But no one of these six is a diff. equ. of the second order to the given 
primitive, because in ro one does more than one of the constants of the 


primitive disappear. 


(Page 213.) The difficulty which arises about the constants in this 
and the next page is entirely a consequence of the discontinuous mode of 
effecting the solution, and might be remedied as follows, by merely 
integrating the generalized form of the value of 4’, instead of its particular 
cases separately. For example, let y°—3Py"+Qy’—R=0, P, Q, and 
R being functions of 2. Itis well known that the value of y' takes the 
form PtaV+ W, where æ is anv one of the cube roots of unity. Let 
{Par= P,, &c.,whence y= P, 4+-@V,-+- a? W,-+C, and the question now is 
simply to rationalize this equation, and to show that the same rational 
form is produced whatever may be the cube root of unity chosen. 
Observe, that (y—C) and all its powers must be of the form P,+<¢V, 
-æ W,, since «i=, =e’, &c.; assume then (y- C) ° =Q+Ra4+ S, 
(y —C}=X+ Y«-+Ze, and let A and u besuch functions of v as are 
found from pV, +AR+Y=0, and pW,+AS+Z=0: we have then 


(y—CP+A (y—C)? +p (y--C)=X+4AQ +P, 


which is the complete integral of the equation, whatever value of z 
may be used. It is the same as that obtained by the method in the 
page cited. 


(Page 222.) By neglect I have omitted to insert some account of 
Fourier's theorem on the roots of equations, in conjunction with that of 
Sturm. The former is more connected with the Differential Calculus 
than the latter. 

Since (x)? must be a minimum when ¢r=0, de.d’x must change 
sign from — to + when x passes through O by increase of v: or if 
ga=0, then ¢(a—da) and ¢ (a—da) must have different signs, and 
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@ (a-da) and ¢! (a+da) the same sign. If dx be a rational and 
integral function of v, as aga” +a, a"! a... and if pr, p'r, p'r, &e. 


be taken, and if ıhe succession of signs of these functions he called the 


criterion, it follows from inspection that when 7= — œ the criterion 
shows nothing but changes of sign, and vothing but permanences when 
=+. Consequently, in the passage from v=— œ to r=-+ &. the 


criterion loses n changes of sign: and, as there are n roots, reel or 
imaginary, we may attach to each root one of these changes of sign, so 
as to say that every change has a root, real or imaginary, belonging to 
it. Now if we examine cases in which diff. co. of @x vanish, with or 
without pr, we find that a change of sign is lost for every real root, and 
that except at a root, changes of sign are always lost in even numbers. 
And since there are only n changes of sign to be lost, every pair which 
is lost by the vanishing of diff. co. unaccompanied by that of ox takes 
away the possibility of a pair of real roots, or proves the existence of a 
pair of imaginary ones. Moreover, since signs can only be lost in even 
numbers, except when x vanishes, the loss of an odd number of signs 
in passing from a=a the less, to w= the greater, shows that there 
must be one real root between @ and b, at least. There may be as many 
real roots in that interval as there are changes of sign lost; but if no 
change be lost, there cannot be any real root in the interval. The 
following are instances of the manner in which the changes of sign are 
lost, it being remembered that every function which vanishes is to 
differ in sign from its diff. co. before vanishing, and to agree with it 
afterwards :* 


p qd One real |p o'o” Two equal | o p'o” o” Three equal 
gr=a-h F + root:one}+ Ẹļ + real roots: |— + FZ + real roots: 
=a 0 + change |0 O + two changes|O 0 0 + three changes 
t=a+h ++ lost. oe EF lost. D E T lost. 

p' p” o" Two imaginary | p p” p" Nori 
v=&—-h t 7 t roots : two Toa EN ees 
Ta + 0 + changes | +0 T ee 
gaath t t t+ lost. a ae 

H p” p” p= p p“ Four imaginary | o” p” p~“ p p“ Two ima- 

®e—-a—-h + y +5 + roots: four + F} t Ses t gmary roots: 

‘va + O 0 O + changes | + 0 0 0 & two changes 
PSO oe A ae ae lost. TA ee Se lee lost. 


(Page 253.) Stirling (Meth. Diff, p. 8, Introduction) is the first I 


can find who used the differences of nothing, though not under that 
name or definition. He uses the divided form, and obtains them as the 
coefficients of the development cf {(n—1)(2—2).... }, giving a 
theorem which we should now express by 


k Ak k fAk4+l k s\k +2 
ee eee ale ia aoe hei tH eee 
(n—1)\(n—2)....(n—k) n er mz 


* For a more full account of this theorem, which 1s here given merely to show 
how the differential calculus has been applied in the subject of equations, see the 


article Steurm’s Theorem in the Penny Cyclopedia; Young or Hymers, on Equa- 
, tons ; or Peacock’s Report on Analysis to the British Association. 
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which I leave to the student to prove. Stirling also uses the table of 
the coefficients of (x—1)(v—2)...., and I leave the following also to 
the student. If Am,n be the sum of the products of every selection of m 
numbers out of 1,2,3,....7, then 


An, n+l — Am: n + (n + 1) p PE n3 


from which a table of coefficients for (r—1)(a—2)....(v—v) may be 
rapidly found. 


(Page 305.) Burmann’s theorem is nothing but Lagrange’s, as 
follows. If c=a+yfx, Lagrange’s theorem is 


d 2 
pomy E yago) ) 4 


d? 7, 
ayy ry bet e 
ne efo} ) a at BS 


where the external parentheses denote that r=a after the differentia- 
tions. This is expanding Wax in powers of (w—a): fr. Let y or 
(x—a):fc=or, whence br and r—a vanish together; substitute pz 
for y, and (x — a): pr for fx, and we have Burmann’s development. 


(Page 313.) The symbol fy, dr, or D™ ys, is found from 1+A=é, 


and we have 


0 
ae — 2 eooo 
D oE 0 (ATHV EV AHV A ) 
1+A A A? 
= E E T, V,—- era cae ak, eevee 3 
a ot “144 AETS ] 


since 1:log(1+A) is not altered by changing its sign, and writing 

—A:(L+A) for A. Take the value at the upper limit, from the, 
second expression, and that at the lower limit from the first, and the ' 
expression in the page cited is readily obtained. | 


(Page 330.) The student must observe that the instance taken, 
be-+ce+bf, though it serves well enough to show the method, could 
never occur in any example, since it is not itself the derivative of any- 
thing. | 

The mode of forming the derivatives given inthe page cited, though 
advantageous for the beginner, as saving him from error by presenting 
most of the terms several times, formed in several different ways, 
admits of simplification. ‘The process need only be performed on the 
last letter which enters, except where the last but one is that which 
comes immediately before the last in the series a, b, c, e, &c., in which. 
case operate also upon the last but one. This will prevent the third; 
rule in page 330 from ever being wanted. Thus, in forming D° bt from, 
D> b$, 


4b°h gives only 48k 12bc? f gives only 12bc° g 
126°cg gives only 12b? ch l2bce? gives 24bcef+ 4b 
12b' ef gives l26°eg + 60° f° Ac®e gives Ac®f-+ 6c? e? 
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In the following tables the method of Arbogast is applied to the 
forms which more frequently occur. Let 


| 

| 

br + e A a 

ġ| a+br+¢ e gt +. )= oF AL e+ As gte . i 
Then Ap =D" b.a +D"b h"a+ ....+Db" paH" Aa, 


where D” 5" (which does not mean the same thing as in the text) is to 
be taken from the following table: 


Smee a ee ies ee, faz 
——_ 


D b=c i 
D2b=e, D b?= She oO 2 
DoS, D*b?= 4be + 3c”, Di?= 68’e . E 


Dto =g, Doa 5f + 10ce, D” = 10b?e +1 5D, D*= 10c 


ame ae 
——e 


D's =A, D‘b’=6bg + 1dcf+ 10e, D= 157+ 60dce + 150° 
D? = 206% + 45b, Db =15bfc 
| 


D% =k, D5s*= Tbh + 2leg+35ef 
Dib*= 21b'g + 105bcf+ 10he® 105e 
D4 8553F-+ 2108%ce + 1050 
| DW =35be+ 105%, Dbs== 21% 
CS a E a ea No i a A EA 
Db) =., D°b? = 8bk +- 28ch + 56eg + 35f? 
> D= 28bh + 168beg + 2Obef + 2108/4 280ce 
= Dibt= 566%g + 420%cf-+ 28067? + 840bc%e + 105c* 
$ D'o = 70b*f + 5606%ce + 4206%e° 
+, D%=56b5e+ 210b, Db7=28d8e 


D” =m, D= 961+ 36ch + 84eh+ 126f9 

, — Db = 360k + 252bch4+ 504beq + 315b/? + 378c7¢ + 1260cef +2806 
`. D5 847+ 1566°cg + 12606%ef-+-1890bc?f+- 2520bce* + 1260c%e 

|, D*b5=126b4g + 12606%cf + 84.00%? + 378067c*e + 945dc* 

| D%°=12655f + 1260b!ce + 12600%e° 
D*b7=84b%e +3185, D= 36d" 


Aaa seama a a d 


faia — 


CNS E a me 


De =n, D? =10bm+45cl+120ek + 210fh 4 1268" 
* D= 45071 + 360bck + 840beh + 1260bfe +630°h + 2520ceg +1575cf? 
~ + 2100e2f 
; Db =—= 120874 + 12600°ch+ 2520b°eg + 15750°f?+380bc°g-+12600bcef 
2 + 280066? + 3150c?f+ 6300c?e? 
 D5d5= 210542 + 2520b%cg + 4200b%ef + 9450b°c?f + 126000%ce’ 

k -+12600bc%e +945¢5 
|- D'b°= 252b5¢-+ 315 0b%of-+ 2100B%c* + 12600b%%e + 4725084 

i D°b7= 21 0b5f + 2520b%ce + 3150b8c3 

 D’=120be + 6300%*, Db = 456%. 


oon O MEn — 
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2 3 
Thus we have b(atbere erick Sar sk = 
m o '. J 


fat bpla.x+ lepat a) Z 


3 


+ Cepat 3be plat BAMA) = | 
+( f¢'a+ (4be+ 3°) bat 6b%c b"a+ bt pv a); L zt &e. 7 


up to the tenth power of æ. The student may apply this to the verifica- 
tion of the series in pages 262, 264, and 315. The numerical 
coefficients above given have been carefully verified on 


a oe 
log lo -+- > Te a ees =t, 


and in the literal part the terms all agree with those of page 330. 


(Page 410.) The following theorem will be very useful in this part of 
the subject : 


(HHEH) lap Hbg ter) 
= (aq =p} + (br — eg) + (ep — ar). 


(Page 559.) Dr. Hutton’s method is not quite so convenient as the 
following. Find Aa, Aa, &c. in the usual way, and let A”a, be the | 
last which is employed. Take half A’a, from A” a), half the result 
from Aa, half the result from A”~*a,, and so on, until half a result 
has been taken from a); then halve this last result, which gives the 
approximate value of @j—a+.... This leads to the same result as 
Dr. Hutton’s mode, and saves the summations required at the begin- 
ning of the latter, and most of the divisions by 2. 


(Page 621.) To avoid confusion, I have omitted all notice of another 
mode of development, which may be obtained as follows. Add the two 
series in page 621, which gives 


4B By cos T= +Aysin Epee, =I¢r O(a)! 
0 “Cry 2h 


Let b= {56 (v= l) cos — dv, Kef p (v+) sin do ; then 


TH 


LBot B’ COS / 


Fee FAL sin pee, —0 —I(x) 0 
=l (x+ L) ODl 
Write r—lZ for x in the last, and we have 
+B — B’, cos E sin TE... 0 O(xr)! 


l l 
; =lġx I(x) 2 
Add the first and third series, and we have 
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Pre 
z (Ba+B')+ (B, = B',) cos 2-4 (Bs -+B') cos +... 
O 2 oie oi a One) 
+(A,—-A‘%) sm-4 (A+A 2) sin zy yr 


It is (0, x, 21) and not O (x)? (r) 2/, as might at first be supposed, 
because when 2=0, or l, or 2, both the double series give Alor, and 
their sum gives lx. g 


AFANS ee AN aa? E 


2 2 
And Bat B'a= f} {p0 +o (v+2)} cos sald dv= f? dv cos dp 
. Ont] 
Banı B A {pv—o (v+/)} COs ( is ) a dy 
2 l d ’ 
= fi pv cos | ime Tae, dv+ fyo (w+) cos EE Neto) dy 
9 ) 
= f? gv cos ee 
be At = (Bay ein 2 +-, n even 
Also A, EA, fo pee l a z n odd 


_ by similar reasoning. Hence our final conclusion is 


Tr n TU DTD h Q7rv 
lor2=4 f? gv dv-tcos fi gv cos ~~ dv -+ cos =y- f? pv cos = dv}... 


TU 


ee ee . ITL . 2Q7rv 
+sin— fo gv sin y do+sin — fo gv sin =- IE ee 


Hence we have two distinct ways of expanding løv in a series of both | 
sines and cosines: namely i fl 


2 NTU NTL a Nv, . NTE 
aft ov dv+2, € ov cos -y dv.cos q J+ 2; Ui ov sin- dv.sin T ) 


À NTU NTL ae . NTV . NTL 
USE pv dv B5( fi pveos dv.cos™ + Sr som sin T dvsin t ); 


=- but the first is only true from x=0 to x= l, and vanishes from =Z to 
r=2l, becoming ¿lpr when «t=0, or /, or 2/: while the second is true 
from v=0 to x= 2/, both inclusive. 
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ERRATA. 


In the following columns, the first denotes the page, the second the 
line; thus (IO means the tenth line from the top, and 10) the tenth 
line from the bottom of the page, not reckoning notes, if any. The 
third column contains the erratum, and the fourth the correction. The 
numerical tables in pages 253, 554, 587, 590, 657, and 662 have been 


carefully compared with the authorities. 


13 2) "0001 "0O01. 

18 | Note | The assertion as to Peyrard refers to his smaller (or 
octavo) translation of Euclid: the author was not 
then aware of the existence of the larger one. 

20 11) Omit the word that. 

21 | 7) same i same time. 

22 (4 were we are. 

ea | (22 o—23 28 ~ a. 

24 | (8,10 | two hundredth, 200, 8 hun dredth, 100, 4. 

25 (27 absolutely absolute. 

28 (17 in a second in the fraction & of a second. 

354 6y6). EEE E S AE 

LA s 3.2% x? gt 

40 (1 (pr)? (yr) 

46 13) pe pa. 

dy dy 
55 13 By". jy7, —. 
( 4 dx J ax 

58 (10 sin”. sin? u 

60| 1) Vr Nl) +s. 

61 (7 cosec® u cosec’ u. 
du du du ji 

63 17 ne eal C—— 10" — a ° 

( rr Le log x u LHe log a 

64; 6) i CD 

d dv dv 
-ees 8 1} —— = nm o — 
( i dx a Ax 
Sia Y Y 
17 1—5 -—l1). 
( a-2) (4-1 

67 | (13, 14 pC and de d/C and g'e 

— 15) do. do. do. do. 

— 9) do. do. do. do. 

— 9) | pa between PCandd¢c | p'e between ¢'C and ec. 

— 16) . Aand B. P and Q. 

69 (13 p'a=0 w"a=0 p'a=0, W'a=0 

=] | (22. Xn) : OP 

—| 3) (e-a) Cab 

i ; 2.3.4 2.3.4 

73 | (19 (n-+1) forty, 

Pu 10) h? Cht? eht! h” Ch't! |- eh"t! 

2.3..0 2 BaN 23.0 n 23..n4V 2.3...0+ 

= 8) n (n—1) n(n—1) a", 


ERRATA, 


rr? 

°501 

px (C 
2°71728 
AU, 


2 


0, 
Autv 


of values 


objectional 


greatest 
being the 


atnw orath 


e+) 

a+] 
—1-°0001 

diff. co. 


a yn? 


cos? 6 sin”~2 0 


d..sin 8 
l — sin?’ 0 
a 
TE TT cL 


b 


Ni — c —zx in denom. 


that 
Ni b -+ 4ac 


lam 
N- a 
T 


a 


—] s 
Us nug+ ru, 
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n—J] 


+n 


Ug FNU tU. 


Strike out = between the columns. 


Qz. 
Au -+ âv. 
U. 

e+. 
a, b, C, &C. 
n— 2 


dy 
of values of. 
objectionable. 
greatest and least. 
being a the. 
a+(n—1) w or at+h—w. 
gant 


pitt, 
—l+ ‘0001. 
differential. 
aa de. . 
cos?@ sin”~” 6dé. 


d.sin 0 
} —sin?@ 


These results are subject to any error which may 
arise from integrating a function which becomes 
infinite between the limits of integration. 


ERRATA. 
2) | 2 
(4 ¢° 
9, 10) ~p—o 
1) oy 
(10 log (—1) 
(14 4th and 
9) nan 
(25 but 
(12 l; € 
(6 px 
eu A®y .2m 


(1,2 | Remove the negative 
sion to the first. 
10,11); 2Łf and 2k vers" 
(7 | Omit the words in pa- 


rentheses. 

1 

18 = 

( 3 

23) anl x is oN r—aJ0 

(8 k 
(8 t—At, and 
(20 t” seconds 


4th, cube, and. 
Ra 
or. 
1:¢ is. 
p'x. 
A’y .2n. 


sign from the second expres- 


k Sf and k vers™!. 


wI 


V2ax is Vat —V 200. 


the density. 
t— At, t, and. 
t feet. 


(3 | what is the length de- | what is the number of seconds 
in which the point moves 


scribed between the 
end of 10 and 20 


seconds 
S) matter manner. 
(7 proportion proposition. 
(24 could not be dx could not be g'z. 
13) to a to A. 
a a? a a3 
A oe S= and + —— d and — —>. 
i 2m en 2m ü 2m W2m 
(10 CHAPTER III. CHAPTER IX. 
8) o (x,u). | x (x, wv) 
15) axe | cx 
lu du’ 
14-16) C= | Ce”, 
(3 K” | K”. 

' The letters A, Ay, As, &c. have been inadvertently 
used for different things in these two pages; 
in the first they stand for (x), (a), &c., and in the 
second for (u’), (u”),&c. 

3) ax wu —ul a wll tel al al! ag ae! a!" 
1) to y only or to y only. 
(7 BrERNOUILLI’S BERNOULLI’S. 
(2 fractions exponents. 
16) a> dae = Oxo. 
I ae eo a 0 


(1] becomes 0 


from 10 to 20 feet. 


becomes 1. 


"p 


| ° ° ° 
On an error of reasoning contained in these pages 
look forward to page 327. 


- ea a a ee a a 


ERRATA. 


2 ee 


* 2-1 


2c=—a2, 0=—l 
a (x,y) 

c, c 
includes 
annexed to y 
where 

df 
du 
du 
de 
See Appendix. 
d’ P, 


As ys 
e(hn-An—1)ar 


dW, dW, 
and 


‘ 
We dx dr 
primitive diff. equ. 
series 
V; 18 
Vs 
a@ b+c 
Gan 
as if its 
Ara 
p. 157 
B12, 45243 
pra 
prv Pax 
n 


curve line. 


page 326. 
OL, 
4a, x? 
+rsin o 


l 
tan7' tan | r-— 0) 
2 
l 
2 


tT — -0 


a ee 


o2— dl, 


Zod, Oe], 
a (x,y). 
kk 
seems to include. 
annexed to J ‘Pdr, 
when. 


kyr =k —k 
gl? E 7 og nae. 


Pa, ye. 
chat, 
LW d\ 
W., = and an 
dx dx 


given diff. equ. 

series of 

Vi IS 
Vo 

a—b+4-c. 
Hon+o¢ 

as of its, 
A a. 

p. 70. 
22s, Ar sA; 
it. 

Yyr= yt. par. 
m. 


JA 


—r smn h. 


T Q 
-l E oe 
tan” ° tan G + z) 
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A and B should be at the extremities of the continued 


For the completion of this test of convergency, see 


ERRATA. 


8—2)|Omit this paragraph altogether, as it is rendered 
pean, as by the preceding mistake. 


(12 po fy Q. 
TO) OMAD) 
(20 -D qe (2) p 
(21 wd! pa ax Pore. 
12) reason ; aa same reason as. 
i _ de 
( = coe 
10) 1° i: 
(5 — sin —2 sin. 
(7 sin? sin 70. 
l) the then. 
1 1) AMQ? AMQ!+?, 
k—1 k—2 
4) — k and Teg —(k—1), + (k—1) E 
—— |[k—1, p] and [k—2, p] | (k—1,k—1-4+p] and [k—2, 
k—2+ p]. 
lyas a Ar, A’r, &c. Ada, Apr, &c. 
(10 Ly.— fry da S= f yda: 
1) (between nothing and unless insert when «=a. 
(6 ( —1) (x—1). 
(8 omit (when r=0). 
(9 (r—)? (r—2)”. 
p 2251 125 i 
S64 r—1 96 r—l1° 
4) x—l1, rc—2, &e. (t—1)7, (x—-1)7? &e. 
(11l v'i—a v —a. 
(2 and 9 Ax+ B (Az + B) dz. 
l 1 
l ——— —, t ld 
( ya 25 The student shou 


ascertain for himself that this error is of no con- 
sequence, and that its results in (5 and (10 are 


true. 

(6 expressions. limits. 
(10 positive negative. 
13) a and 6 c and b. 

(2 | alter thus z f a(l +2) (Jl4+2+ ne} 

(9 doy™'z dyy™'z 
(12 cos a. 0? — a? cos a (0? — a°). 
14) u Upo 

2) py P(r-+-y). 

1) A°A0? and @l’y A’ A?0° and o'x. 
(15 E” E, 

(7 (DV, (= 1) Vago 
(17 (69.) (67). 

(13 for n for x. 
(17 XL, x=0 &e. 2,220; Oe: 
(19 px pz. 


8) 2nth. nth. 


455 
457 


3) 


ERRATA. 783 


A— Bici 
A + 2A + TE 


kep 
(A,4+2A,v+...) divided by 
(ait Qagr+...). 


| 4c*f'+ 4be | Ac®f+ 4be. 
m — 2 | m—l. 
m dm. 
| science of science to. 
| Oy’ Oy'. 
| $ y. 
F 2 F 
| ais > or <b m is* + or —. 
mt part of four right | angle «(l—m) or r 3 
| angles (m— 1), whichever is 
| ~ positive. 
| involute evolute. 
| y | y. 
Pane or concave, as y always convex. 
| is positive or negative 
| convex concave. 
eg+l e041 
(y—a) eo y o or (y—a)?*?. 
third case first case. 
of x of Ur, 
| = — 
dy? dy?” ` 
y— Ba z—ßa. 
za F By, zy È Ba, za t By, zy F Ba. 
| &—z C—z. 
normal plane osculating plane. 


The indeterminate sign of ,/ is here used. 
C2 Ce 


(ac—b,)? (ac— b7). 
as r, except as ft, except. 
| (A) and (M) (L) and (M). 
pa py. 
fxr y= pr. 
| 2y ox 2x ox. 
| of x, to y of y, to T. 
| Aq Ap. . 
| diff. co. sign of differentiation. 
Transpose the last two signs. 
asis 2s 
Se italy ce Piva esa 
ea nag” pare a a ee 
mM nor n | p nor q. 
U+AU U+AV. 


j 
| The fifteen equations are exclusive of the three 
| just given. 


* It must be remembered that all hypocycloids in which the revolving is larger 
than the fixed circle, are also epicycloids, and count as such in the preceding 
distribution. 


+ 


"~ 
Wo 
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ERRATA. 


+f, &c. — f, &. 
Xde X 
upper or lower lower or upper. 
— YÒY = Yin 8Y'r- 
ddz j pdx. 
(LENZ (CZ) NZ. 
l ji 
Lain DV oy. 
pa —a’. 
x—a, y—b, z—c a-x, b—y, c—z. 
p p: 
(6) (3). 
TI js Tys Dzs Uges Wy, W 
wy! yw 
22, >z, 
Y, Yr: 


(18—20| The mode of comparing the coordinates must be 


12) 


2, 3) 


—_— 


transposed, either in these lines or those which 

follow : these lines are to be corrected thus.—Let 

a=aetantedls, y=hE+ &e. &. Calculate 

7 eee 3 or (at+ Py +yz) (æ dx + B'du + y'dz) 

— (a! x ee + y'z) Ces dy + ydz). 
d 


dT 
dë dé, 
C cos (A+E) uC cos (0+ E). 


No part of the independent portion does vanish, anc 
the result should be 4(6AAB— AASB) +2 (ACCE 
—dCAR). 


A (ait yi tzi) V(a+yit 21), &e 
Ady At Gy. > Ado A Ål A io 
Ae E A ae ae cine ee 
2 4 § Dg wig 
a @ gal =a)". 
Xx n 
2 2 
a er 
as O is OQ. 
n k. 
Ben 23n f Doa nN 


HPS GED ACN 


j 
(3. 2 
(a+ HARS K and Ç ate aa a(g- ) 


:- 
727 102 27 O12 
2 2 
-otb (14k) T 45,. 
Vv a v / 
°43429545 °4342945. 
A'r) M42) +y. 
A' (1-42), De~? A'r, S (Feye, 
A N; 


02 | (2 
O04 | 8) 
07 | (3 
17 (6 
21 Ci. 
40 (3 
52 11) 
— | 8) 
58 9) 
50 (6 
39 TABLE 
i opp. °45 
TABLE 
opp. 12 
l (19 
19 (10 
30 (13 
-| (0 
1 | 9) 
5 | (18 
vi 5) 
4 | 12) 
l (5 
3 | (8, &c. 
) 20) 


The result, however, 
its transformation. 


ERRATA, 


3 
2a l= w) 


LLL o ae ne 


conception 


À 
(0, £ 1), O (x) x 
f+ ak) 
t” dt* 


eo (a+6h) 
1? | n—1 


Omit this line altogether. 


°*3114326 
l 7000544 


V 
m-n-+- ] 


x 
atp+y—l 
R,c 


Y` x 


log x 


y= YT, &. 


| 


V3. 


antic] — -oy (7): 


peo 


(0, v, iB bead 
fo + yk). 
(1—t)" dt 


OP") (a+ Oh). 
17-1 | L 


°3114362. 


7°0005477. 


er o 
y=—Y f, &c. 


iii ERRATA. 


at m EE, 
Gon a 


jim i goth 


È dm—l blg 


— òg. 


1 ] ' Ml 
aa aa ~ 9 
m+h m | ach 
72 


CDa 
brk . > Fn. 


may be just as easily obtained from the integral in 17) as 


SE 


; ryv A 
COMMITTEE. 
Chairmane— The Right Hon, LORD BROUGHAM, F.R.S., Member of the National 
Institute of France. 
Vice-Chairman.—The Right Hon. EARL SPENCER. 


Treasurer. —JOHN WOOD, Esq. 


W.Allen,Esq.,F.R. and R.A.S. | Fras. Henry Goldsmid, Esq. 
Capt. Beaufort, R.N.,F.R, and | B. Gompertz, Esq., F.R. and 


R.A.S., 
George Burrows, M.D. 
Peter StaffordCarey, Esq. A.M. 
The Rt. Hon Lord Congleton. 
John Conolly, M.D. 
William Coulson, Fsq. 


R.A.S. 
J. T. Graves, Esq., A.M., F.R.S. 
G. B. Greenough, Esq., F.R., 
and L.S. 
Sir Edmund Head, Bart, A M. 
M. D. Hill, Esq. Q.C. 


The Hight Rev. the Bishop of | Rowland Hill, Esq., F.R.A.S. 


St. David’s, D.D. 
J. F. Davis, Esq., F.R.S. 
Sir H. T. Delabeche, F.R.S. 
The Rt. Hon. Lord Denman. 


Samuel Duckworth, Esq. i 


The Right Rev. the Bishop of 
Durham, D.D. 

T.F. Ellis, Esq.,A.M.,F.R.A.S. 

John Elliotson, M: D., F.R.S. 

The Right Hon.George Evans. 

Thomas Falconer, Esq. | 

John Forbes, M.D. E.R.S. 


Sir 1. L. Goldsmid, Bart., F.R | 


and R.A.S.. 


The Right tlon. Sir J.C. Hob- 
house, Bart., M.P. 

Thos. Hodgkin, M.D. 

David Jardine, Esq., A.M. 

Henry B. Ker, Esq. 

Thomas H. Key, Esq., A.M. 

i Sir Chas. Lemon, Bart., M.P. 

| George C. Lewis, Esq., A.M. 
Thomas Henry Lister, Esq. 

| James Loch, Esq.,M.P.,F.G.S. 

' George Long, Esq., A.M. 

| H, Malden, Esq., A.M. 

A. T. Matkin, Esq, A.M. 


| Mr. Sergeant Manning. 
| R. I. Murchison, Esq. F.R.S. 
} F.G.S. 
i The Right Hon. Lord Nugent. 
| W.S. O’Brien, Esq., M.P. 
| Richard Quain, Esq. 
P. M. Roget, M.D. Sec. R.S., 
F.R.A.S. 
R. W. Rothman, Esq., A.M. 
Sir M. A. Shee, P,R.4., F.R.S. 
Sir G. T. Staunton, Bart., M.P. 
| John Taylor, Esq., F.R.S. 
A.T. Thomson, M.D, F.L.S. 
Thomas Vardon, Esq. 
Jacob Waley, Esq., B.A. 
James Walker, Esq., F.R.S, 
Pr. Inst. Civ. Eng. 
H. Waymouth, Esq. 
i Thos. Webster, Esq., A.M. 
' Right Hon. Lord Wrottesley, 
1 ALM., P.R.aS. 
|J. A. Yates, Esq, M.P. 


{ 
j 


LOCAL COMMITTEES. 


Allon, Staffordshire—Rev. J. P. 
Jones. 
Anglesea—Rev. E. Williams. 
Rev. W. Johnson. 
— Miller, Esq. 
Barnstaple— —Bencraft. Esq. 
William Gribble, Esq. 
Belfast — — Drummond, Esq., 
M.D. 
Birmingham — Paul Moon 
James, Esq., Treas. 
Bridport—Jas. Williams, Esq. 
Bristol — J. N. Sanders, Esq. 
F.G.S., Chairman. 
J. Reynolds, Esq., Treas. 
J. B. Estlin, Esq., F.L.S., Sec. 
Calcutta—James Young, Esq. 
C. H. Cameron, Esq. 
Cambridge—Rev. Profess. Hen- 
slow, M.A., F.L.S. & G.S. 
Rev. Leonard Jenyns, M.A., 
F.L.S. 
Rev. John Lodge, M.A. 
Rev. Prof. Sedgwick, M.A., 
F.R.S. & G.S. 
Canterbury—John Brent, Esq., 
Alderman, 
William Masters, Esq. 
Carlisle —Thomas Barnes,M.D., 
F.R.S.E. 
Carnarvon—R. A. Poole, Esq. 
William Roberts, Esq. 
Chester—Henry Potts, Esq. 
Chichester - C. C. Dendy, Esq. 
Cockermouth—Rev. J. Whit- 
ridge. 
Corfu—John Crawford, Esq. 
Plato Petrides. 
Coventry —C. Bray, Esq. 
Denbigh—Thomas Evans, Esq. 
Derby —Joseph Strutt, Esq. 
Edward Strutt, Esq., M.P. 
Devonport and Stonehouse— 
John Cole, Esq. 
John Norman, Esq. 
Lt.-Col, C. Hamilton Smith, 
F.R.S. 
Durham—The Very Rev. the 
Dean. , 
Edinburgh—J. S. Traill, M.D. 
Etruria—Jos. Wedgwood, Esq. 


| Exeter—J. Tyrrell, Esq. 
, Jobn Milford, Esq. (Coaver.) 
Glamorgunshire—Dr. Malkin, 
Cowbridge. 
| W. Williams, Esq., Aber- 
pergwin. 
: Glasgow—K. Finlay, Esq. 
' Alexander McGrigor, Esq. 
James Couper, Esq. 
i A J.D. Dorsey, EY 
| Guernsey—F,C. Lukis, Esq. 
' Hull—Jas. Bowden, Esq. 
l Leeds—J. Marshall, Esq. 
, Lewes—J. W. Woollgar, Esq. 
|l Henry Browne, Esq." 
Liverpool Local Assoctation— 
J. Mulleneux, Esq. 
Rev. Wm. Shepherd, L.L.D. 
Maidstone—Clement T, Sinyth, 
Esq. 
John Case, Esq. 
Manchester Local Associalion— 
G. W. Wood, Esq, M.P., 
Chairman. 
Sir Benj. Heywood, Bart., 
i Treas. 
| Sir G. Philips, Bart., M.P. 
oe ae Winstanley, Esq., Hon. 
ec. 
| Merthyr Tydvil—SirJ. J. Guest, 
| Bart., M.P. 
Minchinhampton 
|- Ball, Esq. 
Neath—John Rowland, Esq. 
Newcastle—Rev. W. Turner, 
. T. Sopwith, Esq., F.G.S. 
i Newport, Isle of Wight—Ab. 
Clarke, Esq. 
T. Cooke, Jun., Esq. 
' R.G. Kirkpatrick, ade | 
| Newport Pagnell—J. Millar, 
Esq. 
| Norwicn—Richard Bacon, Esq. 
: Wm. Forster, Esq. 
Orsett, Essex—Corbett, M.D. 
Oxjord—Ch. Daubeny, M.D. 
F.R.S., Pref. of Chem. 
Rev. Baden Vowell, Sav. Prof. 
Rev. John Jordan, B.A. 
| Pesth, Hungary— 
Count Szechenyi. 


John G, 


Plymouth——-H. Woollcombe, 
Esq.) F.A.S., Ch. 
W. Snow Harris, Esq., E.R.S. 
E. Moore, M.D., F.L.S., Sec. 
G. Wightwick, Esq. 
Presteign — Rt. Hon. Sir IL 
Brydges, Bart. 
A.W. Davis, M.D. 
Ripon—Rev. H. P. Hamilton, 
M.A., F.R.S. and G.S. 
Rev. P. Ewart, M.A. 
Ruthin—Rev. the Warden of. 
Humphreys Jones, Esq. 
Ryde, Isle of Wight—Sir Rd. 
Simeon, Bart. 
Salisbury— Rev. J. Barfitt. 
| Shefieldd—J. H. Abraham, Esq. 
' Shepton Mallet— 
G. F. Burroughs, Esq. 
Shrewsbury—R. A. Slaney, Esq. 
M.P. 
South Petherton— 
J. Nicholetts, Esq. 
Steckport—U. Marsland, Esq. 
Treasurer. 
Henry Coppock, Esq. Sec. 
Sydney, New South Wales— 
William M, Manning, Esq. 
Sivansea—Mutthew Moggridge 
Esq. 
Tuvistock—Rev, W. Evans. 
John Rundle, Esq., M.P. 
Truro—Ui, Sewell Stokes, Esq. 


| Tunbridge Wells— — Yeats, 
| M.D. 
' Uttoxeter — Robert Blurton 
Esq. 
Virginia, U. S. — Professor 
Tucker. 
Worcester — Charles Hastings, 
M.D. 


| 

C. H. Hebb, Esq. 
Wrerham—Thomas Edgworth, 
| Esq. 

Major Sir William Lloyd. 
Yarmouth—C. E. Rumbold, 

Esq. 

Dawson Turner, Esq. 

York—Rev. J. Kenrick, M.A. 
| John Phillips Esque F.R.S. 
| F.G.S. 


THOMAS COATES, Esq., Secretary, 59, Lincoln’s-inn Fields, 


LONDON : 


Printed by W. Clowes and Sons, 
Stamford Street. 


ELEMENTARY ILLUSTRATIONS 


OF THE 


DIFFERENTIAL AND INTEGRAL CALCULUS. 


Tue Differential and Integral Calculus, or, as it was formerly called in 
this country, the Doctrine of Fluxions,-has always been supposed to pre- 
sent remarkable obstacles to the beginner. It is matter of common ob- 
servation, that any one who commences this study, even with the best ele- 
mentary works, finds himself in the dark as to the real meaning of the 
processes which he learns, until, at a certain stage of his progress, depending 
upon his capacity, some accidental combination of his own ideas throws 
light upon the subject. The reason of this may be, that it is usual to in- 
troduce him at the same time to new principles, processes, and symbols, 
thus preventing his attention from being exclusively directed to one new 
thing at atime. It is our belief that this should be avoided; and we 
propose, therefore, to try the experiment, whether by undertaking the 
solution of some problems by common algebraical methods, without call- 
ing for the reception of more than one new symbol at once, or lessening 
the immediate evidence of each investigation by reference to general rules, 
the study of more methodical treatises may not be somewhat facilitated. 
We would not, nevertheless, that the student should imagine we can re- 
move all obstacles ; we must introduce notions, the consideration of which 
has not hitherto occupied his mind; and shall therefore consider our object 
as gained, if we can succeed in so placing the subject before him, that two 
independent difficulties shall never occupy his mind at once. 

The ratio or proportion of two magnitudes, is best conceived by ex- 
pressing them in numbers of some unit when they are commensurable ; 
or, when this is not the case, the same may still be done as nearly as we 
please by means of numbers. ‘Thus, the ratio of the diagonal of a square 


to its side is that of ./ 2 to 1, which is very nearly that of 14142 to 10000, 
and is certainly between this and that of 14143 to 10000. Again, 
any ratio, whatever numbers express it, may be the ratio of two mag- 
nitudes, each of which is as small as we please ; by which we mean, that if 
we take any given magnitude, however small, such as the line A, we may 
find two other lines B and C, each less than A, whose ratio shall be what- 
ever we please. Let the given ratio be that of the numbers m and n. 
Phen, P being a line, mP and 2P are in the proportion of m ton; and it 
is evident, that let m, n, and A be what they may, P can be so taken that 
mP shall be less than A. This is only saying that P can be taken less 
than’ the m™ part of A, which is obvious, since A, however small it may be, 
las its tenth, its hundredth, its thousandth part, &c., as certainly as if it 
were larger. We are not, therefore, entitled to say that because two 


B 
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magnitudes are diminished, their ratio is diminished ; it is possible that 
B, which we will suppose to be at first a hundredth part of C, may, after 
a diminution of both, be its tenth or thousandth, or may still remain its 
hundredth, as the following example will show :— 


C 3600 1800 36 90 
B 36 18; Si 9 
= l c g=! c R= c B= 1c. 
100 1000 100 10 


Here the values of B and C in the second, third, and fourth column, are 
less than those in the first; nevertheless, the ratio of B to C is less 
in the second column than it was in the first, remains the same in the 
third, and is greater in the fourth. In estimating the approach to, 
or departure from equality, which two magnitudes undergo in conse- 
quence of a change in their values, we must not look at their diffe- 
rences, but at the proportions which those differences. bear to the whole 
magnitudes. For example, if a geometrical figure, two of whose sides 
are 3 and 4 inches now, be altered in dimensions, so that the corre- 
sponding sides are 100 and 101 inches, they are nearer to equality in the 
second case than in the first; because, though the difference is the same in 
both, namely one inch, it is one-third of the least side in the first case, and 
only one-hundredth in the second. This corresponds to the common 
usage, which rejects quantities, not merely because they are small, but 
because they are small in proportion to those of which they are con- 
sidered as parts. Thus, twenty miles would be a material error iw talking 
of a day’s journey, but would not be considered worth mentioning in one 
of three months, and would be called totally insensible in stating the 
distance between the earth and sun. More generally, if in the two quan- 
tities v and æ + a, an increase of m be given to x, the two resulting 
quantities v + m and x + m + a are nearer to equality as to their rato 
than vand x + a, though they continue the same as to their difference ; 


r+a a tma a f a 
for Te 1 + — and aap ag T = ] of which 
x L æ% -H m x +m ~. EM 


is less than = and therefore 1 + 
v c+ m 


: ; ! a 
is nearer to unity than 1+ —. 
x 


In future, when we talk of an approach towards equality, we mean that 
the ratio is made more nearly equal to unity, not that the difference is} 
more nearly equal to nothing. ‘The second may follow from the first, but 
not necessarily ; still less does the first follow from the second. 

It is conceivable that two magnitudes should decrease simultaneously *, 
so as to vanish or become nothing, together. For example, leta point A 
move on a circle towards a fixed point B. The are A B will then di- 
minish, as also the chord A B, and by bringing the point A sufficiently 
near to B, we may obtain an arc and its chord, both of which shall be 
smaller than a given line, however small this last may he. But while the 
magnitudes diminish, we may not assume either that their ratio increases, 
diminishes, or remains the same, for we have shown that a diminution o! 


* In introducing the notion of time, we consult only simplicity. It would do equally 


well to write any number of successive values of the two quantities, and place them ir 
two columns, 
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two magnitudes is consistent with either of these. We must, therefore, 
look to each particular case for the change, if any, which is made in the 
ratio by the diminution of its terms. And two suppositions are possible 
in every increase or diminution of the ratio, as follows: Let M and N be 
two quantities which we suppose in a state of decrease. The first possible 
case Is that the ratio of M to N may decrease without limit, that is, M may 
be a smaller fraction of N after a decrease than it was before, and a still 
smaller after a further decrease, and so on; in such a way, that there is 


no fraction so small, to which = shall not be equal or inferior, if the 


decrease of M and N be carried sufficiently far, As an instance, form 
two sets of numbers as in the adjoining table :— 


M Teer tle, ofits ee Meee, 
. 20 400 8000 160000 
N 1 i i i i &e, 
2 4 8 16 
Ratio of MtoN 1 i ELS LEs As &e 
10 100 1000 10000 


Here both M and N decrease at every step, but M loses at each step a 
larger fraction of itself than N, and their ratio continually diminishes. 

To show that this decrease is without limit, observe that M is at first 
= equal to N, next it is one tenth, then one hundredth, then one thousandth 
of N, and so on; by continuing the values of M and N according to the 
| same law, we should arrive at a value of M which isa smaller part of N 
than any which we choose to name; for example ‘000003. The second 
value of M beyond our table is only one-millionth of its corresponding 
value of N ; the ratio is therefore expressed by *000001 which is less than 
"000003. In the same law of formation, the ratio of N to M is also 
increased without limit. The second possible case is that in which the 
ratio of M to N, though it increases or decreases, does not increase or 
decrease without limit, that is, continually approaches to some ratio, which 
it never will exactly reach, however far the diminution of M and N may 
be carried. The following is an example: — 


M > 4 i 4&4 1 1 11 &e. 
3 6 10 15 21 28 

N ap 1 A- lt i i i i &e, 
4 9 l6 25 36 49 

4 9 16 2 49 we 
Ratioof MtoN 1 3 6 10 #15 2l 28 


4 


4A. 9 
The ratio here increases at each step, for = is greater than 1, a than = 


and soon. The difference between this case and the last, is that the 
ratio of M to N, though perpetually increasing, does not increase without 
limit; it is never so great as 2, though it may be brought as near to 2 as 
we please. To show this, observe that in the successive values of M, the 
denominator of the second is 1+2, that of the third i1+2-++3, and so on; 


whence the denominator of the <t value of M is 


B 2 
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14-2 +3+..... 42, E N L 


Therefore the z™ value of M is aa and it is evident that the z™ value 


’ . M Ra QL 
of N is = which gives the a value of the ratio —= 
xe 


eee e e; 
N e(et+]1) e411 


v 


ctl 


or may be brought as 


x 2. If«be made sufficiently great, z 
z+ l 


4 e e (J 1 
near as we please to 1, since, being 1 — , it differs from 1 by EE 
x 


x + 


which may be made as small as we please. Butas , however great 


x-+ l 


is always less than 2. Therefore 


. | 2x 
æ may be, is always less than 1, 
a 


M 


~~, Iņ, continually increases ; II., may be brought as near to 2 as we please ; 
N 


IIL. can never be greater than 2. This is what we mean by saying that 


M is an increasing ratio, the limit of whichis 2. Similarly of a which is 


the reciprocal of a we may shew, I., that it continually decreases; Il., 


that it can be brought as near as we please tos; IIL, that it can never 


; N ; ; 
be less than 4. ‘This we express by saying that T is a decreasing ratio, 


whose limit is 4. 


To the fractions here introduced, there are intermediate fractions, which 
we have not considered. Thus, in the last instance, M passed from 1 to 4 
without any intermediate change. In geometry and mechanics, it is ne- 
cessary to consider quantities as increasing or decreasing continuously ; 
that is, a magnitude does not pass from one value to another without 
passing through every intermediate value. Thus if one point move 
towards another on a circle, both the are and its chord decrease conti- 
nuously. Let A B be an arc of a circle, the centre of whichis O. Let A 

ro remain fixed, but let B, and with it the radius 

O B, move towards A, the point B always re- 
maining on the circle. At every position of B, 
suppose the following figure. Draw A T touch- 
ing the circle at A, produce O B to meet A T 
in T, draw B M and BN perpendicular and 
parallel to O A, and join B A. Bisect the are | 
DG ast hh Sad A B in C, and draw O C meeting the chord in D » 
£ M A and bisecting it. The right-angled triangles 
ODA and BMA having a common angle, and also right angles, are 
similar, as are alsoBO Mand TBN. Itnow we suppose B to move 
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towards A, before B reaches A, we shall have the following results: The are 
and chord BA, BM, M A, BT, TN, the angles BO A, COA, MBA, 
and T B N, will diminish without limit; that is, assign a line and an angle, 
however small, B can be placed so near to A that the lines and angles 
above alluded to shall be severally less than the assigned line and angle. 
Again, O T diminishes and O M increases, but neither without limit, for 
the first is never less, or the second greater, than the radius. The 
angles OBM, MAB, and B TN, increase, but not without limit, each 
being always less than the right-angle, but capable of being made as near 
to it as we please, by bringing B sufficiently near to A. So much for 
the magnitudes which compose the figure: we proceed to consider their 
ratios, premising that the arc A B is greater than the chord A B, and less 
than BN+N A. The triangle BMA being always similar to ODA, 
their sides change always in the same proportion; and the sides of the 
first decrease without limit, which is the case with only one side of the 
second, And since O A and O D differ by D C, which diminishes without 
limit as compared with O A, the ratio O D +O A is an increasing ratio 
whose limit is 1. But OD~OA2+BM—BAS;; we can therefore 
bring B so near to A that B M and B A shall differ by as small a fraction 
of either of them as we please. To illustrate this result from the trigo- 
nometrical tables, observe that if the radius B A be the linear unit, and 
ZBOA=90, BM and BA are respectively sin. 0 and 2 sin. = 0. Let 
0 = 1°; then sin. 6 = °0174524 and 2 sin 4 0 = °0174530; whence 
2 sin. 4 0 sin. 0 = 1-°00003 very nearly, so that B M differs from B A 
by less than four of its own hundred-thousandth parts. If 7 BOA= tee 
the same ratio is 1°0000002, differing from unity by less than the 
hundredth part of the difference in the last example. Again, since D A di- 
minishes continually and without limit, which is not the case either with 


ODorO A, the ratios OD~DA and OA+DA increase without 


limit. These are respectively equal to BM+MA and BAMA; 
whence it appears that, let a number be ever so great, B` can be brought 
so near to A, that B M and B A shall each contain M A more times than 
there are units in that number. Thus if Z BOA=1)°,BM+MA 
= 114°589 and BA + MA = 114°593 very nearly; that is, B M and 
BA both contain MA more than 114 times. If Z BOA = 47 
BMMA = 1718:8732, and BA— MA = 1718:8375 very nearly ; 
or B M and B A both contain M A more than 1718 times. No difficulty 
can arise in conceiving this result, if the student recollect that the degree 


~ of greatness or smallness of two magnitudes determines nothing as to their 


ratio; since every quantity N, however small, can be divided into as many 
parts as we please, and has therefore another small quantity which is its 
millionth or hundred-millionth part, as certainly as if it had been greater. 
There is another instance in the line T N, which, since T B N is similar to 
B OM, decreases continually with respect to T B, in the same manner as 
does B M with respect to O B. The are BA always lies between BA 


and BN-+NA, or BM-+ MA; hence <> BA 


lies between I and 
ord BA 


BM + MA, But BM has been shown to approach continually 
BA BA BA 

ae ec BA 
MA to decrease without limit; hence se 160s 


chord BA 


towards 1, and 
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arc BA 
chord BA 


-0174533 + 0174530 = 100002, very nearly. If Z BOA =¥#, it is 
less than 1°0000001. We now proceed to illustrate the various phrases 
which have been used in enunciating these and similar propositions. 


tinually approaches towards 1. If Z BOA = 1°, 


It appears that it is possible for two quantities m and m + n to 
decrease together in such a way, that n continually decreases with respect 


to m, that is, becomes a less and less part of m, so that ” also decreases 
m 
when n and m decrease. Leibnitz*, in introducing the Differential 
Calculus, presumed that in such a case, n might be taken so small as to 
be utterly inconsiderable when compared with m, so that m+n might be 
put for m, or vice versé, without any error at all. In this case he used 
the phrase that n is infinitely small with respect to m. The following 
example will illustrate this term. Since (a + A} = a@ + 2ah + Hh, 
it appears that if @ be increased by A, a’ is increased by 2a h + k. But 
if h be taken very small, h? is very small with respect to A, for since 
1: h:: h : h’, as many times as l contains h, so many times does h 
contain %?; so that by taking A sufficiently small, A may be made to be as 
many times /? as we please. Hence, in the words of Leibnitz, if A be 
taken infinitely small, hR? is infinitely small with respect to h, and there- 
fore 2 a h +h? is the same as 2ah; or if a be increased by an infinitely 
small quantity h, @* is increased by another infinitely small quantity 2 ah, 
which is to A in the proportion of 2 a tol. In this reasoning there 
is evidently an absolute error ; for it is impossible that A can be so small, 
that 2ah + h? and 2ah shall be the same. The word small itself has 
no precise meaning; though the word smaller, or less, as applied in com- 
paring one of two magnitudes with another, is perfectly intelligible. . 
Nothing is either small or great in itself, these terms only implying a relation 
to some other magnitude of the same kind, and even then varying their 
meaning with the subject in talking of which the magnitude occurs, so that 
both terms may be applied to the same magnitude: thus a large field is 
a very small part of the earth. Even in such cases there is no natural 
point at which smallness or greatness commences. ‘The thousandth part 
of an inch may be called a small distance, a mile moderate, and a thousand 
leagues great, but no one can fix, even for himself, the precise mean between 
any of these two, at which the one quality ceases and the other begins, These 
terms are not therefore a fit subject for mathematical discussion, until 
some more precise sense can be given to them; which shall prevent the 
danger of carrying away with the words, some of the confusion attending 
their use in ordinary language. It has been usual to say that when A 
decreases from any given value towards nothing, A” will become small as 
compared with A, because, let a number be ever so great, A will, before it 
becomes nothing, contain A? more than that number oftimes. Here all 


* Leibnitz was a native of Leipsic, and died in 1716, aged 70.. His dispute with 
Newton, or rather with the English mathematicians in general, about the invention of 
Fluxions, and the virulence with which it was carried on, are well known. The decision 
of modern times appears to be that both Newton and Leibnitz were independent inventors 
of this method. It has, perhaps, not been sufficiently remarked how nearly several of 
their predecessors approached the same ground; and it is a question worthy of discussion, 
whether either Newton or Leibnitz might not have found broader hints in writings acces- 
sible to both, than the latter was ever asserted to have received from the former, 
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dispute about a standard of smallness is avoided, because, be the standard 
whatever it may, the proportion of h? to h may be brought under it. It 
is indifferent whether the thousandth, ten-thousandth, or hundred-millionth 
part of a quantity is to be considered small enough to be rejected by 


l l. 
n a O ef ih 
1000 10,000 100,000,000 


unit, and A will contain h?, 1000, 10,000, or 100,000,000 of times. The 
proposition, therefore, that can be taken so small that 2a h+k? and2ah 
are rigorously equal, though not true, and therefore entailing error upon 
all its subsequent consequences, yet is of this character, that, by taking A 
sufficiently small, all errors may be made as small as we please. 'The 
desire of combining simplicity with the appearance of rigorous demon- 
stration, probably introduced the notion of infinitely small quantities ; 
which was further established by observing that their careful use never led 
to any error, ‘The method of stating the above-mentioned proposition in 
strict and rational terms is as follows :—If a be increased by h, @ is in- 
creased by 2a@h + h?, which, whatever may be the value of h, is to h in 
the proportion of 2a@+hto 1. The smaller hk is made, the more near 
does this proportion diminish towards that of 2 a to 1, to which it may 
be made to approach within any quantity, if it be allowable to take A as 
small as we please. Hence the ratio, increment of a? — increment of a, 
is a decreasing ratio, whose limit is 2@. In further illustration of the 
language of Leibnitz, we observe, that according to his phraseology, if 
A B be an infinitely small arc, the chord and are A B are equal, or the 
circle is a polygon of an infinite number of infinitely small rectilinear sides. 
This should be considered as an abbreviation of the proposition proved 
(page 5), and of the following :—If a polygon be inscribed in a circle, the 
greater the number of its sides, and the smaller their lengths, the more 
nearly will the perimeters of the polygon and circle be equal to one 
another; and further, ifany straight line be given, however small, the 
difference between the perimeters of the polygon and circle may be made 
less than that line, by sufficient increase of the number of sides and dimi- 
nution of their lengths. Again, it would be said that if A B be infinitely 
small, M A is infinitely less than B M. What we have proved is, that 
M A may be made as small a part of B M as we please, by sufficiently 
diminishing the arc B A. 


the side of the whole, for let 2 be 


An algebraical expression which contains v in any way, is called a 
a+r 


Q — & 


function of x. Such are + æ, , log (x + y), sin 2x. An 
expression may be a function of more quantities than one, but it is usual 
only to name those quantities, of which it is necessary to consider a change 
in the value. Thus ifin 2 + @, 2 only is considered as changing its 
value, this is called a function of x; if x and a both change, it is called a 
function of x and æ. Quantities which change their values during a pro- 
cess, are called variables, and those which remain the same, constants ; 
and variables which we change at pleasure are called independent, while 
those whose changes necessarily follow from the changes of others are 
called dependent. Thus in fig. (1), the length of the radius O B isa 
constant, the are A B is the independent variable, while B M, MA, the 
chord AB, &c., are dependent. And, as in Algebra we reason on numbers 
by means of general symbols, each of which may afterwards be particu- 
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larized as standing for any number we please, unless specially prevented by 
the conditions of the problem, so, in treating of functions, we use general 
symbols, which may, under the restrictions of the problem, stand for any 
whatever. The symbols used are the letters F, f, ,2,u% 3; ¢ (x) and ¥ (2), 
or dx and wx, may represent any functions of x, just as x may represent any 
number. Here it must be borne in mind that Ø and ¥ do not represent num- 
bers which multiply x, but are the abbreviated directions to perform certain 
operations with x and constant quantities. Thus, if d6r=zr+z2", P is equiva- 
lent toa direction to add 2 to its square, and the whole Gx stands for the 
result of this operation. Thus, in this case, 6 (1) =2; ¢(2)=6; pa=a+a*; 
d(@th)=aexth+(e+h)’; Q sin g= sin æ 4+ (sinc). Itmay be 
easily conceived that this notion is useless, unless there are propositions 
which are generally true of all functions, and which may be made the 
foundation of general reasoning. To exercise the student in this notation, 
we proceed to explain one of these, of most extensive application, known 
by the name of Taylors Theorem. If in Gz, any function of x, the value 
of x be increased by h, or æ + h be substituted instead of æ, the result is 
denoted by Ø% (x +A). It will generally* happen that this is either greater 
or less than dz, and A is called the increment of x, and ọ (x + h) — $x is 
called the increment of px, which is negative when O(a+h) < Gz. It 
may be proved that @ (v + h) can generally be expanded in a series of 
the form 
px + ph + qh? -+ rh? + &e., ad infinitum, 


which contains none but whole and positive powers of h. It will happen, 
however, in many functions, that one or more values can be given to æ for 
which it is impossible to expand f (x + A) without introducing negative or 
fractional powers. These cases are considered by themselves, and the 
values of x which produce them are called singular values. As the notion 
of a series which has no end of its terms, may be new to the student, we 
will now proceed to shew that there may be series so constructed, that the 
addition of any number of their terms, however great, will always give a 
result less than some determinate quantity. Take the series 
l+ar+a°?+ a? t+ a &, 

in which x is supposed to be less than unity. The first two terms of this 
series may be obtained by dividing 1 — a2? by 1 — 2; the first three by 
dividing 1 — a> by 1 — x; and the first n terms by dividing 1 — a" by 
1 —w.. If x be less than unity, its successive powers decrease without 
limit} ; that is, there is no quantity so small, that a power of x cannot be 


found which shall be smaller. Hence by taking n sufficiently great, 


l — 2” l a” 
or — ——— may be brought as near to 


as we please 
[—@ l-g l—wv l—wz P ? 


7% 


than which, however, it must always be less, since 
Ter 


* This word is used in making assertions which are for the most part true, but admit of 
exceptions, few in number when compared with the other cases. Thus it generally 
happens that x2? — 10x + 40 is greater than 15, with the exception only of the case where _ 
x =ð. Itis generally true that a line which meets a circlein a given point meets it 
again, with the exception only of the tangent. 

t This may be proved by means of the proposition established in the Study of Mathe- 
matics, page 81. For!” x i” , is formed Gf m be less than n) by dividing ” into 

a 7 n 


n parts, and taking away n — m of them, 2 


x 
— can never en- _ 


| 
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v 


tirely vanish, whatever value n may have, and therefore there is always 


i 
oe It follows, nevertheless, that 


something subtracted from 
Lease 


l +g + æ &e., if we are at liberty to take as many terms as we 


, and in this sense we 


please, can be brought as near as we please to 
— 2 


l 


l —r 


say that =] 4r Ha p xe + &e, ad infinitum. 

A series is said to be convergent when the sum of its terms tends towards 
some limit; that is, when, by taking any number of terms, however great, we 
shall never exceed some certain quantity. On the other hand, a series is 
said to be divergent when the sum of a number of terms may be made to 
surpass any quantity, however great. ‘Thus of the two series, 


] i l 
1+ + — + — + &e. 
TS 4 8 
and 1+2 + 4 + 8 + &«e. 


the first is convergent, by what has been shown, and the second is evidently 
divergent. A series cannot be convergent, unless itS separate terms 
decrease, so as, at last, to become less than any given quantity. 
And the terms of a series may at first increase and afterwards de- 
crease, being apparently divergent for a finite number of terms, and 
convergent afterwards. It will only be necessary to consider the latter 
part of the series. Let tbe following series consist of terms decreasing 
without limit: 

atb+-ctd+....+k 4+0+m+.... 
which may be put under the form 

TERA + a i Se 2 ee Ree 

4 D a c b «@ 
the same change of form may be made, beginning from any term of the 
series, thus: 
m 


k+l + m+ ee = k(t 4 u 


b c l . 
We have introduced the new terms —, as &e., or the ratios which the 
a b 


several terms of the original series bear to those saan E 
e e C 
It may be shown, I., that if the terms of the series —, —, —, &c. 
a b c 
come at last to be less than unity, and afterwards either continue to ap- 
proximate to a limit which is less thau unity, or decrease without limit, 
the series a + b + c + &c, is convergent; I., if the limit of the terms 


@ ©, &e., is either greater than unity, or if they increase without limit, 


Se Se 


a 
the series is divergent. 


1. Let — be the first which is less than unity, and let the succeeding ratios 
; : 
mn en ea l m 
2 &e., decrease, either with or without limit, so that - > rag 


— &e.; whence it follows, that of the two series, 
m 
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l l l l l l 
k (l + — EE E S &C. 
( oe a a ae k k p ) 
a++ 4 l m 4 l m P + ge) 
k k l klm 


the first is greater than the second, But since L is less than unity, the 


2 


l 
first can never surpass k X ——-—, or 
l k—l 
Less 
k 
second is therefore convergent. But the second is no other than k + l+ 
m + &c. ; therefore the series a + b + c + &c., is convergent from the 


term k. 


, and is convergent; the 


. Let Ee be less than unity, and let the successive ratios = &e., 


increase, never surpassing a limit A, which is less than unity. Hence of 
the two series, 


handed oe e 


kb + Tt be) 
l k l m 
the first is the greater. But since A is less than unity, the first is con- 
vergent ; whence: as before, a + b + c + &c., converges from the term ~. 
T lie scond theorem on the divergence of series we leave to the student’s 


consideration, as it is not immediately connected with our object. We 
now proceed to the series 


ph + qh? + rh? + sht + &c., 


in which we are at liberty to suppose 2 as small as we please. The successive 


ratios of the terms to those immediately preceding are Lacs ese 

i ph p gh F 
Ta Š h,&c. If, then, the terms L, —, —, &c., are always less than 
rh? r p q T i : 


a finite limit A, or become so after a definite number of terms, a h, oo h, 
p 

&c., will always be, or will at length become, less than AA. And since A 

may be what we please, it may be so chosen that AA shall be less than unity, 


for which A must be less than = In this case, by the last theorem, . 


the'series is convergent; it follows, therefore, that a value of & can always 
be found so small that ph + gh? + rh? + &c., shall be convergent, at 
least unless the coefficients p,q, r, &c., be such that the ratio of any one to 
the preceding increases without limit, as we take more distant terms of the 
series. This never happens in the developments which we shall be re- 
quired to consider in the Differential Calculus. 

We nowreturn to o (x+h), which we have asserted can be expanded 
(with the exception of some particular values of x) in a series of the form 
px + ph + gh? + &e. ‘The following are some instances of this deve- — 
lopment derived from the Differential Calculus, most of which are also to | 
be found in the treatise on Algebra :— 


THE DIFFERENTIAL AND INTEGRAL CALCULUS. 11 


= eae he m h? 
(phys a nhy nn—=l et n.n l.n eo t 


en ieee &c. 
2 Deo 
_ A2 h? 
aha + hath + ka” —+ ka” —_ &e.* 
2 2.3 
l l Re h? 
log(a@+h)=loga+ — h- = ee ste ~ &e, 
Ce & 2 s? 2.3 
; ae he h? 
sin (v+A)= sin v+cos g A~ sin v _— cost — &c.t 
ZW 2.3 
i ; h2 ; h? 
cos (r+h)=cos z-sing h- COS X a sin x &c. 
2 a) 


It appears, then, that the development of œ (x + h) consists of certain 

functious of x, the first of which is Øx itself, and the remainder of which 
2 3 4 

are multiplied by A, cs a es 

oe Cue. 2304 

the coefficients of these divided powers of A by o'x, Oa, p'”'x, &c., where 

P, 9”, &c., are merely functional symbols, as is @ itself; but it must be 

recollected that x, p'r, &c., are rarely, if ever, employed to signify any- 


3 
thing except the coefficients of h, = &c., in the development of d(x-+h). 


, and so on. It is usual to denote 


Hence this development is usually expressed as follows: 


2 3 
CGE Opt haa 7 + Gite + 


&c. 
2.3 + 


z a ere ae 
Thus, when Gz = a", p'a = nz", o'e =n. n=l a, &e., when 
or =sinez, ~’r = 00s a, o'x = — sing, &e, In the first case 


Peth=n(wt+ hy, pe + h) =n. n=l (x+ A); and in 
the second Ø'(x + hk) = cos (x + h), O(a +h) = — sin (x + A). 
The following relation exists between Øx, ¢/x, Ox, &c. In the 
same manner as Øw is the coefficient of in the development of 
p(x + h), so px is the coefficient of A in the development of Q (x + h), 
and Ox is the coefficient of k in the development of p(x -+ h); 
7x is the coefficient of % in the development of @'"(x + hy, and so 
on. The proof of this is equivalent to Taylors Theorem already 
alluded to; and the fact may be verified in the examples already given. 
When Qe = a", Q'a = ka”, and f' (x+h) = hak (a +ha®.h+&e.) 
The coefficient of A% is here Xa”, which is the same as @”a. (See the ex- 
ample.) Again, O(a + h) = Pat = W (a + kath F &e.), in which 
the coefficient of A is ka”, the same as Qg. Again, if Gv = log. a, 


, l l l h l ci 
vead ee ee — + &c., as appea y 
i Pi ? ( ) ath x a 
K] a e l X e l f : 
common division. Here the coefficient of his — oe which is the same 
š tt 2 l — -+ h)? 
‘as ọ”x in the example. Also 6’(2 + h)=— — (x ; 


(14h) T 


* Tere 4 is the Naperian or hyperbolic logarithm of a; that is, the common logarithm 
of a divided by * 434294482. l D es 
ł In this and the following series the terms are positive and negative in pairs, 
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which by the binomial Theorem is — (x? — 2272h + &c.). The coeff- 


2 e e Ld 
cient of % is 2&3 or —, which is "w in the example. It appears, then, 
x | 


that if we are able to obtain the coefficient of A in the development of any 
function whatever of x + h, we can obtain all the other coefficients, since 
we can thus deduce ¢’x from dz, $x from Ø'x, and so on. Itis usual 
to call d’a the first differential coefficient of dx, fx the second differential 
coefficient of pv, or the first differential coefficient of d’x; pæ the third 
differential coefficient of @z, or the second of @'z, or the first of "x; 
and soon. The name is derived from a method of obtaining @’z, &c., 
which we now proceed to explain. Let there be any function of 2, 
which we call øx, in which < is increased by an increment 2; the function 
then becomes 
h? j hè 
px + o'x h+ px > + Ox a + &e. 
The original value @z is increased by the increment 


p'x. h+ p'a + o'x cn + &&.; 
2 2.3 
whence (A being the increment of x) 


ae 2 
mereme TPF = ga + Hed gre E+ 80, 


-~ 


increment of x 


which is an expression for the ratio which the increment of a function bears 
to the increment of its variable. It consists of two parts; the one ¢’a, into 
which % does not enter, depends on x only; the remainder is a series, every 
term of which is multiplied by some power of h, and which therefore di- 
minishes as / diminishes, and may be made as small as we please by making 


h sufficiently small. To make this last assertion clear, observe that all - 


the ratio, except its first term @’x, may be written as follows: 


h (ple + + ie 4 &e.) 


w @ 


the second factor of which (page 9) is a convergent series whenever A is taken 


less than a where A is the limit towards which we approximate by taking | 


l 


we 


the coefficients Or xX Z, p'a X , &c., and forming the ratio ofeach 
to the one immediately preceding. This limit, as has been observed, is 
finite in every series which we have occasion to use; and therefore a value 
for h can be chosen so small, that for it the series in the last-named formula 
is convergent; still more will it be so for every smaller value of k. Let 
the series be called P: if P bea finite quantity, which decreases when fh 


decreases, Ph can be made as small as we please by sufficiently diminish- — 


ing k; whence pz + Ph can be brought as near as we please to @’z. 
Hence the ratio of the increments of @v and v, produced by changing 2 
into 2 + A, though never equal to @’x, approaches towards it as A is di- 
minished, and may be brought as near as we please to it, by sufficiently 
diminishing A. ‘Therefore to find the coefficient of h in the development 


of p(x + A), find p(x + A) — oz, divide it by A, and find the limit towards | 


which it tends as / is diminished, 
In any series such as 


G+bh+ ch bocce ee BAM + IO! 4b mh’ + Ke. 
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which is such that some given value of 4 will make it convergent, it may 
be shown that A can be taken so small that any one term shall 
contain all the succeeding ones as often as we please. Take any one 
term, as kh". It is evident that, be & what it may, 

kh? sh 4 mY 4 &e, stk tlh mk + &e. 
the last term of which is A(l +mh + &c). By reasoning similar to that in 
the last paragraph, we can show that this may be made as small as we please, 


$ e e e e e . e l 
since one factor is a series which is always finite when + is less than —, and 


the other factor % can be made as small as we please. Hence, since k 
is a given quantity, independent of h, and which therefore remains the 


same during all the changes of h, the series h(l + mh + &c.) can be 
made as small a part of k as we please, since the first diminishes without 


limit, and the second remains the same. By the proportion above esta- 


_blished, it follows then that +H! + mht? +-&c., can be made as smalla part 


as we please of Ah”. It follows, therefore, that if, instead of the full deve- 
lopment of p(x + A), we use only its two first terms dr + @'v.h, the error - 
thereby introduced may, by taking / sufficiently small, be made as small a 


portion as we please of the small term @’v.h. 


` The first step usually made in the Differential Calculus is the deter- 
mination of @’x for all possible values of ox, and the construction of 
general rules for that purpose. Without entering into these we proceed 
to explain the notation which is used, and to apply the printiples already 
established to the solution of some of those problems which are the pecu- 
liar province of the Differential Calculus, 

When any quantity is increased by an increment, which, consistently with 
the conditions of the problem, may be supposed as small as we please, this 
increment is denoted, not by a separate letter, but by prefixing the letter 
d, either followed by a full stop or not, to that already used to signify the 
quantity. For example, the increment of # is denoted under these circum- 
stances by dx; that of pæ by d.@x; that of a* by d.a”. Ifinstead of an 
increment a decrement be used, the sign of dx, &c., must be changed 
in all expressions which have been obtained on the supposition of an in- 
crement; and if an increment obtained by calculation proves to be 
negative, it is a sign that a quantity which we imagined was increased by 
our previous changes, was in fact diminished. ‘Thus, if x becomes r+ dz, 
x? becomes 2° + d.g. But this is also (x + dx} or a + 2x dr + (dx); 
whence d.a? = 22 dx + (dx)! Care must be taken not to confound d. 2°, 
the increment of 27, with (dw)’, or, as it is often written, dz’, the square of 


dye, ast l | l l 
the increment of x. Again, if x becomes x + dr, — becomes -—-F d. — 
£ x £ 
l. l l dx ; : 
and the change of — is ————- — — oor — —————__ ; showing 
| x xv + dr x x2 + xdr 


that an increment of x produces a decrement in = It must not be 
imagined that because x occurs in the symbol dr, the value of the 
latter in any way depends upon that of the former : both the first value of 
x, and the quantity by which it is made to differ from its first value, are 
at our pleasure, and the letter d must merely be regarded as an abbreviation 
of the words “ difference of.’ In the first example, if we divide both 


oe = 2x + dx. The 


sides of the resulting equation by dx, we have T 
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a 


smaller dx is supposed to be, the more nearly will this equation assume 


the form 


2 
= 27, and the ratio of 2x to 1 is the limit of the ratio of 
dx 

the increment of 2 to that of x; to which this ratio may be made to ap- 
proximate as nearly as we please, but which it can never actually reach. 
In the Differential Calculus, the limit of the ratio only is retained, to the 
exclusion of the rest, which may be explained in either of the two following 
ways. 


1. The fraction 


9 . 
. v ° . 
may be considered as standing, not for any value 


which it can actually have as longas dx has a real value, but for the limit of 
all those values which it assumes while dx diminishes. In this sense the 


equation 2z = 2x is strictly true. But here it must be observed that 
x 


the algebraical meaning of the sign of division is altered, in such a way 
that it is no longer allowable to use the numerator and denominator sepa- 


rately, or even at all to consider them as quantities. If . stands, not for 
x 


the ratio of two quantities, but for the limit of that ratio, which cannot be 


dy | 


obtained by taking any real value of dx, however small, the nol 
£ 


may, by convention, have a meaning, but the separate parts dy and dz 
have none, and can no more be considered as separate quantities whose 


eo e d e 
ratio is = than the two loops of the figure 8 can be considered as separate 
x 


numbers whose sum is eight. This would be productive of no great in- 
convenience if it were never required to separate the two; but since all 
books on the Differential Calculus and its applications are full of examples’ 
in which deductions equivalent to assuming dy = 2xdx are drawn from 
i di : 
such an equation as = 2x, it becomes necessary that the first should 
X 
be explained, independently of the meaning first given to the second. 


It may be said, indeed, that if y = 2, it follows that - = 2x + dz, in 
v 


which, ¿f we make dx = 0, the result is = = 2x. But if dr = 0, dy also 
L 


== 0, and this equation should be written 2 = 2x; as is actually done in 


some treatises on the differential Calculus, to the great confusion of the 


learner. Passing over the difficulties* of the fraction = still the former 


objection recurs, that the equation dy = 2xdx cannot be used (and it is | 
used even by those who adopt this explanation) without supposing that 0, | 
which merely implies an absence of all magnitude, can be used in different 
senses, so that one 0 may be contained in another a certain number of! 
times. This, even if it can be considered as intelligible, is a notion of | 
much too refined a nature for a beginner. | 


* See Study of Mathematics, page 42, 
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2. The presence of the letter d is an indication, not only ofan increment, 
but of an increment which we are at liberty to suppose as small as we 
please. The processes of the Differential Calculus are intended to deduce 
relations, not between the ratios of different increments, but between the 
limits to which those ratios approximate, when the increments are de- 
creased. And it may be true of some parts of an equation, that though 
the taking of them away would alter the relation between dy and dz, it 
would not alter the limit towards which their ratio approximates, when dz 
and dy are diminished. For example, dy = 2rdx + (dx). Ife= 4and 
dx = 01, then dy = ‘0801 and “ = 8-01, If dr = +0001 dy = 


TA 


-00080001 and dy = 8'0001. The limit of this ratio, to which we 


dx 7 
shall come still nearer by making dx still smaller, is 8. The term (dz)?, 


though its presence affects the value of dy and the ratio dy’ does not affect 
x 


the limit of the latter, for in = or 2x + dx, the latter term dx, which 
X ; 
arose from the term (dr}’, diminishes continually and without limit. If, 
then, we throw away the term (dx), the consequence is that, take dx what 
we may, we never obtain dy as it would be if correctly deduced from the 
equation y = a, but we obtain the limit of the ratio of dy to dx. If we 
throw away all powers of dx above the first, and use the equations so 
obtained, all ratios formed from these last, or their consequences, are 
themselves the limiting ratios of which we are in search. The equations 
which we thus use are not absolutely true in any case, but may be brought 
as near as we please to the truth, by making dy and dx sufficiently small. 
If the student at first, instead of using dy = 2xdvr, were to write it thus, 
dy = 2edxv + &c., the &c. would remind him that there are other terms ; 
necessary, if the value of dy corresponding to any value of dz is to be 
obtained; unnecessary, if the limit of the ratio of dy to dx is all that is 
required. We must adopt the first of these explanations when dy and ax 
appear in a fraction, and the second when they are on opposite sides of 
an equation. 

If two straight lines be drawn at right angles to one another, thus di- 
viding the whole of their plane into four parts, one lying in each right 
| angle, the situation of any point is determined when we know, L, in which 

angle it lies; II., its perpendicular distances from the two right lines. 
Thus the point P, lying in the angle A O B, is known when P Mand PN, 
or when O M and P M are known; 
for, though there is an infinite 
number of points whose distance 
from O A only is the same as that 
of P, and an infinite number of 
others, whose distance from O B 
is the same as that of P, there is 
no other point whose distances 
from both lines are the same as 
those of P. The line O A is called ¥ 
the axis of x, because it is usual 
to denote any variable distance 
measured on or parallel to O A bythe letter v. For a.similar reason, OB 


~) 


~” 


Fg2. 


ee 


MEM’ A 
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is called the axis of y. The co-ordinates* or perpendicular distances 
of a point P which is supposed to vary its position, are thus denoted 
hy æ and y; hence OM or PN is a, and PM or ON is y. Leta 
linear unit be chosen, so that any number may be represented by a 
straight line. Let the point M, setting out from O, move in the direc- 
tion O A, always carrying with it the indefinitely extended line M P per- 
pendicular to O A. While this goes on, let P move upon the line M P in 
such a way, that MP or y is always equal to a given function of OM or 2; 
for example, let y == 2°, or let the number of units in P M be the square of 
the number of units in O M. As O moves towards A, the point P will, 
by its motion on M P, compounded with the motion of the line MP itself, 
describe a curve O P, in which P M is less than, equal to, or greater than 
O M, according as O M is less than, equal to, or greater than the linear 
unit. It only remains to show how the other branch of this curve is de- 
duced from the equation y = 2”. 

It is shewn in algebra, that if, through misapprehension of a problem, 
we measure in one direction, a line which ought to lie in the exactly op- 
posite direction, or if such a mistake be a consequence of some previous 
misconstruction of the figure, any attempt to deduce the length of that line 
by algebraical reasoning, will give a negative quantity as the result. And 
conversely it may be proved by any number of examples, that when an 
equation in which @ occurs, has been deduced strictly on the supposition 
that a is a line measured in one direction, a change of signin a will turn 
the equation into that which would have been deduced by the same rea- 
soning, had we begun by measuring the line æ in the contrary direction. 
Hence the change of + a into — a, or of —a@ into + a, corresponds in 
geometry to a change of direction of the line represented by a, and vice 
versd. In illustration of this general fact, the following problem may be 
useful. Having a circle of given radius, whose centre is in the intersection 
of the axes of xz and y, and also a straight line cutting the axes in two given 
points, required the co-ordinates of the points (if any) in which the straight 
line cuts the circle. Let OA, the radius of the circle=r, O E=a, OF =b, 

| and let the co-ordinates of P, one of the 
PY IN’ points of intersection required, be O M =a, 

Ae Firg- M P = y. The point P being in the circle 
whose radius is 7, we have from the right- 
angled triangle O M P, a + 4? = 7’, which 
equation belongs to the co-ordinates of every 
point in the circle, and is called the equation 

of the circle. Again, EM:MP:: EO: 
Wr O F by similar triangles; ora — z: y:: 
Ni a@ : b, whence ay + br = ab, which is 
PN true, by similar reasoning, for every point 
of the line E F. But for a point P’ lying 
in EF produced, we have EM’ |: M’P’:: 
EO : OF, o t+aityita: &, 
whence ay — br = ab, an equation which may be obtained from 
the former by changing the sign of v; and it is evident that the 
direction of a, in the second case, is opposite to that in the first. 
Again, for a point P’ in FE produced, we have EM”: M”P”:: EO 
> OF, or xv— u $ y iia i b, whence be — ay = ab, which may 


* The distances O M and M P are called the co-ordinates of the point P. It is more- 
over usual to call the co-ordinate O M, the abscissa, and MP, the ordinate, of the point P, 


l 
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be deduced from the first by changing the sign of y; and it is evident 
that y is measured in different directions in the first and third cases. 
Hence the equation ay + bx = ab belongs to all parts of the Straight line 
E F, if we agree to consider M” P” as negative, when M P is positive, 
and O M’ as negative when OM is positive. Thus, if O E = 4, and 
OF =5 and OM=1, we can determine MP from the equation 
ay + br = ab, or dy + 5 = 20, which gives y or M P = 33. But if 
O M’ be l in length, we can determine M’ P’ either by calling M P, 1, 
and using the equation ay — bx = ab, or calling MP, — 1, and using 
the equation ay + bx = ab, as before. Either gives M’ P’ = 6}. The 
-latter method is preferable, inasmuch as it enables us to contain, in one 
investigation, all the different cases of a problem. We shall proceed to 
show that this may be done in the present instance. We have to deter- 
| mine the co-ordinates of the point P, from the following equations, — 


ay + br = ab, P as 


substituting in the second the value of y derived from the first, or b ZF, 
a 
we have ; 
— y? 
x? b? (a x) — r? or (a + b?) £X — Jab? x -f a Rih — 7°) a! 0; 
2 


a 
and proceeding in a similar manner to find y, we have 


(a + 6%) y? — Zaby + Ù (a — r°) = 0, 
which give | 
ee AE, Gate ee ee 
a + b? a + 6? 
The upper or the lower sign, is to be taken in both. Hence when 
(a? + 6°) 7? >a’bh’, that is, when r is greater than the perpendicular let 


fall from O upon E F (which perpendicular is ae, , there are two 


Va? + 6?/ 
points of intersection. When (a? + b°) r? = a’b*, the two values of x 
become equal, and also those of y, and there 1s only one point in which 
the straight line meets the circle; in this case EF is a tangent to the 
circle. And if (a+ b?) r? < ab’, the values of x and yare impossible; 
and the straight line does not meet the circle. Of these three cases, we 
confine ourselves to the first, in which there are two points of intersection. 


‘The product of the values of z, with their proper sign, is ae 


ly ee 


aT and 
a 


of y, b? es ie the signs of which are the same as those of b° — 7°, and 
g a? ia b2 

a? — r? Ifb anda be both œr, the two values of x have the same sign ; 
and it will appear from the figure, that the lines they represent are mea- 
sured in the same direction. And this whether b and a be positive or 
negative, since b? — 7? and @ — 7? are both positive when a and 7 ee 
numerically greater than 7, whatever their sigus may be. oe IS, 1 rae 
rule, connecting the signs of algebraical and the directions { a 

magnitudes, be true, let the directions of O E and O F T terec | 4 ges 
way, so long as O E and O F are both greater than O ax e Me values o 

OM will have the same direction, and also those of M P. This result may 
easily be verified from the figure. Again, the values of q and y having the 


* See Sludy of Mathematics, page 45, é 
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same sien, that sien will be (see the equations) the same as that of 2a” for 
x, and of 2a* for y, or the same as that of a for x and of b for y. ‘That is, 
when O E and OF are both greater than O A, the direction of each set of 
co-ordinates will be the same as those of OE and OF, which may also be 
readily verified from the figure. Many other verifications might thus be 
obtained of the same principle, viz.—that any equation which corresponds to, 


and is true for, all points in the angle AO B, may be used without error for- 


all points lying in the other three angles, by substituting the proper nume- 
rical values, with a negative sign, for those co-ordinates whose directions are 
opposite to those of the co-ordinates in the angle AO B. In this manner, 
if four points be taken similarly situated in the four angles, the numerical 


values of whose co-ordinates are x = 4 and y = 6, and if the co-ordinates 


of that point which lies in the angle A O B, are called + 4 and + 6; 
those of the points lying in the anole B O C will be — 4 and + 6; in the 
angle COD — 4 and —6; and in the angle DOE + 4 and — 6. 

To return to figure (2), if, after having completed the branch of the 
curve which lies on the right of B C, and whose equation is y= 2%, 
we seek that which lies on the left of BC, we must, by the principles 
established, substitute — v instead of æ, when the numerical value ob- 
tained for (— x)? will be that of y, and the sien will show whether y is 
to be measured in a similar or contrary direction to that of MP. Since 
(— x)? = æ, the direction and value of y, for a given value of x, remains 
the same as on the right of B C; whence the remaining branch of the 
curve is similar and equal in all respects to O P, only lying in the angle 
BOD. And thus, if y be any function of v, we can obtain a geome- 
trical representation of the same, by making y the ordinate, and x the 


abscissa of a curve, every ordinate of which shall be the linear repre- 


sentation of the numerical value of the given function corresponding to 
the numerical value of the abscissa, the linear unit being a given line. 

If the point P, setting out from O, move along the branch O P, it will 
continually change the direction of its motion, never moving, at one point, 
in the direction which it had at any previous point. Let the moving 
point have reached P, and let OM = z, MP =y. Let x receive the 
increment M M’ = dg, in consequence of which y or M P becomes M’ P’, 
and receives the increment Q P’ = dy; so that x + dx and y + dy are 
the co-ordinates of the moving point P, when it arrives at P. Join P P’, 


a ; . . PO dy 
which makes, with P Q or O M, an angle, whose tangent is —— or ——« 
sg PQ dæ 
Since the relation y = a’ is true for the co-ordinates of every point in the 
curve, we have y -+ dy = (x + de}, the subtraction of the former equa- 
! i ; dy | 
tion from which gives dy = 2adxr + (dxr)*, or = = 2x + dx. If the 
dx 
point P’ be now supposed to move backwards towards P, the chord P P 
will diminish without limit, and the inclination of PP’ to PQ will also 
diminish, but not without limit, since the tangent of the angle P'PQ, or 


a is always greater than the limit 2z. If, therefore, a line P V be drawn 


through P, making with PQ, an angle whose tangent is 22, the chord P P 
will, as P’ approaches towards P, or as dz is diminished, continually ap- 
proximate towards P V, so that the angle P/PV may be made smaller 
than any given angle, by sufficiently diminishing dz. And the line P V, 
cannot again meet the curve on the side of PP’, nor can any straight line: 


_— 


rear f 
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be drawn between it and the curve, the proof of which we leave to the 
student. Again, if P’ be placed on the other side of P, so that its co- 
ordinates are x — dx and y — dy, we have y — dy = (x — dx)’, which, 


subtracted from y = 2’, gives dy = 2xdx — (dx)’, or “a = 2x — dx. By 
dx 


similar reasoning, if the straight line P T be drawn in continuation of P V, 
making with PN an angle, whose tangent is 22, the chord P P’ will con- 
tinually approach to this line, as before. The line T P V indicates the 
direction in which the point P is proceeding, and is called the tangent of 
the curve at the point P. Ifthe curve were the interior of a small solid 
tube, in which an atom of matter were made to move, being projected into 
it at O, and if all the tube above P were removed, the line P V is in the 
direction which the atom would take on emerging at P, and is the line 
which it would describe. The angle which the tangent makes with the 
axis ofw in any curve, may be found by giving æ an increment, finding 
the ratio which the corresponding increment of y bears to that of v, and 
determining the limit of that ratio, or the differential coefficient. This 
limit is the trigonometrical tangent * of the angle which the geometrical 
tangent makes with the axis of æ. Ify = Qx, %'x is this trigonometrical 
tangent. Thus, if the curve be such that the ordinates are the Naperian 


1 
logarithms + of the abscissa, or y = log z, and y + dy = log a + a dx 


o dx?, &c., the geometrical tangent of any point whose abscissa 


Is 2, makes with the axis an angle whose trigonometrical tangent is —. 
x 


This problem, of drawing a tangent to any curve, was one, the considera- 
tion of which gave rise to the methods of the Differential Calculus. 

As the peculiar language of the theory of infinitely small quantities is 
extensively used, especially in works of natural philosophy, it has ap- 
peared right to us to introduce it, in order to show how the terms 
Which are used may be made to refer to some natural and rational 
mode of explanation. In applying this language to figure (2), it would 
be said that the curve O P is a polygon consisting of an infinite number 
of infinitely small sides, each of which produced is a tangent to the curve; 
also that if M M’ be taken infinitely small, the chord and are P P’ coin- 
cide with one of these rectilinear elements ; and that an infinitely small 
are coincides with its chord. All which must be interpreted to mean that, 
the chord and arc being diminished, approach more and more nearly to a 
ratio of equality as to their lengths ; and also that the greatest separation 
between an arc and its chord may be made as small a part as we please 
of the whole chord or arc, by sufficiently diminishing the chord. We 
shall proceed to a strict proof of this ; but in the mean while, as a familiar 
illustration, imagine a small are to be cut off from a curve, and its extre- 
mities joined by a chord, thus forming an arch, of which the chord is the 
base. From the middle point of the chord, erect a perpendicular to it, 

* There is some confusion between these different uses of the word tangent. The geo- 
chetrical tangent is, as already defined, the line between which and a curve no straight 
line can be drawn ; the trigonometrical tangent has reference to an angle, and is the 
ratio which, in any right-angled triangle, the side opposite the angle bears to that which 
is adjacent. | 

+ It may be well to notice that in analysis the Naperian logarithms are the only ones 
used ; while in practice the common, or Briggs’ logarithms, are always preferred, 


C 2 


20 ELEMENTARY ILLUSTRATIONS OF 


meeting the arc, which will thus represent the height of the arch. Ima- 
gine this figure to be magnified, without distortion or alteration of its pro- 
portions, so that the larger figure may be, as it is expressed, a true picture 
of the smaller one. However the original are may be diminished, let the 
magnified base continue of a given length. This is possible, since on any 
line a figure may be constructed similar to a given figure. If the original 
curve could be such, that the height of the arch could never be reduced 
below a certain part of the chord, say one-thousandth, the height of the 
magnified arch could never be reduced below one-thousandth of the mag- 
nified chord, since the proportions of the two figures are the same. But 
if, in the original curve, an arc can be taken so small, that the height of the 
arch is as small a part as we please of the chord, it will follow that in the 
magnified figure, where the chord is always of one length, the height of the 
arch can be made as small as we please, seeing that it can be made as 
small a part as we please of a given line. It is possible in this way to 
conceive a whole curve so magnified, that a given arc, however small, 
shall be represented by an are of any given length, however great; and 
the proposition amounts to this, that let the dimensions of the magnified 
curve be any given number of times the original, however great, an arch 
can be taken upon the original curve so small, that the height of the cor- 

responding arch in the magnified figure shall be as small as we please. 
Let PP’ be a part of a curve, whose equation is y = @ (x), that is, PM 
may always be found by substituting the numerical 
Ry. 4. value of O M in a given function of xv. Let OM =v 

aise ae 

, receive the increment MM’ = dz, which we may 
afterwards suppose as small as we please, but which, 
V in order to render the figure more distinct, is here con- 
Q siderable. The value of PM or y is px, and that 
of P M’ or y+ dy is ġ (x + dr). Draw PV, the 
M. M’ tangent at P, which, as has been shown, makes, with 
PQ, an angle, whose trigonometrical tangent is the limit of the ratio 


oA when æ is decreased, or ¢'r. Draw the chord P P’, and from any 
£ 


point in it, for example, its middle point p, draw pv parallel to P M, cut- 
ting the curve ina. The value of 


P’Q, or dy, or d (x + dx) — gris 
dr)? dxr)3 

P' Q = p'r. dr + $"a se + ox _ + &e. 
But P'x . dzistanVPQ.PQ=VQ. Hence VQ is the first term of 
this series, and P’ V the aggregate of the rest. But it has been shown 
that dx can be taken so small, that any one term of the above series shall 
contain the rest, as often as we please. Hence PQ can be taken so 
small that V Q shall contain V P’ as often as we please, or the ratio of 
V Qto VP" shall be as great as we please. And the ratio VQ to PQ 
continues finite, being always Ø'x, hence P/V also decreases without 


limit, as compared with PQ. The chord PP’ or J (dx)?-+(dy)’, or 


dx V -- (ey is to P Q in the ratio of of I+ (SY 1, which, 
dx dx 

as P Q is diminished, continually approximates to that of /l1+(¢'x)? : 1, 

which is the ratio of PV : PQ. Hence the ratio of P P’ > P V continually 

approaches to unity, or P Q may be taken so small that the difference of P P’ 

and P V shall be as small a part of either of them as we please. ‘The 
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are PP" is greater than the chord PP’ and less than PV + VP’, 
H arc P P’ i PV VP’ , 
ence — 7 pp lies between 1 and PP’ + Pp’ the former of which 


two fractions can be brought as near as we please to unity, and the latter 
can be made as small as we please; for since P’V can be made as 
small a part of P Q as we please, still more can it be made as small a 
part as we please of PP’, which is greater than PQ. Therefore the arc 
aud chord P P’ may be made to have a ratio as nearly equal to unity as 
we please. And because pa is less than pv, and therefore less than P’ V, 
it follows that pa may be made as small a part as we please of PQ, and 
still more of P P' In these propositions is contained the rational expla- 
nation of the proposition of Leibnitz, that ‘an infinitely small arc is equal 
to, and coincides with, its chord.’ 

Let there be any number of series, arranged in powers of k, so that 
the lowest power is first; let them contain none but whole powers, and 
let them all be such, that each will be convergent, on giving to ÀA a sufli- 
ciently small value :—as follows, 


Ah + Be+ Ch? + Dé + E+ &e. (1) 
B+ Chk + Dh + EKP &e. (2) 

Ce + D'it + EK &e. (3) 

D” hk +E” h+ &e. (4) 

&c. &c. 


As h is diminished, all these expressions decrease without limit; but the 
first increases with respect to the second, that is, contains it more times 
after a decrease of h, than it did before. For the ratio of (1) to (2) is 
that of A+ BA + CR + &c. to B'h + C'R + &c., the ratio of the two 
not being changed by dividing both by h. The first term of the latter 
ratio approximates continually to A, as A is diminished, and the second 
can be made as small as we please, and therefore can be contained in the 
first as often as we please. Hence the ratio of (1) to (2) can be made as 


great as we please. By similar reasoning, the ratio (2) to (3), of (3) to 


(4), &c., can be made as great as we please. We have, then, a series of 
quantities, each of which, by making / sufficiently small, can be made as 
small as we please. Nevertheless this decrease increases the ratio of the 
first to the second, of the second to the third, and so on, and the increase 
is without limit. Again, if we take (1) and A, the ratio of (1) to k is 
that of A+ Bh + Ch?-+ &c. to 1, which, by a sufficient decrease of h, 
may be brought as near as we please to that of Ato 1. But if we take 


(1) and %2, the ratio of (1) to h? is that of A + BA + ae. to h, which, by 


previous reasoning, may be increased without limit ; and the same for 


any higher power of h. Hence (1) is said to be comparable to the first 
power of h, or of the first order, since this is the only power of A whose 
ratio to (1) tends towards a finite Jimit. By the same reasoning, 
the ratio of (2) to h?, which is that of B'+ C'h + &c.to l, continually 
approaches that of B’ to 1; but the ratio (2) to A, which is that of 


Bh + C'R- &e. to 1, diminishes without limit, as A is decreased, while 


the ratio of (2) to h’, or of B' + C'h + Ke. to A, increases without limit. 
Hence (2) is said to be comparable to the second power of h, or of the 


second order, since this is the only power of 2 whose ratio to (2) tends 


“towards a finite limit. Jn the language of Leibnitz, if A be an infinitely 


small quantity, (1) is an infinitely small quantity of the first order, (2) is 


f ? i A ele ; 7 i 
` an infinitely small quantity of the second order, and so on. We may also 
` add that the ratio of two series of the same order continually approximates 
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to the ratio of their lowest terms. For example, the ratio of Ah3+ Bhi + ke. 

to A‘A3+ B/ht+ &c. is that of A+ Bh+&c. to A’+ B/k+ &c., which, as fis 

diminished, continually approximates to the ratio of A to A’, which is also 

that of Ah’ to A’h', or the ratio of the lowest terms. In fig. 4, P Q or dx 
d a \ 2 

being put in place of h, QP’, or px . dæ 4- "x Saai , &c., is of the first 


2 
2 
order, as are P V, and the chord P P’; while P’ V, or ġ'x ce + &ce., is 


of the second order. The converse proposition is readily shown, that if 
the ratio of two series arranged in powers of # continually approaches to 
some finite limit as h is diminished, the two series are of the same order, 
or the exponent of the lowest power of h% is the same in both. Let Ah’ 
and Bh? be the lowest powers of k, whose ratio, as has just been shown, 
continually approximates to the actual ratio of the two series, as A is di- 
minished. The hypothesis is that the ratio of the two series, and therefore 
that of AA" to Bh’, has a finite limit. This cannot be if a > b, for then 
the ratio of Ak* to BA’ is that of Ah"? to B, which diminishes without 
limit; neither can it be when a < b, for then the same ratio is that of 
A to BA?-*, which increases without limit; hence @ must be equal to b. 
We leave it to the student to prove strictly a proposition assumed in the 
preceding, viz., that if the ratio of P to Q has‘unity for its limit, when ⁄ is 
diminished, the limiting ratio of P to R will be the same as the limiting 
ratio of Q to R. We proceed further to illustrate the Differential Calculus 
as applied to Geometry. | 

Let OC and OD be two axes at right angles to one another, and let a 
line A B of given length be placed with one extremity 
in each axis. Let this line move from its first position 
into that of A'B’ on one side, and afterwards into that of 
A” B” on the other side, always preserving its first length. 
The motion of a ladder, one end of which is against a wall, 
and the other on the ground, is an instance. Let A'B’ 
~ and A” B” intersect A Bin P/ and P”. If A” B” were 

oradually moved from its present position into that of 
A’ B’, the point P” would also move gradually from its present position 
into that of P’, passing, in its course, through every point in theine P’ Pp”, 
But here it is necessary to remark that A B is itself one of the positions 
intermediate between A’ B’ and A” B”, and when two lines are, by the 
motion of one of them, brought into one and the same straight line, they 
intersect one another (if this phrase can be here applied at all) in every 
point, and all idea of one distinct point of intersection is lost. Never- 
theless P” describes one part of P” P’ before A” B” has come into the 
position A B, and the rest afterwards, when it is between A B and A’ BY’. 
Let P be the point of separation; then every point of P’ P”, except P, is 
areal point of intersection of A B, with one of the positions of A” B”, and 
when A” B” has moved very near to A B, the point P~ will be very near to 
P; and there is no point so near to P, that it may not be made the inter- 
section of A” B” and AB, by bringing the former sufficiently near to the 
latter. This point P is, therefore, the limit of the intersections of A” B” 
and A B, and cannot be found by the ordinary application of Algebra to 
geometry, but may be made the subject of an inquiry similar to those 
which have hitherto occupied us, in the following manner :—Let OA = a4, 
OB =b ATS AD SAY BY = L.l Let AA = da, BB’ = db, 
whence O A’ = a + da, O B' = b — db. We have then &? + l?= l; 
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and (a + da)? + (b — dbp =L; subtracting the former of which from 
the development of the latter, we have 
2a da + (da)? — 2b db + (db)? = 0 or o = oud | (1) 
da 2b —db i 
As A’ B’ moves towards A B, da and db are diminished without limit, @ 


or eae . db, 2a au 
and b remaining the same; hence the limit of the ratio — is —or—. 


2b bD 
Let the co-ordinates * of P' be OM’ = x and M' P = y. Then (page 16) 
the co-ordinates of any point in A B have the equation 
ay + bx = ab (2). 
The point Pis in this line, and also in the one which cuts off a + da 
and b — dò from the axes, whence 


(a + da) y + (b — db) x = (a + da) (b — db) (3) 
subtract (2) from (3) after developing the latter, which vives 
y da — x db =b da — a db — dadb (4) 


If we now suppose A’ B’ to move towards A B, equation (4) gives no 
result, since each of its terms diminishes without limit. If, however, we 


ou , ’ dl 
divide (4) by da, and substitute in the result the value of = obtained 
7 


from (1) we have 


2a+da ` 2a+da 
— P a ee PY Gees i = eS Bie 
a a ope (5); 


7 


from this and (2) we might deduce the values of y and z, for the point P’, 
as the figure actually stands. Then by diminishing dd and da without 
limit, and observing the limit towards which x and y tend, we might 
deduce the co-ordinates of P, the limit of the intersections. The same 
result may be more simply obtained, by diminishing dæ and db in equation 
(5), before obtaining the values of y and x. This gives 


a “a 
ya eb — gy or by— ae Ba (6). 
b 
From (6) and (2) we find (fig. 6) 
a a b? b? 
e= OM = —— =L andy=MP= ~ = —, 
a2 +b? [? a? -+ b? i? 


This limit of the intersections is different for every dif- 
ferent position of the line A B, but may be determined, 3 
in every case, by the following simple construction. | 


Since BP: PN, or OM :: BA: AO, wehaveB P= N—¥ Mo. 


BA ae l a ete b? 

MWe a larly, PAS 
OM Ta me and, similarly, PA 9 

Let OQ be drawn perpendicular to BA; then since OA 


is a mean proportional between AQ and AB, we have ọ M A 


2 2 

AQ , and similarly B Q = = Hence BP = AQ and AP=BQ, 
or the point P is as far from either extremity of A B as Q is from the 
other. a a 

We proceed to solve the same problem, using the principles of Leibnitz, 
that is, supposing magnitudes can be taken so small, that those proportions 
may be regarded as absolutely correct, which are not so in reality, but 
which only approach more nearly to the truth, the smaller the magnitudes 


* The lines O M’ and M’ P’ are omitted, to avoid crowding the figure, 
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are taken. The inaccuracy of this supposition has been already pointed 
out; yet it must be confessed, that this once got over, the results are de- 
duced with a degree of simplicity and consequent clearness, not to be 
found in any other method. The following cannot be regarded as a de- 
monstration, except by a mind so accustomed to the subject, that it 
can readily convert the various inaccuracies into their corresponding 
truths, and see, at one glance, how far any proposition will affect the final 
result. The beginner will be struck with the extraordinary assertions 
which follow, iven in their most naked form, 
without any attempt ata less startling mode of 
expression. Let A’B’ be a position of A B infi- 
nitely near to it; that is, let A/P A be an infinitely 
small angle. With the centre P, and the radii 
P A’ and P B, describe the infinitely small arcs 
A'a, Bb. An infinitely small arc of a circle is a 
straight line perpendicular to its radius; hence 
aX A’aA and BOB’ are right-angled triangles, 

~ the first similar to BOA, the two having the 
angle A in common, and the second similar to B'O A’. Again, since the 
angles of BOA, which are finite, only differ from those of B'O A’ by 
the infinitely small angle A’ P A, they may be regarded as equal ; whence 
A’aA and B'b B are similar to BO A, and to one another. Also P is 
the point of which we are in search, or infinitely near to it; and 
since BA = B'A’, of which BP =b P and a P = A' P, the remainders 
B'b and Aaare equal. Moreover, Bb and A'a being arcs of circles 
subtending equal angles, are in the proportion of the radii B P and P A’. 
Hence we have the following proportions, — 

Aa: A'a: 0A:0B::a:b 
Bb: Bb:: OA: OB: a? 6. 
The composition of which gives, since A @ = B’ b, 
Bb: aie ib 


Also Bb: A‘a:: BP: Pa, 
whence BP: Pa :: æ : b}, 
and BP + Pa :: Palle +: b 


But Pa only differs from P A by the infinitely small quantity A @, and 
BP+PA=.l, and @ +0 =l; whence 
2 

CEPA Se 307, or PAS, 
which is the result already obtained. In this reasoning we observe 
four independent errors, from which others follow,—l. that B b and A’ a 
are straight lines at right-angles to Pa; 2. that BOA and B'O A’ are 
similar triangles ; 3. that P is really the point of which we are in search ; 
4. that P A and Pa are equal. But at the same time we observe, that 
every one of these assumptions approaches the truth, as we diminish the 
angle A’ P A, so that there is no magnitude, line or angle, so small, that 
the linear or angular errors, arising from the above-mentioned suppositions, 
may not be made smaller. We now proceed to put the same demonstra- 
tion in a stricter form, so as to neglect no quantity during the process. 
This should always be done by the beginner, until he is so far master of 
the subject, as to be able to annex to the inaccurate terms, the ideas 
necessary for their rational explanation. To the former figure add B 8 
and Aa, the real perpendiculars, with which the arcs have been confounded. 


Let Z A'P A = d0, PA = p, Aa = dp, BP = gq, B/b = dq; and 
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OA=aO0OB=),andAB=l. Then* A'a = (p—dp) d0, Bb = qdo, 
and the triangles A’Aw and B'BB are similar to BOA and B/O AV. 
The perpendiculars A’a and B£ are equal to P A’ sin. d0, and PB sin. dd, 
or (p — dp) sin d9, and q sin d0, Let aa = u and bB =v. These 
(page 5) will diminish without limit as compared with A‘a and B£; and 
since the ratios of A’a to aA and BB to BB’ continue finite, (these being 
sides of triangles similar to AO B and A'O B',) aa and b£ will diminish 
indefinitely with respect to aA and BB’. Hence the ratio Aa to BB’ or 
dp + u to dq + v will continually approximate to that of dp to dq, or a 
ratio of equality. ‘The exact proportions, to which those in the last page 
are approximations, are as follows :— 

dp + u : (p—dp)sin dO :: 4 = 20; 

q sin do : dq + v >: a—da : b+db; 
by composition of which, recollecting that dp = dq (which is rigorously 


true,) and dividing the two first terms of the resulting proportion by dp, 
we have 


m v 
1+ —}; — dp) 1+ — | :: — : 
10+): = dp) +2) 2a (a — da) 2 b (+ di) 
If d be diminished without limit, the quantities da, db, and dp, and 


V 
dp 
limit, so that the limit of the proportion just obtained, or the proportion 
which gives the limits of the lines into which P divides A B, is 

Psp tw 206, 
hence q+Hp=l: p: æe-+b=P: b, 
the same as before. 


We proceed to apply the preceding principles to dynamics, or the theory 
of motion. Suppose a point moving along a straight line uniformly, that 
is, if the whole length described be divided into any number of equal 
parts, however great, each of those parts is described in the same time. 
Thus, whatever length is described in the first second of time, or in any 
part of the first second, the same is described in any other second, or in 
the same part of any other second. The number of units of length de- 
scribed in a unit of time is called the velocity ; thus a velocity of 3°01 
feet in a second, means that the point describes three feet and one- 
hundredth in each second, and a proportional part of the same in any part 
'ofa second. Hence, if v be the velocity, and ¢ the units of time elapsed 
from the beginning of the motion, v £ is the length described ; and if any 
length described be known, the velocity can be determined by dividing 
that length by the time of describing it. Thus, a point which moves uni- 
formly through 3 feet in 1} second, moves with a velocity of 3 > 14, or 
2 feet per second. 

Let the point not move uniformly, that is, let different parts of the iine, 
having the same length, be described in different times ; at the same time 
Jet the motion be continuous, that is, not suddenly increased or decreased, 
as it would be if the point were composed of some hard matter, and 
received a blow while it was moving. ‘This will be the case if its motion 
be represented by some algebraical function of the time, or if, ¢ being the 
number of units of time during which the point has moved, the number of 


° H . ° ° e e 
also the ratios T and as above-mentioned, are diminished without 


* For the Unit employed in measuring an angle, see Study of Mathematics, page 90. 


26 ELEMENTARY ILLUSTRATIONS OF 


units of length described can be represented by øt. This, for example, 
we will suppose to be ¢-+ 2’, the unit of time being one second, and the 
unit of length one inch; so that z + ¢, or $ of an inch, is described in 
the first half second ; 1 + 1, or two inches, in the first second; 2 4-4, or 
six inches, in the first two seconds ; and so on. 

Here we have no longer an evident measure of the velocity of the point; 
we can only‘say that it obviously increases from the beginning of the mo- 
tion to the end, and is different at every two different points. Let 
the time ¢ elapse, during which the point will describe the distance 
t+ £; let a further time dé elapse, during which the point will increase 
its distance to t- dt -+ (t + dt), which, diminished by ¢-+- 7, gives 
dt + 2t dt + (dt)? for the length described during the increment of time 
dt, This varies with the value of ¢; thus, in the interval dé after the first 
second, the length described is 3dé - dt’; after the second second, it is 
5dt + (dt)*, and so on. Nor can we, as in the case of uniform 
motion, divide the length described by the time, and call the result 
the velocity with which that length is described; for no length, 
however small, is here uniformly described. If we were to divide a length 
by the time in which it is described, and also its first and second halves 
by the times in which they are respectively described, the three results 
would be all different from one another. Here a difficulty arises, similar 
to that already noticed, when a point moves along a curve ; in which, as 
we have seen, it is improper to say that itis moving in any one direction 
through any arc, however small. Nevertheless a straight line was found 
at every point, which did, more nearly than any other straight line, repre- 
sent the direction of the motion. So, in this case, though it is incorrect 
to say that there is any uniform velocity with which the point continues to 
move for any portion of time, however small, we can, at the end of every 
time, assign a uniform velocity, which shall represent, more nearly than any 
other, the rate at which the point is moving. If we say that, at the end 
of the time £, the point is moving with a velocity v, we must not now 
say that the length vdt is described in the succeeding interval of 
time dt; but we mean that dé may be taken so small, that vdt shall 
bear to the distance actually described a ratio as near to equality as 
we please. Let the point have moved during the time ¿, after which 
let successive intervals of time elapse, each equal to dt. At the end of 
the times, #4 t+ dt, t + 2dt, t + &dt, &c, the whole lengths 
described will be t+ @ t+ dt + € + dt, t + 2dt + (t + 2dt)’, 
t + 3dt + (é+3dt)?, &c.; the differences of which, or dt + 2ldt 
+ (dt), dt + 2tdt + 3 (dt), dt + 2tdt + 5 (dif, &c., are the 
lengths described in the first, second, third, &c., intervals dé. These 
are not equal to one another, as would be the case if the velocity were 
uniform; but by making dé sufficiently small, their ratio may be 
brought as near to equality as we please, since the terms (dé)’, 
3 (dt), &c., by which they all differ from the common part (1 + 2¢) dt, 
may be made as small as we please, in comparison of this common 
part. If we divide the above-mentioned lengths by df, which does 
not alter their ratio, they become 1 + 2¢ + dé, 1+ 2t + 3d, 
l -+ 2¢-+-5dé, &c., which may be brought as near as we please to equality, 
by sufficient diminution of dé. Hence 1 -+ 2¢ is said to be the velocity of 
the point after the time ¢; and if we take a succession of equal intervals 
of time, each equal to dt, and sufficiently small, the lengths described in 
those intervals will bear to (1 + 2¢) dé, the length which would be de- 
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scribed in the same interval with the uniform velocity 1 + 24, a ratio 
as near to equality as we please. And observe, that if otis t+ £, 
pt is 1+ 2¢, or the coefficient of k in (t+ h) + (t+ h). In the 
same way it may be shown, that if the point moves so that pt always 
represents the length described in the time ¢, the differential coefficient of 
pt or P't, is the velocity with which the point is moving at the end of the 
time é For the time ¢ having elapsed, the whole lengths described at the 
end of the times ¢ and ¢-+ dé are t and Ø% (t + dt); whence the length 
described during the time dé is 
p(é+ dt) — dt, or fit. dt + o't at + &e. 
Similarly, the length described in the next interval dé is 
p (t + 2dt) — p (t -+ dt); or 
, gy dt)? (di)? 
pt + pt. 2di+ p or as + &e. — (pi + pt dt + pt —— +&c.) 


d 
2 
It)? 
which is pit. dt + 3p"t > + &€; 


2 
the length described in the third interval dé is @/t . dt + 5"t iy 
+ &c. &e. It has been shown for each of these, that the first term 
can be made to contain the aggregate of all the rest as often as we please, 
by making dt sufficiently small; this first term is @'¢. dé in all, or the 
length which would be described in the time dé by the velocity o't con- 
tinued uniformly : it is possible, therefore, to take dé so small, that the 
leneths actually described in a succession of intervals equal to dé, shall 
be as nearly as we please in a ratio of equality with those described in the 
same intervals of time by the velocity @’t. For example, it is observed 
in bodies which fall to the`earth from a height above it, when the resist- 
ance of the air is removed, that if the time be taken in seconds, and the 
distance in feet, the number of feet fallen through in @ seconds is always 
at, where a = 1654, very nearly; what is the velocity of a body 
which has fallen in vacuo for four seconds? Here øt being ai’, we find, 
by substituting ¢ + h, or t + dé, instead of £, that pit is 2al, or 
2x 1675 X t, or 324¢5; which, at the end of four seconds, is 321 X 4, or 
1282 feet. That is, at the end of four seconds a falling body moves at the 
rate of 128% feet per second. By which we do not mean that it continues 
to move with this velocity for any appreciable time, since the rate 1s 
always varying; but that the length described in the interval dé after the 
fourth second, may be made as nearly as we: please in a ratio of equality 
with 1282 x dé, by taking dé sufficiently small. This velocity 2aé is said 
to be uniformly accelerated ; since in each second the same velocity 2a 
is gained. And since, when æ is the space described, @’¢ is the limit of 


a the velocity is also this limit; that is, when a point does not move 


uniformly, the velocity is not represented by any increment of length di- 
vided by its increment of time, but by the limit to which that ratio con- 
tinually tends, as the increment of time is diminished. We now propose 
the following problem :—A point moves uniformly round a circle ; with 
what velocities do the abscissa and ordinate increase or decrease, at any 
given point? Let the point P, setting out from A, describe the arc A P, 
&e., with the uniform velocity of @ inches per second, Let OA =r, 
ZLAOP=6 Z PO P= dop OM =, MP= y, MM'= dx, QP'=dy. 
From the first Principles of Trigonometry 
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x=r cos 0 æ—dx=r cos (04+ d0) =r cos 8 cos d9 —r sin 0 sin dé 
y=r sin 0 y+dy=r sin (0+d90)=r sin 6 cos d8--7rcos6 sin d0; 
subtracting the second from the first, and the third from the fourth, we have 


dx = r sin 0 sin d0 + r cos 6 (1 — cos dé) (1) 
dy = r cos 0 sin d9 +r sin 0 (1 — cos dé) (2) 
but if dé be taken sufficiently small, sin d0, and 
Ë » Fig3. d0, may be made as nearly in a ratio of equality as 


we please, and 1 — cos d0 may be made as small 
a part as we please, either of d9 or sin d0. These 
follow from fig. 1, in which it was shown that BM 
and the arc B A, or (if O A = r and A O B = d9,) 
r sin dð and rd90, may be brought as near to a 
ratio of equality as we please; which is therefore 
true of sin dð and dé. Again, it was shown that 
A M, or r — r cos d9, can be made as small a part 
as we please, either of B M or the arc BA, that is, either of r sin d9, or 
rdo ; the same is therefore true of 1 — cos d0, and either sin d0 or dé, 
Hence, if we write equations (1) and (2) thus, 
dx = r sin 6 d0 (l), dy = r cos 6 dé (2), 

we have equations, which, though never exactly true, are such that by 
making d@ sufficiently small, the errors may be made as small parts of do 
as we please. Again, since the arc A P is uniformly described, so also is 
the angle PO A; and since an arc a@ is described in one second, the angle 


P 


F 
7 
if 
> 
e 


O MM A 


a . e e o e e e 
— is described in the same time; this is, therefore, the angular velocity*, 
T 


If we divide equations (1) and (2) by dt, we have 
AE : Ta c eae 
di dt Ape ce a pe 
these become more nearly true as dé and d@ are diminished, so that if for 
dx i 
dt 


rigorously true. But these limits are the velocities of x, y, and 6, the last 


, &c., the limits of these ratios be substituted, the equations will become 


8 ® 2 a 
of which is also — ; hence 
r 


velocity of x =r sin 0 X = a sin 0, 


x |a ~ |2 


velocity of y = r cos 0 X = a4 cos; 


that is the point M moves towards O with a variable velocity, which 1s 
always such a part of the velocity of P, as sin @ is of unity, or as . 
PM is of OB; and the distance P M increases, or the point N moves 
from O, with a velocity which is such a part of the velocity of P as cos 0 
is of unity, oras OM is of OA. | 

In the language of Leibuitz, the foregoing results would be expressed 


* The same considerations of velocity which have been applied to the motion of a point 
along a line may also be applied to the motion of a line round a point. If the angle so 
described be always increased by equal angles-in equal portions of time, the angular 
velocity is said to be uniform, and is measured by the number of angular units described 
in a unit of time. By similar reasoning to that already described, if the velocity with 
which the angle increases be not uniform, so that at the end of the time¢ the angle de- 


scribed is 4 = @¢, the angular velocity is ¢’/, or the limit of the ratio A, 
¢ 
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thus:—Ifa point move, but not uniformly, it may still be considered as 
moving uniformly for any infinitely small time; and the velocity with 
which it moves is the infinitely small space thus described, divided by the 
infinitely small time. 

The foregoing process contains the method employed by Newton, 
known by the name of the Method of Fluxions. If we suppose y to 
be any function of v, and that 2 increases with a given velocity, 
y will also increase or decrease with a velocity depending,—l. upon 
the velocity of v; 2. upon the function which y is of æ. These 
velocities Newton called the fluxions of y and x, and denoted them by 
y and æ. Thus, ify = 2, and if in the interval of time dt, x becomes 
x+ dr, and y becomes y + dy, we have y + dy = (x + dz)’, and 


; dy dx dx 
d ane 2: x L ’ 2 ae 2 e e E 
y = 2x . dx + (dx), or yas x T + a dx If we diminish dé, 


dx E : a ae 
the term a dz will diminish without limit, since one factor continually 


approaches to a given quantity, viz., the velocity of x, and the other dimi- 
nishes without limit. Hence we obtain the velocity of y = 2x x the 
velocity of 2, or y= 2x 2, which is used in the method of fluxions 
instead of dy = 2rdz considered in the manner already described. The 
processes are the same, in both methods, since the ratio of the velocities 
is the limiting ratio of the corresponding increments, or, according to 
Leibnitz, the ratio of the infinitely small increments. We shall hereafter 
notice the common objection to the Method of Fluxions. 

When the velocity of a material point is suddenly increased, an impulse 
is said to be given to it, andthe magnitude of the impulse or impulsive 
force, is in proportion to the velocity created by it. Thus, an impulse 
which changes the velocity from 50 to 70 feet per second, is twice as great 
as one which changes it from 50 to 60 feet. When the velocity of the 
point is altered, not suddenly but continuously, so that before the velocity 
can change from 50 to 70 feet, it goes through all possible intermediate 
velocities, the point is said to be acted on by an accelerating force. Force 
is a name given to that which causes a change in the velocity of a body. 
It is said to act uniformly, when the velocity acquired by the point in any 
One interval of time is the same as that acquired in any other interval of 
equal duration. Itis plain that we cannot, by supposing any succession 
of impulses, however small, and however quickly repeated, arrive at a 
uniformly accelerated motion ; because the length described between any 
two impulses will be uniformly described, which is inconsistent with the 
idea of continually accelerated velocity. Nevertheless, by diminishing the 
magnitude of the impulses, and increasing their number, we may come as 
near as we please to such a continued motion, in the same way as, by 
diminishing the magnitudes of the sides of a polygon, and increasing: their 
number, we may approximate as near as we please to a continuous curve. 
Let a point, setting out from a state of rest, increase its velocity uniformly, 
so that in the time £, it may acquire the velocity v—what length will have 
been described during that time ¢? Let the time ¢ and the velocity v be 
both divided into z equal parts, each of which is ? and v'; so that nt = t, 
and nv =v. Let the velocity v' be communicated to the point at rest ; 
after an interval of ¢ let another velocity v’ be communicated, so that 
during the second interval ¢ the point has a velocity 2v’; during the third 
interval let the point have the velocity 3v’, and so on; so that in the last 
on 2" interval the point has the velocity mv’. The space described in the 
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first interval is, therefore, v't’: in the second, xt; in the third, 3v't’; 
and so on, till in the 2” interval it is nvt’. The whole space described is, 
therefore, 
vi p wt +37 +e. tn— lt + no 
Cage ae — n2v't! + not 
2 2 
In this substitute v for nv’, and ¢ for nt’, which gives for the space de- 
scribed 4v (¢ -+ t). The smaller we suppose ¥', the more nearly will this 
approach to 4v4. But the smaller we suppose é’, the greater must be 2, 
the number of parts into which ¢ is divided; and the more nearly do we 
render the motion of the point uniformly accelerated. Hence the limit to 
which we approximate by diminishing # without limit, is the length de- 
scribed in the time ¢, by a uniformly ‘accelerated velocity, which shall in- 
crease from 0 to v in that time. This is 3vt, or half the length which 
would have been described by the velocity v continued uniformly from the 
beginning of the motion. It is usual to measure the accelerating force by 
the velocity acquired in one second. Let this be g; then since the same 
velocity is acquired in every other second, the velocity aus in g 
seconds will be gt, or v = gt. Hence the space described is $g¢ x t, or 
Zot’, If the point, instead of being at rest at the beginning of the acce- 
leration, had had the velocity a, the lengths described in the successive 
intervals would have been at + v't’, at! + wt, &c.; so that to the 
space described by the accelerated motion would have been added nal’, or 
at, and the whole length would have been at + 32/%. By similar reason- 
ing, had the force been a uniformly retarding force, that is, one which 
diminished the initial velocity @ equally in equal times, the length de- 
scribed in the time £ would have been at — 4g¢. Now let the point move 
in such a way, that the velocity is accelerated or retarded, but not uni- 
formly, that is, in different times of equal duration, let different velocities 
be lost or gained. For example, let the point, setting out from a state of 
rest, move in such a way that the number of inches passed over in é 
seconds is always £. Here dt = é, and the velocity acquired by the body 
at the end of the time ¢, is the coefficient of dé in (+ dt)’, or 32 
inches per second, Let the point be at A at the end of the time ¢; and 
let AB, BC, C D, &c., be lengths described in 


o (l +2-+3.....n% — ltn)vl=n. 


Figo. - successive equal intervals of time, each of which 
is dé. Then the velocities at A, B, C, &c., are 
v ABC D 36, 3 (t +d’, 3 (¢+ 2d, &c., and the 


| aa ae lengths AB, BC, CD, &c., are (t + dt} — Ë, 
(t+2di)? — (+ di)’, Q+ 3dt)? — (t + 2di)’, &e. 
Velocity at Length of 
31° AB 8é@dt+ 3t(d)?+ (dt) 
B 3e+ Gtdi+ 3(d)2 BC  S8é@dt+ 9¢(dt)?+ 7 (dt) 
C 32+12¢dt+12 (dt)’ CD  3édt-+-15t (dt)?+19 (dt)? 


If we could, without error, reject the terms containing (dé)? in the velo- 
cities, aud those containing (d)? in the lengths, we should then reduce 
the motion of the point to ‘the case already considered, the initial velocity 
being 32, and the accelerating force 64. For we have already shown 
that a being the initial velocity, and g the accelerating force, the space 
described in the time £ is at + žgť. Hence, 3¢° being the initial velocity, 
aud Gé the accelerating force, the space in the time dti is 3êdt -+ 8i (dl)’, | 


THE DIFFERENTIAL AND INTEGRAL CALCULUS. 31 


which is the same as A B after (df)? is rejected. The velocity acquired 
is gf, and the whole velocity is, therefore, a + gt; or making the same 
substitutions, 3? + G6fdt. 'This is the velocity at B, after the term 3 (dD: 
is rejected. Again, the velocity being 3¢ + Gédt, and the force 6t, the 
space described in the time dé is (3E + 6t dt) dt + 3t (dD?, or 3Ëdt ~-- 
9¢ (dé). This is what the space BC becomes after 7 (dt)? is rejected, 
The velocity acquired is 6¢dt; and the whole velocity is 32 + 6¢ dt +- 
Gt dt, or 3° + 12¢dt; which is the velocity at C after 3 (dt)? is rejected. 
But as the terms involving (dé)? in the velocities, &c., cannot be rejected 
without error, the above supposition of a uniform force cannot be made. 
Nevertheless, as we may take dé so small, that these terms shall be as 
small parts as we please of those which precede, the results of the cerro- 
neous and correct suppositions may be brought as near to equality as we 
please ; hence we conclude, that though there is no force, which, con- 
tinued uniformly, would preserve the motion of the point A, so that O A 
should always be ¢ in inches, yet an interval of time may be taken so 
small, that the length actually described by A in that time, and the one 
which would be described if the force 6¢ were continued uniformly, shall 
have a ratio as near to equality as we please. Hence, on a principle 
similar to that by which we called 3# the velocity at A, though, in truth, 
no space, however small, is described with that velocity, we call 6é the 
accelerating force at A. And it must be observed that 6t is the differential 
coefficient of 32°, or the coefficient of dé, in the development of 3 (t -+ dé)’. 

Generally, let the point move so that the length described in any time £ is 
pt. «Hence the length described at the end of the time ¢ +dé is p (+d), 
and that described in the interval dt is 6 (t + dt) — ¢t, or 

2 3 
git. dt pt Ci + o"t uo + &6, 7 
2 2.3 
in which dé may be taken so small, that either of the first two terms shall 
contain the aggregate of all the rest, as often as we please. These two 
first terms are pt . dt + 3h"t . (dt)’, and represent the length described 
during dé, with a uniform velocity @’¢, and an accelerating force @t. ‘The 
interval dé may then generally be taken so small, that this supposition shall 
represent the motion during that interval as nearly as we please. 

We have hitherto considered the limiting ratio of quantities only as to 
their state of decrease: we now proceed to some cases in which the limit- 
ing ratio of different magnitudes which increase without limit is investi- 
gated. It is easy to show that the increase of two magnitudes may cause 
a decrease of their ratio; so that, as the two increase without limit, their 
ratio may diminish without limit. The limit of any ratio may be 
found by rejecting any terms or aggregate of terms (Q) which are con- 
nected with another term (P) by the sign of addition or subtraction, pro- 
vided that by increasing v, Q may be made as small a part of P as we 
ve +2r+3 

2u" +- Or 
without limit. By increasing x we can, as will be shown immediately, 
cause 2x + 3 and 5x to be contained in 2? and 22°, as often as we please ; 


2 


~ ed 


rejecting these terms, we have SiO! 1 for the limit. The demonstration 
e T fw 


ow i 


please. For example, to find the-limit of , When æ is increased 


is as follows :—Divide both numerator aud denominator by a”, which gives 


re (ad 


2 3 9 ; bs, TEE 
l -+ — + —, end 2-4 —, for the numerator aud denominator of a fraction 
T a x 
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equal in value to the one proposed. These can be brought as near as we 
l i 

please to 1 and 2 by making @ sufficiently great, or = sufficiently small ; 

and, consequently, their ratio can be brought as near as we please to 


em We will now prove the following :—That in any series of decreasing 


Ww 


powers of x, any one term will, if x be taken sufficiently great, contain the 
aggregate of all which follow, as many times as we please. Take, for 
example, 


aa" p ba"? ca"? Leppert g+— +5 + &e. 


the ratio of the several terms will not be altered if we divide the wliole by 
xe”, which gives 


b 
EE ea, oe Oe + &e. 
x Ra 


yt 


It has been shown that by taking — z Sulliciently small, that is, by taking 


x sufficiently great, any term of this series may be inade to contain the 
avoregate of the succeeding terms, as often as we please; which relation 
is not altered if we multiply every term oy x", and so restore the original 


(x + 1)” 


series. It follows from this, that ——————- has unity for its limit when & 
g” 


is increased without limit. For (v4 1)" is 2* + me”! + &c., in which 
x2” can be made as great as we please with respect to the rest of the 
(t+1)™_ 

lt 


m= 
series. Hence 1+ ma or &e. the numerator of which last 


am 
fraction decreases indefinitely as compared with its denominator. In a 


a 
il PORE eee ee Ee 
similar way it may be shown that the limit of G ply th ge 


. For since (e+1)"" = o"t 4-(m+1) æ” + 


m 


when z is increased, is 


m+1 
5 (m+ 1) ma" + &ce., this fraction is 
x” 
(m+1) a+ % (m+1).ma"'+&e. 
in which the first term of the denominator may be made to contain all 


the rest as often as we please; that is, if the fraction be written thus, 
a 


(m+1)a™4-A’ 
Hence this fraction can, by a sufficient increase of x, be brought as near 


A can be made as small a part of (m+1) a” as we please. 


as we please to 7 TDF — or aT A similar proposition may be shown 
m x m 
f L + b m 
of the fraction er mE which may be immediately reduced 
gra B 


to the fi ———— À r m che 
orm E N where x may be taken so great that 4” shall 


contain A and B any number of times. We will now consider the sums 
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of x terms of the following series, each of which may evidently be made as 
great as we please, by taking a sufficient number of its terms, 


14+243-4+4........ + -1 +e (1) 
P+ 243444 oo ., + (2 -- 1)?+a? (2) 
14-284 394 B ga. +@—1)§+2 (3) 


1™-2" 5-3" 4m te — 12" a” (m). 
We propose to inquire what is the limiting ratio of any one of these series 
to the last term of the succeeding one; that is, to what do the ratios of 
(rR Paras Pay toe vot (12 4 22 2.44 x?) to x, &e., approach, 
when æ is increased without limit. To give an idea of the method 
of increase of these series, we shall first show that a may be taken 
so great, that the last term of each series shall be as small a part as 
we please of the sum of all those which precede. To simplify the sym- 
bols, let us take the third series 13 + 2? - 1... + 2°, in which we are to 
show that zë may be made less than any given part, say one-thousandth, 
of the sum of those which precede, or of 1? + 2?....4+ (e—1)*, First, a 
may be taken so great that x? and (x — 1000)? shall have a ratio as near 
to equality as we please. For the ratio of these quantities being the same as 


10003 0 
that of lto (2 — -— }, and we 
£ 


being as small as we please if x may 


1000 


Uv 


be as great as we please, it follows that 1 — , and, consequently, 


1000\3 
] — —— ) may be made as near to unity as we please, or the ratio of 1 


1000y’ 
to (: — —— ]}, may be brought as near as we please to that of 1 to 1, 
r 


or a ratio of equality. But this ratio is that of æ? to (x — 1000)?. Simi- 
larly the ratios of è to (x — 999)*, of æ to (x — 998%}, &e., up to the 
ratio of z? to (x — 1)? may be made as near as we please to ratios of 
equality; there being one thousand in all. If, then, (ve — 1)? = aa’, 


(v = 2)? = Bx’, &e, up to (x — 1000)? = wx’, x can be taken so 
ereat that each of the fractions a, 6, &c, shall be as near to unity, or 
l 


a +B +... + w as near* to 1000, as we please. Hence E RE 


£ 3 r 


hich is — r or mMM 
vua S CPER F... toa” Q- DFE.. 4@-1000), 


sA 


as we please ; and by the same reasoning, 


g a 
} o 7 : ° Bees ee et i ae es 2S. SE GARE IC a } b k l t t S -4 t TA. 
le fraction Ean eae Te T0018 i Pe brousneasncarto. 4 


l 
s we please; that is, may be made less than 
please; that is, may 1000 


Still more then may 


* Observe that this conclusion depends upon the nymber of quantities «, B, &c., being 
eterminate. If there be éen quantities, cach of which can be brought as near to unity as 
e please, their sum can be brought as near to 10 as we please; for, take any fraction 
„ and make each of those quantities differ from unity by less than the tenth part of A, 
en will the sum differ from 10 by less than A, This argument fails, if the number 
‘quantities be unlimited. 

D 
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x 1 
EIFE F @ 1001+... FEE be made less than 7000" 
or æ” may be less than the thousandth part of the sum of all the preceding 
terms. In the same way it may be shown that a term may be taken in 
any one of the series, which shall be less than any given part of the sum 
of all the preceding terms. It is also true that the difference of any two 
succeeding terms may be made as small a part of either as we please. 
For (æ + 1)" — x”, when developed, will only contain exponents less 
than m, being ma -+m . a x2 + &c.; and we have shown 


(page 32) that the sum of such a series may be made less than any given: 
part of æ”. Itisalso evident that, whatever number of terms we may sum, 
ifa sufficient number of succeeding terms be taken, the sum of the latter 
shall exceed that of the former in any ac we please. 

a a 
pa T T b pa! +b” pao” 
which a, a’, &c., b, b', &c., increase ae, limit; but in which the ratio 
of b to a, b' tod, &e, diminishes without limit. If it be allowable to 


Let there be a series of fractions ———— &c., in 


begin by supposing b as small as we please with respect to @, or a OS | 


small as we please, the first, and all the succeeding fractions, will be as near 


l . e Ld o 
as we please to —, which is evident from the equations 
p 


4 
a at 
Form a new fraction by summing the numerators and denominators of the§ 


ee +a’ + &e. th soj 
EE EE EE T E bse eee 


preceding, such as ———— 


extending to any cee number of terms. This may also be brought asi! 


l , 
near to — as we please. For this fraction is the same as l divided by 


6b + b'+- &e. b +- b/ + &e. 
T CA. and it can be shown * that —-——~—— must | 


Cea Eee Pa 7 7 &c. 
! 


lie between the least and greatest of the fractions —, -—, &c. If, then, 
a a 


pi 


cach of these latter fractions can be made as small as we please, so also 
/ 2) 
can eM Ss sal . No difference will be made in this result, if we use: 
a -+ ad -+ &e. 

the following fraction, 
A + (atd+a"+ &c.) fas 
B+ p(a--da’ + a" + &c.) + 6-+ b' + 6" 4- &e. HY 
A and B being given quantities; provided that we can take a number of! 
the original fractions sufficient to make a + a'a" + &c., as great as we 
please, compared with A and B. This will appear on dividing the nume- 
rator and denominator of (1) by a-++a@ + a” + &e. Let the fractions be 


(+13 (a + 2)" poe ce ae oe 


GI EHe EF @F 2” 
* See Study of Mathematics, page 88, 


‘ 
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(x +1)? 
4è + &e, 


S> 


the first of which, or may, as we have shown, be within any 


iven difference of in and the others still nearer, by taking a value 
fr sufficiently ereat. Let us suppose eacn of these fractions to be 
yithin T of T The fraction formed by summing the numerators 
nd denominators of these fractions (n in number) will be within the 
ume degree of nearness to +. But this is 
(x -+ 1)3 + (w+ 2)3 H... 4 (ev + 1)3 (2) 
(x + n) = qt i 
l the terms of the denominator disappearing, except two from the first and 
st. If, then, we add 2* to the denominator, and 1? + 23 -+ 38... +o 
» the numerator, we can still take 2 so great that (2+1)?+....4+(a+n)* 
all contain 1+... +.2° as often as we please, and that (x-++n)*—a* shall 
ynitain atin the same manner, To prove the latter, observe that the ratio of 


n Nt 
p +n) — at to x being ( + z) , can be made as great as we please, 
x 


it be permitted to take for n a number containing æ as often as 
e please. Hence, by the preceding reasoning, the fraction, with its 
imerator and denominator thus increased, or 


P+ P+ ot.... ++ @tl+....+ @ +n) 


(GS) 
(Ge)? 
ay be brought to lie within the same degree of nearness to 1 as (2); 


id since this degree of nearness could be named at pleasure, it follows 
at (3) can be brought as near to l as we please. Hence the limit of 
e ratio of (L° + 2°+.... +4 2) to x, as g is increased without limit, is 
; and, in a similar manner, it may be proved that the limit of the ratio 


(x J- 1)” 

(lM 1 gm ok m piri 3 ne Op a ee 

(174 2m +2”) to 2” is the same as that o a eF get 
1 


m -+l 
les of the integral calculus. It may also be noticed that the limits of the 
-l r—lav—2 

v — ——, &c., bear to 2, 4, &c., are severally 

° ) 3 


ws iœ 


This result will be of use when we come to the first prin- 


tios which x 


E &ce.; the limit being that to which the ratios approximate as 2 


. ° e xr—]l r ð yal ` r—] g— 93? 
creases without limit. For e —— — g = ae 


° a ena wv 
2 Jp ’ 2 3 
; x-1l x-2 e—l -2 


x= , &c., and the limits of ; , are severally 
t 2x 32 & 


ual to unity. We now resume the elementary principles of the Diffe- 
itial Calculus, 

The following is a recapitulation of the principal results which have 
herto been noticed in the general theory of functions:—I. That if in the 
lation y = @ (2), the variable æ receives an increment da, y is ine 
ased by the series 


T 


2 lr)? 
p'r . dre + bx -> + Over S + &e 


D 2 
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II. That (x is derived in the same manner from o'z, that d'z is from $2, 
viz., that in like manner as @’z is the coefficient of dx in the development 
of o (x -+ dx), so ¢”x is the coefficient of dr in the development of 
i! (x + dx); similarly 0'’z is the coefficient of dx in the development of 


p" (a+dx), and so on. III. That d'v is the limit of or the quantity 


to which the latter will approach, and to which it may be brought as near as 
we please, when dz is diminished. It is called the differential coefficient 
of y. IV. That in every case which occurs in practice, dy may be taken 
so small, that any term of the series above written may be made to contain 
the aggregate of those which follow, as often as we please; whence, though 
o’x . dx is not the actual increment produced by changing æ into x -- dv in 
the function @z, yet, by taking dz sufficiently small, it may be brought as 
near as we please to a ratio of equality with the actual increment. 

The last of the above-mentioned principles is of the greatest utility, 
since, by means of it, Q'x . dx may be made as nearly as we please the 
actual increment; and it will generally happen in practice, that d'v . dz 
may be used for the increment of dx withont sensible error; that is, if 
in Ox, x be changed into æ -- dx, dx being very small, x is changed 
into dr-+@'ax . dx, very nearly. Suppose that 2 being the correct value of 
the variable, æ -+ hand -H-k have been successively substituted for it, 
or the errors 2 and k have been committed in the valuation of ~, A and k 
being very small. Hence ¢ (v-++h) and («+ k) will be erroneously 
used for dr. But these are nearly dv + ¢'r. h and pe + p'e . k, and 
the errors committed in taking px are Ø'x . h and Q'x . k, very nearly. 
These last are in the proportion of 2 to k, and hence results a proposition 
of the utmost importance in every practical application of mathematics. 
viz., that iftwo different, but small, errors be committed in the valuation 
of any quantity, the errors arising therefrom at the end of any process. 
in which both the supposed values of «x are successively adopted, are 
very nearly in the proportion of the errors committed at the beginning. 
For example, let there be a right-angled triangle, whose base is 3, anc 


meo a 


whose other side should be 4, so that the hypothenuse should be 4/3? + 4 
or 5. But suppose that the other side has been twice erroneously mea 
sured, the first measurement giving 4°001, and the second 4:002, thi 
errors being *001 and *002. The two values of the hypothenuse thu: 
obtained are 

V/3? + 4:0012, or V 2500800], and V32 + 4-0022, or “25-016004, 
which are very nearly 5°0008 and 5:0016. The errors of the hypothe 
nuse are then ‘0008 and -0016 nearly ; and these last are in the pro 
portion of ‘001 and °002. It also follows, that if æ increase by successiv 
equal steps, any function of œ will, for a few steps, increase so nearly ii 
the same manner, that the supposition of such an increase will not b 
materially wrong. For, if h, 2h, 3h, &c., be successive small increment 
given to x, the successive increments of dx willbe fx . h, Gx. 2h 
Pr. 3h, &c. nearly; which being proportional to h, 2h, 3h, &c., the in 
crease of the function is nearly doubled, trebled, &c., if the increase of : 
be doubled, trebled, &c. This result may be rendered conspicuou. 
by reference to any astronomical ephemeris, in which the position 
of an heavenly body are given from day to day. ‘The intervals o 
time at which the positions are given differ by 24 hours, or nearl 
ggath part of the whole year. And even for this interval, though it ca! 
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lardly be called small in an astronomical point of view, the increments 
yw decrements will be found so nearly the same for four or five days 
ogether, as to enable the student to form an idea how much more near 
hey would be to equality, if the interval had been less, say one hour 
nstead of twenty-four. For example, the sun’s longitude on the follow- 
ng days at noon is written underneath, with the increments from day to 
ay. 


Proportion which the differences 


] S34 Sun’s longitude of the increments bear to the 
o of noon, Increments. whole increments, 
i T ; g ran 
‘eptember I 158° 30/ 35 59! g” 
6 be ‘ 2 š pare SNN 
3 160 26 56 š 3107 
58 13 3492 
4 161 25 9 SA ay 
5S ] 4 9493 


5 162 23 23 


"he sun’s longitude is a function of the time; that is, the number of 
ears and days from a given epoch being given, and called g, the sun’s 
ongitude can be found by an algebraical expression which may be called 
dx. If we date from the first of January, 1834, x is °666, which is the 
lecimal part of a year between the first days of January and September. 
-he increment is one day, or nearly ‘0027 of a year. Here v is suc- 
essively made equal to ‘666, ‘666 + °0027, ‘666 + 2x 0027, &c.; and 
he intervals of the corresponding values of Øv, if we consider only 
ainutes, are the same; but if we take in the seconds, they differ from 
me another, though only by very small parts of themselves, as the last 
olumn shows. This property is also used * in finding logarithms inter- 
nediate to those given in the tables; and may be applied to find a 
iearer solution to an equation, than one already found. For example, 
uppose it required to find the value of x in the equation dr = 0, a being 
hear approximation to the required value. Let @ + h be the real value, 
a which Æ will be a small quantity. It follows that d (a + h) = 0, or, 
vhich is nearly true, da + P'a. kh = 0. Hence the real value of Ais 
pa pa , ae 
early — Be or the value @ — Da is a nearer approximation to the value 
fæ. For example, let a2 + x — 4 = 0 be the equation. Here pe = 
?te-4,andgdG(*e+A=—@@thfPtath-A4exe#4+e7-—-44 
2x + 1) h+h?; so that dam 2e+1. A near value of x is 1°57; 
r 

t this be a. Then a = '0349, and p'a = 4:14. Hence — a — — 
00843. Hence 1:57 — '00843, or 1°56157, is ancarer value of x. If 
'e proceed in the same way with 1°5616, we shall find a still nearer value 
fx, viz, 1°561558. We have here chosen an equation of the second 
egree, in order that the student may be able to verify the result in the 
ommon way; it is, however, obvious that the same method may be ap- 
lied to equations of higher degrees, and even to those which are not 
) be treated by common algebraical methods, such as tan wv = ax. 

We have already observed, that in a function of more quantities than 
ne, those only are mentioned which are considered as variable; so that 
Il which we have said upon functions of one variable, applies equally to 
inctions of several variables, so far as a change in one only is concerned. 
ake for example a°y + 2ry*. If x be changed into v + da, y remaining 
le same, this function is increased by 2ay du + 2y°dx + &c., in which, 


* See Sludy of Mathematics, page 393, 
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as in page 15, no terms are contained in the &c. except those which, by dimi- 
nishing dv, can be made to bear as small a proportion as we please to the 
first terms. Again, ify be changed into y + dy, æ remaining the same, 
the function receives the increment a%dy + 6ry%dy + &c.; and if x be 
changed into x + dx, y being at the same time changed into y + dy, the 
increment of the function is (2ry + 2y°) dx + (a? + 6xry*®) dy + &e. 
If, then, u = æy + 2x4, and du denote the increment of u, we have the 
three following equations, answering to the various suppositions above- 
mentioned, 

(1) when < only varies, du == (2xy + 24°) dx + &e. 

(2) when y only varies, du = (æ + Gry?) dy + &c. 

(3) when both wand y vary, du = (2ry +2y°) dæ + (x°-+6ry’)dy+&e. 
in which, however, it must be remembered, that du does not stand for the 
same thing in any two of the three equations: it is true that it always 
represents an increment of u, but as far as we have yet gone, we have 
used it indifferently, whether the increment of u was the result of a change 
in æ only, or y only, or both together. To distinguish the different incre- 
ments of u, we must therefore seek an additional notation, which, without 
sacrificing the dw that serves to remind us that it was u which received 
an increment, may also point out from what supposition the increment 
arose. For this purpose we might use d,w and d,u, and d, „u, to dis- 
tinguish the three; and this will appear to the learner more simple than 
the one in common use, which we shall proceed to explain. We must, 
however, remind the student, that though in matters of reasoning, he has 
aright to expect a solution of every difficulty, in all that relates to nota. 
tion, he must trust entirely to his instructor; since he cannot judge be 
tween the convenience or inconvenience of two symbols without a degree 
of experience, which he evidently cannot have had. Tustead of the nota 
tion above described, the increments arising from a change in œ and y art 


d d 
severally denoted by = dx and — dy, on the following principle :—I 
y 


there be a number of results obtained by the same species of process, bu 
on different suppositions with regard to the quantities used; if, for ex 
ample, p be derived from some supposition with regard to æ, in the sam 
manner as are q and r with regard to b and c, and if it be inconvenien 
and unsymmetrical to use separate letters p, q, and r, for the three resulte 
they may be distinguished by using the same letter p for all, and writin 
the three results thus, L a, Tb, P c. Each of these, in commo 
algebra, is equal to p, but the letter p does not stand for the same thin; 
in the three expressions. ‘The first is the p, so to speak, which belong 
to æ, the second that which belongs to b, the third that which belongs to ¢ 


: l ) ) ) 

Therefore the numerator of each of the fractions uA L, and eis mus 
a C 

never be separated from its denominator, because the value of the forme 

depends, in part, upon the latter; and one p cannot be distinguishe 

from another without its denominator. The numerator by itself only ir 

dicates what operation is to be performed, and on what quantity ; the de 


nominator shows what quantity is to be made use of in performing} 
| Davee „b 
Neither are we allowed to say that L’ divided by £ is — ; for this sug 
a at 


poses that p means the same thing in both quantities, In the & 
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du du ; 
pressions a dx, and oe dy, each denotes that u has received an incre- 
v Y 


ment ; but the first points out that 2, and the second that y, was sup- 
posed to increase, in order to produce that increment; while du by itself, 
or sometimes d.u, is employed to express the increment derived from 
both suppositions at once. And since, as we have already remarked, it 
is not the ratios of the increments themselves, but the limits of those 
ratios, which are the objects of investigation in the Differential Calculus, 


l du du : 
here, as in page 15, — dx, and — dy, are generally considered as re- 
D 2 ’ dy 5 


dx 
presenting those terms which are of use in obtaining the limiting ratios, 
and do not include those terms, which, from their containing higher 
powers of dx or dy than the first, may be made as small as we please with 
respect to dx or dy. Hence in the example just given, where u= °y +224", 
we have 


du z du 
— dx = ©. 2y’ jA | ' — ee Ir Jy’? 
Ta dx = (Qxry + 24°) da or ty + 2y 

l d 
dy = (22 + 6xry*) dy, or F = a 6xy? 

du. du ; 

du or d.u = — d: — dy. : 

wor d.u ay oe a d Ye 3 


The last equation gives a striking illustration of the method of notation. 
Treated according to the common rules of algebra, it is du = du + du, 
which is absurd, but which appears rational when we recollect that the 
second dw arises from a change in æ only, the third from a change in y 
only, and the first from a change in both. The same equation may be 
proved to be generally true for all functions of x and y, if we bear in 
mind that no term is retained, or need be retained, as far as the limit is 
concerned, which, when dz cr dy is diminished, diminishes without limit 


u du 
as compared with them. In using 7 ane 7, aS differential coefficients 
Ax dy 


of u with respect to v and y, the objection (page 14) against considering 
these as the limits of the ratios, and not the ratios themselves, does not 
hold, since the numerator is not to be separated from its denominator. 
Let v be a function of æ and y, represented * by @ (a, y). Tt is indif- 
ferent whether z and y be changed at once into w+ dx and y + dy, or 
whether x be first changed into æ + dr, and y be changed into y + dyin 
the result. Thus, a®y + 4? will become (x + dr)? (y + dy) + (y + dy¥ 
in either case. Ifxbe changed into x + dx, u becomes u + w dx + &c. 
where wz’ is what we have called the differential coefficient of u with 
respect to x, and is itself a function of xv and y; and the correspond- 
ing increment of uv is wdr + &ec. If in this result y be changed into 
y + dy, u will assume the form u + u, dy + &c., where w, is the diffe- 
rential coefficient of 2 with respect to y; and the increment which « 


* The symbol g(x, y) must not be confounded with g(ry). The former represents any 
function of a and y; the latter a function in which x and y only enter so far as they are 
contained in their product. The second is therefore a particular case of the first; but the 
first is not necessarily represented by the second. For example, take the function 
xy- sin ry, which, though it contains both x and y, yet can only be altered by such a 
change in x and y as will alter their product, and if the product be called p, will be 
p+sin p. This may properly be represented by (ry); whereas æ + ry? cannot be 
represented in the same way, since ether functions besides the product are contained in it. 
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receives will be u,dy + &c. Again, when y is changed into y + dy, 
w’, which is a function of 2 and y, will assume the form w + pdy + &c.; 
aud v + u'de + &c. becomes u--udy+ &c.-+ (u' + pdy + &c.) dr+&c., 
or u + u, dy +wdzxr + pdx dy + &c., in which the term pdr dy is 
useless in finding the limit. For since dy can be made as small as we 
please, pdx dy can be made as small a part of pdx as we please, and 
therefore can be made as small a part of dx as we please. Hence on the 
three suppositions already made, we have the following results :— 


J. when g only is changed 


l into x +- daz, RE a 
2. when y only is changed 


into y + dy, 


u receives the 
; ‘ ujdy + &¢. 
increment 

3, When x becomes -4+ dx 
and y becomes y + dy 


at once, 


lildx + u,dy + &c. 


the &. in each case containing those terms only which can be made as 
small as we please, with respect to the preceding terms. In the language 
of Leibnitz, we should say that if a and y receive infinitely small incre- 
ments, the sum of the infinitely small increments of wz obtained by making 
these changes separately, is equal to the infinitely small increment ob- 
tained by making them both at once. As before, we may correct this in- 
accurate method of speaking. ‘The several increments in ], 2, and 3, 
may be expressed by u' dr + P, u, dy + Q, jand wde + u,dy + R; 
where P, Q, and R can be made such parts of dx or dy as we please, by 
taking dx or dy sufficiently small. The sum of the two first is 
wdz + udy + P + Q, which differs from the third by P+ Q — R; 
which, since each of its terms can be made as small a part of dx or dy as 
we please, can itself be made less than any given part of dr or dy. ‘This 
theorem is not confined to functions of two variables only, but may be 
extended to those of any number whatever. Thus, if z be a function of 
P, q, r, and s, we have 

dz 


dq 


in which 7 dp + &c. is the increment which a change in p only gives to 
) 


oeiiees a es dr eS ak T 
Q oer, QO i saree, — (l am “ate = j Y ° 
dp P TY Op ds 


z,and soon. The &c. is the representative of an infinite series of terms, 
the aggregate of which diminishes continually with respect to dp, dq, &c., 
as the latter are diminished, and which, therefore, has no effect on the 
limit of the ratio of d.zto any other quantity. We proceed to an im- 
portant practical use of this theorem. Ifthe increments dp, dq, &c., be 
small, this last-mentioned equation, the terms included in the &c. being 
omitted, though not actually true, is sufficiently near the truth for 
all practical purposes ; which renders the proposition, from its simplicity, 
of the highest use in the applications of mathematics. For if any result be 
obtained from a set of data, no one of which is exactly correct, the error 
in the result would be a very complicated function of the errors in the data, 
if the latter were considerable. When they are small, the error in the results 
is very nearly the sum of the errors which would arise from the error in 
each datum, if all the others were correct. For if p,q, r and s, are the 
presumed values of the data, which give a certain value z to the 
function required to be found; and if p + dp, q + dq, &c., be the correct 
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values of the data, the correction of the function z will be very nearly 
d i dz i 
made, if z be increased by 7, et a dq + T dr-} oa ds, being the 


sum of the terms which would arise from each separate error, if each were 
made in turn by itself. For example :—A transit instrument is a telescope 
mounted on an axis, so as to move in the plane of the meridian only, that 
is, the line joining the centres of the two glasses ought, if the telescope be 
moved, to pass successively through the zenith and the pole. Hence can 
be determined the exact time, as shown by a clock, at which any star 
passes a vertical thread, fixed inside the telescope so as apparently to cut 
the field of view exactly in half, which thread will always cover a part of 
the meridian, if the telescope be correctly adjusted. In trying to do 
this, three errors may, and generally will be committed, in some small 
degree. 1. The axis of the telescope may not be exactly level; 2. the 
ends of the same axis may not be exactly east and west; 3. the line 
which joins the centres of the two glasses, instead of being perpendicular 
to the axis of the telescope, may be inclined to it. If each of these errors 
were considerable, and the time at which a star passed the thread were 
observed, the calculation of the time at which the same star passes 
the real meridian would require complicated formule, and be a work 
of much labour. But if the errors exist in small quantities only, the 
calculation is very much simplified by the preceding principle. For, sup- 
pose only the first error to exist, and calculate the corresponding error in 
the time of passing the thread. Next suppose only the second error, and 
then only the third to exist, and calculate the effect of each separately, all 
which may be done by simple formule. The effect of all the errors 
will then be the sum of: the effects of each separate error, at least with 
sufficient accuracy for practical purposes. The formule employed, like 
the equations in page 15, are not actually true in any case, but approach 
more near to the truth as the errors are diminished. 

In order to give the student an opportunity of exercising himself in the 
principles laid down, we will so far anticipate the ‘Treatise on the Diffe- 
rential Calculus as to give the results of all the common rules for differen- 
tiation; that is, assuming y to stand for various functions of æ, we find the 
increment of y arising from an increment in the value of a, or rather, that 
term of the increment which contains the first power of dv. ‘This term, 
in theory, is the only one on which the limit of the ratio of the increments 
depends; in practice, it is sufficiently near to the real increment of y, 
if the increment of x be small. 

l. y=a2”" where m is either whole or fractional, positive or negative ; then 


dy=ma"~ dx. Thus the increment of «* or the first term of (a@+dzx)3 — g3 
ge Idr k 


is 3 x ! dx, or ——. Again, if you", dy= 82. When the exponent is ne- 
3 r3 
oe ] medr ae a 
vative, or aU dy = — a or when y= 27", dy = — mz dx, 


which is according to the rule. The negative sien indicates that an in- 
crease in x decreases the value of y; which, in this case, is evident. 
2,.yma. Here dy = a” log a dx where the logarithm (as is always 
the case in analysis, except where the contrary is specially mentioned) is 
the Naperian or hyperbolic logarithm. When @ is the base of these loga- 
rithms, that is when @ = 2°7152818 = e, or when y = c*, dy = edz, 
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3. y == log x (the Naperian logaritlim). Here dy = ae Ify = come 
dx x 
mon log x, dy = °4342944 F 


4. y = siny, dy = coszrdz ; y = cost, dy = — siv da; 
dx 
cos? g 
At the risk of being tedious to some readers, we will proceed to illus- 
trate these formulæ by examples from the tables of logarithms and sines, 
Let y = common log x. If « be changed into æ -+ dx, the real increment 
da dx)? dx)? 
of y is °4342944 2 _ (aay | (a 
x g? 
of continuation is leak The corresponding series for Naperian loga- 
rithms is to be found in page 11. From the first term of this the limit of 
the ratio of dy to dx can be found; and if dx be small, this will 
represent the increment with sufficient accuracy. Let r= 1000, whence 
y = common log 1000 = 3; and let dy = 1, or let it be required to find 
the common logarithm of 1000+ 1, or 1001. The first term of the 


Ji 
series is therefore 4342944 op or °0004343, taking seven decimal 


places only. Hence log 100] =log 1000-+ + 0004343 or 3°0004343 nearly. 
The tables give 3°0004241, differing from the former only in the 7th place 
ofdecimals. Again, let y = sin æ; from which, by page 11, as before, if æ 
be increased by dz, sin æ is increased by cosedx — 3 sing (dr)? — &c,, 
of which we take only the first term. Let x= 16°, in which case sin 

= +2756374, and cos a= °9612617. Let dx = 1’, or, as it is repre- 
sented in analysis, where the angular unit is that angle whose arc is equal 
to the radius *, 5589-5. Hence sin 16°°1’ = sin 16°-++ °9612617 x 
MELE 2 -27560374 =” 0002797 = °2759171, nearly. The tables give 
2759170. These examples may serve to show how nearly the real ratio 
of two increments approaches to their limit, when the increments them- 
selves are small. 

When the differential coefficient of a function of 2 has been found, the 
result, being a function of ~, may be also differentiated, which gives the 
differential coefficient of the differential coefficient, or, as it is called, the 
second differential coefficient. Similarly the differential coefficient of the 
second differential coefficient is called the third differential coefficient, and 
so on. We have already had occasion to notice these successive differen- 
tial coefficients in page 12, where it appears that p'e being the first dif- 
ferential coefficient of dr, Px is the coefficient of A” in die development. 
p(x + h), and is therefore the differential coefficient of Ø'x, or what we 
have called the second differential coefficient of Ox. Similarly øp” is the 
third differential coefficient of gx. If we were strictly to adhere to our 
system of notation, we should denote the several differential coefficients 
of de or y by 


y = tan v, dy = 


— &c, } in which the law 


di a, 0 
dy acd ee 
ae dc dz &e, 
o dx dx 


in order to avoid so cumbrous a system of notation, the following symbols 
are usually preferred, 


* See Study of Mathematics, page 90, 
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dy dy dey 

—— —. —~, &e., 

dx dx? dz’ 
We proceed to explain the manner in which this notation is connected 
with our previous ideas on the subject. When in any function of 2, an 
increase is given to x, which is not supposed to be as small as we please, 
it is usual to denote it by Aw instead of dx, and the corresponding incre- 
ment of y or Px, by Ay or Az, instead of dy or dbx. The symbol Av 
is called the difference of x, being the difference between the value of the 

variable xv, before and after its increase. Jet w increase at successive 

steps by the same difference, that is, let a ia whose first value is x, 
successively become x + Av, v+2Aa,xr+3 Aa, &., and let the suc- 
cessive values of @v corresponding to these values of æ be Y, Yi, Yas Yy 
&e., that is, Gr is called 2 Y, P(e + Ax) is Yp P(e ee 2 A€) is y,, &c., and, 
eenerally, P(et+mAr)isy,. Then, by our previous definition y, — y 
is AY, Y= YilS AY, Ys — Yz IS A Yo, &e., the letter A before a quan- 
tity always denoting the increment it would receive if v -+ Aw were sub- 
stituted for 2. Thus y; or p(x -+ 3 A x) becomes p(x + Ax + 3Axz), or 
p(x +4Ax), when x is changed into æ + Aa, and receives the incre- 
ment G(x + 4A <x) — lx + 3A z2), or Yı — y, Ify be a function which 
decreases when æ is increased, y, — y, or Ay is negative. It must be 
observed, as in page 13, that Ax does not depend upon æ, because v 
occurs in it; the symbol merely signifies an increment given to a, which 
increment is not necessarily dependent upon the value of av. Forin- 
stance, iu the present case we suppose it a given quantity; that is, when 
z+ Axis changed into e+ Az + Av, or r+ 2Az, xis changed, and 
Avisnot. In this way we get the two first of the columns under- 
neath, in which each term of the second column is formed by subtract- 
ing the term which immediately precedes it in the first column from the 
one which immediately follows. Thus Ay is y,—y, Ay, iS y2—-yY,, &e, 


p (x) or y 


A? 
p (x+ Ax) s... Yi o A'Y Aĉy ; 
pla HZA) .... Y AG AY, Ay AY 
P(a+BAx) .... Y AG. A “Yo 


p(x pH tAr)... Y 
&c. 

In the first column is to be found a series of successive values of the 
same function @x, that is, it contains terms produced by substituting 
successively in @x the quantities 7, v+ Ax, x+2Aa, Ke., instead 
of x. The second column contains the successive values of another function 
p(x + Ax) — pr, or Apv, made by the same substitutions; if, for ex- 
ample, we substitute w+ 2 Av for x, we obtain (a3 Ar)—-G(w+ 2Aza), 
OY Ys — Yo or Ay, If, then, we form the successive differences of 
the terms in the second column, we obtain a new series, which we 
might call the differences of the differences of the first column, 
but which are called the second differences of the first column. And 
as we have denoted the operation which deduces the second column 
from the first by A, so that which deduces the third from the second may be 
denoted by A A, which is abbreviated into A®. Hence as y, — y was 
written Ay, Ay, — Ay is written A Ay, or A®y. And the student 
must recollect, that in like manner as A is not the symbol of a number, but 
of an operation, so A? does not denote a number multiplied by itself, but 
an operation repeated upon its own result; just as the logarithm of the 


(9) 


logarithm of « might be written log °x; (log æ)? being reserved to sig- 
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nify the square of the logarithm of 2 We do not enlarge on this nota- 
tion, as the subject has been already discussed in the treatise on Alee- 
braical Expressions, No. 105, the first six pages of which we particularly 
recommend to the student’s attention, in relation to this point. Similarly 
the terms of the fourth column, or the differences of the second differences, 
have the prefix A A A abbreviated into A*, so that Ay, — Ay = A*y, 
&c. When we have occasion to examine the results which arise from 
supposing Aw to diminish without limit, we use dx instead Aa, dy in- 
stead of Ay, d'y instead of A?y, and so on. If we suppose this case, 
we can show that the ratio which the term in any column bears to its cor- 
responding term in any preceding column, diminishes without limit. Take, 
for example, d'y and dy. The latter is (x + dx) — px, which, as we 
have often noticed already, is of the form p dx q (dx)? + &c., in which 
p, q, &¢., are also functions of x. To obtain d?y, we must, in this series, 
change x into v + dx, and subtract pdx + q (dx)? 4- &c. from the result. 
But since p, q, &c., are functions of a, this change gives them the form 
p + p'dz +- &., q + q/dxr + &c.; so that dy is 

(p--p’dx+ &e.) dat (q+q'de+&c.) (dx)?+ &.— (pdx-+q(dx)?2+ &c.) 
in which the first power of dx is destroyed. Hence (page 21), the ratio 
of d’y to dx diminishes without limit, while that of d'y to (dx)? has a 
finite limit, except in those particular cases in which the second power of 
dx is destroyed in the previous subtraction, as well as the first. In the 
same way it may be shewn that the ratio of dèy to dx and (dx)? decreases 
without limit, while that of dèy to (dx)? remains finite; and so on. Hence 

. ae . dy Wy dy 
we have a succession of ratios qe TP Ga 
finite limits when dw is diminished. We now proceed to show that in the 
development of (x -+ L), which has been shown to be of the form 


pre + p's h- o'a Oe + px 5 -L &e, 
dy 
az | 


2 
2 
in the same manner as @Q'x is the limit of 7 
v 


&c., which tend towards 


page 12), so Ga is the 


de d? 
limit of i, o's is that of rm and soon. From the manner in which the 
aa ~ y? 


preceding table was formed, the following relations are seen immediately: 
y=y+t Ay Ayp= Ayt AY A*y= Aay Ay &e. 
Y= yt AY, AYE Apt A’ A*Y2,= A*y,+ A*y, &el 
Hence Yr Yo &c., can be expressed in terms of y, Ay, Ay, &c. 
For y = yt AY; y= Yt AM = (Yt Ay) + (Ay + Ary) 
= y + 2Ay+ Ay; in the same way Ay: = Ay +2A% + 7 ag 
hence Y = Y + Ay = (Cy + 2Ay + A*y) + (Ay + 2A%y + A*y) 
=yt3Ay+3A*y + A*y. Proceeding in this way we have 


Y= y+ Ay 
Ye=yrreAyp AY 
Ys=ypsdAy+ 3Ay + At’ 
y= yr 4bdyy GAty+ 4 ayt ay 
Ys = Yt 5Ay + 1L0A%y + 10 Ay + 5Aty Aty &e. 


from the whole of which it appears that y, or p(x -bn Ax) is a series 
consisting of y, Ay, &e., up to A”y, severally multiplied by the coeffi- 
cients which occur in the expansion of (1 + @)", or 
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n—l n—l n—? j 
¥,=PlrtnAx)=ytnAytna. F AYA een : A®y+c&e. 


Let us now suppose that æ becomes «+h by n equal steps; that is, æ, 


h 2h nh ; 
x -+ P u-+—, &c.. e.. £ -+ — or +h, are the successive values of v, 
n n 


so that n Ax = h. Since the product of a number of factors is not altered 
by multiplying one of them, provided we divide another of them by the 
same quantity, multiply every factor which contains 2 by “Aw, and divide 
the accompanying difference of y by Ax as often as there are factors which 
contain 7, substituting A for n Av, which gives 


Ay nàr- Av A2y nAv—Av nAv—QAr ABY 
v n Ar TE A T A i - SS, en z ~ & ° 
g (e+ ) =y+nAr pe +nâr 5 (any t+nAr 5 3 Arys + &e 
Ay l— Art Ay h — Av h—QAv  A3Y 
(a+ h) y+ h aTh 5 a: 3 Sa 


If h remain the same, the more steps we make between æ and æ -++ h, 
the smaller will each of those steps be, and the number of steps may be 
increased, until each of them is as small as we please. We can therefore 
suppose Aw to decrease without limit, without affecting the truth of the 
series just deduced. Write dx for Aw, &c., and recollect that kh — dz, 
h ~ dx, &c., continually approximate to h. The series then becomes _, 


| dy Py h? | dy k 
ie 2 — — + —~ — + &, 

Ple +h) y t dr i dxe 2 T d 2.3 t 
, : PON , da ; 
in which, according to the view taken of the symbols = &e. in page 14, 

7 dy . Ëy 

cy stands for the limit of the ratio of the increments, oy is a, 2 IS 
dx dx dx 


px, &e. According to the method proposed in page 15, the series written 
above is the first term of the development of p(x + h), the remaining 
terms (which we might include under an additional + &c.) being such 
as to diminish without limit in comparison with the first, when dz is di- 
sas l as Ly, l 
minished without limit. And we may show that the limit of TeS the dif- 


l erate apal : À 
ferential coefficient of the limit of = ; or if by these fractions themselves 
v l 
Cy. i , RAN di 
are understood their limits, that 5 is the differential coefficient of for 
dx , 
since dy, or d(x + dx) — dr, becomes dy + dy, when xv is changed into 


; dy 
x + dr; and since dx does not change in this process, — will 


dx 
d d? a . da . 
become “ +, or its increment is a The ratio of this to de is 
x T v 


di . ° e ° ee ° $ be 
Baie the limit of which, in the definition of page 12, is the differential co- 


(dr)? 
d3 ; wt 
efficient of - Similarly the limit of is the differential coefficient of 
dx 


d? 
J. and so on. 


2 


the limit of 


We now proceed to apply the principles laid down to some cases in 
which the variable enters into its function in a less direct and more com- 
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plicated manner. For example, let z be a given function of x and y, and 
let y be another given function of a; so that z contains œ both directly and 
indirectly; the latter as it contains y, which is a function of az This will be 
the case if zx log y, where y=sin a. If we were to substitute for y its 
value in terms of v, the value of z would then be a function of œ only; in 
the instance just given it would be æ log sina, Butif it be not con- 
venient to combine the two equations at the beginning of the process, 
let us first consider zas a function of v and y, in which the two 
variables are independent. In this case, if æ and y respectively re- 
ceive the increments dx and dy, the whole increment of z, or d.z, 
(or at least that part which gives the limit of the ratios) is represented by 


dz Az , , 
Ti de + T; dy. Ify be now considered as a function of 2, the conse- 
Ty , , 


quence is that dy, instead of being independent of dz, is a series of the 
form pdx + q (dx)? -+ &c., in which p is the differential coefficient of y 


dz dez dz dz 


z | te oe L£ pde or —— = L + 
with respect toa. Hence d.z 7 dx + Jy pirot = + 7 P, 


f ae 2 dz 
in which the difference between — and — 
dx dx 


is only considered as varying where it is directly contained in z, or z is 
considered in the form in which it first appeared, as a function of x and y, 


l 


is this, that in the second, ¢ 


where y is independent of x; in the first, or Ty’ the total variation of z 
dx | 


is denoted, that is, y is now considered as a function of x, by which 
means if x become a+dza, z will receive a different increment from that which 
it would have received, had y been independent of x. In the instance 
above cited, where z= log y and y= sin g, if the first equation be taken, 
and « becomes x-+dz, y remaining the same, z becomes 2 log y+ log y dx 


d 
or oF is log y. Ify only varies, since (page 11) z will then become 


dy , Ow dy . 
glos y-er — &., — is-. And —is cos æ when y=sin æ (page 11). 
g y+ ae T y (page 11) 
dz dz dz dz dy. x 
Ilence — + — p, or— +- —is logy + ~- cos v, or log sin a 
dx dy dx dy dx y 


v 


Pe l , , 
— cosa. This is ——, which might have been obtained by a more 
sin, @ dx 
complicated process, if sin æ had been substituted for y, before the ope- 
ration commenced. It is called the complete or total differential coefficient 


with respect to v, the word total indicating that every way in which 
e e,e (be . e 
z contains vw has been used; in opposition to Te’ which is called 


the partial differential coefficient, & having been considered as varying only 
where it is directly contained in z. Generally, the complete differential 
coefficient of z with respect to æ, will contain as many terms as there are 
different ways in which z contains g. From looking at a complete dif- 
ferential coefficient, we may see in what manner the function contained 
its variable. Take, for example, the following, 


d.z dz , dz dy , dz da dy , dz da 


Soe” Ue Sa Fate Sealers at "a ae a ay easy | 

dx dx dy dx da dy dx da dx 
Before proceeding to demonstrate this formula, we will collect from 
itself the hypothesis from which it must have arisen.! When @ is con- 
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tained in 2, we shall say that z is a direct® function of a When z is 
contained in y, and y is coutained in z, we shall say that z is an indirect 
function of x through y. It is evident that an indirect function may be 
reduced to one which is direct, by substituting for the quantities which 


y 


' d.z 
contain a, their values in terms of x. The first side ae oe shown by the 
dx 


point to be a complete differential coefficient, and indicates that z isa 
function of x in several ways; either directly, and indirectly through one 
quantity at least, or indirectly through several, Ifz be a direct function 


dz, 
only, or indirectly through one quantity only; the symbol a without the 
x 
point, would represent its total differential coefficient with respect to æ 
dz . ; 
On the second side we see, — I. To: which shows that z is a direct func- 
x 


tion of z, and is that part of the differential coefficient which we should 
get by changing æ into æ + dr throughout z, not supposing any other 


i f , dz d , 
quantity which enters into 2 to contain q. II. T Z: which shows that 
y dx 


z is an indirect function of z through y. If æ and y had been supposed 
to vary independently of each other, the increment of z, (or those terms 
which give the — ratio of this increment to any other,) would have 


dz 
been a dx +2 = dy, i in which, if dy had arisen from y being a function 


of x, dy would ie been a series of the form pdx + q (dx)? + &c., of 
which only the differential coefficient p would have appeared in the limit. 


dz dy IIT. dz da dy. 


z dz 
Hence = dy would have given a p, or i Tr PETAT. iis 


arises from z containing @, which contains y, which contains v. Ifz had 
been differentiated with respect to æ only, the increment would have been 


represented by = da; if da had arisen from an increment of y, this 


dz da | 
would have been expressed by = dy; if y had arisen from an incre- 


dy 


dz da di 
ment given to v, this would have been expressed by — n 


da dy dx 
after dx has been struck out, is the part of the differential coefficient an- 


l , dz da sit = 
swering to that increment. IV. —-—-: arising from @ containing x 


da dx 
directly, and z therefore containing w indirectly through æ. Hence z is 
directly a function of x, y, and g, of which y is a function of v, and @ of 
y and a. If we suppose x, y and @ to vary independently, we have 


dx, which, 


dz lz dz 
1.2 dz + nf Y + 5 — Boa &e. (page 15). 
But as @ varies as a function of y M 4; 
da da 
da = Ta t + T 


If we substitute this instead of da, and divide by dr, taking the limit of 


* It may be right to warn the student that this phraseology is new, to the best of our 
knowledge. The nomenclature of the Differential Calculus has by no means kept pace 
with its wants; indeed the same may be said of Algebra generally, 
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the ratios, we have the result first given. For example, let z=2°ya’, y= 2., 
and a = qy. Taking the first equation only, and substituting a+ dx for x 
; Š dz 
&c., we find = = 2xrya?, — = Læ, and — = 32°ya?. From the second 
L dy da 


dy da 


da dann 
n- 2x, and from the third m BLY, ane iy E. a 


d.z 
in the value of —, we find 
dx 


d.z dz dz dy d z da dy dz da 
— of ——- -f- RERI ZE PE RD Lun -+ ears sear — , 
dx dx dy dz da dy dz d a dr |: 
= Qvye@ + La X 2x + IPye x a x 2x + B2°ya’ x 3Y 
= 2ryv> + 2ra? + 62° y@ + 9aty?a’ 
If for y and @ in the first equation we substitute their values 2” and s'y, 
or 4, we have z = 2”, the differential coefficient of which is 19x. This 
is the same as arises from the formula just obtained, after a and 2° have 
been substituted for y and a; for this formula then becomes 
22% + 2 a" + 62% + 92” or 19 x”. 

In saying that z is a function of x and y, and that y is a function of 2, 
we have first supposed æ to vary, y remaining the same. ‘The student 
must not imagine that y is then a function of x; for if so, it would vary 
when v varied. There are two parts of the total differential coefficient, 
arising from the direct and indirect manner in which z contains x. ‘That 
these two parts may be obtained separately, and that their sum constitutes 
the complete differential coefficient, is the theorem we have proved. ‘The 

dz ; 
first part T; is what would have been obtained if y had not been a func- 
X 
tion of x; and on this supposition we therefore proceed to find it. The 
dz dy . dz , 
other part Z 2Y is the product of—1. —-: which would have resulted 
dy dx dy a 
da 
uo: 
dx 
the coefficient which arises from considering y as a function of v. These 
partial suppositions, however useful in obtaining the total differential co- 
efficient, cannot be separately admitted or used, except for this purpose ; 
since if y be a function of v, z and y must vary together. 

If z be a function of æ in various ways, the theorem obtained may be 
stated as follows :—Find the differential coefficient belonging to each of 
the ways in which z will contain 2, as if it were the only way; the sum of 
these results (with their proper signs) will be the total differential coeffi- 
dz, dz di 
Sp Ife 
dx dydx 
; dz dz da db 
contains @, which contains b, which contains <s, — = — — —. 

o l a ' dx da db dx 
This theorem is useful in the differentiation of complicated functions; for 
example, let z = log (VL+ a°). If we make y=? + a’, we have z=log y, 


dz l l . d l dz 
and — = —; while from the first equation “J = 22, Hence — or 
y dx dx , 


from a variation of y only, not considered as a function of <x. 


cient. Thus, if z only contains æ indirectly through y, 


If z= log log sin a, or the logarithm of the; | 
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logarithm of sin x, let sin x= y and log y= a; whence z = low a, 


l . A . . . dz 
and contains q, because a contains Y, which contains æ. Hence — = 
dx 
dz da dy = ; dz J, da i 
da dy 7p? dub Since z = low a, — =>: since a = los y. — =L: 
da dy de j da a’ pre dy y’ 
; : di dz dz dadı 1 1 
and since y=sin g, = cos x. Hence — = — — a = — — COS g 
dx dr da dy dx ay 


COS X 
— m. We now put some rules in the form of 
log sin æ. sin æ 


applications of this theorem, though they may be deduced more 
simply. 

I. Let z = ab, where a and b are functions of æ. The general formula, 
Since z contains v indirectly through @ and b, is (in this case as well as in 
those which follow, ) 

dz dz da dz db 
dx da dx ` db dx 
da db 
We must leave — and 77 a8 we find them, until we know what func- 
Ë X 
. ò ` ° (9 
tions @ and b are of x; but as we know what function z js of a and b, 


i dz dz l : 
we substitute for a and T Since z = ab, if a becomes a + da, 2 
da C 


dz , 
becomes ab + bda, whence = b. Jn this case, and part of the follow- 
a 


ing, the limiting ratio of the increments is the same as that of the incre- 


beak dz 
ments themselves. Similarly mp T o whence 
dz da db 
from z = ab follows — = b — + a. 
; > da a a, 


Ubeti z. If a become a + da, z becomes n or — + — 


dz, | lb 
and A is z If b become 6-+ db, z becomes Er or? —- S 


dz , a 
Whence ——is — —, Hence 
d b2 
da db 
f — Sey dz 1 da adb aaa 
rom 2‘ — follows es On, ea ea es a a 
3 b dx b dx 2 dx b2 


II. Let z= a’. Here (a + da} = a + ba da + &e., (page 11,) 


dz 
„whence qa ba". Again, at” = a’ a? = a (1 + log a db + &c.) 
a 


: dz 
‘whence — = a& lor a. Therefore 
db 
dz db 


da .- 
“rom z= a’ follows a ba" re a’ log a Tr 
© Ify bea function of x, such as y = pr, we may, by solution of the 
#quation, determine x in terms of y, or produce another equation of the 
¿orm z = ẹy. For example, when y = a2, z = y*. It is not necessary 
‘that we should be able to solve the equation y = px in finite terms, that 
“8, SO as to give a value of x without infinite series; it is sufficient that x 


E 
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can be so expressed that the value of æ corresponding to any value of y 
may be found as near as we please from x = 4y, in the same manner as 
the value of y corresponding to any value of æ is found from y = x. 
The equations y = px, and x = Ly, are connected, being, in fact, the 
same relation in different forms; and if the value of y from the first be 
substituted in the second, the second becomes x= 4 (x), or as it is 
more commonly written, dx. That is, the effect of the operation or set 
of operations denoted by y is destroyed by the effect of those denoted 
by %; as in the instances (2?)?, (2°)s, es, angle whose sine is (sin 2), 
&c., each of which is equal to «v. By differentiating the first equation 


> di dx 
y = dr, we obtain n = 'x, and from the second cs =)'y. But what- 
dx Y 


ever values ofe and y together satisfy the first equation, satisfy the 
second also; hence, if when x becomes x + de in the first, y becomes 
y +- dy; the same y + dy substituted for y in the second, will give the 


same xv + dr. Hence 


l 
as deduced from the second, and <= as deduced 


from the first, are reciprocals for every value of dx. The limit of one is 
therefore the reciprocal of the limit of the other; the student may easily 


ERR l ' : 
prove that if @ is always equal to y> and if @ continually approaches to 
the limit a, while b at the same time approaches the limit p, a is equal 
i dx l 
to T But a or Y'y, deduced from x = Wy, is expressed in terms of y, 


., dy 
while Je ot p'r, deduced from y = xz is expressed in terms of x. There- 
v 


fore py and @’x are reciprocals for all such values of x and y as satisfy 
either of the two first equations. For example let y = e", from which 


dx 1 
æ = log y. From the first (page 11) — = e”; from the second aaa 


dy y 


e e e. aI l e 
and it is evident that e” and = are reciprocals, whenever y = e. 
y 


oe. | dy s 
If we differentiate the above equations twice, we get a = dx, and 
x 
dr d'i dn 
— =W". There is no very obvious analogy between ae and — 
dy f dr? dy 


indeed no such appears from the method in which these coefficients were first 
formed. ‘Turn to the table in page 43, and substitute d for A throughout, 
to indicate that the increments may be taken as small as we please. We 
there substitute in øv what we will call a set of equidistant values of a, 
or values in arithmetical progression, viz., x, x + dr, x + 2dr, &e. The 
resulting values of y, or y, yi, &c., are not equidistant, except in one func- 
tion only, when y=ax--b, where wand b are constant. Therefore dy, dy, 
&c., are not equal; whence arises the next column of second differences, 

2, 
or d'y d'y, &c. The limiting ratio of d'y to (dr), expressed by a is the 


L 


second differential coeficient of y with respect to æ. If from y = px we 
deduce x = Wy, and take a set of equidistant values of y, viz. y, y + dy, 
y -+ 2dy, &c., to which the corresponding values of x are 2, Ly La, &C., a 
similar table may be formed, which will give dz, dX &c., dx, d’x,, &c., 
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) 


~ 


and the limit of the ratio of dèx to (dy)? or aa 8 the second differential 


coeflicient of x with respect to y. These are entirely different supposi- 


tions, dr being given in the first table, and dy varying; while in the 


second dy is given and dw varies. We may show how to deduce one from 


di 
the other as follows :—When, as before, y = dr and 2 = Wy, we have = 


ins if andaan nsa -f i 27a ° , . s ° 
= oS va if ly be called p. Calling this w, and considering it 
as a function of v from containing p, which contains y, which contains te 


lu dp dy.. : , ; : 
we have — £ — for its differential coefficient with respect to x. But since 
dp dy dx l 
l du l , dp ;, 
u= -, -= =- —; since p = Wy, — =W"y: and Yy is the differential 
dx 1, l dy N? 
flicient of Wy, and is ——. Also — is ——— or (d/r)2 or ( <2 } 
coelicient of Wy, a S dy S pe Cwyy? (p ) T 


: ; ; ayo, oie i 
Hence the differential coefficient of 2 or oF with respect to æ, which is 
de 


2 YN: dord ly N? ep 
cy is also — (2) of or — (£) , If y = e whence s=loe y, 
d 
4 a 


dx dx J dy? de dej dy? 
dea dx l dr ji 
we have — = & and =e. But — = - and — = — —, 
dx dx dy yY dy? y? 
dy Ca, l E et ee 
Therefore — ( 2) %5 is — ef —— } or — or —— which is e”, the 
dx dy? y? y € 
e TY | y 
value just found for =. In the same way —5 might be expressed in 
dx? dx 
dr dx dx 
terms of —, —, and — ; and so on. 


dy dy” dy? 

The variable which appears in the denominator of the differential co- 
efficients is called the independent variable. In any function, one quantity 
at least is changed at pleasure; and the changes of the rest, with the 
limiting ratio of the changes, follow from the form of the function. The 
number of independent variables depends upon the number of quan- 
tities which enter into the equations, and upon the number of equations 
Which connect them ; if there be only one equation, all the variables ex- 
cept one are independent, or may be changed at pleasure, without ceasing 
to satisfy the equation; for in such a case the common rules of algebra 
tell us, that as long as one quantity is left to be determined from the rest, 
it can be determined by one equation; that is, the values of all but one are 
at our pleasure, it being still in our power to satisfy one equation, by 
giving a proper value to the remaining one. Similarly, if there be two 
equations, all variables except two are independent, and so on. If there 
be two equations with two unknown qnantities only, there are no vari- 
ables; for by algebra, a finite number of values, and a finite number 
only, can satisfy these equations ; whereas it is the nature of a variable to 
receive any value, or at least any value which will not ive impossible values 
for other variables. If then there be m equations containing n vari- 
ables, (n must be greater than m,) we have 2 — m independent variables, 
to each of which we may give what values we please, and by the equations, 
deduce the values of the rest. We have thus various sets of differential 


E2 


v 
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coefficients, arising out of the various choices which we may make of in- 
dependent variables. If for example, @, b, v, y, and z, being variables, 
we have 

@ (a, b, T, Y, 3m0 W (a, b, T, Y; z,) = 0 y (a, b, t, Y, z,) = 0, 
we have two independent variables, which may be either « and y, x and 2, 
a and b, or any other combination. If we choose x and y, we should deter- 
mine a, b, and z in terms of x and y from the three equations ; in which case 
da da db 
dx dy dx 

When y is a function of x, asin y = $a, it is called an erplicit function 
of x. This equation tells us not only that y is a function of 2, but also what 
function it is. The value of x being given, nothing more is necessary to 
determine the corresponding value of y, than the substitution of the value 
of xin the several terms of dr. But it may happen that though y is a func- 
tion of x, the relation between them is contained in a form from which y 
must be deduced by the solution of an equation. For example, in 
a? — ay + y? = a, when x is known, y must be determined by the solu- 
tion of an equation of the second degree. Here, though we know that y 
must be a function of x, we do not know, without further investigation, 
what function it is, In this case y is said to be implicitly a function of 2, 
or an implicit function. By bringing all the terms on one side of the 
equation, we may always reduce it to the form p(x, y) = 0. Thus, in 
the case just cited, we have 2? — y +y? — @= 0. We now want to 


we can obtain 


. d l 
deduce the differential coefficient = from an equation of the form 


p(x, y) = 0. If we take the equation u = A(z, y), in which when 2 and 
y become v + dz and y + dy, u becomes u + du, we have, by our 
former principles, 
du = wdx + u, dy + &c., (page 40), 
in which wu! and u, can be directly obtained from the equation, as in page 
39. Here x and y are independent, as also dr and dy; whatever values 
are given to them, it is sufficient that u and dw satisfy the two last equa- 
tions. But if2 and y must be always so taken that «may = 0, (which 
is implied in the equation (2, y) = 0,) we have u = 0, and du = 0; 
and this, whatever may be the values of dx and dy. Hence dz and dy 
are connected by the equation 
0 = wdr + udy + &e,, 
and their limiting ratio mnst be obtained by the equation 
f 
wdx + udy =9, or oy = = am 
dx L, 
y and x are no longer independent ; for, one of them being given, the other 
must be so taken that the equation (x, y) = 0 may be satisfied. The 


o,e u u 
quantities w’ and v, we have denoted by and —, so that 
dx dy 
d T 
d: 
dz du 


d 
We must again call attention to “the different meanings of the same 
symbol du in the numerator and denominator of the last fraction. Had 
du dx aud dy been common aleebraical quantities, the first meaning the 
same thing throughout, the last equation would not have been true until 
the negative sign had been removed. We will give an instance in which 
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du shall mean the same thing in both. Let w= (x), and let u = wy, 
in which two equations is implied a third gx = wy; and y is a function 
of x. Here, x being given, u is known from the first equation; and z 
being known, y is known from the second. Again, x and dx being given, 
du, which is (2 + dx )—¢vw is known, and being substituted in the result 
of the second equation, we have du=w(y-+ dy) — yy, which dy must be so 
taken as to satisfy. From the first equation we deduce du = o'x dx + &c. 
and from the second du = w'y dy + &c., whence 


p'x dr + &e. = wW'y dy + &e; 


the &c. only containing terms which disappear in finding the limiting 
ratios. ence 


I p! du 

a L a y 

n @) 
i 


a result in accordance with common algebra. But the equation (1) was 
obtained from u = A(a, y), on the supposition that x and y were always 
so taken that u should = 0, while (2) was obtained from u = p(x) and 
u = Wy, in which no new supposition can be made; since one more 
equation between wz, x and y would give three equations connecting these 
three quantities, in which case they would cease to be variable (page 51). 
As an example of (1) let ty — & = l, or zy = z — 1l = 0. From 


d 
u = ry — x — 1 we deduce (page 39) z =y-l, Ty = æ; whence, 
by equation (1), 
dy y— l 
MN a ee 3). 
dx v — 


l 
By solution of ry — z= 1, we find y = 1 + = and 


| ] 1 i dx 
dy = (: + =) — ( + +) a + &c. (page 13.) 
d l 


Hence a (meaning the limit) is — —, which will also be the result of 
aX > ve 


l 
(3) if 1 + — be substituted for y. 
x 


To follow this subject farther would lead us beyond our limits; we will 
therefore proceed to some observations on the differential coefficient, which, 
at this stage of his progress, may be of use to the student, who should never 
take it for granted that because he has made some progress in a science, he 
understands the first principles, which are often, if not always, the last to 
be learned well. Ifthe mind were so constituted as to receive with facility 
any perfectly new idea, as soon as the same was legitimately applied in ma- 
thematical demonstration, it would doubtless be an advantage not to have 
any notion upon a mathematical subject, previous to the time when it is to 
become a subject of consideration after a strictly mathematical method. 
This not being the case, it is a cause of embarrassment to the student, that 
he is introduced at once to a definition so refined as that of the limiting 
ratio which the increment ofa function bears to the increment of its variable, 
Of this he has not had that previous experience, which is the case in 
regard to the words force, velocity, or length. Nevertheless, he can easily 
conceive a mathematical quantity in a state of continuous increase or de- 
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crease, such as the distance between two points, one of which is in motion. 
The number which represents this line (reference being made to a given 
linear unit) is in a corresponding state of increase or decrease, and so is 
every function of this number, or every algebraical expression in the 
formation of which it is required. And the nature of the change which 
takes place in the function, that is, whether the function will increase or 
decrease when the variable increases ; whether that increase or decrease 
corresponding to a given change in the variable will be smaller or greater, 
&c., depends on the manner in which the variable enters as a component 
part of its function. Here we want a new word, which has not been 
invented for the world at large, since none but mathematicians consider 
the subject; which word, if the change considered were change of place, 
depending upon change of time, would be velocity. Newton adopted this 
word, and the corresponding idea, expressing many numbers in suc- 
cession, instead of at once, by supposing a point to generate a straight 
line by its motion, which line would at different instants contain any dif- 
ferent numbers of linear units. To this it was objected that the idea of 
time is introduced, which is foreign to the subject. We may answer that 
the notion of time is only necessary, inasmuch as we are not able to con- 
sider more than one thing at a time. Imagine the diameter of a circle 
divided into a million of equal parts, from each of which a perpendicular 
is drawn meeting the circle. A mind which could at a view take in every 
one of these lines, and compare the differences between every two con- 
tiguous perpendiculars with one another, could, by subdividing the dia- 
meter still further, prove those propositions which arise from supposing a 
point to move uniformly along the diameter, carrying with it a perpendi- 
cular which lengthens or shortens itself so as always to have one extremity 
on the circle. But we, who cannot consider all these perpendiculars at 
once, are obliged to take one after another. Tf one perpendicular only 
were considered, and the differential coefficient of that perpendicular de- 
duced, we might certainly appear to avoid the idea of time ; but if all the 
states of a function are to be considered, corresponding to the different 
states of its variable, we have no alternative, with our bounded faculties, 
but to consider them in succession; and succession, disguise it as we 
may, is the identical idea of time introduced in Newton’s Method of 
Fluxions. 

The differential coefficient corresponding to a particular value of the 
variable, is, if we may use the phrase, the index of the change which the 
function would receive if the value of the variable were increased. Every 
value of the variable, gives not only a different value to the function, but 
a different quantity of increase or decrease in passing to what we may call 
contiguous values, obtained by a given increase of the variable. If, for 
example, we take the common logarithm of wx, and let x be 100, we have 
C.log 100=2. Ifa be increased by 2, this gives C. log 102—2°0086002, 
the ratio of the increment of the function to that of the variable being that 
of -0086002 to 2, or 0043001. In passing from 1000 to 1003, we have 
the logarithms 3 and 3°0013009, the above-mentioned ratio being ‘0004336, 
little more than a tenth of the former. We do not take the increments 
themselves, but the proportion they bear to the changes in the variable 
which gave rise to them; so in estimating the rate of motion of two 
points, we either consider lengths described in the same time, or if 
that cannot be done, we judge, not by the lengths described in 
different times, but by the proportion of those lengths to the times, or the 


THE DIFFERENTIAL AND INTEGRAL CALCULUS. 55 


proportions of the units which express them. The above rough process, 
though from it some might draw the conclusion that the logarithm of æ is 
increasing faster when x = 100 thau when v = 1000, is defective ; for, 
in passing from 100 to 102, the change of the logarithm is not a sufficient 
index of the change which is taking place when 2 is 100; since, for any 
thine we can be ‘supposed to know to the contrary, the logarithm might 
be decreasing when æ = 100, and might afterwards begin to increase 
between x = 100 and x = 102, so as, on the whole, to cause the increase 
above-mentioned, The same objection would remain good, however small 
the increment might be, which we suppose æ to have; if, for example, we 
suppose w to change from x = 100 to œ = 100°00001, which increases 
the logarithin from 2 to 2 °00000004343, we cannot yet say but that the 
logar ithm may be decreasing when æ = 100, and may begin to increase 
between x = 100 and « = 100°00001. In the same way, if a point is 
moving, so that at the end of 1 second it is at 3 feet from a fixed point, 
and at the end of 2 seconds it is at 5 feet from the fixed point, we cannot 
say which way it is moving at the end of one second. On the whole, it 
increases its distance from the fixed point in the second second; but it is 
possible that at the end of the first second it may be moving back towards 
the fixed point, and may turn the contrary way during the second second. 
And the same argument holds, if we attempt to ascertain the way in which 
the point is moving by supposing any finite portion to elapse after the first 
second. But if on adding any interval, however small, to the first second, 
the moving point does, during that interval, increase its distance from the 
fixed point, we can then certainly say that at the end of the first second 
the point is moving from the fixed point. On the same principle, we 
cannot say whether “the logarithin of x is increasing or decreasing when g 
increases and becomes 100, unless we can be sure that any increment, 
however small, added to a, will increase the logarithm. Neither does the 
ratio of the increment of the function to the increment of its variable fur- 
nish any distinct idea of the change which is taking place when the vari- 
able has attained or is passing through a given value. For example, 
when æ passes from 100 to 102, the difference between Joo 102 and 
log 100 is the united effect of all the chang es which have taken place between 
x= 100 and z = 1007.3; z= 100-4, and wv = 100,%;, aud so on. 
Again, the change which takes place between e = 100 and œ = 100-3, 
may be further compounded of those which take place between 2 = 100 
aud x = 100-45; x = 100;4, and x= 100,25, and so on. The ob- 
jection becomes of less force as the increment diminishes, but always 
exists unless we take the limit of the ratio of the increments, instead of 
that ratio. How well this answers to our previously formed ideas on such 
subjects as direction, velocity, and force, has already appeared. 

We now proceed to the Integral Calculus, which is the inverse of the 
Differential Calculus, as will afterwar ds appear. 

We have already shown, that when two functions increase or decrease 
without limit, their radio may either increase or decrease without limit, or 
may tend to some finite limit. Which of these will be the case depends 
upon the manner in which the functions are related to their variable and 
to one another. This same proposition may be put in another form, as 
follows :—If there be two functions, the first of which decreases without 
limit, on the same supposition which makes the second increase without 
limit, the product of the two may either remain finite, and never exceed 
a certain finite limit; or it may increase without limit, or diminish without 
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limit. For example, take cos 0 and tan 0. As the angle 6 approaches a 
right angle, cos @ diminishes without limit; it is nothing when 0 isa 
right angle; and any fraction being named, 6 can be taken so near to a 
right angle that cos @ shall be smaller. Again, as 9 approaches to a right 
angle, tan 0 increases without limit ; itis called zvftnite when 6 is a right 
angle, by which we mean that, let any number be named, however great, 
0 can be taken so near a risht angle that tan @ shall be greater. Never- 
theless the product cos @ x tan 0, of which the first factor diminishes 
without limit, while the second increases without limit, is always finite, 
and tends towards the limit 1; for cos © x tan @ is always sin 0, which 
last approaches to l as 6 approaches to a right angle, and zs 1 when 9 is 
a right angle. Generally, if A diminishes without limit at the same time 
as B increases without limit, the product A B may, and often will, tend 
towards a finite limit. This product A B is the representative of A di- 


i l ; 1 : l ae 
vided by y or the ratio of A to 5 If B increases without limit, 5 
decreases without limit; and as A also decreases without limit, the ratio 
of A to g may have a finite limit. But it may also diminish without 


limit; asin the instance of cos? @ x tan 0, when @ approaches to a right 
anole. Here cos? 0 diminishes without limit, and tan 0 increases without 
limit; but cos? 0 x tan 0 being cos 0 X sin 0, or a diminishing magni- 
tude multiplied by one which remains finite, diminishes without limit. 
Or it may increase without limit, as in the case of cos 0 X tan? 6, which 
is also sin @ X tan 0; which last has one factor finite, and the other in- 
creasing without limit. We shall soon see an instance of this. 

If we take any numbers, such as | and 2, it is evident that between the 
tivo we may interpose any number of fractions, however great, either in 
arithmetical progression, or according to any other law. Suppose, for ex- 
ample, we wish to interpose 9 fractions in arithmetical progression between 
l and 2, These are l, lp, &c, up to l; and, generally, if m 
fractions in arithmetical progression be interposed between @ and a + A, 
the complete series is 

h 2h mh 
a, a+ ap Ob Xe... up toa + mti’ ath (1). 
The sum of these can evidently be made as great as we please, since no 
one is less than the given quantity @, and the- number is as great as we 
please. Again, if we take @z, any function of a, and let the values just 
written be successively substituted for 2, we shall have the series 


h 2h 
pa, b(a + ni pla + ari) &e., up to d(a +h) (2) ; 
the sum of which may, in many cases, also be made as great as we please 
by sufficiently increasing the number of fractions interposed, that is, by 
sufficiently Increasing m. But though the two sums increase without 
limit when m increases without limit, it does not therefore follow that their 
ratio increases without limit; indeed we can show that this caunot be the 
case when all the separate terms of (2) remain finite. For let A be greater 
than any term in (2), whence, as there are (m -+ 2) terms, (m + 2) A 
is greater than their sum. Again, every term of (1), except the first, 
being greater than @, and the terms being m + 2 in number, (m + 2)a 


i +2)A , 
is less than the sum of the terms in (1). Consequently ane is creater 
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sum of terms in (2) 


than the ratio since its numerator is greater than the 


sum of terms in (1)’ 
last numerator, and its denominator less than the last denominator, But 


(m+ 2) A A , n . : 
> a? which is independent of m, and is a finite quantity. 


| 


[ence the ratio of the sums of the terms is always finite, whatever may 
be the number of terms, at least unless the terms in (2) increase without 
limit. 


As the number of interposed values increases, the interval or difference 
between them diminishes ; if, therefore, we multiply this difference by the 
sum of the values, or form 


-H | ba -+ pfa t$ z) + (a + —) eS. ates i + p(a+ hy} 


we have a product, one term of which diminishes, and the other increases, 
when m is increased. The product may therefore remain finite, or never 
pass a certain limit, when 2 is increased without limit, and we shall show 
that this zs the case. As an example, let the given function of < 
be «?, and let the intermediate values of æ be interposed between x = @ 


h l : 
andxw math Letv = E whence the above-mentioned product is 
m 


v {e t a Ho aH n + atot) h = 


(m+2) va + 2af 1 +2434. ; +(m-+1) osf le+22?4-324-.. + (m+1)°} 


of which, 1 + 2+.... +(m + 1) => (m + 1) (m+ 2) and (page 35), 
12-42? +.... +0n+1} approaches without limit to a ratio of equality 
with +(0n +1)’, when m is increased without limit. Hence this last sum 
may be put under the form 4 (m+1)3 (L+ œ), where « diminishes without 
limit when a is increased without limit. Making these substitutions, 


l 
and puttine for v its value ———— 

P = i m+l 
m+ 2 m+2 
ha? + + 
m+ | m+ l 


i .. m+2 <ii , ; St 
<in which i has the limit 1 when mm increases without limit, and l-g 
| m 


, the above expression becomes 


h3 
h'a + (1 + a)y 


has also the limit 1, since, in that case, æ diminishes without limit. 
Therefore the limit of the last expression Is 


3 , T 
ha? +- hea 4+ = or laa n= 


This result may be stated as follows :—If the variable 2, setting out from 
a value @, becomes successively æ -- dv, a +- 2dx, &c., until the total in- 
crement is A, the smaller dv is taken, the more nearly will the sum of all 
the values of a’dw, or a’de + (a + dr)? dx + (a 4- 2dr}dx + &e., 

(a+ h)? — a 


ye al t E SEAE 
be equal to 3 


, and to this the aforesaid sum may be brought 


within any given degree of nearness, by taking de sufliciently small, 
This result is called the integral of dx, between the limits @ anda + h, 
‘and is written fade, when it is not necessary to specify the limits, and 
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t 


. è ‘ xmath . 


— 


now proceed to show the connexion of this process with the principles of 


the Differential Calculus. 

Let x have the successive values a, a + dx, a + 2dx, &e.,....up to 
a + mda, or a + h, k being a given quantity, and dx the m™ part of A, 
so that as 9 is increased without limit, dæ is diminished without limit. 


Develope the successive values of Oz, or Qa, O(a + dz).... (page 11), 
ha = þa 

.\2 3 

(a + dr) = pa + Pade + p'a Bo + pa Si + &e. 
9) 2 9) 7 3 

o(a + 2dx) = pa + dia 2dx + p'a E2 + o'a Civ. 4 &c. 
gda) gdr)? 

io) ee + &c. 


pla + 3dv) = pa + p'a 3dr + p'a + p'a TA 


® a > ®; v e 


l (m da? jir 3 
pla + mdr) = pa + p'a mda + pia D + o"a - + &c. 
dx and add the results, we have a series 


If we multiply each development by 
from the different columns, 


made up of the following terms, arising 


pa x mdg 
p'a x (1 J- 2 +3 +. f +m ) (dx)? 
dx) 
p'a x AEE P 3H m) E 
(dx) 


pla X (1° ++ 2 3.. . +n’) DEJ &C. 


and as in the last example, we may represent (page 35), 


1 +2 1 3 E 47m = by £m’ (1-a) 
p+ oft g2t..... pm o e 3 m? (1+ £) 
1° -H 2* -+ se E aL . tm (Ql py) &e. 


where a, B, y, &c., diminish without limit, when m is increased without 


a ; h. 
limit, If we substitute these values, and also put a instead of dx, we 
7 


~ 


have, for the sum of the terms, 
h‘ 


h? h’ 
pah + p'a > (i +a + o"a ae (+86) + a WA (1+) + &e. 


sequence of which a, A, 


which, when a is increased without limit, in con 


&e., diminish without limit, continually approaches to 
4 


h? hs h 
pah + pa +- pa a + pa a + &e. 


which is the limit arising from supposing & to increase from @ through 
a+ dr, a+ 2dr, &e., up to a+ h, multiplying every value of Ox so 


me to avoid the objections which may be raised 


* This notation f, aede eth appears to 
which would require that /’a7dx° should stand 


against Si : yada as contrary to analogy, 
for the second integral of dz. 
feda dug. ‘There is as yet no gencral agreement on this point of notation, 


lt will be found convenient in such integrals as 
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obtained by dr, summing the results, and decreasing dx without limit. 
This is the integral of Gr dz from t=atov=a aa h. Itis evident 
that this series bears a great resemblance to the development in page 11, 
deprived of its first term. Let us suppose that Wa is the function of 
which da is the differential coefficient, that is, that Wa = ga. These two 
functions being the same, their differential coeflicients will be the same, 
that is, wa = p'a. Similarly W'a = a, and so on. Substituting these, 
the above series becomes 
tyasa l + &c. 


ula h " 
pa h + We wl 


which is (page 11) the same as ¥& Me + D — wa. That is, the integral of 
dx dx between the limits @and a+h, is Y(a+h)- Wwa, where Ye is the func- 
tion, which, when differentiated, gives x. For a-~- h we may write b, 
so that wb — wa is the integral of Or dx from r= a to x = b. Orwe 
may make the second limit indefinite by writing æ instead of b, which 
gives Yx — wa, which is said to be the integral of pr dr, beginning 
when £ = @, the summation being supposed to ‘be continued from t= a 
until x has the value which it may be convenient to give it. 

Hence results a new branch of the inquiry, the reverse of the Differential 
Calculus, the object of which is, not to find the differential coefficient, 
having viven the function, but to find the function, having given the diffe- 
rential coefficient. This is called the Integral Calculus, From the defi- 
nition given, it is obvious that the value of an integral is not to be deter- 
mined, “unless we know the values of z corresponding to the beginning 
and end of the summation, whose limit furnishes the integral. We mig ht, 
instead of defining the integral in the manner above stated, have made “the 
word mean merely the converse of the differential coefficient; thus, if @x be 
the differential coefficient of war, Wx might have been called ‘the integral of 
px dx. We should then have had to show that the integral, thus dined, 
is equivalent to the limit of the summation already explained. We have 
preferred bringing the former method before the student first, as it is 
most analogous to the manner in which he will deduce integrals in 
questions of geometry or mechanics. With the last-mentioned definition, it 
is also obvious that every function has an unlimited number of integrals. 
For whatever differential coefficient Ye gives, C -+ Ye will give the same, 
if C be a constant, that is, not varying when v varies. In this case, if < 
become «+h, C+ yx becomes C+ Yx + Wr. h + &e., from which 
the subtraction of the original form C + wa gives Wx. h + &e.; whence, 
by the process in page 12, pz is the differential coefficient of C + Wr as 
well as of wr. As many values, therefore, positive or negative, as can be 
riven to C, so many different integrals can be found for Y'r; and these 
inswer to the various limits between which the summation in our ori- 
vinal definition may be made. To make this problem definite, not only 
ba, the fuuction to be integrated, must be given, but also that value of a 
rom which the summation is to begin. If this be a, the integral of ye is, 
ts before determined, wx — Wa, and C = — wa. We may afterwards end 
any value of x which we please. Ifv = a, Yr— wa = 0, as is evident 
\lso from the formation of the integral. We may thus, having given an 
jategral in terms of v, find the value at which it began, by equating the 
jtegral to zero, and finding the value of v. Thus, since a, when difle- 
entiated, gives 2x, 2? is the integral of 2x7, beginning at v = 0; and 

? — 4 is the integral beginning at «= 2. l 


4 
"I 
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In the language of Leibnitz, an integral would be the sum of an infinite 
number of infinitely small quantities, which are the differentials or infinitely 
small increments of a function. ‘Thus, a circle being, according to him, a 
rectilinear polygon of an infinite number of infinitely small sides, the sum 
of these would be the circumference of the figure. As before (pages 7, 
20, 24,) we proceed to interpret this inaccuracy of language. If, in a 
circle, we successively describe regular polygons of 3, 4, 5, 6, &c., sides, 
we may, by this means, at last attain to a polygon whose side shall differ 
from the are of which it is the chord, by as small a fraction, either of the 
chord or arc, as we please, (pages 4, 5.) That is, A being the are, C the 
chord, and D their difference, there is no fraction so small that D cannot 
be made a smaller part of C. Hence, if m be the number of sides of the 
polygon, mC + mD or mA is the real circumference ; and since mD is 
the same part of mC which D is of C, mD may be made as small a part 
of mC as we please; so that mC, or the sum of all the sides of the poly- 
von, can be made as nearly equal to the circumference as we please. As 
in other cases, the expressions of Leibnitz are the most convenient and 
the shortest, for all who can immediately put a rational construction upon 
them ; this, and the fact that, good or bad, they have been, and are, used 
in the works of Lagrange, Laplace, Euler, and many others, which the 
student who really desires to know the present state of physical science, 
cannot dispense with, must be our excuse for continually bringing before 
him modes of speech, which, taken quite literally, are absurd. 

We will now suppose such a part of a curve, each ordinate of which 
is a given function of the corresponding abscissa, as lies between two 
given ordinates; for example, M P P M’. Divide the line M M’ into a 
number of equal parts, which we may suppose as great as we please, 
and construct fig. 10. Let O be the origin of co-ordinates, and let O M, 
the value of x, at which we begin, be a; and O M’, the value at which 
we end, be b. Though we have only divided M M’ into four equal parts / 
in the figure, the reasoning to which we proceed would apply equalls; 
had we divided it into four million of parts. The sum of the parallelo- 
orams Mr, mi, mr”, and mR, is less than the area M P P’ M, the 
value of which itis our object to investi- 


gA 7 yo ` 
; z pP gate, by the sum of the curvilinear trian- 
mieto 7 Bhp oles Prp, pip’, p'r”p”, and p'RP’. The 
ee ome Lala sum of these triangles is less than the 


sum of the parallelograms Qr, q", q/r" 


and o” R; but these parallelograms are 
together equal to the parallelogram 
gw, as appears by inspection of the 
figure, since the base of each of the 
abovementioned parallelograms is equal 
to m” M', or g’P’, and the altitude P’w 
—l J , is equal to the sum of the altitudes of 
2 M m m m M the same parallelograms. Hence the 
sum of the parallelograms Mr, mr, ovr’, and m” R, differs from the cur- 
vilinear area MP P/M’ by less than the parallelogram g”w. But this last 
parallelogram may be made as small as we please by sufficiently increas- 
ing the number of parts into which MM’ is divided ; for since one side of 
it, P’w, is always less than P'M’, and the other side P’q", or mM’, is as 
small 1 part as we please of MM’, the number of square units in qv, is 
the product of the number of linear units in P'w and P'g”, the first of | 


-om een 
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which numbers being finite, and the second as small as we please, the 
product is as small as we please. Hence the curvilinear area MP PYM’ 
is the limit towards which we continually approach, but which we never 
reach, by dividing M M’ into a greater and greater number of equal parts, 
and adding the parallelograms Mr, mr’, &c., so obtained. If each of the 
equal parts into which MM’ is divided be called dv, we have OM =a, 
Om = a + dx, Om! = a-+- 2dr, &. And MP, mp, m'p’, &e., are the 
values of the function which expresses the ordinates, corresponding to a, 
a +- dr, a + 2dr, &e., and may therefore be represented by a, 
H (a+ dr), O(a + 2dx), &e. These are the altitudes of a set of paral- 
leiograms, the base of each of which is dx; hence the sum of their 
areas is 
pa dr + pla + dr) de +- d(a + 2dr) dx + &e. 

the limit of this, to which we approach by diminishing dr, is the area 
required. This limit is what we have defined to be the integral of px dr 
from 2 = a to s= b; or if wx be the function, which, when differentiated, 
gives Qr, it is yb — wa. Hence, y being the ordinate, the area included 
between the axis of v, any two values of Y, and the portion of the curve 
they cut off, is fydz, beginning at the one ordinate and ending at the 
other. Suppose, for example, that the curve is a part of a parabola of 
Which O is the vertex, and whose equation * is therefore y? = px where 
p is the double ordinate which passes through the focus. Here 


L l e L L ° 
y= p? x, and we must find the jutegral of p?azdx, or the function 


Whose differential coefficient is pia, p? being a constant. If we take the 
function ex”, c being independent of z, and substitute v + h for x, we 
have for the development ca" + cnt” h + &e. Hence the differential 
coeficient of cx” is enz"-'; and as c and n may be any numbers or frac- 


1 
trons we please, we may take them such that en shall = p=? and n= 1=1 


— 


2 
in which case n = 2 and c = 27, Therefore the differential coefficient 
SN E S i A rr 
of gpžx? is płxž, and conversely, the integral of p?a%dz is 2p%a2. The 
area MP P/M’ of the parabola is therefore 2p? b? — lp7a?. If we begin 
the integral at the vertex O, in which case a = 0, we have for the area 
OMP, 2y 28, Where b= OM". This is 2 ye HE x 6, which, since 
pt be = MP’ is $ PM x OM’, or two-thirds of the rectangle + contained 
by OM’ and M’P”, . 

We may mention, in illustration of the preceding problem, ‘a method 
of establishing the principles of the integral calculus, which generally 
goes by the name of the Method of Indivisibles. A line is considered as 
the sum of an infinite number of points, a surface of an infinite number 
of lines, and a solid of an infinite number of surfaces, 
long as another would be said to contain twice as many points, though 
the number of points in each is unlimited. To this there are two objec- 
tions ;—first, that the word infinite, in this absolute sense, really has no 
meaning, since it will be admitted that the mind has no conception of a 
number greater than any number. The word infinite f can only be justi- 


One liue twice as 


* Ifthe student has not any acquaintance with the Conic Sections, he must never- 
theless be aware that there is some curve whose abscissa and ordinate are connected by 


the equation y? = pa. This, to him, must be the definition of parabola; by which word 
he must understand, a curve whose equation is y2 = pa. 


+ This proposition is famous as having been discovered b 
such a step was one of no small magnitude. 


$ See Study of Mathematics, page 41, 


y Archimedes at a time when 
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fiably used as an abbreviation of a distinct and intelligible proposition ; for 


l Ld e ° e 
example, when we say that a -+ 7 Ís equal to @ when æ is infinite, we 


1 
only mean that as æ 1s increased, a+ becomes nearer to @, and may 


be made as near to it as we please, if xv may be as great as we please. 
The second objection is, that the notion of a line being the sum ofa 
number of points is not true, nor does it approach nearer the truth as we 
increase the number of points. Iftwenty points be taken on a straight 
line, the sum of the twenty-one Jines which lie between point and point is 
equal to the whole line; which cannot be if the points by themselves con- 
stitute any part of the line, however small. Nor will the sum of the 
points be a part of the line, if twenty thousand be taken instead of twenty. 
There is then, in this method, neither the rigor of geometry, nor that ap- 
proach to truth, which, in the method of Leibnitz, may be carried 
to any extent we please, short of absolute correctness. We would there- 
fore recommend to the student not to regard any proposition derived from 
this method as true on that account; for falsehoods, as well as truths, 
may be deduced from it. Indeed the primary notion, that the number of 
points in a line is proportional to its length, is manifestly incorrect. Sup- 
pose (fig. 6, page 23,) that the point Q moves from A to P. It is evident 
that in whatever number of points OQ cuts AP, it cuts MP in the same 
number. But PM and P A are not equal. A defender of the system of 
indivisibles, if there were such a person, would say something equivalent 
to supposing that the points on the two lines are of different sizes, which 
would, in fact, be an abandonment of the method, and an adoption 
of the idea of Leibnitz, using the word point to stand for the infinitely 
small line. 

This notion of indivisibles, or at least a way of speaking which looks 
like it, prevails in many works on Mechanics. ‘Though a point is not 
treated as a length, or as any part of space whatever, it is considered as 
having weight ; and two points are spoken of as having different weights. 
The same is said of a line and a surface, neither of which can correctly 
be supposed to possess weight. If a solid be of the same density 
throughout, that is, if the weight of a cubic inch of it be the same from 
whatever part it is cut, it is plain that the weight may be found by finding 
the number of cubic inches in the whole, and multiplying this number by 
the weight of one cubic inch. But if the weight of every two cubic inches 
is different, we can only find the weight of the whole by the integral cal- 
culus, Let AB be a line possessing weight, or a very thin parallelopiped 
of matter, which is such, that if we were to divide it into any number of 
equal parts, as in the figure, the weight of the several parts would be dif- 
ferent. We suppose the weight to vary continuously, that is, if two con- 

Fig. 11. tiguous parts of equal length be 

x pg y l 5 aei; as pq and qr, the ratio of the 
-zzp > weights of these two parts may, by 
taking them sufficiently small, be as 

near to equality as we please. The density of a body is a mathematical 
term, which may be explained as follows :—A cubic inch of gold weighs 
more than a cubic inch of water; hence gold is denser than water. If the 
first weighs 19 times as much as the second, gold is said to be 19 times 
more dense than water, or the density of gold is 19 times that of water. 
Hence we might define the density by the weight of a cubic inch of the 
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substance, but it is usual to take, not this weight, but the proportion which 
it bears to the same weight of water. Thus, when we say the density, or 
specific gravity (these terms are used indifferently), of cast iron is 7°207, 
we mean that if any vessel of pure water were emptied and filled with cast 
iron, the iron would weigh 7:207 times as much as the water. If the density 
of a body were uniform throughout, we might easily determine it by di- 
viding the weight of any bulk of the body, by the weight of an equal bulk 
of water. In the same manner (pages 25, 26) we could, from our defi- 
nition of velocity, determine any uniform velocity by dividing the length 
described by the time. But if the density vary continuously, no such mea- 
sure can be adopted. For if by the side of A B (which we will suppose 
to be of iron) we placed a similar body of water similarly divided, and if 
we divided the weight of the part pq of iron by the weight of the 
same part of water, we should get different densities, according as the 
part pq is longer or shorter. ‘The water is supposed to be homogeneous, 
that is, any part of it pr, being twice the length of pq, is twice the weight 
of pq, and so on. The iron, on the contrary, being supposed to vary in 
density, the doubling the length gives either more or less than twice the 
weight, But if we suppose q to move towards p, both on the iron 
and the water, the limit of the ratio pq of iron to pg of water, may be 
chosen as a measure of the density of p, on the same principle as in page 
26, the limit of the ratio of the length described to the time of describing 
it, was called the velocity. If we call k this limit, and if the weight 
varies continuously, though no part pg, however small, of iron, would 
be exactly & times the same part of water in weight, we may never- 
theless take pq so small that these weights shall be as nearly as we please 
in the ratio of k to 1. Let us now suppose that this density, expressed 
by the limiting ratio aforesaid, is always æ? at any point whose distance 
from A isa feet; that is, the density at q, 2 feet distance from A, is 4, and 
soon. Let the whole distance A B = a. If we divide a into n equal 
parts, each of which is dx, so that nde = a, and if we call b the area of 
the section of the parallelopiped, (b being a fraction of a square foot,) the 
solid content of each of the parts will be bdx in cubic feet; and if w be 
the weight of a cubic foot of water, the weight of the same bulk of water 
will be whdzx. If the solid AB were homogeneous in the immediate 
neighbourhood of the point p, the density being then x, would give 
x? X bwdx for the weight of the same part of the substance. This is not 
true, but can be brought as near to the truth as we please, by taking dx 
sufficiently small, or dividing AB into a sufficient number of parts. 
Hence the real weight of pq may be represented by bwa’dxr + a, where a 
may be made as small a part as we please of the term which precedes it. 
Iu the sum of any number of these terms, the sum arising from the 
term « diminishes without limit as compared with the sum arising from 
the term Jwa°dz; for if be less than the thousandth part of p, a’ Jess than 
the thousandth part of p’, &c., then a + a’ + &c. will be less than the 
thousandth part of p + p' + &c.: which is also true of any num- 
ber of quantities, and of any fraction, however small, which each term of - 
one set is of its corresponding term in the other. Hence the taking of 
the integral of bwa*dx dispenses with the necessity of considering the 
term a; for in taking the integral, we find a limit which supposes dw to 
have decreased without limit, and the integral which would arise from a 
has therefore diminished without limit. The integral of bw a22dz is Abw”, 
which täken from v == 0 to æ = a is 4 bwa". This is therefore the weight 
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in pounds of the bar whose length is æ feet, and whose section is b square 
feet, when the density at any point distant by v feet from the beginning 
is 22; w being the weight in pounds of a cubic foot of water. 

We would recommend it to the student, in pursuing any problem of the 
Integral Calculus, never for one moment to lose sight of the manner in 
which he would do it, if a rough solution for practical purposes only were 
required. Thus, if he has the area of a curve to find, instead of merely 
saying that y, the ordinate, being a certain function of the abscissa a, 

ydr within the given limits would be the area required; and then pros 
ceeding to the mechanical solution of the question: let him remark that if 
an approximate solution only were required, it might be obtained by di- 
viding the curvilinear area into a number of four-sided figures, as in 
fig. 10, one side of which only is curvilinear, and embracing so small an 
are that it may, without visible error, be considered as rectilinear. The 
mathematical method begins with the same principle, investigating upon 
this supposition, not the sum of these rectilinear areas, but the limit 
towards which this sum approaches, as the subdivision is rendered more 
minute. This limit is shown to be that of which we are in search, since 
it is proved that the error diminishes without limit, as the subdivision is 
indefinitely continued. We now leave our reader to any ‘elementary 
work which may fall in his way, having done our best to place before 
him those considerations, something equivalent to which he must turn 
over in his mind before he can understand the subject. The method so 
generally followed in our elementary works, of leading the student at 
once into the mechanical processes of the science, postponing: entirely all 
other considerations, is to many students a source of obscurity at least, if 
not an absolute impediment to their progress; since they cannot ima- 
gine what is the object of that which they are required to do. That 
they shall understand every thing contained in these treatises, on the first 
or second reading, we cannot promise; but that the want of illustration 
and the preponderance of technical reasoning are the great causes of the 
difficulties which students experience, is the opinion of many who have 
had experience in teaching this subject. 
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